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Abstract
We show that supercocycles on super L∞ -algebras capture, at the rational level, the twisted
cohomological charge structure of the fields of M-theory and of type IIA string theory. We show
that rational 4-sphere-valued supercocycles for M-branes in M-theory descend to supercocycles
in type IIA string theory with coefficients in the free loop space of the 4-sphere, to yield the
Ramond-Ramond fields in the rational image of twisted K-theory, with the twist given by the
B-field. In particular, we derive the M2/M5 ↔ F1/Dp/NS5 correspondence via dimensional
reduction of sphere-valued super-L∞ -cocycles.
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Introduction

(Super)cocycles play an important role in the study of the geometric and topological structures
associated with physical theories (see [9] for an earlier survey). In [16] we discussed cocycles of
super L∞ -algebras (super Lie n-algebras for arbitrary n) forming the brane bouquet that gives the
WZW terms of all the Green-Schwarz sigma models for all the branes in string theory and M-theory.
This includes those with gauge fields on their worldvolume, the D-branes and the M5-brane, which
were missing in the classical brane scan.
In [15] we had shown that this approach allows deriving the rational image of a twisted cohomology theory that unifies the M2-brane charges and the M5-brane charges (this is recalled in section
∗
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2 below). Rationally this cohomology theory turns out to be represented by the 4-sphere, hence is
cohomotopy in degree 4. This is in higher analogy to the familiar statement that the unification
of Dp-brane charges with the F1-brane charge ought to be in twisted K-cohomology theory. (That
the fields of M-theory should take values in the 4-sphere was first suggested in [33, 28].)
In section 3 we show, at the rational level, that indeed the twisted M2/M5 charges in degree-4
cohomotopy in 11 dimensions dimensionally reduce to the twisted K-theory of the F1/Dp/NS5brane charges in 10 dimensions (for p ∈ {0, 2, 4}), where the dimensionally reduced cohomology
theory is represented by the rationalization of the homotopy quotient LS 4 //S 1 of the free loop
space of the 4-sphere. In particular this exhibits a purely L∞ -theoretic derivation, at the rational
level, of twisted K-theory as the home of the brane charges in type II string theory. The lift of
this twisted charge structure to M-theory has been an open problem. This may be viewed as one
confirmation at the rational level of the proposal in [33, 28] on the description of M-theory via
twisted generalized cohomology.
In the existing literature, the cocycles for the WZW terms of the Dp-branes are instead constructed separately as independent cocycles on extended super-Minkowski spacetime (see [15] for
references and for the super L∞ -algebraic formulation). In section 4 we show that the same L∞ descent mechanism which unifies the M2- and M5-brane charges also applies to the separate Dpbrane cocycles, and they descend to again a single cocycle with coefficients in (the rational image
of) the relevant truncation of twisted K-theory.
The techniques that we use are from geometric homotopy theory [35], cast in computationally
powerful algebraic language. Lecture notes accompanying the discussion here may be found in [36].
We consider super L∞ -algebras as in [34, 16]. These are a generalizations of super Lie algebras to
super Lie n-algebras, for arbitrary n, where instead of just a super Lie bracket we have brackets of
all arities with the Lie bracket being the binary one. More precisely, our construction takes place
in the homotopy category of super L∞ -algebras, so that a morphism from a super L∞ -algebra g to
a super L∞ -algebra h will actually be a span of morphism
∼

g←
− g̃ → h
∼

where g̃ −
→ g is a quasi-isomorphism, i.e., an L∞ -morphism inducing an isomorphism of graded
vector spaces at the level of cohomology from H • (g̃) to H • (g). Passing from g to g̃ is an example
of resolution. This concept has many incarnations, depending on the context (homotopic, fibrant,
cofibrant, projective, injective). For us, what is important is that is is a concept of equivalence
within a category between the object at hand and another (or a combination of such) that generally
behaves in a more utilizable way within the same category.
Furthermore, we will make constant use of the duality between (finite type) super L∞ -algebras
and differential graded-commutative super-algebras, identifying a super L∞ -algebra g with its
Chevalley-Eilenberg algebra CE(g) as in [34]. These Chevalley-Eilenberg algebras of super L∞ algebras are what are called FDAs in the supergravity literature (going back to [8]). The point
of identifying these as dual to super L∞ -algebras is to make manifest their higher gauge theoretic
nature and the relevant homotopy theory, which is crucial for the results we present here. For
instance, for p ∈ N, the line (p + 2)-algebra bp+1 R, i.e., the chain complex with R in degree p + 1
and zeros everywhere else, corresponds to the Chevalley-Eilenberg algebra

CE(bp+1 R) := R[gp+2 ]; dgp+2 = 0 ,
where the generator gp+2 has degree p + 2.
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Notice that CE(bp+1 R) is the minimal Sullivan model for the rational space B p+2 R, reflecting
the fact that bp+1 R is the L∞ -algebra corresponding to the ∞-group B p+1 R ' ΩB p+2 R. In order
to amplify this relation between L∞ -algebras and rational homotopy theory, we also write l(X), or
simply lX, for the L∞ -algebra whose CE-algebra is a given Sullivan model of finite type for some
rational space X :
l(X) = L∞ -algebra dual to given Sullivan model (AX , dX ) for rationalization of X
i.e.
CE(l(X)) := (AX , dX ) .
See Appendix A for more details on rational homotopy theory and Sullivan models. For example,
with this notation then the rationalized spheres S n are incarnated as

(R[gn ], dgn = 0)
for n odd
n
CE(lS ) =
(R[gn , g2n−1 ], dgn = 0, dg2n−1 = gn ∧ gn ) for n > 0 even.
A convenient feature of the dual picture is the following: if CE(h) → CE(g) is a relative Sullivan
algebra, that is, a cofibration in the standard model structure on differential graded commutative
algebras (DGCAs), then the corresponding L∞ -morphism g → h is a fibration in the model structure
whose fibrant objects are L∞ -algebras, due to [25, prop. 4.36, prop. 4.42]. Although relative
Sullivan algebras do not exhaust fibrations of L∞ -algebras, they are flexible enough to allow us to
realize all the fibrations we will need in the present article as relative Sullivan algebras. See [24]
for more on the homotopy theory of L∞ -algebras as a category of fibrant objects.
The model structure whose fibrant objects are L∞ -algebras in [25] is for ordinary L∞ -algebras,
not for super L∞ -algebras that we consider here. Nevertheless, the result is readily adapted: A
super L∞ -algebras g determines a functor Λ 7→ (g ⊗ Λ)even with values in ordinary L∞ -algebras on
the category of finitely generated Grassmann algebras Λ, and this construction embeds super L∞ algebras into this functor category. (For super Lie algebras this was observed in [37], see [21] and [27,
Cor. 3.3]). Now, by [25, Theorem 4.35], the opposite model structure for ordinary L∞ -algebras is
cofibrantly generated, and so a standard argument [20, section 11.6] gives that this functor category
inherits the corresponding projective model structure. That is the model structure in which the
computations in this paper take place. However, we need to invoke only a bare minimum of model
category theory; all we use is the computation of homotopy fibers as ordinary fibers of fibration
resolutions. In the following we will find it very useful to succinctly capture results via (commuting)
diagrams. We will use the notation hofib(φ) to indicate the homotopy fiber of a morphism φ.
The spacetimes that we consider now are extended flat superspaces. (All constructions here
globalize from these local models to curved superspacetime by a theory of higher Cartan geometry,
see [36] and the references given there.) Super Minkowski spacetime Rd−1,1|N may be identified with
its super Lie algebra of (super-)translations. Via the super DG-Lie algebras/super DG-commutative
algebras duality, it corresponds to the super DGCA (differential graded commutative algebra)
CE(Rd−1,1|N ) which is the super-DGCA generated by elements {ea } of degree (1, even) and elements
{ψ a } of degree (1, odd). The action of the differential is given as
dCE ea = ψΓa ψ ,
dCE ψ = 0 ,
where ψ is the conjugate spinor (whenever defined, depending on dimension). Geometrically, these
generators may be identified with the left invariant 1-forms on super Minkowski spacetime. We
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will take appropriate values of N depending on our theories, namely N = 32 for M-theory and
N = 16 + 16 for non-chiral type IIA superstring theory. For details and references we refer to [16,
Section 4].
For every p ≥ 0 one has a distinguished element µp+2 in the Chevalley-Eilenberg algebra
CE(Rd−1,1|N ), given by
µp+2 := cψ ∧ Γa1 ···ap ψ ∧ ea1 ∧ · · · ∧ eap ,
where c = 1 if (−1)p(p−1)/2 is even, and c = i otherwise.
The organization of the paper is very simple. In Sec. 2 we discuss the unified supercocycles
in M-theory, then reduce these to type IIA supercocycles in Sec. 3. We connect the result to the
traditional incarnation of the D-brane cocycles in Sec. 4. In two short Appendices, to make the
article more self-contained, we recall a few basic notions from rational homotopy theory and the
spinor conventions used in the present article.

