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Abstract

The original definition of tricategory given by Gordon, Power, and Street is only
partially algebraic. The definition is not fully algebraic since certain transfor-
mations are required to be weakly invertible as 1-cells of a functor bicategory,
but no weak inverse is required as part of the data. We rectify this by replacing
these equivalences with adjoint equivalences. We then prove coherence by pro-
viding a Yoneda embedding for a restricted class of tricategories in which the
target of this embedding is a functor tricategory that is shown to be a Gray-
category; in particular, this strategy avoids the use of the prerepresentations in
the work of Gordon, Power, and Street.

Using the fact that the new definition of tricategory is algebraic, we com-
pare the free tricategory on a category-enriched 2-graph with the free Gray-
category on the same data and show that the natural comparison functor is a
strict triequivalence. This is another statement of coherence, and also gives a
proof that a large class of diagrams of constraint 3-cells commute in any tricat-
egory. We then produce, from any tricategory T, a Gray-category Gr7 and a
triequivalence GrT' — T. A similar strategy applied to functors yields a coher-
ence theorem for functors, and we then produce from any functor F : S — T
between tricategories a Gray-functor GrF : GrS — GrT.
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Chapter 1

Introduction

The study of weakened higher dimensional structures in category theory began
with the notion of bicategory, defined by Benabou in 1967 [5]. The study of
bicategories now has two equally important components: one is as a tool to or-
ganize and generalize theorems from category theory, and another is the study
of bicategories as interesting algebraic objects in their own right. An application
of the first kind is the study of monads in a general 2-category [35], and an ex-
ample of a theorem of the second kind is the coherence theorem for bicategories
which states that every bicategory can be made strict in a precise sense [41],
[17]. There are also important applications of this theory in physics, topology,
and representation theory.

The intense focus on understanding structures of dimension n > 2 is a rela-
tively recent phenomenon — the first paper to even hint at a possible definition
of weak w-category (a type of weak category-structure with cells of every di-
mension n for n > 0) is Street’s The algebra of oriented simplexes in 1987 [39].
Since then, there have been many definitions of weak n- or w-category proposed
by a number of different authors. The survey [29] by Leinster provides a good
account of many of these proposed definitions.

There is an important distinction to be made between weak and strict struc-
tures. In a strict n-category, all possible axioms hold, including those for cells
that are not of the top dimension. This is not the case for weak n-categories,
where we only have axioms governing cells of the top dimension and the old ax-
ioms for lower dimensional cells are replaced by invertible or weakly invertible
cells subject to their own laws. An example of this phenomenon occurs in the
definition of a bicategory, where 1-cells are only required to compose associa-
tively up to 2-cell isomorphisms that are then required to satisfy a new axiom,
the Mac Lane pentagon.

But even the basics of higher dimensional category theory are far from es-
tablished. The project of comparing these different definitions is most likely
years from completion, and for most definitions few, if any, significant applica-
tions have been produced. There have been a few applications to topology, with
some success in using ideas from higher category theory to study n-fold loop
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spaces and homotopy n-types [4], [6], [7], [44].

The definitions alluded to above all have a general nature to them. They
are intended to describe weak n-categories for arbitrary n, sometimes including
weak w-categories. Some of these definitions are inductive, but some also start
by defining weak w-category and then specializing to finite n. None of these
definitions are what one would call “hands-on”, though. They do not explicitly
formulate the axioms involved, instead relying on complicated techniques to
efficiently encode all of the axioms at once, usually in the form of the structure
of an algebra over a suitably chosen monad or by requiring that certain “horn-
filling” conditions hold.

There is a hands-on definition of weak 3-categories, which are called tricat-
egories, defined by Gordon, Power, and Street in their 1995 Memoir [17]. This
definition is a monumental achievement, and as such is long and complicated if
not viewed from the proper perspective. To understand the complexities of the
definition, it is necessary to think about the general philosophy of categorifica-
tion and the coherence theory for bicategories.

Categorification is the term used to describe the general procedure of taking
a definition involving sets, functions, and equations between them, and creat-
ing a new definition involving categories, functors, natural isomorphisms, and
equations between those. The basic philosophy of categorification is to replace
the old axioms with new pieces of data, and then to construct the appropriate
axioms that this new data is to satisfy.

There are three important steps in the categorification process involved in
the definition of tricategory. The first is categorifying the notion of isomor-
phism. Isomorphism is already the categorified version of equality, and the
categorified notion of isomorphism present in [17] is that of equivalence. The
second important aspect of the definition of tricategory is the introduction of
two new pieces of data, denoted A and p, that do not arise as the categorified
versions of old axioms. This is somewhat misleading, as these new pieces of data
are categorified versions of important results used in the proof of the coherence
theorem for bicategories [22]. The third important step in this categorification
process is finding the correct axioms that tricategories should satisfy. The as-
sociativity axiom for tricategories is recognizable as an incarnation of the fifth
associahedron of Stasheff [43] or the fifth oriental of Street [39]. The two unit
axioms are more mysterious, however, and in general the unit conditions for
higher categories are not as well understood as the associativity conditions.

The work of Gordon, Power, and Street has the primary goal of proving
a relevant coherence theorem for tricategories. The coherence problem for bi-
categories has a straightforward answer: every bicategory is biequivalent to a
strict 2-category. Thus all of the “weakness” in a bicategory can be removed
by replacing the bicategory in question with a biequivalent one. This is not
the case for tricategories — not every tricategory is triequivalent to a strict 3-
category, nor can this be true for any reasonable definition of tricategory and
triequivalence as we shall see. Thus the coherence theorem for tricategories is
more interesting because of the inherent complications that arise from going up
a dimension.



The reason that tricategories cannot all be triequivalent to strict 3-categories
is a consequence of the topology of homotopy 3-types. In his famous letter
Pursuing Stacks [20], Grothendieck outlined some desiderata for a good the-
ory of higher dimensional groupoids. In particular, he suggested that weak
n-groupoids should be a model for homotopy n-types. This gives some insight
into the structure of higher categories, as many topologists have studied the
problem of finding algebraic models for homotopy n-types. For example, ho-
motopy 2-types are modelled by monoidal categories in which each morphism
is invertible and each object x has a tensor pseudoinverse, that is an object y
for which x ® y 2 I and y ® x = I. This is just a manifestation, in categorical
language, of the fact that a connected homotopy 2-type is determined by its
homotopy groups and the action of 7 on 5.

In dimension 3, the situation becomes slightly different. Connected, simply-
connected homotopy 3-types are classified by their homotopy groups and their
Whitehead product my X my — m3. In categorical language, this becomes the
statement that connected, simply-connected homotopy 3-types are modelled by
braided monoidal categories in which every morphism is invertible and every
object has a tensor pseudoinverse [21]. Since all homotopy 3-types should be
modelled by weak 3-groupoids, we can first ask if strict 3-groupoids can model
all connected, simply-connected homotopy 3-types. Now the Whitehead prod-
uct in the nerve of a strict 3-groupoid is the zero map. (See [34] for a full
discussion.) Since any reasonable definition of triequivalence should induce a
weak equivalence between the corresponding nerves and there are connected,
simply-connected homotopy 3-types with non-trivial Whitehead product, we
see that strict 3-groupoids do not model all homotopy 3-types.

The correct coherence theorem, proved by Gordon, Power, and Street, is
that every tricategory is triequivalent to a Gray-category. Here Gray denotes
a particular monoidal structure on the category of strict 2-categories defined by
Gray [18], and a Gray-category is then just a category enriched over Gray. The
reader should take note that we actually use what might be called the strong
Gray tensor product, where Gray studied the lax version. Simply put, the prob-
lem with strictifying every trigroupoid to a strict 3-groupoid is the existence of
a “braiding” in the trigroupoid case (corresponding topologically to the White-
head product) that is forced to be symmetric in the strict 3-groupoid case. The
Gray tensor product of 2-categories builds in an appropriate interchange iso-
morphism, and the coherence theorem of [17] then states that this interchange
isomorphism is the only obstruction to completely strictifying a tricategory.

This coherence theorem is very natural when approached via the example
of the tricategory of bicategories, functors, transformations, and modifications,
where here all terms refer to the weak version of the notion involved. The
coherence theorem for bicategories states that every bicategory is biequivalent
to a strict 2-category. Similarly, there is a coherence theorem for functors that
produces the result that, when strictifying bicategories, one can also strictify
the maps between them to yield strict 2-functors between strict 2-categories.
Thus we are able to produce a functor st : Bicat — 2Cat that is left adjoint
to the inclusion of 2-categories into bicategories. Now both Bicat and 2Cat
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form 3-dimensional structures in a natural way. Two questions arise. First, can
this functor st be extended to a map of 3-dimensional structures? Secondly, if
it can, what properties does this extension have?

Given a bicategory B, there is a canonical comparison functor stB — B that
is a biequivalence. This leads one to believe that st might be a triequivalence,
but this is not the case. The problem arises when trying to understand the com-
position laws for transformations in Bicat. In defining the horizontal composite
0B * a of a pair of transformations, there are two equally good candidates for the
component of 0 x a at the object a, and if 8 is a strict transformation then
these two choices agree. But one quickly learns that it is not always possible to
replace 8 by an isomorphic transformation that is strict, so we see that Bicat
has an unavoidable amount of weakness built into it. This weakness, though,
is precisely the fact that interchange for 2-cells is an isomorphism and not an
equality. Now Gray-categories are the strictest form of 3-dimensional category
in which interchange remains weak (i.e., is an isomorphism not an equality), so
the example of the tricategory Bicat leads one to the study of Gray-categories.
To answer the questions posed in the previous paragraph we introduce a new
tricategory called Gray which consists of 2-categories, 2-functors, weak trans-
formations, and modifications. It is now relatively simple to check that the
functor st gives a triequivalence Bicat — Gray’ (here Gray’ denotes a partic-
ular full sub-Gray-category of Gray), and this statement brings together the
many facets of the coherence theory for bicategories in one simple statement. It
is worth noting that the tricategory Gray is the tricategory obtained from the
category of 2-categories by using the closed structure given by the Gray tensor
product and its right adjoint.

The definition given by Gordon, Power, and Street has a feature that will be
the focus of this work: it is not completely algebraic, and for some applications
this is a definite drawback. In the case of tricategories, we mean that some of
the data is required to have a certain property but verifying this property makes
use of additional data that is not uniquely specified in the definition. This is a
by-product of the choice made when categorifying the notion of isomorphism.
The data for a bicategory include associativity, left unit, and right unit iso-
morphisms; these exist as invertible 2-cells in the given bicategory structure.
In the definition of tricategory, analogous 2-cells exist but now they are not
top-dimensional cells, so we require them to be weakly invertible rather than
invertible.

This is where the definition given by Gordon, Power, and Street is not fully
algebraic. They choose to require the 2-cells above to be equivalence cells. This
is a property of a cell, but leaves some data unspecified: it requires that there
exist a pseudoinverse and invertible cells of one dimension higher exhibiting the
cells as weakly invertible, but does not require a choice of these cells. This is
different from the definition of an isomorphism in a category. Since inverses are
unique in a category, requiring that a morphism be invertible and requiring the
exhibition of an inverse are logically equivalent conditions. The situation here
is genuinely different, as there are many possible pseudoinverses and even then
many possible invertible cells exhibiting this pseudoinvertibility.



Giving an algebraic definition of tricategory thus requires changing these
equivalence 1-cells to an algebraic condition of weak invertibility. The rest of
this work will be concerned with developing the basic coherence theory of a
fully algebraic definition of tricategory along these lines. We have taken the
notion of adjoint equivalence as our algebraic version of weakly invertible 1-cell
in a bicategory. It should be noted that every equivalence 1-cell in a bicategory
is part of an adjoint equivalence, but that there is no canonical choice of such
extra structure.

The definitions given here are of course similar to those given by Gor-
don, Power, and Street, but wherever they demand that a transformation be
a pseudonatural equivalence, we instead require an adjoint equivalence in the
appropriate functor bicategory. This provides canonical pseudoinverses for all
of the appropriate structure constraints, as well as the necessary cells of the
next dimension up to exhibit this pseudoinvertibility explicitly.

There are many choices for the notion of weak invertibility. An intermediate
notion between equivalence and adjoint equivalence might be called specified
equivalence. This would require giving a pseudoinverse and the invertible cells
exhibiting this pseudoinvertibility, but would not require these cells to satisfy
any axioms. The choice of adjoint equivalence has the clear advantage over this
intermediate notion that it allows the use of mates. A happy by-product of the
theory of mates in a bicategory allows us to refrain from introducing a new set
of dual axioms for these additional cells, as they are already implied. This is
the phenomenon that is responsible for the fact that the opposite tricategory,
defined by reversing the direction of the 1-cells only, satisfies the tricategory
axioms.

The coherence theorem for bicategories states that every bicategory is biequiv-
alent to a strict 2-category. The simplest way to prove this theorem is to study
the Yoneda embedding for bicategories, a functor

B — Bicat(B°?, Cat).

The target of this functor is strict since Cat is a strict 2-category, and the
essential image of this functor is a 2-catgory biequivalent to B.

The proof of the coherence theorem given by Gordon, Power, and Street has
two parts. The first is the replacement of an arbitrary tricategory 7' with a
somewhat strict kind of tricategory, called a cubical tricategory. This is done
by applying the functor st to all of the data for 7" and then using the fact that
this functor is lax monoidal to get a composition map

st(T'(b,¢)) x st(T(a,b)) — st(T(a,c)).

The second step in [17] is to construct for any cubical tricategory S a suitably
well-behaved embedding of S into a Gray-category. The essential image of S
inside this new Gray-category will then be a smaller Gray-category triequiv-
alent to S. Combining these two parts gives the desired theorem. It should
be noted that Gordon, Power, and Street do not give an exact 3-dimensional
version of this proof. Instead of using the notion of functor tricategory (which
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remains undefined using their definition), they use the Gray-category of pre-
representations of a cubical tricategory; one can view this Gray-category as the
functor tricategory but with some data and axioms omitted.

Our proof follows a strategy that combines both that used to prove coherence
for bicategories and that used by Gordon, Power, and Street. We explicitly
construct the functor tricategory Tricat(S,T) in the case when T is a Gray-
category, and then show that it is again a Gray-category. The outline of the
proof is as follows. First we show how to replace T with a cubical tricategory
as in [17], and then we explicitly construct a Yoneda embedding

S — Tricat(S°?, Gray)

when S is any cubical tricategory. Restricting to the essential image gives the
desired triequivalence. This shows the benefit of replacing 7" with a cubical
tricategory, as the general Yoneda embedding would be a functor of the form

T — Tricat(T°P, Bicat)

which would not yield the desired coherence result as Bicat is not a Gray-
category.

This path to the coherence theorem requires defining a multitude of compo-
sitions for functors, transformations, modifications, and perturbations. These
compositions are given by messy formulas, but inspecting these demonstrates
the need for a fully algebraic definition of tricategory as all parts of the definition
are necessary for writing down these formulas. We see this as a good indicator
of what we have accomplished by making the definition fully algebraic: with
all structure in plain sight, it is possible to write down formulas and thus make
concrete constructions that required arbitrary choices in the original definition.

The drawback of this approach should also be clear: in trying to write down
explicit formulas, one needs to work with very large diagrams. Verifying basic
axioms with these diagrams becomes a difficult task. This is solved in the case
of bicategories by proving another kind of coherence theorem, one that states
that all diagrams of constraints commute. It is, after all, this kind of theorem
that allows the explicit construction of the strictification stB for any bicategory
B. Proving an analogue of this theorem, and reaping the attendant benefits, is
the focus of the last third of this work.

To prove this theorem for bicategories, we first take a slight detour to prove
another kind of coherence theorem (see [22] for the same line of proof but re-
stricted to the case of monoidal categories). Given a set of objects Ay and
for each pair of objects a category A(a,b), we can construct two canonical 2-
dimensional structures: the free bicategory on A and the free strict 2-category
on A. Each of these has the set Ay as its set of objects, but the sets of 1-
and 2-cells differ. The coherence theorem here states that these two structures
are biequivalent by the strict functor induced by the universal property of the
free bicategory. The theorem that every diagram of constraints in a bicategory
commutes is now a simple corollary of the universal property of the free bicate-
gory and this coherence theorem applied to the case when each of the categories



A(a,b) is discrete. Our first goal, then, will be to mimic this coherence theorem
comparing the free weak structure with the free strict structure, except that in
our case we compare the free tricategory with the free Gray-category.

There is a new difficulty that arises by going up a dimension. This is the
fact that there are at least three different choices of underlying graphs for a
tricategory, two of which we use here. The same is true for Gray-categories,
but these two types of graphs are not the same as the two types of graphs that
underlie tricategories. This leads to a situation in which we are required to use
a variety of universal properties in different categories to produce the desired
comparison. The fact that tricategories and functors between them do not form
a category enters the picture as well. With these facts in mind, we take care to
always state in what category a diagram is to be interpreted.

We then prove that every free tricategory is triequivalent to the free Gray-
category on the same underlying data via the strict functor given by the uni-
versal property. Using this, we are in position to prove a new theorem about
diagrams of constraint cells commuting. Note that it is not true that every
diagram of constraint 3-cells in a tricategory commutes; the “counterexample”
comes from the fact that tricategories with one 0-cell and one 1-cell should be
the same (in some sense, see [11] for a treatment of the difficulties in making
this statement rigorous for 2-dimensional structures) as braided monoidal cate-
gories. If we take B to be a braided monoidal category with braiding -y, then the
equation y2 = 1 is the condition that B be symmetric. There are many braided
monoidal categories which are not symmetric, giving examples of tricategories
for which not every diagram of constraint 3-cells commutes.

The theorem for bicategories that we are emulating has two components, a
universal property and a coherence theorem applied to a particular kind of exam-
ple. Focusing on the particular kind of example involved (an underlying graph
in which all the 3-cells are identities, called 2-locally discrete), we prove that
in the free tricategory on a 2-locally discrete graph every diagram of constraint
3-cells commutes. This relies on a new result that in the free Gray-category on
a 2-locally discrete graph, every diagram of 3-cells commutes. The analogous
result for free 2-categories on a locally discrete graph is trivial, but the proof
in this case is not. Using these results, we exhibit a diagram of constraint 3-
cells that does not always commute. Here it is the units in the tricategory that
prevent the application of the coherence theorems; see [34] for more discussion
of units in higher categories. It should be noted that most of the diagrams
encountered in this work are easily shown to commute by this theorem.

Using this theorem, we are able to construct explicitly a Gray-category
GrT and triequivalences GrT" — T and T — GrT from any tricategory 7.
These constructions mimic those given for bicategories, but are by necessity
much more complicated.

Finally, we give a parallel treatment of the coherence theory for functors.
First we prove that the tricategory freely generated by an underlying graph
and the constraint cells for a functor is triequivalent to an appropriate Gray-
category. Using this triequivalence, we prove that certain diagrams consisting of
constraint cells from both a functor and its target must commute. This provides
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enough information to construct explicitly a strictification GrF' for any functor
F'. This completes the project of replacing tricategories and functors between
them with Gray-categories and Gray-functors up to triequivalence.

It should be noted that many of our results, especially in the earlier chap-
ters, are either similar to or the same as those in [17], although with changed
definitions. We will record these differences and similarities as they arise.

There are a number of places in this work where we are required to verify
axioms involving very large diagrams built from the tricategory constraints.
Some of these calculations are not explicitly included because of space issues,
but the relevant equations have been checked rigorously.

Now we provide a brief description of each of the chapters and the three
appendices.

Chapter 2 consists of a rapid treatment of the coherence theory for bicat-
egories. We include two proofs of coherence for bicategories, one using the
Yoneda embedding and the other using the universal property of the free bi-
category construction. This chapter is provided both to remind the reader of
necessary bicategorical results and to give an idea of the path we will take
through the coherence theory for tricagories.

Chapter 3 provides the algebraic definitions of tricategory and the higher
cells between them. Our definitions differ from those in [17] in that we require
adjoint equivalences where Gordon, Power, and Street require equivalences. We
do not require additional axioms even though our definitions require additional
data; we explain how the theory of mates makes the addition of extra axioms
unnecessary and how this leads to the definition of the opposite tricategory.

Chapter 4 is devoted to proving some important basic results. First we
study the composition of functors between tricategories and show why these
fail to form a category. We provide some conditions under which an altered
composition gives a category structure to tricategories and strict functors. Then
we study some operations on transformations that will be necessary later. These
first two sections focus on the structure of the putative tetracategory Tricat.
The third section is concerned with changing known tricategory structures to
obtain new ones. Finally we study the appropriate notion of equivalence between
tricategories, that is, triequivalence.

Chapter 5 gives the necessary background on Gray’s tensor product. We
define this in three ways: by giving a generators-and-relations definition, by
giving the universal property, and by identifying the right adjoint. We then col-
lect together the relevant properties to describe the closed symmetric monoidal
category Gray, whose underlying category is the category of strict 2-categories
and strict 2-functors between them.

Chapter 6 contains the first constructions of tricategory structures from
scratch as well as an important first step in the proof of the coherence theorem.
The concept of cubical tricategory is introduced, and strict, cubical tricategories
are shown to be Gray-categories. This gives Gray-categories an interpretation
as a semi-strict version of tricategories. Additionally, we show that the closed
monoidal category Gray inherits a tricategorical structure in this way. We
define a full sub-Gray-category Gray’ C Gray and show that this structure is



triequivalent to the tricategory structure on Bicat which we construct directly.

Chapter 7 studies the construction of the tricategory of functors, transfor-
mations, modifications, and perturbations between two fixed tricategories. We
show that given tricategories S and T and functors F,G : S — T, there is a
bicategory with 0-cells the transformations between F' and G, 1-cells the modi-
fications between those, and 2-cells the perturbations between those. When the
target tricategory is a Gray-category, we give a composition functor and the rest
of the required data necessary to give a tricategory structure. We additionally
prove that this tricategory structure is actually a Gray-category.

Chapter 8 contains the proof that every tricategory is triequivalent to a
Gray-category. This is done by first replacing the tricategory in question with
a triequivalent cubical one and then proving a Yoneda Lemma for cubical tri-
categories. Thus we see how the coherence theorem for tricategories breaks up
easily into two steps, the first of which is a direct consequence of coherence for
bicategories and the second of which is analogous to the proof of coherence for
bicategories.

Chapter 9 contains the construction of free tricategories; this finally brings
to bear the full power of the algebraic nature of our definition of tricategory.
There are many different options for the underlying data of a tricategory, and
we construct free tricategories for the two choices that will be most important
for the proof of coherence. We also construct free Gray-categories as well, and
prove some important results needed in the next chapter. We note that these
free constructions are all left adjoints to the obvious forgetful functors.

Chapter 10 contains two new coherence theorems. First, we prove that the
free tricategory on a graph is strictly triequivalent to the free Gray-category
constructed from the same data in a canonical way. Then we go on to prove that
certain free Gray-categories have very restricted structure. This in turn leads
to an easy proof of another coherence theorem stating that certain diagrams
of constraints in any tricategory always commute. This theorem allows us to
construct, from any tricategory T, a Gray-category GrT and triequivalences
between these two tricategories.

Chapter 11 provides a coherence theorem for functors. We begin by analyz-
ing the free functor on a map of underlying graphs. This leads to a coherence
theorem for functors stating that certain diagrams consisting of both constraint
cells of a functor and the constraints of its target tricategory always commute.
We use this theorem to produce a Gray-functor GrF' : GrS — GrT from any
functor F': S — T.

Three appendices are included. The first collects a few results concerning
adjoint equivalences and biadjoint biequivalences that will be needed throughout
the work. We have also included here a brief review of the theory of mates. The
second appendix gives unpacked versions of all the data in the definitions in
Chapter 3. The third appendix deals with calculational issues that are present
in a few places, most notably Chapters 4, 7, and 8.

The idea of making the definition of tricategory fully algebraic has existed
informally for some time but the details have never been worked out rigorously.
Even though many of the ideas behind the definitions and proofs here are simple,
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often the calculations are quite involved; the proof of Theorem 10.2.2 and all
of the calculations that reference Appendix C are good examples. But these
calculations, and the coherence theory that follows, are necessary if tricategories
are to be utilized in genuine applications.

Gordon, Power, and Street proved an important coherence theorem for weak
3-categories. We have altered their definition, not because it is incorrect in some
way, but because it is not suited for making the kinds of constructions that we
desire for future applications. In doing so, we were led to simple proofs of im-
portant coherence results that could not be stated using the original definition.



Chapter 2

Coherence for bicategories

In this chapter, we will give a rapid treatment of the coherence theory for
bicategories, including a full proof for the coherence theorem for functors. The
goal of this chapter is to prepare the reader for the path we will take through
the coherence theory for tricategories, as well as to recall some crucial facts that
will be used throughout. The overall strategy here is adapted from the one used
in [22] for monoidal categories.

We will give two proofs that every bicategory is biequivalent to a strict 2-
category, each having its own flavor. The first proof can be dispensed with
quickly. The second proof requires some of the tools developed for the first, but
also allows us to prove the coherence theorem for functors.

2.1 Bicategorical conventions

In any bicategory B, we shall use the letters a,l, and r to denote the associa-
tivity, left unit, and right unit isomorphisms, respectively. Vertical composition
of 2-cells will be written as concatenation, and the symbol * will be used to
denote horizontal composition. The terms pseudofunctor, weak functor, and
homomorphism of bicategories are all used throughout the literature to refer to
the same concept. We will always write functor for this notion; any strict or lax
functor will be labeled as such. Given a functor F', we will generically denote
its constraints by ¢ since the source and target of this constraint make it clear
what kind of constraint cell it is.

We follow the convention of [17] and not of the other references ([5] and [37]
for instance) in what is meant by a lax transformation. For our purposes, a lax

11
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transformation « : F' = G consists of 1-cells o : Fa — Ga and 2-cells

Ff
Fg———Fb

GaTGb

subject to two axioms. A transformation is a lax transformation such that the
cells ay are invertible for every f : a — b. A transformation between strict
2-functors is a 2-natural transformation if the cells a; are identities for all f.

Since we have changed the orientation of the naturality isomorphism in the
definition of transformation, it is necessary to alter the definition of modification
by changing its axiom. These changes are not substantive, they merely avoid
excessive use of the prefix op-.

A numbered prefix, such as in 2-category or 2-functor, will always refer to
the strict notion.

Our naming conventions for the corresponding concepts for tricategories will
be the same, as we reserve the terms functor, transformation, etc., to mean the
weak version. Any strict or lax version of these concepts will always be called
such.

2.2 The Yoneda embedding

This section is devoted to proving a coherence theorem by first developing an
appropriate Yoneda lemma for bicategories. We will not provide any proofs in
this section, we instead refer the reader to [36] or [41].

Proposition 2.2.1. Let B, C be bicategories. There is a bicategory Bicat(B, C)
whose 0-cells are the functors F' : B — C, whose 1-cells are the transformations
a: F = G, and whose 2-cells are the modifications I' : o = (.

The proof of this proposition requires identifying the constraint cells and
then checking the bicategory axioms. These constraint cells are obtained from
the constraint cells in the target, giving the following corollary.

Corollary 2.2.2. If C is a strict 2-category and B is any bicategory, then the
functor bicategory Bicat(B, C) is a strict 2-category.