2

The supercocycles in M-theory

We consider now the cocycles in the brane bouquet [16] that give the WZW term of the GreenSchwarz sigma model for the M2-brane and the M5-brane, defined on the extended super Minkowski
spacetime induced from the cocycle for the M2-brane. Then we recall [15] how it descends down
to 11-dimensional super-Minkowski spacetime itself, unifying with the M2-cocycle to one single
cocycle, but now with coefficient in the rational 4-sphere.
The key algebraic fact that governs the M2/M5-brane is the following statement about the
elements µp+2 from above:
Proposition 2.1 ([8, (3.26)]). The elements µ4 and µ7 in CE(R10,1|32 ) satisfy
dµ4 = 0 ,

dµ7 = 15 µ4 ∧ µ4 .

Remark 2.2. The statement of Prop. 2.1 has been rediscovered, in its equivalent incarnation given
below in Corollary 2.5, in various places, including [3] and [7, (8.8)], where it was understood as
giving the WZW term of the Green-Schwarz sigma model for the M5-brane on the extended super
Minkowski spacetime induced by the WZW term of the M4-brane. Our Proposition 2.9 below
says that this stagewise incarnation of the M5-cocycle on the extension defined by the M2-cocycle
descends to one unified cocycle with coefficients in the rational 4-sphere.
In terms of L∞ -algebras Proposition 2.1 says the following:
Corollary 2.3. The pair (µ4 , µ7 ) equivalently constitutes the components of an L∞ -morphism
(µ4 , µ7 ) : R10,1|32 → l(S 4 ) ,
namely, dually, the components of a DG-algebra homomorphism
CE(lS 4 ) → CE(R10,1|32 )
g4 7→ µ4
g7 7→

1
15 µ7

4

.

Next, we show that the morphism (µ4 , µ7 ) : R10,1|32 → lS 4 is actually induced by an equivariant
7-cocycle on the m2brane extension of the super-Minkovski space R10,1|32 . To begin with, the fact
that µ4 is a cocycle, i.e. dµ4 = 0, means that µ4 defines a super-DGCA morphism
R[g4 ] → CE(R10,1|32 )
g4 7→ µ4 .
Consequently, µ4 defines a morphism of super-L∞ algebras (which we will simply denote by the
same symbol µ4 )
µ4 : R10,1|32 → b3 R .
In other words µ4 is a 4-cocycle on the super-Minkowski space R10,1|32 .
Definition 2.4 ([16, p. 12, p. 16]). Write m2brane for the super L∞ -algebra which is the homotopy
fiber of µ4 , i.e. sitting in a homotopy pullback diagram of the form
/0

m2brane


R10,1|32

µ4


/ b3 R .

From this description we see that m2brane is a principal b2 R-bundle over R10,1|32 . In the dual
Chevalley-Eilenberg picture, CE(m2brane) is obtained from CE(R10,1|32 ) by adding a single generator in degree 3 which is a primitive for −µ4 ([16, Prop. 3.5]):

CE(m2brane) = CE(R10,1|32 ) ⊗ R[h3 ] ; dh3 = −µ4 ,
with deg h3 = 3. The dual morphism is simply the obvious inclusion CE(R10,1|32 ) ,→ CE(m2brane).
This definition allows expanding the relation dµ7 = 15µ4 ∧ µ4 from Prop. 2.1 as follows.
Corollary 2.5. There is a super L∞ -cocycle of the form
m2brane

1
h3 ∧µ4 + 15 µ7

/ l(S 7 ) = b6 R .

Explicitly, the above corollary precisely says that the element h3 ∧ µ4 +
is closed, which is immediate:
d(h3 ∧ µ4 +

1
15 µ7 )

= dh3 ∧ µ4 − h3 ∧ dµ4 +
= −µ4 ∧ µ4 +

1
15 µ7

in CE(m2brane)

1
15 dµ7

1
15 dµ7

= 0.
By the defining characterization both m2brane and lS 7 are naturally b2 R-principal bundles accord1
µ7 is b2 R-equivariant. If so then by the
ing to [23], so it is natural to ask whether h3 ∧ µ4 + 15
general theory of higher bundles [23] it will descend to a morphism
R10,1|32 → l(S 4 )
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in the homotopy category of super L∞ -algebras, i.e., to a span of L∞ -morphisms of the form
∼

R10,1|32 ←
− R10,1|32
→ l(S 4 ) ,
res
10,1|32

∼

10,1|32

where Rres
−
→ R10,1|32 is a quasi-isomorphism (we say that Rres
is a resolution of super
Minkowski spacetime). To exhibit in components the equivariance of the 7-cocycle in Corollary 2.5
with respect to this action we need an explicit resolution of super Minkowski spacetime:
10,1|32

Definition 2.6 ([15, Section III]). Let Rres
be the super L∞ -algebra whose Chevalley-Eilenberg
algebra is obtained from CE(R10,1|32 ) by adding two generators h3 and g4 , of degree 3 and 4,
respectively, with dh3 = g4 − µ4 and dg4 = 0:


CE(R10,1|32
) := CE(R10,1|32 ) ⊗ R[h3 , g4 ] ; dh3 = g4 − µ4 , dg4 = 0 .
res
'

10,1|32

−→ R10,1|32 , dual to the obvious inclusion
Proposition 2.7. The canonical morphism Rres
10,1|32
CE(R10,1|32 ) ,→ CE(Rres
), is an equivalence of L∞ -algebras. It factors the natural projection
10,1|32
10,1|32
m2brane → R
through the morphism m2brane → Rres
whose dual map is
CE(R10,1|32
) −→ CE(m2brane)
res
h3 7−→ h3
g4 7−→ 0
and the identity on all other generators.
10,1|32

'

Proof. The only nontrivial part in the statement is the homotopy equivalence Rres
−→ R10,1|32 .
In terms of Chevalley-Eilenberg algebras, this amounts to saying that the quotient algebra
CE(R10,1|32
)/CE(R10,1|32 )
res
is homotopy equivalent to R as a DGCA. One has
CE(R10,1|32
)/CE(R10,1|32 ) ∼
= (R[h3 , g4 ] ; dh3 = g4 , dg4 = 0)
res
= R[h3 , dh3 ]
∼
= R,
where the last quasi-isomorphism is the evident one.
10,1|32

Proposition 2.8. The 4-cocycle µ̃4 : Rres
→ b3 R, dual to the obvious inclusion R[g4 ] →
10,1|32
CE(Rres
), fits into a homotopy commutative diagram of super L∞ -algebras
10,1|32

Rres

'

µ̃4

/ R10,1|32
%



µ4

b3 R .