Definition 2.2.3. Let B be a bicategory. Then the bicategory B°P has the same
cells as B, the 1-cell source and target maps are switched, 7°P = [, [°P = r and

op __ -1
Ufgh = hgf
Now we are in a position to define the Yoneda map y : B — Bicat(B°P, Cat)
and state the Yoneda Lemma for bicategories.
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Definition 2.2.4. Let B be a bicategory. Then the Yoneda map
y : B — Bicat(B°P, Cat)

is defined on the underlying 2-globular set as follows. The functor y acts by
sending an object a to the functor which is defined on 0-cells by b — B(b, a), on
1-cells by the functor which is g — gf on objects, and on 2-cells by sending «
to the transformation with components 14 * . The functor y acts on the 1-cell
f :a — a by sending it to the transformation with component at b given by
g— fg,and for h : b — ¢, the 2-cell yfy, is a;glh. The functor y acts on 2-cells
by sending « : f = f’ to the modification with component a * 1.

Definition 2.2.5. Let P be a property of functors between categories. A functor
F : B — C between bicategories is locally P if each functor Fy; has property P.

Theorem 2.2.6 (Bicategorical Yoneda Lemma). The Yoneda functory : B —
Bicat(B°P, Cat) is locally full and faithful.

Corollary 2.2.7. Every bicategory is biequivalent to a strict 2-category.

Proof. Let I be the sub-2-category of Bicat(B°P, Cat) consisting of those 0-
cells which are in the image of y, those 1-cells which are isomorphic to some y f,
and all 2-cells between them. It is immediate that this is a 2-category. Then
y : B — [ is locally full and faithful by Theorem 2.2.6, and it is biessentially
surjective and locally essentially surjective by definition. O

2.3 Coherence for bicategories

This section is devoted to proving a coherence theorem of the form “every free
bicategory is biequivalent to a strict free 2-category via a strict functor.” Using
this, we obtain a biequivalence stB — B for every bicategory B, where stB is a
strict 2-category. Other notions of coherence are mentioned.

2.3.1 Graphs and free constructions

Definition 2.3.1. The category Gr(Cat) of category-enriched graphs (which we
will also call Cat-graphs) has objects G consisting of a set Gy of objects and for
every pair of objects a, b, a category G(a,b). A map f : G — G’ of Cat-graphs
consists of functions fy : Gy — Gf, and functors fop : G(a,b) — G'(foa, fob).

The free bicategory on a Cat-graph G, denoted FG, has the following un-
derlying 2-globular set. The set of O-cells of FG is Gy. The set of 1-cells is
inductively defined to include new 1-cells I, for each a € Gg, 1-cells f:a — b
for each object f € G(a,b), and 1-cells f o g if f, g are both 1-cells of FG. The
source and target functions are defined in the obvious fashion.

The set of 2-cells of FG is defined in three steps. The first is to define a
basic 2-cell. These are built inductively from the arrows in all of the G(a, b) and
new isomorphism 2-cells aq4n, lr, 7y by binary horizontal composition. Secondly,
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we form composable strings of these basic 2-cells. Finally, we quotient out by
the equivalence relation generated by naturality of the 2-cells afqn,ls, 75, the
middle-four interchange law, the rule that the composition a o 8 in FG agrees
with that of G if «, § are arrows in some G(a, b), and the two bicategory axioms.
Note that there is an obvious inclusion i : G — FG of category-enriched graphs.

Proposition 2.3.2. 1. The data above satisfy the necessary axioms to consti-
tute a bicategory.
2. Let B be a bicategory. Then given a map f : G — B of category-enriched

graphs, there is a unique strict functor of bicategories f : FG — B such that

fi=f in Gr(Cat).

Proof. The first statement is obvious by the definition. The second statement
follows by defining f using induction and strictness. O

Now we define the free 2-category on a Cat-graph G, denoted FsG. The
set of 0-cells is the set Gy. The set of 1-cells is the set of composable strings
of length > 0, where the unique string of length zero will be the identity 1-cell.
The set of 2-cells from one string f, fn—1--- f1 to another g, --- g1 is empty if
n # m, and otherwise consists of the strings a, xa, _1*- - -xa1 where a; : f; — ¢;
in some G(a,b).

Composition of 1-cells is by concatenation, and composition of 2-cells is given
by

(an %% 1) 0 (B k- % B1) = (@nfB) % # (a1 B):

It is a simple matter to verify the following proposition, where here j denotes
the inclusion of G into F,G.

Proposition 2.3.3. 1. The data above satisfy the necessary axioms to consti-
tute a 2-category.

2. Let X be a 2-category. Then given a map f : G — X of category-enriched
graphs, there is a unique 2-functor f : F,G — X such that fj = f in Gr(Cat).

Thus the statement of the coherence theorem for bicategories becomes the
following.

Theorem 2.3.4 (Coherence for bicategories). The functor I' : FG — FsG
induced by j: G — F;G is a strict biequivalence.

2.3.2 Proof of the coherence theorem

Definition 2.3.5. Let G, G’ be category-enriched graphs, and let S,T : G — G’
be maps between them. The category-enriched graph Eq(S,T) is defined to have
objects those a € Gy such that Spa = Tpa. The category Eq(S,T)(a,b) has
objects pairs (h,«) where h: a — bin G and « : Sh — Th is an isomorphism
in G’'(Spa, Sob). The morphisms 3 : (h,a) — (h',a’) are those B: h — h' in G
such that

a0 S(B)=T(B)oa.
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Note that there is a map 7 : Eq(S,T) — G defined by

m(a) = a
w(h,a) = h
(B = b

Lemma 2.3.6. Let B, C be bicategories, and F,G : B — C' be functors between
them. Then Eq(F,G) supports a bicategory structure such that © can be extended
to a strict functor Eq(F,G) — B. Furthermore, there is a transformation

o:Fr=Gr

whose components are all identity maps.

Proof. For the first claim, we must define composition, identity 1-cells, con-
straint 2-cells, and check the bicategory axioms. To fix notation, the constraint
cells for F' will be ¢4 and g, while those for G will be ¥, and 1. Composition
of 1-cells is then defined by the formula

(9.8) o (f.a) = (9f,v0pg0 (B a)owy)).

The identity 1-cell for the object a is (ida, %0 o ¢y '). It is simple to check
that the associativity and unit constraints from B are 2-cells in Eq(F, G) with
the appropriate sources and targets; from this the bicategory axioms follow
immediately.

It is trivial to check that m can be extended to a strict functor.

Finally, we define the transformation o : F'r = Gn. The component at a is
id,. The component at (f,a) is

r~toaol;
this is a natural transformation by the definition of morphisms in Eq(F, G) and
the naturality of both [ and r. The transformation axioms follow easily. O

Proposition 2.3.7. Let F': FX — B be a functor from a free bicategory into
any bicategory. Then there is a strict functor G : FX — B and a transformation
a: F = G such that a, = idpg for every object a.

Proof. Since FX is free, there is a unique strict functor G : FX — B such
that Fi = Gi as maps X — B. We also have a map ¢ : X — Eq(F,G) which
is the identity on objects, sends f to (f,idry), and sends 5 to 3. Note that
mt = ¢ and the transformation o % 1, is the identity. This produces, by the
universal property of FX, a unique strict functor 7 : FX — Eq(F, G) such that
to = ¢. This gives the equality nzi = 4, and since nz is strict, it must be the
identity functor on FX. Then the transformation o*1; is a transformation from
Fri = F to Gni = G, and it has as its component at a the 1-cell idg, by the
definition of o * 1;. O
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It should be noted that we have used that functors of bicategories compose
in a strictly associative and unital fashion in this proof.

Let f : X — B be a map of category-enriched graphs into a bicategory B.
Then we can extend f to a map of category-enriched graphs f :F, X — B
which is defined as follows. The object function fo agrees with fp. The identity
1-cell on a gets mapped to the identity 1-cell on foa, and f(h) = f(h) where
h:a — bis an object of X(a,b). If hy,---hy : @ — b in Fs X, then

f(hn - h1) = (- (fhno fhu-1) 0 fhu_2) 0---0 fha) o fhi.

Similarly, f(am ---aq) is the 2-cell

(- (fan* fan—1) x---* fag) * fo.

Lemma 2.3.8. Let G be a category-enriched graph, and let F : FG — X be
a strict functor into a 2-category X. Then there exists a unique strict functor
F,:F,G — B such that F = F,I'.

Proof. This is an immediate consequence of the universal properties of F, Fy,
and the fact that I'i = j. O

Lemma 2.3.9. Let ;G : B — C be functors between bicategories, and let
a: F = G be a transformation between them. Assume that F and G agree on
objects, and that ag = idpe for all objects a. Then F is locally faithful (locally
full) if and only if G is locally faithful (locally full).

Proof. We need only show that F' locally faithful implies G locally faithful since
there is a transformation a=! : G = F that has all its components identity
maps defined by taking (=) =171 oro (ap)™!

Using the naturality of r and the naturality of the 2-cells oy, we get

or~tol.

1 1

Ga:roaf/o(l*Fa)oa; or -,
where « : f = f’. Thus G is locally faithful since the the composite on the

right is a locally faithful function of a. The same proof shows local fullness. [

Proof of 2.3.4. It is clear that I' is surjective on objects, so we need only show
that it is locally an equivalence of categories. We have the map i : F,G — FG,
and it is simple to check that the composite map of category-enriched graphs

5.6 - 76 - 5.6

is the identity, so I' is locally essentially surjective. From this it also follows
that I" is locally full.

To show that I' is locally faithful, first note that there is a a locally faithful
functor T': FG — X into a strict 2-category X by the Yoneda Lemma. There
is a strict functor S : FG — X and a transformation a : S = T with o, = id,
by Proposition 2.3.7. By the universal property of the map I, there is a unique
strict functor R : F,G — B such that RI' = S. Now S is locally faithful since
T is, hence I must be locally faithful as well. O
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2.3.3 Using coherence: strictification

Let B be a bicategory. We use the coherence theorem to construct a strictifica-
tion stB of B, along with a biequivalence e : stB — B.

The 2-category stB will have the same objects as B. A 1-cell from a to b
will be a string of composable 1-cells of B, where there is a unique empty string
which will be the identity 1-cell. Before defining 2-cells, we define e on 0- and
1-cells. On 0O-cells, e is the identity. On 1-cells, we define

e(fnfn—1---f1) = (- (fnfa—1)fn-2) -~ f2) f1;

for the empty string @ : a — a, we set (&) = I,. The set of 2-cells between
the strings fnfn—1---f1 and gm@gm—1---g1 is defined to be the set of 2-cells
between e(fn fn—1---f1) and e(gmgm—1---¢1) in B. It is now obvious how e
acts on 2-cells.

The 2-category structure of stB is defined as follows. Composition of 1-cells
is given by concatenation of strings, with the empty string as the identity. It
is immediate that this is strictly associative and unital. Vertical composition
of 2-cells is as in B, and this is strictly associative and unital since vertical
composition of 2-cells in a bicategory is always strict in this way.

Let A be the sub-category-enriched graph of B with all the same objects but
with A(a,b) the discrete category with obA(a,b) = obB(a,b). By coherence,
the strict functor I' : FA — F, A is a biequivalence, and it is easy to see that the
2-category Fs A is locally discrete. Thus, in FA, the set of 2-cells between any
two 1-cells is either empty or a singleton, depending on whether these 1-cells
are mapped to the same 1-cell by I'. (Note that this is one way to prove the
“all diagrams of constraint cells commute” form of coherence for bicategories.)
In particular, we have a unique coherence isomorphism

e(fu--fr)e(gm - g1) = e(fu - frgm -~ 91)-

Thus we can now define the horizontal composition a* 3 in st B as the composite

e(fu-= Figm--91) = elfo- fi)elgm - g)
CEelfy e Helon o)

e(fn- figm - 91)

in B, where the unlabeled isomorphisms are induced by the strict map FA — B.
The uniqueness of these isomorphisms ensures that this definition satisfies the
middle-four interchange laws as well as being strictly associative and unital.

By definition, e is functorial on vertical composition of 2-cells. The constraint
cells for e are induced by the strict map FA — B in a similar fashion as above.
The uniqueness of these cells immediately forces the functor axioms to hold.
Finally, it is trivial to see that e is a biequivalence as it is surjective on objects,
locally surjective on 1-cells, and a 2-local isomorphism on 2-cells by definition.
Thus we have completed the task of producing, for each bicategory B, a strict
2-category stB and a biequivalence e : stB — B.
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It will be useful later to note that there exists a biequivalence f : B — stB
defined as follows. The map f is the identity on objects, includes each 1-cell
as the string of length 1, and then is the identity on 2-cells as well. This is
functorial on 2-cells, and we can take both constraint cells to be represented
by identity 2-cells in B (although they are not identities in stB). The functor
axioms are then easy to check. The only thing to check to show that f is a
biequivalence is that it is locally essentially surjective, but this is easy as every
1-cell f, --- f1 is clearly isomorphic to a 1-cell of length 1, namely e(f, --- f1);
the empty string is isomorphic to the identity map viewed as a 1-cell of stB, so
f is locally essentially surjective. It should be noted that ef = 15, and fe is
biequivalent to 145 in Bicat(stB,stB) by a transformation whose components
on objects can all be taken to be identities and whose components on 1-cells all
come from coherence.

Remark 2.3.10. The previous paragraph contains all of the information needed
to conclude that every bicategory is equivalent to a strict 2-category inside of
the 2-category NHom studied by Lack and Paoli in [27].

2.4 Coherence for functors

In this section, we prove a coherence result for functors of bicategories. This
theorem is analogous to Theorem 2.3.4 in that it states that “free functors are
biequivalent to free strict functors.” The statement is slightly more delicate,
but it produces similar results to those in Section 2.3.3.

2.4.1 Free functors

Let ¢ : G — G’ be a map in Gr(Cat). Our goal is to produce the free functor
generated by ¢; the source of this functor will be the free bicategory generated
by G, but the target is a more complicated object. The idea is that the target
will be the free bicategory generated by G’ and new 2-cells that will play the
role of constraint cells.

We define the bicategory F(G’, ¢) as follows. The 0-cells of F(G', ¢) are the
same as the objects of G’. The 1-cells are generated (using binary composites)
by new 1-cells I, : @ — a, the 1-cells of G', and new 1-cells ¢(r) for every 1-cell
r in FG. These are subject to the requirement that ¢(r) = s in F(G', ) if r is
an object G(a,b) and ¢(r) = s in G’, and we extend this over composition.

The 2-cells are defined in a sequence of steps analogous to how we defined the
2-cells of FG. The first step is to form basic 2-cells from the 2-cells of G', 2-cells
(o) with a a 2-cell of FG (subject to the same kind of condition that we im-
posed on the 1-cells ¢(r)), and isomorphism constraint cells a¢gn,l¢,7f, ¥a, @ fq
by binary horizontal composition. Then we form strings of vertically compos-
able basic cells, and finally we quotient out by the equivalence relation formed
by the necessary naturality conditions along with the axioms for a bicategory
and those required of the 2-cells g, ¢4 to force ¢ to extend to a weak functor
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FG — F(G', ). The universal property of F(G’, o) is expressed by the following
proposition.

Proposition 2.4.1. Let ¢ : G — G’ be a map of category-enriched graphs.
Then there is a commutative square

G—2

I

FG ——=F(C,¢)

in Gr(Cat) such that for all commutative squares

©

G G’
Rl s
XT>Y

in Gr(Cat) with F : X — Y a functor between bicategories, there exists a
unique commutative square of functors

FG — F(G, p)

Ul v

X Y

such that
1. the functors U,V are strict and
22.Ui=Rand Vk=S.

Proof. There is an obvious inclusion k : G' — F(G',¢) and the definition of
F(G', p) forces the first square to commute. Now assume we have a commutative
square of the form Sy = FR. The functor U is already determined by the
universal property of FG. We define V' as follows. On 0-cells, V agrees with
S. The action of V' on 1-cells is determined inductively by strictness and the
relations Ui = R,Vk = S; the same holds for 2-cells, with the additional
requirement that the constraint cells in F(G’, ) required for ¢ to be a functor
are mapped to the constraint cells in Y for the composite functor TU. This
demonstrates uniqueness and forces the required diagrams to commute. O

Given any ¢ : G — G’ as above, we can consider the following square.

)

G G’

jl lj

F.G —— F,G’
Fse
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By our universal property, we thus have the following commutative square.

FG —> F(G, p)

J

F.G — F.,G'
Fop

The coherence theorem for functors now takes the following form.

Theorem 2.4.2 (Coherence for functors). The functor A : F(G', o) — FG' is
a strict biequivalence.

2.4.2 Proof of the coherence theorem

Lemma 2.4.3. Assume the following squares of functors commute, where R, S;
are strict, fori=1,2.

56 —> F(G, p)

Rl |

X —F
Assume that the S; have the same object-map, and that the F; have the same
object-map. Then for every transformation o : Fy = Fy with aq = idp,q for all
a, there is a unique transformation 3 : Sy = So with By = ids,p for all b and

axlp=p0Fx1,.

Proof. First, we must construct a new bicategory Y. It has as 0O-cells the
identity 1-cells of Y. A 1-cell id, — idy is a triple (hq, ha,~y) which consists of
a pair of 1-cells hi, he and a 2-cell isomorphism ~ : idyhy = hoid,. A 2-cell
(h1, ha,7y) = (k1, ke, ) consists of a pair of 2-cells o, : h; = k; such that

(Lyo1) oy =80 (oa % 1),

The identity 1-cell on id, is the triple (idg,ids,1). Composition of 1-cells is
given by the formula

(h1,ha,7) o (hh, hh, ") = (hihy, hohl,a o (2 * In;)o a”'o(lp, x1)0a).

The associativity and unit constraints are given by those in Y, and the necessary
diagrams are easily checked. Vertical composition of 2-cells is given by vertical
composition of 2-cells in Y, as is horizontal composition. It is then easy to verify
that 2-cells compose in a strictly associative and unital fashion, and that they
satisfy the middle-four interchange law.

Now «a induces a functor F : X — Y by the formulas F(z) = a,, F(f) =
(Frf, Fof,ay), and F (o) = (Fi0, Foo). The constraint cells for F' are given by
the constraint cells of F} and F>. We must now check that these constraint cells
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satisfy the necessary equation to be valid 2-cells, but this follows immediately
from the transformation axioms. By our universal property of F(G', ), we
obtain the commutative square pictured below.

I
X—F Y

There are strict functors m; : Y — Y given by m;(id,) = a, m;(h1, ha,v) =
hi, mi(01,02) = 0;. It is immediate that m; F = F;, so by the universal property
of F(G, p), we get that m;,S = S; as well. Thus we define 8 by 8, = idg,, and
B¢ = Sf. It is now easy to check that this defines a transformation with the
desired properties. [l

Proof of 2.4.2. We have the inclusion j : G’ — F;G’ and thus an induced map
of category-enriched graphs j : F,G/ — F(G,p). Tt is easy to check that the
composite
F.G L F(G, ) 25 TG

is the identity in Gr(Cat), so A is locally full and locally essentially surjective.
We know that A is surjective on objects, so we need only show that it is locally
faithful.

By Proposition 2.3.7, there is a strict functor S : FG — F(G',¢) and a
transformation o : S = ¢ that has components o, = idgq. Thus the universal
property of F(G’, @) gives the following commutative square.

56— 5(G',¢)

1l |

56— 3G 9)
We also have the identity square.

FG —= F(G, p)

J )
FG —— (G, ¢)
Using the transformation a;, we can apply Lemma 2.4.3; since the identity func-
tor is locally full and faithful, we can use Lemma 2.3.9 to conclude that E is

locally full and faithful.
The universal property of F(G’, ) provides the following commutative square.

FG — F(G, )

1l s

FG T> FG'
©
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The universal property also implies that 'A; = A; since we already know that
I is locally faithful, we need only show that A; is locally faithful to complete the
proof. There is a unique strict functor T : FG' — F(G’', p) which extends the
inclusion of G’ into F(G’, ¢). It is a simple calculation to check that S = T o Fop.
Then T'A; is a strict functor F(G', ) — F(G’, ¢) and it is easy to check that it
makes the following square commute using the fact that all of the functors are
strict.

FG —2 (G, p)

|

FG—2 F(G,p)
Thus E = T'Aq, and hence A; is locally faithful since E is. O

2.4.3 Using coherence: strictification

In this section, we use Theorem 2.4.2 to produce for each functor F' : B — B’
a strict 2-functor stF : stB — stB’. Thus, up to biequivalence, we can replace
functors by strict maps. Since this construction will commute with composition,
we can replace diagrams by biequivalent diagrams of strict 2-categories and strict
2-functors between them.

Let FF: X — Y be a functor between bicategories. We define the strict
functor stF' : stX — stY as follows. On 0-cells, stF' agrees with . On 1-cells,
we define

SUF(fu-o-f1) = Ffu---F /i,
and stF'(id,) = idp,. We will define the action of stF' on 2-cells using the same
technique as in Section 2.3.3. Let a : e(fn--- f1) = €(gm ---g1) be a 2-cell in
stX. Then we define stF (@) to be the 2-cell

(Pl Ff) 2 F(e(far 1)) £ F(elgm-+91)) = e(Fgm - Fa),

where the unlabeled isomorphisms are the unique isomorphism 2-cells provided
by our coherence theorem by considering the sub-Cat-graph of Y with no non-
identity 2-cells.

The same proof as in 2.3.3 shows that this is a strict functor; the same
techniques also prove that st(F o G) = stF o stG. The commutativity of the
square

x—F vy

1| I

stX ? stY

is immediate from the definitions. It is not the case that Fe = eostF’, but there
is a transformation w between these with w, = idp, for all objects a and wy
given by the unique coherence 2-cell.

It should also be noted that the functor st : Bicat — 2Cat is a reflection
for the inclusion of 2Cat into Bicat.



Chapter 3

The algebraic definition of
tricategory

In this chapter, we give the definition of an algebraic tricategory. We shall
make note of when this differs from the definition of tricategory given in [17].
Finally, we give the definitions of functor, transformation, modification, and
perturbation.

3.1 Basic definition

Notation 3.1.1 (Adjoint equivalences).If B is a bicategory, then we will
always write our adjoint equivalences as (f, f*,¢,1). These will be abbreviated

as f.

Definition 3.1.2 (Algebraic tricategory). A tricategory T' consists of the
following data subject to the following axioms.
DATA:

e A set obT of objects of T

e For (a,b) € obT x obT, a bicategory T'(a,b), called the hom-bicategory of
T at a and b. The objects of T'(a,b) will be referred to as the 1-cells of
T with source a and target b, the arrows of T'(a,b) will be referred to as
2-cells of T' (with their same source and target), and the 2-cells of T'(a, b)
will be referred to as 3-cells of T' (also with their same source and target);

e For objects a,b,c of T, a functor ® : T'(b,¢) x T(a,b) — T(a,c) called
composition;

e For an object a of T, a functor I, : 1 — T'(a,a), where 1 denotes the unit
bicategory;

23
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e For objects a, b, c,d of T, an adjoint equivalence a

T(c,d) x T(b,¢) x T(a,b) —=2 = T(b,d) x T(a,b)

1X®l la l@

T(c,d) x T(a,c) 3 T(a,d)
in Bicat(T'(c,d) x T'(b,c) x T(a,b),T(a,d));
e For objects a,b of T', adjoint equivalences I and r
T(b,b) x T'(a,b) ) x T(a,a)
Iyx1 24
41 Ir
T(a,b) ——— T(a,b) T(a,b) ———>T(a,b)

in Bicat(T'(a,b),T(a,b));

e For objects a,b,c,d,e of T, an isomorphism 2-cell 7 (i.e., an invertible
modification)

®><1><1 ®><1><1
— > 73

1x1x 1x1 1
* / 1><®><1 wn\j % y 1><®/ \Y
1><a /

T~°’—>T2ET3—>T2

/ SN \/

in the bicategory Bicat(T*(a, b, ¢, d, e), T (a,e)), where T* = T*(a, b, ¢, d, ¢)
is an abbreviation for T'(d, e) x T'(¢,d) x T'(b,c) x T'(a,b), for example;

e For objects a, b, c of T, invertible modifications

T2 T2
Txrx1 Yl
.

X
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T3

T2 T2 2

T2

T
— = - T2 ua
T T T T
1

1

T T T T

= l}r'/

®T ]@ P ®T k - ® T@
2 1 T2 =a

T T2 ? T2
NlXT/ \XlT /

3

AXIOMS:

e The following equation of 2-cells holds in the bicategory T'(aq,as), where
we have used parentheses instead of ® for compactness and the unmarked
isomorphisms are naturality isomorphisms for a.

1)L (k(i(hg)f _a

 K(Gma)S o i) KGR

7 I NN
(k(GR)9) f k(()9) ) k(i((h9) 1))

Y J1m
(al)lT \ k Ll(la)
o (KGR (@) ———= k(G _la_

((k)h)) f k(i(h(gf)))

\ a(11) b /

(k1) (g) ———— (k) (h(gf))

1)L RG(h)f _a

 (@m)a) f T R(G(he)) ) .
/ al \
(kGO Ul Y k(i ((hg) £))

(k) (ho)) f /
(al)1 a\. 1(1la)

al k) ((hg)f)
((k)R)9) f G = kG(h(h))
\ (11)a /
(ki) () ————> (ki)(h(g)))

e The following equation of 2-cells holds in the bicategory T (a1, a4), where
the unmarked isomorphisms are either naturality isomorphisms for a or
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unique coherence isomorphisms from the hom-bicategory.

(r(Ig))f

B

(hDg) f

W al Ir w((g)f) =

(hg)f = (RI)(g))

lal 1(“) a
ey U1
T PO G

(hg) f

h(gf) Yu 11 h(gf)
1
‘ (h(Ig)f
al (1)1
et bt (he)f
/ 11 = la
(hg)f —

a h(gf) h(gf)

e The following equation of 2-cells holds in the bicategory T'(a1, a4).

o) h((gI)f)
/ x
N T h(g(If)) an
= (h(gD)f Yrm (LT \
a| (1r)1 Tal (hg)(If) = h(gf)

7

o Z“”i i

(ha)f ~ 71 b (o)t

h(gf)

| ‘
h((91)f)

h(gf) g h(g(If))

| S

= h(gf)
(ho) f (hg)f —a

Definition 3.1.3. A tricategory T is strict if each of the adjoint equivalences
a,l, r is the identity adjoint equivalence and the modifications 7, u, A, p are given
by unique coherence isomorphisms.
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Remark 3.1.4 Adjoint equivalences. The major difference between the def-
inition given in [17] and the one given here is that all of the equivalences in the
[17] definition have been replaced with adjoint equivalences. For example, the
associator a in [17] is an equivalence ® o® X 1 — ® o 1 X ® in the appropriate
bicategory; we have replaced this with an adjoint equivalence which includes
a distinguished pseudoinverse a* as well as unit and counit isomorphisms that
satisfy the triangle identities.

Remark 3.1.5. The definition of r has been changed from that of [17]; our r*
here is the 7 of [17]. This has been arranged so that the unit isomorphisms
always have an identity cell in the source and never in the target.

Remark 3.1.6 Suppression of constraints. Note that the diagrams above
never have associations given for their sources and targets as they are merely
shorthand. By the coherence theorem for bicategories, a pasting diagram of
2-cells in a bicategory has a unique value once a choice of association has been
made for the source and target. Unless there is an obvious choice of association,
we will always assume that 1-cells in a bicategory have been associated by
applying the function e used in the construction of the strictification stB in the
previous chapter.

Additionally, the diagrams do not all type-check in the following sense. Writ-
ten down in equational form, the axioms would take the form of an equation
of 2-cells in some bicategory. This equation would not be well-formed, though,
as the sources and targets would not always match up to allow adjacent terms
in this equation to be composed. These sources and targets can be made to
match up by appropriately inserting constraint 2-cells which arise as either the
constraint cells in a bicategory or as the constraint cells of a functor. By the
coherence theorem for functors, such a pasting diagram has a unique value re-
gardless of how these constraint cells are inserted. It is in this sense that we
interpret the axioms given above.