Proof. In the dual Chevalley-Eilenberg picture we have to show that the diagram


'
CE(R10,1|32 )⊗R[h3 ,g4 ] ;
o
CE(R10,1|32 )
dh3 =g4 −µ4 , dg4 =0
O

j

g4 7→g4

g4 7→µ4

(R[g4 ]; dg4 = 0)
6

is homotopy commutative. For this is it sufficient that there exists a morphism
 CE(R10,1|32 ) ⊗ R[h , g ] ; 

3 4
ξ : R[g4 ]; dg4 = 0 →
⊗ Ω• (∆1 ) ,
dh3 = g4 − µ4 , dg4 = 0
where Ω• (∆1 ) = R[t, dt] is the DGCA of polynomial differential forms on the 1-simplex ∆1 (this
does give a path space object for right homotopies according to [25, Lemma 4.32]), such that ξ
evaluated at 0 maps g4 to g4 while ξ evaluated at 1 maps g4 to µ4 . In other words, we are looking for
10,1|32
a closed degree 4 element ξ4 (t) + ξ3 (t)dt in CE(Rres
) ⊗ Ω• (∆1 ) with ξ4 (0) = g4 and ξ4 (1) = µ4 .
An obvious choice is
(g4 + t(µ4 − g4 )) + h3 dt .
Now we have all the ingredients to complete our diagram:
Proposition 2.9. [15, Section III] Starting with the cocycle µ4 , there is commutative diagram of
L∞ -algebras of the form
1
h3 ∧µ4 + 15 µ7

m2brane

(

R10,1|32

o '



0

w

1
h3 ∧(g4 +µ4 )+ 15 µ7

10,1|32
Rres

/ l(S 7 )


/ l(S 4 )

' 3 w
b R

µ̃4

where the two front faces of the prism are homotopy pullbacks.
Proof. We have to check that the diagram exists and commutes at the level of the dual CE-algebras.
Forgetting the differentials, this is immediate in terms of the defining generators: each generator
is mapped to the generator of the same name, if present, in the codomain, or to zero otherwise,
1
except for g7 ∈ CE(lS 7 ) which is sent to h3 ∧ µ4 + 15
µ7 , and g7 ∈ CE(l(S 4 )), which is sent to
1
h3 ∧ (g4 + µ4 ) + 15 µ7 , as indicated. When the differentials are taken into account, the only thing to
be checked is that the middle horizontal map respects the CE-differentials. Indeed, by Proposition
2.1, we have

1
d h3 ∧ (g4 + µ4 ) + 15
µ7 = (g4 − µ4 ) ∧ (g4 + µ4 ) + µ4 ∧ µ4
= g4 ∧ g4 .
1
By Definition 2.6, this says that indeed g7 7→ h3 ∧ (g4 + µ4 ) + 15
µ7 respects the CE-differential.

We conclude this section by showing that, as anticipated, the morphism of L∞ -algebras exhibited in Proposition 2.9 is equivalent to that in Corollary 2.5. That is, we have the following.
Proposition 2.10. There is a homotopy commutative diagram of L∞ -algebra morphisms
10,1|32

Rres

/ R10,1|32

'

1
h3 ∧(g4 +µ4 )+ 15 µ7
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*



1
(µ4 , 15 µ7 )

l(S 4 ) .

Proof. We have to show that the dual diagram of DGCAs


10,1|32
CE(R
)⊗R[h3 ,g4 ] ;
dh3 =g4 −µ4 , dg4 =0

i

o

'

CE(R10,1|32 )
O

g4 7→µ4 ,
g4 7→g4 ,

1
g7 7→h3 ∧(g4 +µ4 )+
15 µ7

g7 7→

1
15 µ7

(R[g4 , g7 ]; dg4 = 0, dg7 = g4 ∧ g4 )
is homotopy commutative. Reasoning as in the proof of Proposition 2.8, we have to exhibit a closed
10,1|32
degree 4 element ξ4 (t) + ξ3 (t)dt and a degree 7 element ξ7 (t) + ξ6 (t)dt in CE(Rres
) ⊗ Ω• (∆1 )
such that d(ξ7 (t) + ξ6 (t)dt) = (ξ4 (t) + ξ3 (t)dt) ∧ (ξ4 (t) + ξ3 (t)dt), with ξ4 (0) = g4 , ξ4 (1) = µ4 ,
1
1
ξ7 (0) = h3 ∧ (g4 + µ4 ) + 15
µ7 and ξ7 (1) = 15
µ7 . An immediate choice is
ξ4 (t) + ξ3 (t)dt = (g4 + t(µ4 − g4 )) + h3 dt ,
ξ7 (t) + ξ6 (t)dt = (1 − t)h3 ∧ ((1 + t)µ4 + (1 − t)g4 ) +

1
15 µ7

.

Indeed, with this choice the boundary conditions on the ξi ’s are trivially satisfied and, moreover,
we have

1
d(ξ7 (t) + ξ6 (t)dt) = d (1 − t)h3 ∧ ((1 + t)µ4 + (1 − t)g4 ) + 15
µ7
= (−dt h3 + (1 − t)dh3 ) ∧ ((1 + t)µ4 + (1 − t)g4 )
− (1 − t)h3 ∧ (dt µ4 + (1 + t)dµ4 − dt g4 + (1 − t)dg4 ) +

1
15 dµ7

= (h3 dt + (1 − t)g4 − (1 − t)µ4 )) ∧ ((1 + t)µ4 + (1 − t)g4 )
− (1 − t)h3 ∧ (dt µ4 − dt g4 ) + µ4 ∧ µ4
= (1 + t)µ4 ∧ h3 dt + (1 − t)g4 ∧ h3 dt + (1 − t2 )g4 ∧ µ4 + (1 − t)2 g4 ∧ g4
− (1 − t2 )µ4 ∧ µ4 − (1 − t)2 µ4 ∧ g4 − (1 − t)µ4 ∧ h3 dt + (1 − t)g4 ∧ h3 dt
+ µ4 ∧ µ4
= 2tµ4 ∧ h3 dt + 2(1 − t)g4 ∧ h3 dt + 2t(1 − t)g4 ∧ µ4 + (1 − t)2 g4 ∧ g4
+ t2 µ4 ∧ µ4
and
(ξ4 (t) + ξ3 (t)dt) ∧ (ξ4 (t) + ξ3 (t)dt) = ((g4 + t(µ4 − g4 )) + h3 dt) ∧ ((g4 + t(µ4 − g4 )) + h3 dt)
= g4 ∧ g4 + 2tg4 ∧ (µ4 − g4 ) + t2 (µ4 − g4 ) ∧ (µ4 − g4 )
+ 2g4 ∧ h3 dt + 2t(µ4 − g4 ) ∧ h3 dt
= (1 − t)2 g4 ∧ g4 + 2t(1 − t)g4 ∧ µ4 + t2 µ4 ∧ µ4
+ 2(1 − t)g4 ∧ h3 dt + 2tµ4 ∧ h3 dt .

Remark 2.11. (i) The form of the equivariant cocycle in Proposition 2.9 is that of the curvature of
the WZW term of the sigma-model describing the M5-brane as considered in [3].
(ii) As the notation suggests, in terms of rational homotopy theory, Proposition 2.9 says that the
CE-elements µ4 and µ7 of Proposition 2.1 define a cocycle with values in the rational 4-sphere.
In the discussions in [30] we see that under Lie integration and globalization in higher Cartan
geometry, these elements encode the supergravity C-field and its magnetic dual.
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3

The dimensional reduction to IIA superstring theory

We derive now the dimensional reduction of the rational charge structure of M-theory to that of
type IIA string theory, realized as cyclic cohomology in L∞ -homotopy theory. It takes the (rational)
M2/M5-brane charge structure from the previous section to a (rational) twisted cohomology theory
for the F1/Dp/NS5-branes in type IIA. In fact we find that super L∞ -theoretically there is an
equivalence between these two rational cohomology theories, in 11 and in 10 dimensions.
The (M-theory) super-Minkowski spacetime R10,1|32 is rationally a SR1 -principal bundle over the
(type IIA) super-Minkowski spacetime R9,1|16+16 .
Proposition 3.1 ([16, prop. 4.5]). There is a homotopy fiber sequence of L∞ -algebras
R10,1|32

/0




/ bR ,

R9,1|16+16

ψΓ10 ψ

which exhibits R10,1|32 as the central extension of super Lie algebras classified by the 2-cocycle ψΓ10 ψ
(which is the D0-brane cocycle, see def. 4.5 below).
Below in Prop. 3.8 we show that the double dimensional reduction of the M-brane cocycles of
Prop. 2.10 along the fibration of super Minkowski spacetimes of Prop. 3.1 is neatly captured by
the following Sullivan model for rational cyclic cohomology:
Proposition 3.2. Let X be a simply connected topological space whose rationalization admits a
minimal Sullivan model (∧• V, dX ). Then
1. A Sullivan model for the rationalization of the free loop space LX of X is given by
CE(l(LX)) = (∧• (V ⊕ sV ), dLX ) ,
where sV is V with degrees shifted down by one, and with dL X acting for v ∈ V as
dLX sv = −sdX v ,

dLX v = dX v ,

where on the right s : V → sV is extended uniquely as a graded derivation.
2. A Sullivan model for the rationalization of the homotopy quotient LX//S 1 (presented by the
Borel construction LX ×S 1 ES 1 ) for the canonical circle group action on the free loop space
(by rotation of loops) is given by

CE(l(LX//S 1 )) = ∧• (V ⊕ sV ⊕ hω2 i), dLX//S1
with
dLX//S1 ω2 = 0
and with dLX//S1 acting on w ∈ ∧• V ⊕ sV as
dLX//S1 w = dLX w + ω2 ∧ sw .
Moreover, the canonical sequence of L∞ -homomorphisms
l(LX)

/ l(LX//S 1 )
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/ bR

is a rational model for the homotopy fiber sequence
/ BS 1

/ LX//S 1

LX
that exhibits the homotopy quotient.

The first statement is due to [40], the second due to [39].
Here we are concerned with the following special case of this fact:
Example 3.3. Let X = S 4 be the 4-sphere, with

CE(l(S 4 )) = ∧• hg4 , g7 i, dS4 g4 = 0 , dS4 g7 = − 21 g4 ∧ g4 .
(We have rescaled the generator g7 by a factor of − 12 with respect to the conventions in the previous
section; this yields an isomorphic model but serves to reduce prefactors in the following formulas.)
By Prop. 3.2 the free loop space of S 4 is modeled by


d
ω4 = 0, dLS4 ω6 = h3 ∧ ω4 ,
.
CE(l(LS 4 )) = R[ω4 , ω6 , h3 , h7 ] ; LS4
dLS4 h3 = 0, dLS4 h7 = − 12 ω4 ∧ ω4
and the homotopy quotient by S 1 of the free loop space of S 4 is modeled as

d 4 1 ω2 = 0, dLS4 /S1 ω4 = h3 ∧ ω2 , dLS4 /S1 ω6 = h3 ∧ ω4 , 
CE(l(LS 4 //S 1 )) = R[ω2 , ω4 , ω6 , h3 , h7 ] ; LS /S
.
dLS4 /S1 h3 = 0, dLS4 /S1 h7 = − 12 ω4 ∧ ω4 + ω6 ∧ ω2
The following lemma is then immediate.
Lemma 3.4. We have a homotopy pushout diagram of DGCAs

R[ω2 ], dω2 = 0

/





R[ω2 ,ω4 ,ω6 ,h3 ,h7 ] ;
1
dh3 =0, dω2 =0, dω4 =h3 ∧ω2 , dω6 =h3 ∧ω4 , dh7 =− 2 ω4 ∧ω4 +ω6 ∧ω2


/

R





R[ω4 ,ω6 ,h3 ,h7 ] ;



1
dh3 =0, dω4 =0, dω6 =h3 ∧ω4 , dh7 =− 2 ω4 ∧ω4

inducing the homotopy fiber sequence
l(LS 4 )

/ l(LS 4 //S 1 )

ω2

/ bR

of L∞ -algebras.
Remark 3.5. The idea that double dimensional reduction in string theory is mathematically formalized by looping of cocycles has been considered in [1, 4, 22, 32, 31]. Here we will only be
concerned with the dimensional reduction of a cocycle of the form R10,1|32 → l(S 4 ) along the projection R10,1|32 → R9,1|16+16 , but this is just a particular instance of a general procedure [14], as
illustrated in [33].
To dimensionally reduce our morphism R10,1|32 → lS 4 to a morphism R9,1|16+16 → l(LS 4 //S 1 )
we systematically “isolate” the vertical coordinate e11 in R10,1|32 . Before doing so, it will be useful
to recall the definition of the F 1-brane cocycle on R9,1|16+16 as it will show up in the dimensional
reduction of the cocycle (µ4 , µ7 ) : R10,1|32 → l(S 4 ).
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Definition 3.6 ([7], [16, Def. 4.2] ). The type IIA superstring (or F1 -brane) cocycle is the super
Lie algebra 3-cocycle
µF 1 := iψΓa Γ10 ψ ∧ ea : R9,1|16+16 −→ b2 R .
Remark 3.7. As the name indicates, the 3-cocycle µF 1 plays a relevant role in type IIA superstring
theory. We are going to discuss this in the next section. In particular, the cocycle µF 1 is the one
which gives rise to the WZW term of the Green-Schwarz sigma model for the type IIA string (see
[16] and references therein).
The main statement of this section is now the following:
Proposition 3.8. There is a canonical dimensional reduction isomorphism of hom-sets

∼
=
HomL∞ (R10,1|32 , lS 4 ) −
→ HomL∞ /bR R9,1|16+16 , l(LS 4 //S 1 ) ,
where on the right we have L∞ -morphisms over bR, via Proposition 3.1 and Lemma 3.4. Moreover,
the image under this isomorphism of any L∞ -morphism
(g4 , g7 )

R10,1|32 −−−−−→ lS 4
is the L∞ -morphism over bR
(ω2 , ω4 , ω6 , h3 , h7 )

R9,1|16+16
ψΓ10 ψ

(

bR

v

/ l(LS 4 //S 1 ) ,

ω2

where ω2 in the 5-tuple (ω2 , ω4 , ω6 , h3 , h7 ) is the the D0-brane cocycle ψΓ10 ψ ∈ CE(R9,1|16+16 ) from
Proposition 3.1 and where h3 , h7 , ω4 , ω6 ∈ CE(R9,1|16+16 ) are uniquely defined by the relations
ω4 = g4 − h3 ∧ e11 and h7 = g7 + ω6 ∧ e11 .
In the case that g4 = µ4 and g7 = µ7 as we had in Corollary 2.3, the element h3 is the F1-brane
cocycle µF 1 := ψΓa Γ10 ψ ∧ ea from Definition 3.6.
Proof. By the fact that the underlying graded algebras are free, and since e11 is a generator of odd
degree, the given decomposition for ω4 and h7 is unique. Hence it is sufficient to observe that under
this decomposition the defining equations
dg4 = 0 ,

dg7 = − 21 g4 ∧ g4

for the lS 4 -valued cocycle on R10,1|32 turn into the equations for an l(LS 4 //S 1 )-valued cocycle on
R9,1|16+16 . This is straightforward (using d 10,1|32 e11 = ψΓ10 ψ = ω2 ):
R

d

R10,1|32

(ω4 + h3 ∧ e11 ) = 0

⇔

d

(ω4 ) − h3 ∧ d

⇔

d

ω4 = h 3 ∧ ω2

R9,1|16+16

R9,1|16+16

R9,1|16+16

as well as

11

e11 = 0

and

d

and

d

R9,1|16+16
R9,1|16+16

h3 = 0
h3 = 0 ,

d

R10,1|32

(h7 − ω6 ∧ e11 ) = − 21 (ω4 + h3 ∧ e11 ) ∧ (ω4 + h3 ∧ e11 )