Remark 3.1.7.1t should be noted that A and p seem to have a different status
than p. In particular, the reader will note that the cells are not categorified
versions of bicategory axioms, but instead categorified versions of useful results
about constraint cells in a bicategory. See [22] for a proof of the one-object
versions of these bicategorical results and to see how they assist in the proof of
coherence for monoidal categories. Thus A and p provide an interesting example
of how new data arises in the categorification process.

It should be noted, however, that these cells are determined by the rest of
the data for a tricategory and the requirement that the second and third axioms
hold. This can be seen for A by using the second axiom, setting h = I, and using
unit constraints. These axioms are not redundant, though, and do provide new
information, as generating A and p in this fashion does not guarantee that the
second and third axioms hold, but only that they hold in the special cases used
in this strategy for defining A and p.

Remark 3.1.8.Most of the data for a tricategory can be seen as a direct
categorification of the axioms in the definition of bicategory. The datum 7 is
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plainly seen to be a categorified version of the Mac Lane pentagon, which is
written
(1xa)oao(axl)=aoca

in equational form. The final data consists of three parts, two of which have
already been discussed. The modification p is a direct categorification of the
single unit axiom for bicategories:

rxl=1x%loa.

The axioms are less transparent. The first tricategory axiom is called the
nonabelian 4-cocycle condition. The picture should be familiar to topologists as
K5 and to category theorists as O5. These two objects - the fifth associahedron
of Stasheff and the fifth oriental of Street - are related, though how has not been
rigorously determined. See [43] and [39] for more discussion of these objects.

The other two axioms were introduced by [17], and are normalized versions
of the cocycle condition.

3.2 Adjoint equivalences and tricategory axioms

It should be noted that we have only included axioms for the left adjoints of
the adjoint equivalences that are the basic data for a tricategory, except in the
case of r where we have only used the right adjoint. Thus the major difference
between the definition given here and the one in [17] is the addition of specified
pseudoinverses and the necessary units and counits, but we require these to
satisfy no additional axioms. This is not necessary by the theory of mates in a
bicategory; see Appendix B for a quick review of the basic theory and a list of
the results necessary for our purposes.

Mates allow us to define the opposite tricategory of T', T°P, and by this we
see that the relevant axioms for the right adjoints (or left adjoint in the case of
r) are already satisfied.

Definition 3.2.1.Let T be a tricategory. Then the opposite tricategory, de-
noted T°P, is given by the following data. The tricategory T°P has the same
object set as T, and

T°P(a,b) =T(b,a).

The composition functor ®°P is given by ® o7, where 7 is the twist isomorphism.
We take the same unit homomorphism. The adjoint equivalences a°P,1°P, r°P
are the opposite adjoint equivalences of a,r,1, in which case we switch the left
and right adjoints and take the new unit to be the inverse of the old counit and
the new counit to be the inverse of the old unit. We take the isomorphisms
7P 1P to be (7)1 ()T, similarly for \°P, p°P.

As a corollary to the results in the appendix, we have the following.

Corollary 3.2.2. The data for T°P given above satisfy the axioms necessary to
be a tricategory.
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The general style of definition will then be as follows. All of the data involv-
ing 2-cells in a tricategory (i.e., 1-cells in some hom-bicategory) will be given,
when appropriate, as adjoint equivalences. The 3-cells isomorphisms between
composites of these will be given in terms of the left adjoints whenever possible.
Any required 3-cells isomorphisms between the dual data can then be obtained
by taking the relevant mates. The axioms for these 3-cells will be treated sim-
ilarly. It should be noted that, since we are dealing with adjoint equivalences,
whenever necessary we can take the opposite adjoint equivalences by switching
the left and right adjoints and modifying the unit and counit as required.

3.3 Trihomomorphisms and other higher cells

Definition 3.3.1.Let T and T” be tricategories. A trihomomorphism F : T —
T’ consists of the following data subject to the following axioms.
DATA:

e A function obT — obT";
e For objects a,b of T, a functor Fy, : T'(a,b) — T'(Fa, Fb);

e For objects a,b,c of T, an adjoint equivalence x : @ o (FF X F) = Fo®
with left adjoint shown below;

T(b,¢) x T(a, b) B T'(Fb, Fe) x T'(Fa, Fb)

N

T'(Fa, Fc)

F
e For each object a of T', an adjoint equivalence ¢ : I, = F o I, with left
adjoint shown below;

’

I
11— > T'(Fa,Fa)

I e

T(a,a)

e For objects a, b, ¢, d of T', an invertible modification as pictured below;

FXFxF FXFxF
T3 — s qu3 738 — s qu3

1X® DN ®'x1  1x® / ®'x1
/ ®x1 ilxxl\ Y1xx 1x®'
N FxF w FxF /o,

T2 ————=1?=712 —— > 72

N TN A

’ﬂ14>T' T4>T'
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e For objects a, b of T, invertible modifications « and ¢ as pictured below;

Tl2

T/2
I
’ THXH ’ ’ l}l/ ’
T o T T
X1 2 X " 1
H yl}lx H H = H
T - T

AXIOMS:

e For all 1-cells (z,y, z,w) € T'(d,e) xT(c,d) xT(b, c) x T(a,b), the following
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equation of modifications holds;

H(TODD_ s

H((f9)) Bk —2% H(f(gh)) HE — > H((f(35))k)

x1 Ha
/ ot [cl \
w

(HfH(g3))Hk

H(fg)Hj)Hk H(f((g5)k))
1X / X/r
(X1)1| (Hf(HgH]))H \ HfH((g])k) lH(la)
((HfHg)Hj) k = Hf(H(g])Hk) ] (£(g(ik)))
HfHg)Hj)H H(f(g9(j
(% /(:1) 1
Hf((HgHj)Hk) X
Hng)(HJHk) He HfH(g(jk))
/o
Hf(Hg(HJHk)) T I HeHGR)
H((S9DR)_ )
H((f9)j)Hk H((f(g3))
x1
/ Jw \
(H(f9)Hi)Hk H( (o)) H(f((g/)k))
(X1)1| Yo ﬁH(fg)H(ak) \ [H(la
((HLf Ho) Hj) H N H(f(g(3%)))

x1 -
x Ix_ (HfHg)H(jk)
(Hng)(HJHk) \ HfH(g(Jk))

Hf(Hg(HJHk)) —> Hf(HgH(Jk))

e For all 1-cells (z,y) € T'(b,c) x T(a,b), the following equation of modifi-
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cations holds.

H((fD)g) o H(f(I9))
/e
% HfH(Ig) N
Ix
Yo /
H(fg) = o Jf(HIHg) = H(fg)
x1 —

H(fI)Hg <— (HfHI)Hg 1)

(h)1/1 Y1y
51 o
= =

1HI

X
(Hf)Hg ————> Hf(IHg)
% bn x
n HfHg
H(fDe) —— 25 H(#(19)
H(r1) H(1l)
UHp

H(fg) I H(fg)
X o~ X
HfHg HfHg

Definition 3.3.2. A lazx funtor F : T — T’ consists of the same data as a
trihomomorphism F : T'— T’ with the following changes:

e each Fy;, is only a lax functor,

e a lax transformation y in place of x,

e a lax transformation ¢ in place of ¢, and

e the modifications are no longer required to be invertible.

Definition 3.3.3.1. A functor F' is locally strict if each Fy; is a strict functor
between bicategories.
2. A strict functor is a trihomomorphism F' : T'— T’ such that



3.3. TRIHOMOMORPHISMS AND OTHER HIGHER CELLS 33

e F is locally strict,
e x and ¢ are the identity adjoint equivalences,

e and the modifications w, 7, and § are given by the diagrams below, where
all unmarked isomorphisms are unique coherence cells arising either from
the functor ® or the hom-bicategory.

1®'1

(Fh&' Fg)& Ff — = F(h®g)® Ff — = F((h®g) ® f)

’

a Fa

Fhe' (Fg® Ff)——=Fh& F(g® f) ——F(h®(9® f))

~_ = -

1®'1

"1

2 TN

I'®' Ff —— > FIQ' Ff —— > F(I®f)

=
; le—z'

R |®

—

Ff
1®'1
o RN
Ff L Ffe' T ——Ff& FI
F(feI)

Remark 3.3.4.1It is clear from the definition above that given a function on
objects Fj and strict functors of hom-bicategories F,p, there is at most one
structure of a strict functor with this underlying data.

Remark 3.3.5. This definition differs from the definition of strict functor given
in [17] in two ways. First, we require local strictness while the original definition
did not. Second, the definition given in [17] requires that the modifications w, ,
and § are identities, when this is in fact impossible as their sources do not equal
their targets; we have remedied this mistake by requiring these modifications to
have unique coherence isomorphisms as their components.

Definition 3.3.6.Let F,G : T — T’ be trihomomorphisms with the same
source and target. A tritransformation 0 : F — G consists of a family of 1-cells
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0, : Fa — Ga of T', indexed by the objects of T, adjoint equivalences

T(a,b) —— T'(Fa, Fb)

Gl / lT’(l,ew

T'(Ga, Gb) T'(Fa, Gb)

T’ (04,1)

in Bicat(7T'(a,b), T'(Fa,Gb)) for all objects a,b of T, and invertible modifica-
tions as shown below. We have abbreviated T'(a, b) by [a,b], T'(b,c) x T(a,b) by
[b, ¢; a, b], and similarly in 7”; no distinction is made between T" and T”, as lower
case letters such as a, b, ¢, etc., are objects in T' while Fa, Gb, etc., are objects
inT".

FxF
[b,c;a,] ——— > [F'b,Fc;Fa,Fb]

GxF Uox1 T'(1,6:)x1

T (0p,1)x 1
[Gb,Gc;Fa,Fb) ——— [Fb,Gc;Fa,Fb)

1x6 1xT’(1,0,) Vo ®
xT’ ( as1)
la,c] [Gb,Gc;Ga Gb] [Gb,Ge;Fa,Gb) ———— [Fa,Gc]|
T'(0a;1)
[Ga,Gc]
II

FxF
[b,c;a,b] —————> [F'b,F¢c;Fa,Fb)

® '
FxF la T'(1,0.)x1
[Fb,Fc;Fa,Fb] [Fb,Gc;Fa,Fb]
& ® ®
T/(l 0c)
[a,c] [Fa,F¢] —————> [Fa,Gc]
T’ (04,1)

[Ga,Gc]
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I, 1

<L: \LIFa 2;

T(a,a) — T'(Fa,Fa)

[ X(l,\ea)
G
10

T’ (Ga,Ga) W T'(Fa,Ga) T'(Ga,Ga) ﬁ T'(Fa,Ga)

The functor 6, is the functor whose value at the single object of 1 is the 1-cell
0, and all of whose constraints are given by unique coherence isomorphisms;
these are subject to the following three axioms.

AXIOMS:

Gf(Gy(th)) —> Gf(Gg(Gho))

A (GfGg)(OFR) \
Gg0)Fh) / (Gng)(Gho)
/ (GFGo)0)Fh &\
T G(f9)(9Fh)

(GF(GgONFR (1, / T G(f9)(Gh)
(10)1/ {lhss [a'

IR

(G(f9)0)Fh

(Gf(6Fg))Fh 91/ I (G(£9)Gh)#

(0F(fg))Fh x1
(1x) / \
((GfG)Fg)Fh G((fg)h)0
(6(FfFg))Fh 0(F(fg)Fh)
91)1 al K / j
\ /Xl)

(9Ff)Fg)Fh 9F((fg)h) G(f(gh))e
6((FfFg)Fh)

a
1a Jlw

(OF 1) (Fth)

\ 9(Ff(Fth)) 9F(f(gh))
\(m /
1x

(OF f)F(gh) ——— 0(F fF(gh))
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1(16)
Gf(Gg(0Fh)) — Gf(Gg(Gh#))

4 X

Gf((Gg)FR) I 1o (GfGg)(Gho)
a i Xl
=
(Gf(GgoFh \1OD  Gr(agan)e) G(£9)(Gh9)
(16) / (O [
(GF(6Fg))Fh — Gf((6Fg)Fh)  1(x1) (G(£9)Gh)8

al/ Y \1a (GF(GgGh))E \Xl
Jwl
Gf(G(gh)f’)

((Gf6)Fg)Fh Gf(6(FgFh)) WL a((fg)n)e
(91)1 g\ / 10 /g (GfG(gh))o Gal
(G10)(FgFh)
((GFf)Fg)Fh GF(6F(gh)) G(f(gh))o
01
a 0
(ofoFth) i
(G£0)F(gh) 0F(f(gh))
Ix 01 Ix

(OF )F(gh) ———> 0(FfF(gh))
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GI(GFf)
o N
(GIO)F f GI(Gf6)
e Ny
(6FDFf _a (GIGF)o
(1)1 N O(FIFf) 1x x1
/ N 1(c1) \"F(If)\fg\
6DFf _ 4 ‘ / Hly G(If)6
7,-1/ U,U«\ 0(IFf) 1F1 o \Gll
OF f eF f G 16
(I6)F f / I(Gf6)
I(9Ff) e
GI(Ff)
P BN
el(GIG)Ff GI(Gf)
d N
(6FI)F§ (GIGF)0
(11,)1/ ~ KI
(OI)Ff GO Gape
(t1)1 o Iy Gl1
/ M1 = ~ ! (IGF)6 u\
OF f M\> Gfo
(IO)Ff I(Gf0)
a\

O
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GF(OFI)
201N
G = Gf(GIO)

. T (o)1 .
% 27 \m \
(GfO)I

I qrane

. ~  (9Ff)FI
74 AN \i
/(HFf)I g‘ G(FfFI)\l—zc o Sume
oF(fI)

Gfo

Gf(OFI)
o\
Gf(6I) WM Gf(GI)

Definition 3.3.7. A lax transformation 6 : F — G between lax functors consists
of the same data as a tritransformation between trihomomorphisms with the
following changes:

e lax transformations € in place of the adjoint equivalences 8 and

e the modifications are no longer required to be invertible.