⇔

d

h7 − ω6 ∧ ω2 = − 12 ω4 ∧ ω4

and

−d

ω6 = −h3 ∧ ω4

⇔

d

h7 = − 12 ω4 ∧ ω4 + ω6 ∧ ω2

and

d

ω6 = h3 ∧ ω4 .

R9,1|16+16

R9,1|16+16

R9,1|16+16

R9,1|16+16

Remark 3.9 (Self-duality). The fields of (super)gravity and the 11d supergravity equations of motion are implied by a torsion-free globalization over an 11-dimensional super-spacetime X of the
supercocycles for the M2-brane, see [36]. Moreover, globalizing the combined M2/M5-brane cocycles with coefficients in lS 4 yields the BPS-charge extensions of the superisometry superalgebras
of supergravity solutions, see [30]. If we write G4 and G7 for the corresponding super-differential
forms on spacetime, i.e. for the components
(G4 , G7 ) : CE(lS 4 ) −→ Ω• (X)
then these supergravity equation of motion imply in particular that G7 is the Hodge dual of G4
G7 = ?11 G4 .
In terms of these global forms the transmutation of Proposition 3.8 corresponds to the Gysinsequence decomposition of [22, section 4.2]
G4 = R4 + H3 ∧ e11 ,

G7 = H7 − R6 ∧ e11

with
dR4 + H3 ∧ R2 = 0 ,

dR6 = 2H3 ∧ R4 ,

dH7 = − 21 R4 ∧ R4 + R6 ∧ R2 .

The above are local versions of the derivations of the field strengths and their Bianchi identities for
the Dp-branes (for p ∈ {0, 2, 4}) of type IIA string theory; that last equation is the Chern-Simons
term of the NS5-brane (see [13] [29] and references therein). The 11d sugra equation of motion
G7 = ?11 G4 then implies
R4 = ?10 R6 ,
H3 = ?10 H7 ,
as it should be.

4

The supercocycles in type IIA superstring theory

In the previous section we have obtained the unified charge structure of F1/Dp/NS5-branes by
dimensional reduction of the unified charge structure of M2/M5-branes in degree 4-cohomotopy, as a
statement in super L∞ -cohomology theory. But traditionally the super-cocycles for the WZW terms
of the Dp-branes are considered separately (for each p) as cocycles on extended super Minkowski
spacetime (see [16] for literature and L∞ -theoretic formulation). Here we show that the same
L∞ -descent mechanism which unifies the M2-brane charges with the M5-brane charges (in Sec. 2)
also unifies these separate Dp-brane charges to a single charge in (the rational image of) twisted
K-theory.
Recall from Def. 3.6 that the superstring (or F1 -brane) cocycle in type IIA is the super Lie
algebra 3-cocycle
µF 1 := iψΓa Γ10 ψ ∧ ea : R9,1|16+16 −→ b2 R .
We will now put this cocycle to work.
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Definition 4.1 ([16, Def. 4.2]). The super Lie 2-algebra stringIIA is the the super Lie 2-algebra
extension of R9,1|16+16 classified by the 3-cocycle µF 1 . Equivalently, it is the homotopy fiber (in
super L∞ -algebras) of the 3-cocycle µF 1 :
/0

stringIIA


µF 1

R9,1|16+16


/ b2 R .

Remark 4.2. By [16, Prop. 3.5] the Chevalley-Eilenberg algebra of stringIIA is obtained by adjoining
to CE(R9,1|16+16 ) an element f2 of degree (2, even) whose CE-differential is the 3-cocycle −µF 1 :


CE stringIIA = CE(R9,1|16+16 ) ⊗ R[f2 ] ; df2 = −µF 1 .
Here the generator f2 will play the role of the field strength of the Chan-Paton gauge field on
the D-branes. We need to add the corresponding fields strengths of the RR-forms. To see which
form they should have, we look at the dimensional reduction of the M-brane charges. By direct
computation one finds
Proposition 4.3. The image of the the M-brane cocycle (µ4 , µ7 ) : R10,1|32 −→ l(S 4 ) from Cor. 2.3
under the double dimensional reduction isomorphism of Prop. 3.8 have the following components:

µF 1 = i ψ ∧ Γa Γ10 ψ ∧ ea
µD0 = ψ ∧ Γ10 ψ
µD2 =
µD4 =

i
2
1
4!


ψ ∧ Γa1 a2 ψ ∧ ea1 ∧ ea2

ψ ∧ Γa1 ···a4 ψ ∧ ea1 ∧ · · · ea4 ,

where the subscripts reflect their interpretation according to Def. 3.9.
In view of Prop. 4.3 we set:
Definition 4.4. Let C ∈ CE(stringIIA ) be given by
C := ψΓ10 ψ + 2i ψΓa1 a2 ψ ∧ ea1 ∧ ea2 +
+

a1 ...a6
i
ψ
6! ψΓ

∧ ea1 ∧ · · · ∧ ea6 +

a1 ...a4
1
Γ10 ψ ∧ ea1 ∧ · · · ∧ ea4
4! ψΓ
a1 ...a8
1
Γ10 ψ ∧ ea1 ∧ · · · ∧ ea8 .
8! ψΓ

Using the above element we will now introduce a cocycle associated naturally with type IIA
D-branes in a background B-field.
Definition 4.5. For p ∈ {0, 2, 4, 6, 8} we define the Dp-brane cocycle µDp ∈ CE(stringIIA ) to be
given by
µDp := [C ∧ exp(f2 )]p+2 ,
where
exp(f2 ) := 1 + f2 + 21 f2 ∧ f2 + 61 f2 ∧ f2 ∧ f2 + · · · ,
and where the square brackets indicate picking out the homogeneous summand of degree p + 2.
Remark 4.6. The elements µDp in Definition 4.5 are non-trivial cocycles, i.e., they are closed and
non-exact elements in CE(stringIIA ). This is proved in [7, Sec. 6.1] (Beware Remark B.3 when
comparing prefactors.) The action functionals induced by these cocycles µDp as in [16] are the
WZW-terms for the Green-Schwarz-type sigma-model of the D-branes in type IIA super Minkowski
spacetime. The element f2 represents the field strength of the Chan-Paton gauge field on the Dbrane and C is the contribution of the Ramond-Ramond fields.
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Remark 4.7. Notice how, in the notation of Proposition 3.8, we have, up to prefactors,
C = ω2 + ω4 + ω6 + higher order terms ,
so that
µD0 = ω2 ;

µD4 = ω6 + f2 ∧ ω4 + 21 f2 ∧ f2 ∧ ω2 .

µD2 = ω4 + f2 ∧ ω2 ;

Consequently, the condition that µDp is a cocycle in stringIIA translates to the equations
dω4 = µF1 ∧ ω2 ,

dω2 = 0 ,

dω6 = µF1 ∧ ω4

in CE(R9,1|16+16 ). Indeed, these are precisely the equations obtained in Proposition 3.8.
We will now start making explicit the connection to (twisted) K-theory at the rational level.
Definition 4.8. Define l(ku) to be the L∞ -algebra
M
l(ku) =
bp+1 R .
p even

Remark 4.9. (i) The L∞ -algebra l(ku) is a minimal Sullivan model for the rationalization of the
connective K-theory spectrum.
(ii) Notice that the Chevalley-Eilenberg algebra of l(ku) is

CE(l(ku)) = R[{ω2p }p=1,2,... ] ; dω2p = 0 ,
i.e., the even closed forms, as appropriate for rationalization of K-theory, via the Chern character,
with target even rational cohomology.
(iii) The direct sum of cocycles
M

µD =

µDp

p=0,2,4,6,8

defines an L∞ -morphism µD : R9,1|16+16 →

p+1 R
p=0,2,4,6,8 b

L

,→ l(ku). Hence we see that super

R9,1|16+16 ,

Minkowski spacetime
locally modeling super spacetimes in 10d type IIA supergravity,
fits into a diagram of super L∞ -morphisms of the form
µD

stringIIA

(

hofib(µF 1 )

0v



R9,1|16+16
µF 1

(



b2 R ,

where the left bottom square is a homotopy pullback.
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/ l(ku)

By the above remark, it is therefore natural to ask whether the the cocycles µDp for the Dbranes are bR-equivariant and so descend to super-Minkowski spacetime as twisted cocycles, in the
sense of [23], and in analogy to the descent of the M5-brane cocycle considered in section 2. More
explicitly, we are asking whether we can complete the above diagram to a commutative diagram of
the form
µD
/ l(ku)
stringIIA
(

hofib(µF 1 )



0u

hofib(φ)


/ l(ku//BU (1)) ,

µIIA

F 1/D

R9,1|16+16
µF 1

( 2 u
b R

φ

for a suitable L∞ -algebra l(ku//BU (1)), in such a way that both front faces of the prism are
homotopy pullbacks.
Definition 4.10. Write l(ku//BU (1)) for the L∞ -algebra whose Chevalley-Eilenberg algebra has
generators ω2p for p a positive integer, and h3 , each in the degree indicated by its subscript, with
non-trivial differential given by d(ω2(p+1) ) = h3 ∧ ω2p :


CE l(ku//BU (1)) := R[{ω2p , h3 }p=1,2,... ] ; dh3 = 0, dω2(p+1) = h3 ∧ ω2p .
The following proposition shows that the three L∞ -algebras are compatible in a nice way, in
the sense that indeed l(ku//BU (1)) is a rational quotient of l(ku) by l(BU (1)).
Proposition 4.11. There is a natural homotopy fiber sequence of L∞ -algebras
l(ku)

/0




/ b2 R .

l(ku//BU (1))

Proof. Passing to the dual Chevalley-Eilenberg algebras, we have a natural commutative diagram

R[h3 ]; dh3 = 0

/ R[{ω2p , h3 }p=1,2,... ] ; dh3 = 0, dω2(p+1) = h3 ∧ ω2p





/ R[{ω2p }p=1,2,... ] ; dω2p = 0 ,

R



where each morphism maps a generator to the generator with the same name, if present, and to
zero otherwise. This diagram is clearly a pushout. Moreover, since the top horizontal morphism is a
relative Sullivan algebra, it is also a homotopy pushout. Therefore, its dual diagram is a homotopy
pullback.
Now we connect back to super Minkowski spacetime. To exhibit the morphism R9,1|16+16 →
9,1|16+16
l(ku//BU (1)) in the homotopy category of L∞ -algebras, we consider a resolution Rres
of
9,1|16+16
R
:
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9,1|16+16

for the super L∞ -algebra whose Chevalley-Eilenberg algebra is
Definition 4.12. Write Rres
obtained by adding to the Chevalley-Eilenberg algebra of R9,1|16+16 two generators f2 and h3 , of
degrees 2 and 3 respectively, with df2 = h3 − µF 1 and dh3 = 0:


9,1|16+16
CE(R9,1|16+16
)
:=
CE(R
)
⊗
R[f
,
h
]
;
df
=
h
−
µ
,
dh
=
0
.
2 3
2
3
3
res
F1
9,1|16+16

Remark 4.13. The DG-algebra CE(Rres

) is isomorphic to the graded commutative algebra

CE(stringIIA ) ⊗ R[h3 ]
endowed with the differential
d = dIIA + h3

∂
,
∂f2

where dIIA is the differential of CE(stringIIA ).
In order to complete our diagrams, we will follow similar steps to the ones we established for
the M-theory supercocycles in the previous section.
'

9,1|16+16

Proposition 4.14. The canonical morphism Rres
−→ R9,1|16+16 , dual to the obvious inclu9,1|16+16
sion CE(R9,1|16+16 ) ,→ CE(Rres
), is an equivalence of L∞ -algebras. It factors the natural
9,1|16+16

projection stringIIA → R9,1|16+16 through the morphism stringIIA → Rres

whose dual map is

CE(R9,1|16+16
) −→ CE(stringIIA )
res
f2 7−→ f2
h3 7−→ 0
and the identity on all other generators.
Proof. Use the same strategy as in the proof of Proposition 2.7.
9,1|16+16

Proposition 4.15. The 3-cocycle µ̃F 1 : Rres
9,1|16+16

CE(Rres

→ b2 R dual to the obvious inclusion R[h3 ] →

) fits into a homotopy commutative diagram of super L∞ -algebras
9,1|16+16

Rres

'

µ̃F 1

/ R9,1|16+16
&



µF 1

b2 R .

Proof. Use the same strategy as in the proof of Proposition 2.8.
With the above results, we are now able to complete the desired diagram:
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Theorem 4.16. The F1/Dp-brane cocycles of type IIA fit into a commutative diagram of super
L∞ -algebras
µD

stringIIA
(

hofib(µF 1 )



o '

R9,1|16+16

/ l(ku)

0u

hofib(φ)


/ l(ku//BU (1)) ,

µIIA

F 1/D

9,1|16+16
Rres

( 2 v
b R

µ̃F 1

φ

where the two front faces of the prism are homotopy pullbacks.
Proof. The dual diagram of the prism is the following diagram of CE-algebras



CE(R9,1|16+16 )⊗R[f2 ] ;
df2 =−µF 1

O


k

(ω2(p+1) 7→µ
)
Dp p=0,1,2,3,4

o

3

h3 7→0





RO

CE(R9,1|16+16 )⊗R[f2 ,h3 ] ;
df2 =h3 −µF 1 ; dh3 =0

j


o

R[{ω2p }p=1,2,... ] ;
dω2p =0



O

h3 7→0

(ω2(p+1) 7→µDp )p=0,1,2,3,4



R[{ω2p ,h3 }p=1,2,... ] ;
dh3 =0; dω2(p+1) =h3 ∧ω2p

4



.