Definition 3.3.8. Let € and ¢ be tritransformations with the same source F
and target G. A trimodification m : 0 = ¢ consists of a family of 2-cells
Mg : 0, = ¢, in the target tricategory T”, indexed by the objects of the source
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tricategory T, and invertible modifications

T(a,b) %F T'(Fa,Fb) T(a,b) $ T’ (Fa,Fb)
0
Gl / l/T,(LGh) m ® ( )
T (6., E——4 ’ o) ’
T/(Ga,Gb) T T'(Fa,Gb) “ o) | <= JT(L0)
\U/(ma)*
T'(Ga,Gb) ———— > T’ (Fa,Gb)
T'($a:1)
T'(¢as1)

such that the following two axioms hold, where we have written tensor as con-
catenation and all unmarked isomorphisms are naturality isomorphisms.

AXIOMS:

0Ff)Fg 2% (Gf0)Fg —2> GF(0Fg) o GF(Ge8) —“> (GFGa)0 L G(fg)0

(mFl)Fl[ Iml  (Gim)F1 = Gi(mF1) | G1(c|;1m) = (G1c|:1)m = LGlm

|

(eFf)Fg —= (Gf¢)Fg T>Gf(d>Fg)T¢> GF(Gg9) —> (GIG9¢ —> G(f9)9

#(FfFg) T) F(f9)

OF)Fg 2% (Gf0)Fg —2> G1(0Fg) o G(Ge8) —“> (GFG00 L G(fo)0

(mFl)Fl[ \ 311 / LGlm

(pFf)Fg E 0(FfFg) — 0F(fg) Ym G(fg)¢

X
m(F1F1) 2 mF(11
\ L ( ) ( )[ /

S(FfFg) T) F(f9)
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r 1c (4
0 01 OFI GIo
ml = lml = lml Im llm

é r SI - 1 0 GI¢

L

M

N o1
I¢

\ / “
GI¢
Im
\ L 1
I¢
Note that in equational form, the modifications m above can be written as
m:(mg)" *1lgol = ¢o(mp)*1lp

in the appropriate hom-bicategory. This is how the data is presented in [17].

Definition 3.3.9. A perturbation o : m = n between trimodifications with the
same source and target consists of a family of 3-cells o, : my; = n, in the target
tricategory T”, indexed by objects of the source tricategory T', such that the

following axiom holds.
b Ff—'>Gf®8  I0Ff—"' ~Cfxb

n@1 <ﬂ§1 |m®% [m@m — n®1[ /1@71[ 1gf> 1@m
¢ ¢

PQFf Gf®o PR Ff Gf®o

Remark 3.3.10. This equation is presented in [17] as the equality of modifica-
tions shown below.

(Op)eoF —— 0 (9,)%0G (Op)u0F —— o (9,)%0C
. ‘
(m)oxt | (5 ma[**l = (np)exl (5o | (ma) s
l (e
(¢5)xoF —> (#a)"0G (¢5)oF —> (#a)"0G

Since two modifications are equal if and only if they have the same components,
the equation given in the definition and the one here are equivalent axioms.
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Notation 3.3.11. We shall drop the prefixes bi- and tri- when the context is
understood. Thus both homomorphisms of bicategories and trihomomorphisms
of tricategories will be called functors, with weak being understood; a lax map
will always be called such.

3.4 Comparing definitions

This section will briefly compared the definitions given here with those given
in [17]. The only way in which we have changed the definitions in [17] is by
adding additional data, so that the “pseudonatural equivalences” of [17] have
been replaced with ajoint equivalences in the functor bicategory. Thus it is
obvious that every tricategory in our sense (we shall refer to these as algebraic
tricategories) gives rise to a tricategory in the sense of Gordon, Power, and Street
by neglect of structure. Given a tricategory in the sense of Gordon, Power, and
Street, it is possible to construct an algebraic tricategory by choosing adjoint
equivalences. There is no canonical choice, but any two such choices are related
by a functor that is the identity on objects and hom-bicategories. It is similarly
easy to see that every functor in our sense gives rise to a functor in the sense
of Gordon, Power, and Street by neglect of structure, and every functor in the
sense of Gordon, Power, and Street can be noncanonically given additional data
to produce a functor in our sense.

Every transformation in our sense also gives a transformation in the sense
of Gordon, Power, and Street, but the converse is more delicate. Since the
definition of transformation involves the cells a*, the definition given by Gordon,
Power, and Street is ambiguous. Since no one choice of a* is fixed, we must use
the fact that any two choices are uniquely isomorphic as adjoints of a to produce
the data for a transformation as defined here. Aside from this technical point,
we can once again produce from a transformation of Gordon, Power, and Street
a transformation as defined here, but noncanonically.

The definitions given here of modification and perturbation are exactly the
same as those given in [17].

Let F': S — T be a functor as defined here, and let UF : US — UT be
the functor, in the sense of Gordon, Power, and Street, obtained by neglecting
structure. Using the definitions given at the beginning of the next chapter, it
should be clear that UGoUF = U(Go F) and U1 = 1. This does not extend to
transformations since the composite of transformations is undefined using the
definitions in [17] because of the necessity of using some cells a".
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Chapter 4

Basic structure

This chapter will be devoted to studying some aspects of the total algebraic
structure consisting of tricategories, functors, transformations, modifications,
and perturbations. This chapter will only establish some basic properties that
will be used later.

4.1 Structure of functors

This section will give an explicit formula for composing functors between tri-
categories. The formula here is more interesting than the corresponding one
for functors between bicategories in the following way. Functors between bicat-
egories compose strictly so that bicategories with lax, weak, or strict functors
form a category. This gives rise to the fact that the tricategory Bicat has strict
composition of 1-cells. We will see that this is not the case with tricategories,
and that even making a category out of tricategories and strict functors requires
some work.

Let R, S, and T be tricategories, and let H : R — S and J : S — T be
functors. We now define the composite functor JH : R — T.

e The function on objects obR — obT is given by the composite of the
object functions for H and J.

e The functors on hom-bicategories JHqp, : R(a,b) — T(JHa, JHD) are
given by

R(a,b) 2% S(Ha, Hb) "% T(JHa, JHb).

e The adjoint equivalence x” is defined as follows. The transformation

x7H is the composite

®T0JXJ0HXH>(I—*>1JO®SOHXH1*—>CI>{JoHo®R,
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Similarly, the transformation (x’#)" is the composite

JoHo®R1*—X;Jo®SoHXH)ﬂ>®T0JXJoHXH.

The counit of this adjunction is the composite displayed below.

(X )ar = (T(Xgf) 0 Xrgrs) © (g s © T(Xyp)) —
1x(ex1
J(xgf) © ((XHng °© X'Hng) ° J(X;;f)) ey

J(Xgr) © (1 ° J(X;;f)) e J(Xgf) 0 J(X;;f) ¢—2J’

J I
T(XgrXyp) = T(Lmgen) — Lingers

The unit is defined similarly, and a check shows that this gives an adjoint
equivalence in the appropriate bicategory.

If we denote the units by I? : 1 — R(a,a), etc., then the adjoint equiva-
lence ¢’ is defined as follows. The transformation ¢’ is the composite

T gorS ™ JoHo IR,

The transformation (¢7/)* is the composite

JoHoIR X jors 2, T,

The unit and counit of this adjunction are determined in a manner similar
to that used for y.

The component at (h, g, f) of the invertible modification w”/# is defined
by the pasting diagram below. The unmarked isomorphisms are given by
unique coherence cells by the coherence for functors theorem or naturality
isomorphisms, and the unlabeled 2-cells are uniquely determined as the
source and target of Jw.
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(JHh®"' JHg)®" JH f

JHhQ" (JHg®R" JH )

Jx®1 10" x

I

” J(Hh®'Hg)Q" JH f JHhQ" J(Hg®' Hf)

Yo’

"
Ix®'"'1 X X

=

X®

1" Jx

(a2

JH(h®g)8" JHf  J(Hhe'Hg)®' Hf) — %> J(Hhe'(Hge'Hf)) JHh®"JH(9®f)

1%

X J(x®'1 J(1®'x) X

x| = JH(h®g9)® HS) J(HRQ'H(9®f)) =i |x

I

JH((h®9)®f) JH(h®(9®f))

JHa
e The component at f of the invertible modification v”/# is defined by the
pasting diagram below, where the unmarked isomorphisms are once again
unique coherence cells or naturality isomorphisms; 6/# is defined similarly.

I”®”JHf
| = JI'®Q"JHf 7
/ X
J®''1
JHIQJHf =] J(I'®'HY)
J(®'1)
x /
x| = J(HIQ' Hf) JU
/ 7
JH(I® JH
(I®f) TH1 f

Note that in the definitions above no associations were given. This is be-
cause functors between bicategories compose in a strictly associative manner.
Calculation then yields the following result.

Proposition 4.1.1. The data above satisfies the axioms for a functor between
tricategories.

Proposition 4.1.2. Tricategories and strict functors do mot form a category
when equipped with the composition law above.
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Proof. We show that the composite functor id o id does not have the same
underlying data as the functor id, so that composition of functors is not strictly
unital.

The identity functor idr on a tricategory T has each component functor the
identity, and  is the identity transformation ® = ®. For an object (g, f), the
component of this transformation is id : ¢ ® f — g ® f. The transformation y
for the composite idr o id7 has component idoid : g ® f — g ® f. In general,
this is not equal to the identity map on g ® f. O

Corollary 4.1.3. Tricategories and functors do mot form a category using the
above composition law.

The difficulty in defining a category of tricategories and strict functors is that
the composite of strict functors will no longer be strict. It is possible to rectify
this by changing the composition law in the following way. Let Gr(Bicat) be
the category of bicategory-enriched graphs. An object GG consists of a set G
and for each pair a,b € Go, a bicategory G(a,b). A morphism f : G — H in
Gr(Bicat) consists of a map f : Go — Hy and functors

fap : G(a,b) — H(fa, fb).

Every tricategory has an underlying bicategory-enriched graph, and every func-
tor has an underlying map of these graphs.

Definition 4.1.4.Let S,T be tricategories. A functor F': S — T is virtually
strict if there exists a strict functor F': S — T such that the underlying graph-
map of F' is equal to the underlying graph-map of F.

Note that if F' is already strict, then F' = F. Thus for every virtually strict
functor F', there is a unique strictification F'.

Theorem 4.1.5. There is a category Tricat, with objects tricategories, mor-
phisms strict functors, and composition given by

Fo,G=Fod.

Definition 4.1.6. Let B be a bicategory, and let f,g be adjoint equivalences
with f, g parallel 1-cells. Then an isomorphism « from f to g consists of iso-
morphisms « : f = g, : f* = ¢* in B such that the diagrams below commute.
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) Y

Remark 4.1.7.1t is clear that o determines a*, and that in fact a* is the mate
of @~!. The two conditions above follow immediately using the theory of mates.

Lemma 4.1.8. Let F,G be composable strict functors. Then there is an iso-
morphism between x¥°F and the identity adjoint equivalence, and there is an
isomorphism between t¥°F and the identity adjoint equivalence.

Proof. These isomorphisms are given by unique coherence cells by the coherence
for functors theorem since the component of y7°% at g, f is F/(1)o1 and similarly
for the other transformations. O

Proof of 4.1.5. Given composable strict functors F, G, we need only show that
F o G is virtually strict, that 10, FF = F = F o, 1, and that o, is associative.
Associativity follows from the fact that there is at most one structure of a strict
functor on a given map of bicategory-enriched graphs by the definition of strict
functor. The unit conditions are trivial since 1o F, F, F o1 all have the same
underlying maps of Bicat-graphs.

We define w!! to be the modification w?°“, composed with the isomorphisms
in the lemma as appropriate so as to obtain the correct source and target. By
coherence for functors and the local strictness of the functors involved, this is
equal to the diagram giving the definition of the modification w for a strict
functor. We similarly define 6,7, and they are both equal by coherence to
modifications of the sort given in the definition of a strict functor. Thus we
have given a strict functor H and by definition it has the same underlying map
of bicategory-enriched graphs as F' o GG, completing the proof. O

Remark 4.1.9. The category Tricat, is equivalent to the category of algebras
for the free tricategory monad on the category of bicategory-enriched graphs
and locally strict functors, although this point of view will not be studied here.

4.2 Structure of transformations

It will be necessary in later sections to understand some of the basic structure
of transformations, so we collect in this section the relevant results. Most of the
proofs are simple diagram chases, so we omit these details whenever possible.

Proposition 4.2.1. Let o : F — G and f: G — H be transformations. Then
there is a transformation o : F'— H with (Ba) = Ba @ .
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Sketch of proof. The adjoint equivalence Ba is given by setting (Ba) s equal to
the composite

1® .
By ® ) @ Ff ~ By @ (ap @ Ff) — 3@ (Gf @ ag) -
Br®l

By @Gf) @, 2= (Hf @ fa) @ g —= Hf @ (Ba @ ay)
and (ﬁa)'f is the obvious adjoint, with the unit and counit given by the obvi-
ous composition of constraint cells with units and counits for all of the adjoint
equivalences involved. The definitions of II and M are given by diagrams sim-
ilar to those in Theorem 7.2.1 with additional coherence cells inserted where
necessary. Checking the necessary axioms requires using the tricategory axioms
in the target as well as the axioms for each transformation separately. O

Proposition 4.2.2. Let F,F': R — S and G,G’' : S — T be functors, and let
a:F — F', 3:G— G be transformations. Then there are transformations
Bxlp : GF — G'F and 1g x o : GF — GF' whose components are given by
Brq and Gag, respectively.

Proof. We will only prove the statement for 5x1 g as the other proof is analogous.
The adjoint equivalences 3 * 1 are defined by the following formulas.