R[h3 ] ; dh3 = 0
One only needs to check that the bottom horizontal map is indeed a homomorphism of DGCAs.
9,1|16+16
To see this, recall from Remark 4.13 that the differential of CE(Rres
) may be written as
d = dIIA + h3 ∧

∂
,
∂f2

and from Remark 4.6 that the elements µDp are closed in CE(stringIIA ). Then, recalling the
9,1|16+16

definition of the Dp-brane cocycles µDp , i.e., µDp := [C ∧ exp(f2 )]p+2 , we see that in CE(Rres
we have
∂
dµD2(p+1) = dIIA (µD2(p+1) ) + h3 ∧
[C ∧ exp(f2 )]2p+4
∂f2
|
{z
}
=0

= [C ∧ h3 ∧ exp(f2 )]2p+5
= h3 ∧ [C ∧ exp(f2 )]2p+2
= h3 ∧ µD2p .
This equation precisely says that the bottom horizontal arrow preserves the differentials.
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)

The above result demonstrates that the type IIA F1-brane and D-brane cocycles with Rcoefficients indeed descend to super-Minkowski
spacetime as one single cocycle with coefficients

L
2p+1
in the homotopy quotient
B
R //BR.
p=0,2,4,6,8

We close by making explicit how this is a rational model for twisted K-theory. For this we use
the general theory of twisted cohomology from [23]: Let A be any homotopy type which represents
some cohomology theory (for instance the degree-0 space in a spectrum). Then a higher homotopy
action ρ of some ∞-group G (for instance the homotopy type of some topological group) on A is
equivalently encoded in a homotopy fiber sequence of the form
/ A//G

A

pρ



BG ,
where the homotopy type A//G is identified thereby with the homotopy quotient of A by the
∞-action of G [23, section 4.1].
We may alternatively think of this as exhibiting an A-fiber ∞-bundle A//G over BG, namely
the A-fiber bundle which is associated via the given action to the universal principal G-∞-bundle
EG (the Borel construction):
A//G ' EG ×G A .
Given this data, then a twist for the A-cohomology of a space X is equivalently a map τ : X −→ BG,
hence a G-principal ∞-bundle Pτ → X, and a cocycle in τ -twisted A-cohomology of X is a diagram
as on the left in the following




c
/ A//G 



X
P
×
A




τ
G




:
σ
'
.
τ
pρ









{
!




X
X
BG
This is discussed in [23, section 4.2]. Equivalently, as shown on the right, this is a section σ of the
A-fiber ∞-bundle Pτ ×G A that is ρ-associated to the twist bundle Pτ . 1 This second perspective of
twisted cohomology, in terms of sections of bundles of coefficients spaces (i.e., “local coefficients”)
is prominently reflected in the literature on twisted ordinary cohomology and twisted K-theory.
For our purposes here the equivalent perspective on the left above, in terms of maps into homotopy
quotients is more directly compared to the rational data which we derived above.
Now consider the case that A = Ω∞ A is the degree-0 space of a spectrum A. Then if the action
of G extends to an action on the spectrum, then A//G becomes a parameterized spectrum over BG,
namely a sequence of spaces (A//G)n for n ∈ N, each equipped with a retraction onto BG
id : BG −→ (A//G)n −→ BG
and equipped with weak equivalences
'

(A//G)n −→ BG
1

×

BG

(A//G)n+1

Here and in the following all diagrams are filled by specified homotopies, which we notationally suppress.
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into the homotopy fiber product of the map BG → (A//G)n+1 with itself (see [2, section 3.4] [35,
section 4.1.2]).
In the special case that G ' ∗ and hence BG ' ∗ then this reduces to an ordinary Omegaspectrum, thought of as parameterized over the point. On the other extreme, the space BG we may
think of as the 0-spectrum parameterized over BG, by taking all the structure morphisms above
to be equivalences.
This way the parameterized spectrum A//G sits in a homotopy fiber sequence of the form
A

/ A//G


BG
in direct analogy with the unstable situation above. This now classifies twisted stable cohomology
[35, sect 4.1.2.1].
Now suppose that A is a commutative ring spectrum. Then there is an ∞-group
GL1 (A) := Ω∞ A ×π0 (A) π0 (A)×
(the “∞-group of units” [2, p. 10]) acting on A by the homotopy theoretic analog of the action
of the group of units of a commutative ring. For the case that A = KU is complex K-theory,
BGL1 (KU) receives a non-trivial map from B 2 U (1) classifying the twist of K-theory by classes
in degree-3 integral cohomology ([2, p. 15]). Restricting the GL1 (KU)-action along this inclusion
hence exhibits an ∞-action of BU (1) on complex K-theory
KU

/ KU//BU (1)


B 2 U (1) .
This means that maps τ : X → B 2 U (1) (classifying U (1)-bundle gerbes) are twists for K-theory,
and that fixing one such twist τ then cocycles in τ -twisted K-theory are diagrams as on the left of
the following:






c
 X


/




Pτ × KU 
KU//BU (1) 







BU (1)
:
'
.
σ




τ
pρ




#
x











B 2 U (1)
X
X
On the right we see how this is equivalently given by sections of the KU-fiber bundle that is
associated to the twist bundle Pτ . This is the perspective on twisted K-theory from [2, section 3.4].
Here we need the equivalent perspective on the left. The equivalence between the two perspectives
is [23, proposition 4.17].
Now we may compare the above diagrams for twisted theory with the result for the descended
L∞ -cocycles of the type IIA D-branes from Theorem 4.16.
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KU


τ

#

hofib(pρ )
µIIA

/ KU//BU (1)

c

X

l(ku)

x

pρ

µF 1

B 2 U (1)
A cocycle in twisted K-theory
according to [2, 23].

F 1/D

R9,1|16+16
$

b2 R

x



hofib(φ)

/ l(ku//BU (1))
φ

The descended type IIA F1/Dp-brane cocycle
according to Theorem 4.16.

It is clear that CE(l(ku)) is the Sullivan model for (Ω∞ KU)R . Hence this shows that the
descended super L∞ -cocycles for F1/Dp-branes in type IIA take values in the rationalization of the
classifying space for twisted K-theory.