(B 1p)f = Bry
(6 * 1F)'f = ﬁF f
ghrir =
= ey
Bxlp _ B
U " =np f
(Bx1p)o = Bro
These define appropriate transformations and modifications since these cells are
just components of 3. The component at f, g of the invertible modification II

is given by the diagram below.

BRrg®1 a 1QBF ¢
(BFc®GFg)®GFf — > (G'Fg®Bpp)®GFf ——> G'FgR(Bpp,®GFf) —> G'FgQ(G'Ff®Br,)

Bre®(CFg®GF ) / (&' Fe®G! F )88,
IIpy r
10xC o.Ff x¢ @1

Brg@Ff
BF.®G(Fg®Ff) G/ (FgQF f)®BFq

— a’ (xF
% (x )‘%

BFc®GF(9®f) — > G'F(9®f)®BFq
BF(g®f)

G'F
1c(F) 1®x
1®x

The two isomorphisms are the composites of unit isomorphisms in the hom-
bicategory with the functoriality isomorphism for ®.
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For each object a, the single component of the invertible modification M is
given by the diagram below.

. Flg
BFa % ﬁFa@IGFa % ﬁFa@GFIa, % G FIa®,BFa
1®\4 4@ \
BFra®GIFq

G"Fel
51&

G'IFa®BFa =

LG ®1
LG’F®1

I(;/ Fa@,@Fa

S

The transformation axioms are now easy to check using that ( is a transforma-
tion and the fact that all the coherence cells used in the definitions above are
either those of the hom-bicategory or of the functor ®. O

It will be necessary later to use associativity and unit transformations. If we
were to construct the tetracategory Tricat from first principles, these transfor-
mations would be a necessary part of that structure.

Proposition 4.2.3. 1. Let F: Q — R,G: R — S,H : S — T be functors.
Then there are transformations

a:(HoG)oF - Ho(GoF)
a:Ho(GoF)— (HoG)oF

which have as their components at the object a the identity 1-cell Iggrq-
2. Let idp denote the identity functor on the tricategory T. Then there are
transformations

p:Foid—F

pF— Foid

which have as their components at the object a the identity 1-cell Ip,.

Proof. We will only prove the first claim, as the second follows by analogous
arguments. First note that (H o G) o F and H o (G o F) have the same un-
derlying map on cells. The components are the identity cells Iggrq, and the
transformations « are defined by the formulas below.

af =710l
a'le'or

The unit and counit of this adjoint equivalence are given by the obvious com-
posites of constraint cells in the target hom-bicategory and units and counits
of the adjoint equivalences 1,r. The naturality isomorphism ayg is given by the
composite of the naturality constraints for the transformations involved. Thus
this adjoint equivalence is just the adjoint equivalence r* ol 41" or.
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The component at f, g of the invertible modification II is given by the dia-
gram below.

1®(rl)
(IQHGFg)@HGF f —> (HGFg®)®@HGFf —— > HGFg@(QHGF f) — > HGF fQ(HGFfQI)

,U 1®1
r
HGFgQHGF HGF HGF
. 9 f - 9®HGFf |} p
-
o " (HGFgQHGF)®I

l x ~

xH @1

IQ(HGFgQHGF f) — IQH(GFgQGFf) -t 5 H(GFgQGFf)

\/ )

H(GFg®GFf)®I

o]
- H(GF) g
HXG®1 X ®
~
> IQHG(FgQFFf) —> HG(FgQFf) =
1@x(HOF \ Hx®1
T
HG(FgQFf)®I
o~
1@ HGX -
o~
HGexF
IQHGF(9®f) HGF(9Qf) — > HGF(9Qf)QI

P

The unmarked isomorphisms are either given by the composite of a unit
constraint from the hom-bicategory with the functoriality constraint of ® in the
case of the triangular regions, or by a naturality isomorphism in the case of the
square regions. Note that we actually require a mate of p and not p itself in the
upper right corner.

For each object a, the single component of the invertible modification M is
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given by the diagram below.

r 1@ HOF l r
I IQI IQHGFI HGFI HGFIQI

19 = 10HG: = ma.| = HG®1

1QH
19HI — 27 [@HGI —— > HGI —> HGI®I

/ HL®/

HIQI

JHGF) g

I®I

The two regions marked C' have isomorphisms given by composites of unit iso-
morphisms with the functoriality constraint for ®, the isomorphisms Ir* = 1
and 1 = [* are mates of the isomorphism I; = r; in Appendix A (composed
with a unit in the latter case), and all the other isomorphisms are naturality
isomorphisms.

The three transformation axioms can now be checked by lengthy calcula-

tion. See Appendix C for a discussion of the proof of this and other omitted
calculations. |

Our final result about transformations concerns the two different composi-
tions available for strict functors, Go F' and G o, F'. It will be necessary later to
know that there are transformations relating these two functors, so we construct
them here.

Proposition 4.2.4. Let F: R — S and G : S — T be strict functors. Then
there are transformations

¢p:Goy F—GoF
¢ :GoF —Go, F

whose components are identities.

Proof. We only provide the details for ¢ as ¢ is similar. As stated, we have
defined the components by ¢, = Igra, and we define the adjoint equivalences
¢ to be the same ones used in the previous proposition, ol 41" o r.

The component at f, g of the invertible modification II is given by the dia-
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gram below.

(rl)®1 a 1®(1"l&
(IQGFg)®GFf —— (GFgRI)QGFf = GFgRQ(IQGFf) = GFg®(GF f®I)

(GFg®GF f)®I

/®1

G(Fg®FfI®RI | x°F @1

- G1®\

IQ(GFgQGFf) 1®T> IQGF (g®f) l—> GF(g®f) ———————> GF(gQf)®I
r'

1Qr"

The cell marked p is actually a mate of p, and the unmarked isomorphisms
are one naturality isomorphism for [ and composites of unit isomorphisms in
the hom-bicategories, functoriality isomorphisms for ®, and the isomorphisms
1® 121, G1 = 1. Note that we have used repeatedly that x*', &, and y&°¥
are all identity transformations.

For each object a, the single component of the invertible modification M is
given by the diagram below.

r 1®1
I I®I I®I

o

R

I®I

The lower right isomorphism is the composite of a unit isomorphism and the
functoriality isomorphism for ®; the upper right isomorphism is the composite of
the isomorphism 1® 1 2 1, a unit isomorphism, and a mate of the isomorphism
lr = rr; and the middle isomorphism is the composite of the isomorphism
G1 = 1, two copies of 1®1 = 1, three unit isomorphisms, and a mate of I 2 rj.
Note that we have used repeatedly that F, G, and G o,, F' preserve units strictly
and that ¢ is the identity transformation for these functors.

The three transformation axioms now follow by calculation. O

4.3 Change of structure

This section will give three results, each of which explains how it is possible
to obtain new tricategory structures from known ones. The first result shows
how to tramsport a tricategory structure along a map of its underlying data.
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This is the first step towards showing that every tricategory is triequivalent
to a particular kind of semi-strict 3-category. The theorem given here will be
used repeatedly to construct tricategory structures throughout this work. The
second and third result of this section show how to perturb a known tricate-
gory structure by altering its composition law. The result is a new tricategory
structure on the same cells that is closely related to the original structure.

For the following theorem, we require the notion of a biadjoint biequivalence
in a tricategory T'. The definition can be found in Appendix A.

Theorem 4.3.1 (Transport of Structure). Let T' be a tricategory, and let S
be a set. Let S(a,b) be an S x S-indexed set of bicategories. Given a function
Hy: S — obT and an S x S-indezxed set of biadjoint biequivalences (Hqp, H,),

H,, : S(a,b) — T(Ha, Hb),

there is a unique tricategory structure on S and a unique functor H that agrees
with Hy on objects and Hgap on hom-bicategories such that the following condi-
tions hold.

1. The functor @ : S(b,c) x S(a,b) — S(a,c) is the composite

S(b,¢) x S(a,b) ZE T(Hb, He) x T(Ha, Hb) -Z5 T(Ha, He) -2 S(a, o).

2. The transformation x is

a'x1

@ToHxH=ido®T o Hx H*S HH' @7 (H x H) = H o ®°,

and the transformation x* is

axl

Ho®®=HH T (Hx H) %5 ido” (Hx H) =T o H x H.
The counit of this adjunction x 1 x* is the following composite.

axl a'x1

HH T (H x H)

®TH x H

(o' a)*1

ugfl*l
1

HH @7 (H x H) ————— HH* ®T (H x H)

HH T (H x H)

HH @T (H x H) HH T (H x H)

The unit is determined similarly, and a check shows that this gives an
adjoint equivalence in the appropriate bicategory.

3. The functor 1 — S(a,a) is the composite

1 ﬂ>T(Ha,H0L) z, S(a,a).
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4. The transformation v is

Iia = ido Iy 2 HH Ip,

and v s
HHIpo &5 ido Iyg = Iy,

The counit of this adjunction ¢ 4 v is given by the composite below.

IHa —Ol*1>_ HH'IHa L IHa

(o)1

IHa IHa

The unit is determined similarly, and a check shows that this is an adjoint
equivalence in the appropriate bicategory.

5. The modifications w, 7y, and § for the functor H are all identities.

Proof. We have provided the first four pieces of data directly. The rest of the
data for the tricategory S is determined by (5) as follows. The modification 7
is determined by the first functor axiom and the fact that each H, is locally
faithful, and the modification p is determined by the second functor axiom.
The second and third tricategory axioms then determine A\ and p, and the first
tricategory axiom follows by applying H, using the tricategory axioms in 7', and
then noting that each H, is locally faithful. O

Our next result shows how it is possible to change the composition law of a
tricategory to a new composition law.

Theorem 4.3.2 (Change of Composition). Let T' be a tricategory with compo-
sition ®. Let Rupe : T(b,c) x T'(a,b) — T(a,c) be a family of functors indexed
by triples of objects of T, and let sqpe : @ = K be a similarly indexed family of
adjoint equivalences. Then there is a tricategory Ty with

o 0bTy = obT,

e Tx(a,b) =T(a,b), and

e composition law Ryp. : T(b,¢) x T'(a,b) — T(a,c)

and a functor S : T — Tg which is the identity on objects and on hom-
bicategories.
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Proof. We need to provide the remaining data for Ty and show that it satisfies
the tricategory axioms. First, we specify that Ty has the same unit as T. The
transformation ag is given by

sx(sx1)

Ro®x1) 5" ®0(®@x1) 5 ®o(lx®)

s*x(1xs")
—

Ko (1 xX),

and ajg is given by

((s* (1xs)) oa') o (s (s x 1)).

The unit and counit of this adjoint equivalence are the obvious composites of
units and counits for a and s.

Similarly, lg and ryg are defined by the diagrams below, where s is the
opposite adjoint equivalence of s.

I, x1 1x 1,
T(b,b) x T'(a,b) =<—— T'(a,b) T(a,b) x T'(a,a) <—— T'(a,b)

The modifications 7y, ux, Ax, pr are all obtained by pasting appropriate iden-
tity modifications for the transformations s x 1 x1,sx1,s,s,1xs",1x1xs" to
the exterior of m, u, A, p after applying inverses of units for each of the adjoint
equivalences 1 x 8,8 X 1,1 x s x 1,s and unit isomorphisms (from the functor
bicategories) where appropriate.

Using this definition and the fact that s is an adjoint equivalence, it is a
simple matter to check the three tricategory axioms.

For the final claim, we need to give the constraint data for S. The ad-
joint equivalence x is the adjoint equivalence s, and the adjoint equivalence ¢
is the identity adjoint equivalence. The component at h,g, f of the invertible
modification w is given by the diagram below.

hRRf s (hog)Rf——>(hog)®f——>ha (g f)

s®1l

(h©g)@f—=>h®(¢&f) ——=hrK(g& f) ——=hKR (K [)

The left isomorphism is the composite of a unit isomorphism for the hom-
bicategory with a naturality isomorphism for s, the middle isomorphism is the
composite of two unit isomorphisms for the hom-bicategory, and the right iso-
morphism is the composite of inverses of counits and unit isomorphisms. The
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component of the invertible modification v at f is given by composing the iso-
morphism 1X1 2 1 with a unit isomorphism in the hom-bicategory; J is defined

similarly.
It is now easy to check the functor axioms using the fact that s is an adjoint
equivalence. O

Finally, we introduce a result that allows one to alter the units in a tricat-
egory, in much the same way that the previous result allowed a change in the
composition law. We will not prove this, as the details are similar to those in
the previous proof.

Theorem 4.3.3 (Change of Units). Let T be a tricategory with units I, : 1 —
T(a,a). Let I,:1— T'(a,a) be a collection of functors indexed by the objects of
T, and let v, be a similarly indexed collection of adjoint equivalences between
1, and fa. Then there is a tricategory T with

o obl; = obT,
e T(a,b) =T(a,b), and
o unit given by I, : 1 — T(a,a)

and a functor R : T — Tj that is the identity on objects and hom-bicategories.

4.4 Triequivalences

This section will introduce the notion of triequivalence. It is a direct categori-
fication of the notion of equivalence of categories. We replace the condition of
the functor being an isomorphism on hom-sets with being a biequivalence on
hom-bicategories, and replace essential surjectivity with the notion of triessen-
tial surjectivity. This in turn relies on the notion of an internal biequivalence in
a tricategory T'.

Definition 4.4.1.1. A 1-cell f : a — b in a tricategory T is an internal
biequivalence if there exists a 1-cell g : b — a such that f® g is equivalent to id,
in the bicategory T'(b,b) and g ® f is equivalent to id, in the bicategory T'(a, a).
2. A specified biequivalence in a tricategory 1" consists of

e a pair of 1-cells f:a — band g: b — a;

o four 2-cells a : f®g = idp, " 1 idpy = f®yg, f: g® f = id,, and
6' : ld(z = g ® f7
e and two specified equivalences (o, &', €74, 15g) and (8, 87, €45, ngf) in T(b, b)

and T'(a, a), respectively.