A

Basics of Rational Homotopy Theory

Much of the difficulty in homotopy theory is determined by torsion phenomena (i.e. the appearance
of additively nilpotent elements in homotopy groups and cohomology groups). And actually, torsion
is really mysterious. The following a priori very surprising statement parametrizes the situation:
there is no non-contractible simply connected manifold X for which the torsion part of the abelian
homotopy groups πn (X) is known for all n. In other words, the knowledge of torsion in homotopy
is always approximate. In contrast, the study of the free part of the homotopy groups can be done
in a systematic way [26, 38]. One way of doing so is to notice that, if we write
πn (X) = πn (X)free ⊕ πn (X)tors = Zrank(πn (X)) ⊕ πn (X)tors ,
then by tensoring with the field Q of rational numbers we kill the torsion part and get
πn (X) ⊗ Q = Qrank(πn (X)) .
Wouldn’t it be nice if the right hand side were the actual homotopy group of a space XQ which would
then be a rational stand-in for the space X? Indeed, every simply-connected space admits such a
rationalization or Q-localization XQ , and this can be constructed in a functorial way. Two spaces
X and Y are then said to be rationally homotopy equivalent, X ∼Q Y , if their rationalizations XQ
and YQ are homotopy equivalent. Rational homotopy theory is the study of spaces up to rational
homotopy equivalence, i.e., informally, after stripping off torsion. All background on this can be
found in the excellent treatments in [5, 10, 11, 12, 17, 18, 19]. Here we recall a few basics which
may help the non-expert reader through the main body of this article.
To a simply-connected topological space X one may associate an algebraic object, called a
minimal model for X, such that X ∼Q Y if and only if the minimal models for X and Y are
isomorphic. The reason one restricts to simply connected spaces is that one needs the fundamental
group π1 (X) to act trivially on all the homotopy groups πn (X). This condition (which in particular
implies that π1 (X) needs to be abelian) is trivially satisfied by simply connected spaces; however
there are remarkable examples of non-simply connected spaces satisfying it, notably non-simply
connected topological groups. In what follows in this Appendix we will keep assuming that the
spaces we will be dealing with are simply connected, but the reader should keep in mind that the
results hold more generally for spaces with a trivial π1 -action.
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There are two main approaches to algebraic minimal models for topological spaces, the first
cohomological and the second homological:
1. Sullivan [38] uses differential graded commutative algebras (DGCAs),
2. Quillen [26] uses differential graded Lie algebras (or more generally L∞ -algebras).
The two approaches are dual to each other, via the Koszul duality between differential graded
commutative algebras and differential graded Lie algebras. In particular, we will denote by l(X) the
differential graded Lie algebra (or more generally L∞ -algebra) minimal model (or Quillen model ) for
the simply connected space X, so that the differential graded commutative algebra minimal model
(or Sullivan model ) AX for X will be CE(l(X)), where CE(g) denotes the Chevalley-Eilenberg
algebra of an L∞ -algebra g.
Differential graded commutative algebras arising as Sullivan minimal models of simply connected
spaces are peculiar among all DGCAs. Namely, forgetting the differential, they are free as graded
commutative algebras. In other words, forgetting the differential, Sullivan minimal models are
graded polynomial algebras. This means that there exists a graded vector space VX such that
AX = ∧• VX as graded commutative algebra. The graded vector space VX is the graded vector
space of generators for AX . Differential graded commutative algebras of this kind are usually
called semi-free or quasi-free DGCAs in the mathematical literature. Sullivan minimal models of
simply connected spaces have another couple of special features: there are no degree 1 generators
and the differential of each generator x is a polynomial in generators y with deg(y) < deg(x). An
abstract semifree DGCA with these two features is usually called a Sullivan algebra.
As the association X
AX is contravariant, if f : X → Y is a continuous map, then we have
an induced morphism f ∗ : AY → AX between the Sullivan models. In particular, if p : X → Y is a
fibration, then p∗ is an inclusion of a special kind: one has p∗ : AY ,→ AY ⊗Q ∧• VF ∼
= AX , where VF
is a graded vector space associated with the fiber F of the fibration p. Moreover, the differential in
AX maps a generator x in VF to a polynomial with coefficients in AY in the generators y from VF
with deg(y) < deg(x). Abstracting this situation to arbitrary semifree DGCAs one gets the notion
of relative Sullivan algebra. In the dual picture, these correspond to fibrations between differential
graded Lie algebras (or, more gnerally, L∞ -algebras). Notice how a Sullivan algebra A is a relative
Sullivan algebra for the inclusion Q ,→ A. Geometrically, this corresponds to the fibration X → ∗,
where ∗ is the topological space consisting of a single point. In the differential Lie algebra picture,
this is the fibration g → 0.
The differential graded commutative algebra AX captures all of the homotopy type of X up to
torsion. In particular, if X admits a PL-manifold (piece-wise linear) structure, then AX is quasiisomorphic to the DGCA APL (X; Q) of piecewise linear differential forms with rational coefficients
on X. This implies that one has an isomorphism of graded commutative algebras
H • (AX ) ∼
= H • (X; Q).
Moreover, the subspace VX of linear generators is canonically identified with the linear dual of
rationalized homotopy groups of X:
M
VX ∼
HomZ (πn (X), Q) ,
=
n∈N

provided that X is simply connected and has rational homology of finite type. This is needed so that
the corresponding loop space is connected. Notice that this implies that the degree n component
of VX is (noncanonically) isomorphic to πn (X) ⊗ Q
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By extending scalars to R, i.e., by considering the differential graded commutative algebra
AX;R = AX ⊗Q R = (∧• VX ⊗Q R, d), one gets a Sullivan R-algebra with AX;R ' APL (X; R) (and
so, in particular, such that H • (AX;R ) ∼
= H • (X; R)) and with the degree n component of VX ⊗Q R
isomorphic to πn (X) ⊗Z R. One says that AR (X) represents the real homotopy type of X. When X
is a smooth manifold, as are the spaces considered in this paper, the algebra APL (X; R) of piecewise
linear forms is quasi-isomorphic to the de Rham algebra Ω• (X; R) of dfferential forms, so that AX;R
is a Sullivan model for Ω• (X; R) in this case. This is a stronger statement than saying that the
cohomology of AX;R is isomorphic to the de Rham cohomology of X.
Informally speaking, what the quasi-isomorphism AX;R ' Ω• (X; R) gives, is a choice of representative differential forms for the generating cohomology classes of X, together with a choice
of differential forms representing the algebraic relations between cohomology classes. For physics
purposes, this is precisely what one wants: to identify representatives for cohomology classes on
the nose, in the spirit and philosophy of differential cohomology. For instance, supergravity fields
and their dynamics are usually captured by differential forms and can be promoted to de Rham
cohomology or rational cohomology when taking the gauge structure into account. Hence it makes
sense to aim to capture this systematically via rational homotopy theory, which is what we do
in the present paper. As we tried to suggest in this short Appendix, the idea is that describing
topological aspects of a space is sometimes easier via algebras, provided we are working rationally.
As a matter of notation, since we will always be working over the reals, in the main body of
the paper we simply write AX and l(X) for AX;R and l(X) ⊗Q R, respectively.

B

Spinors

Our spinor conventions are as in [6, II.7.1], except for the first two points in def. B.1 to follow,
where we use the opposite signs. This means that our Clifford matrices behave just as in [6, II.7.1],
the only difference is in a sign when raising a spacetime index or lowering a spacetime index.
Definition B.1. (i) The Lorentzian spacetime metric is η := diag(−1, +1, +1, +1, · · · ).
(ii) The Clifford algebra relation is Γa Γb + Γb Γa = −2ηab ;
(iii) The timelike index is a = 0, the spacelike indices range a ∈ {1, · · · , d − 1}.
(iv) A unitary Dirac representation of Spin(d − 1, 1) is on Cν where d ∈ {2ν, 2ν + 1}, via Clifford
matrices such that Γ†0 = Γ0 and Γ†a = −Γ†a for a ≥ 1.
(v) For ψ ∈ Matν×1 (C) a complex spinor, we write ψ := ψ † Γ0 for its Dirac conjugate. If we have
Majorana spinors forming a real sub-representation S then restricted to these the Dirac conjugate
coincides with the Majorana conjugate ψ † Γ0 = ψ T C (where C is the Charge conjugation matrix).
As usual we write
Γa1 ···ap :=

1
p!

X

(−1)|σ| Γaσ(1) · · · Γaσ(p)

permutations σ

for the anti-symmetrization of products of Clifford matrices. These conventions imply that all Γa
are self-conjugate with respect to the pairing (−)(−), hence that
∗
ψΓa1 ···ap ψ = (−1)p(p−1)/2 ψΓa1 ···ap ψ
holds for all ψ. This means that the following expressions are real numbers
ψψ ,

ψΓa ψ ,

iψΓa1 a2 ψ ,

iψΓa1 a2 a3 ψ ,
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ψΓa1 ···a4 ψ ,

ψΓa1 ···a5 ψ ,

··· .

Definition B.2. Given d ∈ N and N a real Spin(d − 1, 1)-representation (hence some direct sum
of Majorana and Majorana-Weyl representations), the corresponding super-Minkowski super Lie
algebra
Rd−1,1|N ∈ sLieAlgR
is the super Lie algebra defined by the fact that its Chevalley-Eilenberg algebra is the (N, Z/2)bigraded differential-commutative differential algebra generated from elements {ea }d−1
a=0 in bidegree
(1, even) and from elements {ψ α }dimN
in
bidegree
(1,
odd)
with
differential
given
by
α=1
dψ α = 0 ,

dea = ψ ∧ Γa ψ .

Here on the right we use the spinor-to-vector bilinear pairing, regarded as a super 2-form, i.e. in
terms of the charge conjugation matrix C this is
ψ ∧ Γa ψ = (CΓa )αβ ψ α ∧ ψ β ,
where summation over repeated indices is understood.
Remark B.3. Notice that we omit a factor of
in [6, 7].

1
2

in the expression for dea , compared to the convention
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