Remark 4.4.2. Note that a 1-cell f is a biequivalence if and only if there exists
a specified biequivalence containing f. It is also useful to note that f is a
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biequivalence if and only if there exists a specified biequivalence containing f
such that each of (o, @, e4,m74) and (B, B, €45, 1gr) are adjoint equivalences.

The biadjoint biequivalences mentioned in the previous section have under-
lying specified biequivalences.

Definition 4.4.3. A functor H : T — T" is triessentially surjective if every
object of T" is internally biequivalent to an object of the form Ha, a € T.

Definition 4.4.4. A functor H : T — T’ is a triequivalence if each Hg, is a
biequivalence and H is triessentially surjective.

Remark 4.4.5.The functors S : T' — T, R : T — T constructed in the
previous section are triequivalences.

Theorem 4.4.6. Every tricategory T is triequivalent to a tricategory T’ with
the same objects as T and T'(a,b) a strict 2-category for all objects a, b.

Proof. For each pair of objects a,b € T, we can choose a biadjoint biequivalence
T'(a,b) — T(a,b) with T’(a, ) a strict 2-category using the coherence theorem
for bicategories. By Proposition 4.3.1, we extend this to a tricategory 7" and a
functor T/ — T'. It is clear that this is a triequivalence. [l
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Chapter 5

The Gray tensor product

In this chapter, we will give the necessary background needed on the Gray tensor
product of 2-categories. The discussion consists of three parts. In the first, we
give the “generators and relations” definition of the Gray tensor product. We
will rarely need this definition, but it is useful to know. In the second part, we
will give the relationship between the Gray tensor product A ® B and cubical
functors with domain A x B. Finally, we will discuss the right adjoint of the
functor — ® B which turns out to be very easy to describe.

Throughout this chapter, we shall always deal with strict 2-categories. Func-
tor will, as always, mean weak functor; strict 2-functors will always be called
such.

Nothing in this chapter is new, we have merely collected the required results.
The main references are Gray’s works [18] and [19], although the handwritten
notes of Street [40] provide another perspective.

5.1 The Gray tensor product

Our goal in describing the Gray tensor product of 2-categories will be to use the
resulting monoidal structure as a category over which to enrich. The resulting
objects, categories enriched over 2Cat with the Gray tensor product, will be
a semi-strict form of 3-category used in our coherence theorem. It is possible
to define this tensor using only a universal property, but we prefer to define it
from the ground up and show later that it satisfies a universal property.

The Gray tensor product of X and Y, denoted X ® Y, has objects ordered
pairs (A, B), where A € obX and B € obY. The morphisms of X @ Y are
generated by two kinds of morphisms. The first type of generator is an ordered
pair of the form (f,1) : (A,B) — (A’,B) with f : A — A’ a morphism of X;
the second type is (1,9) : (4, B) — (A, B’) with g : B — B’ a morphism of Y.
The morphisms of X ® Y are equivalence classes of composable strings of these
two types of generators. The equivalence relation is the smallest one such that
the following conditions hold, when they make sense.

99
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o (L)~ (ff1)
o (Lg)(L,g')~ (1,99
e If w,w' are two equivalent strings, then wv ~ w'v and uw ~ uw'.

Note that if w ~ w’, then w and w’ have the same source and target.

The 2-cells of X ® Y are formed in a similar, but slightly more complicated
manner. There are three basic types of generating 2-cells, and a 2-cell in the
tensor product is an equivalence class of composites, vertical and horizontal, of
these basic 2-cells. The first type of 2-cell is one of the form (a,1) : (f,1) =
(f',1) where o : f = f’ is a 2-cell in X. The second type of 2-cell is one of
the form (1,53) : (1,9) = (1,¢') where 3 : g = ¢’ is a 2-cell in Y. The third
kind of 2-cell is an isomorphism v¢4 : (f,1)(1,9) = (1,9)(f,1), with inverse
7;; :(1,9)(f,1) = (f,1)(1,g), where both f and g are non-identity morphisms
in their respective 2-categories. If either f or g is the identity, then vy 4 is the
identity. We now form equivalence classes of formal composites of such 2-cells
in two steps. First, we compose them horizontally with the same conditions we
placed on composing 1-cells. Second, we compose them vertically and impose
conditions like the ones above and additional ones to force the resulting structure
to be a 2-category.

First we deal with horizontal composition. Let w,w’ be strings of the three
basic types of generating 2-cells in X ® Y. Then w ~ w’ if they are made so by
the smallest equivalence relation such that the following conditions hold, when
they make sense.

o (a,1)x(o/,1) ~ (axa,1)
o (1,8)*(1,8) ~ (1,80
e If 0,0’ are two equivalent strings, then o7 ~ o’ * 7 and px o ~ p* o’.

Note that if ¢ ~ ¢’, then ¢ and ¢’ have the same source and target O-cells. We
shall denote these equivalence classes by [o], [7], etc.

A 2-cellin X ®Y is then an equivalence class of vertically composable strings
[a1][@z] - - - [ ], where the equivalence relation is the smallest one such that the
following conditions hold, when they make sense.

o (a,1)(e/,1) ~
o (1L,B)(1,5) ~ (1,50

(
(

. (7 *(15,1) )((1% 1) * Wf,g) ~ V't
)

(11
(L 19) % (L 1) 1) (g * (1 1) % (1,1)
~ (W, s (15,1) % (1, 1g)) ((17 1) % (1p,1) % yf,g)
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elfa:f= fand B:g= ¢ in X and Y, respectively, then
((1,8) 5 (@) 11g ~ 7 (1) 5 (1, 9)).

o If [a] ~ [@/], then [a][B] ~ [&/][8] and [d][a] ~ [d][/]; the same condition
holds for horizontal composition as described below.

It is now easy to write down horizontal and vertical composition of such
equivalence classes. For vertical composition, we have concatenation of strings.

For horizontal composition, let w be represented by [a1][as] - - - [a,]. Note that
the 0-cell source and target of w can be computed by taking the 0-cell source
and target of any of the ;. Thus if w’ is represented by [o)][a5] - - - [a,,] and has

the same 0-cell source as w’s 0-cell target, we make the following construction.
If m < n, insert n — m vertical identity 2-cells in any way into w’; we write
the resulting string as [@1][dz] - - - [&n] and define w * w’ to be the equivalence
class of ([a1] * [a1])([a2] * [a2]) - - - ([an] * [@n]). If m > n, we perform a similar
construction on w. It is easy to show that this equivalence class is independent
of how the identities were inserted.

We omit the details that X ® Y forms a 2-category. The only difficult axiom
to check is the interchange law, and the conditions required two paragraphs
previously force this to hold. We also omit the details that the above tensor
product gives a monoidal structure on 2Cat. This monoidal structure has a
symmetry defined on generating objects and 1-cells by switching the order, on
generating 2-cells of the form («,1) or (1,3) by switching the order, and on
generating 2-cells of the form ~y 4 as 7;}. Additionally, this monoidal structure
is closed, with an adjoint hom-functor to be determined later.

5.2 Cubical functors

In this section, we present a different perspective on the Gray tensor product
using cubical functors. This is in analogy with the definition of the usual tensor
product of R-modules, in which the module A ® g B is the target of a universal
bilinear map A x B — A ®r B. The Gray tensor product X ® Y will receive
a universal cubical functor X x Y — X ® Y. We first define cubical functors
of n variables, describe them in elementary terms, and then prove the above
universal property.

5.2.1 Defining cubical functors

Definition 5.2.1. A functor F': Ay X Ay x -+ A,, — B is cubical if the following
condition holds:

if (f1,f2, -5 fn)(91,92,---,9n) is a composable pair of morphisms in the 2-
category A; X Ay x --- A, such that for all ¢ > j, either g; or f; is an identity
map, then the comparison 2-cell

61 (i, faree o S g1, 92, s 9n) = F (1, Fr o Fa) (91,024 00))
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is an identity.

First, note that every cubical functor strictly preserves identity 1-cells. This
follows from the unit axioms for a functor and the fact that the 2-cell

¢sr: FfoFI= F(fol)

is always an identity 2-cell (similarly for ¢;f) since it satisfies the cubical con-
dition. For the case n = 1, a cubical functor is trivially a strict 2-functor.

Proposition 5.2.2. A cubical functor F' : Ay x Ay — B determines, and is
uniquely determined by

1. For each object a1 € 0bA1, a strict 2-functor Fg, ;
2. For each object ay € 0bAa, a strict 2-functor Fy,;
8. For each pair of objects ay,as in Ay, Aa, respectively, the equation
F,,(a2) = Fy,(a1) :== F(a1,a2)
holds;

4. For each pair of 1-cells f1: a1 — af, fa: a2 — ab in Ay, As, respectively,
a 2-cell isomorphism

Fa
F(al,az) 1(f2)

F(a17 a/Q)

REERYD)

FaQ(fl) Faé(fl)

~

F(a},az) ———;szﬁ5——>'1?(aﬁya§)
ay

which is an identity 2-cell if either fi1 or fo is an identity 1-cell;
subject to the following 3 axioms for all diagrams of the form

(f1,f2)

— T
(a1, a2) ﬂmlm) (a}, db)
v

(91,92)

(h1,h2)
(af,a3)
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m Al X AQ.
Fal (f2)
»UFalOZQ Fa1 (f2)
F(a1,a2) _— F(al,a;) F(al,az) _— F(al,a;)
Farl (gQ)
Fay (o) | Fayon | Fay(f1) v Fay, (1) Fay(o1) by Fop(g1) Fa;:()ﬂl Fay G0
Far (f2)
F(ay,a2) —————> F(a},a3) F(a},a2) ———> F(a,a5)
For (92)
Fal(fQ) Fal(fQ) ,
F(a1,a2) ——————— F(a1,a}) F(a1,a2) ———— F(a1,a5)
Fay (1) ut Foy (f1)
Far (f2)
F(ay,a2) —————— F(ay,a3) = Fay(h1f1) Uy Falz(hlfl)
Fay(h1) v F,y (h1)
F(ay,a2) ————— F(a},a}) F(aY,a2) ———— > F(a/,a})
Y Ry () v VT ) v
Farl (f2) Farl (hZ)
F(a1,a2) —————— F(a1,a}) ——————> F(a1,a%)
Fay (f1) Iy Fa/2(f1) by Fa/z/(fl)
Foy (f2) Fyy (h2)
F(ay,a2) ———————— F(ay,a5) ———————> F(a},a3)
Fa, (h2f2)
F(a1,a2) F(a1,ay)
Fa, (f1) Uy Faé/ (f1)
F(af,a2) F(a},a3)

Fall (h2f2)
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Proof. 1t is easy to see that F,, : Ao — B is a 2-functor, as

F(lvfg) :F(lvf)F(lvg)
F(lvl)F(lvg) = F(lvg) :F(lag)F(lvl)a

where all displayed equalities are actually 2-cell constraints. The same argument
shows that Fy, is a strict 2-functor.

Let f1: a1 — a}, f2 : aa — ab be a pair of 1-cells in Ay, As, respectively.
Then the 2-cell ¢, ¢, is the composite of the constraint 2-cell with the identity
2-cell.

Flay, as) — 222, Pay, ab)

N AL

F(f1,1) F(f1,§2) F(f1,1)

A

Fay, a2) — > Flay, a3)

N\

N|

Coherence for functors gives that each of the three axioms holds.
Given the data above, we construct a cubical functor F'. The functor F is
already defined on objects, so we define it on 1-cells by

F(fl,fQ) = F(lva) OF(flal)

and on 2-cells by
F(aq,az) = F(1,a2) * Fag,1).

Here we have written F'(1,—), F(—,1), for Fy, (=), resp. F,,(—).The constraint
cells are given by «y or are identities as necessitated by the definition of cubical
functor, and it is simple to check that the axioms above give the axioms for for
a weak functor. O

Proposition 5.2.3. A cubical functor F': Ay X Ay X A3 — B determines, and
s uniquely determined by

1. For each object a1 € A1, a cubical functor of 2 variables Fy, : Ay X Az —
B, and similarly for objects ay € As, a3 € As;
2. For each pair of objects ay,as in Ay, Aa, respectively, the equation
Fo (a2, =) = Fyy(a1,—)
holds, and similarly for pairs ay,as and as,ag

such that the following axiom holds:
Given a 1-cell (f1, fa, f3) : (a1,a2,a3) — (a},ah,as) in Ay X As x As, the
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equation below holds.

F(a1,az,a})

Fa1 (1;f3) %
F(a1,a2,a3) Fu, (f2.1) Iy w F(a1,a3,a3)
FaS(flvl)[ 'U’Y F(al,a/z,a:;) 'U’Y FQZ(fl’l)
F(allva2va3) Fa,3 (f1.1) F(allvaévag)

ag ;o ag
F(a},a3,as)

F(al,ag,aé)

F(a1,a2,a3) Fag (.flvl) F(alvaévag)
Iy Iy

/F(a/l,a2,aé) Fay(f1,1)

F(d},a2,a3) Fa, (1,f3) Foy (f2,1) F(al,ab,a%)

Uy

Fld .o a2
(a17a27a3)

Fa3(f171)

Proposition 5.2.4. A cubical functor F': Ay X Ay x --- A, — B, n >3, de-
termines, and is uniquely determined by

1. For each (ai,aa,...,a,) € A1 X Ay x -+ A, and each i < j < k, the
restriction to

F(al,ag,...,&i,...,&j,...,&k,...,an):AixAj><Ak—>B

s a cubical functor of 3 variables (where a; indicates that object has been
omitted and the variable is free), and

2. These functors are compatible in the sense of Proposition 5.2.3.
Proposition 5.2.5. Let iy, ...,ix be positive integers, and let
Fj:Aj1x--xAj; — B
be cubical functors. Then for any cubical functor
F:By x---x B — C,
the composite F o (Fy X -+ x Fy) is a cubical functor.

Proof. This is a functor, so we must check that certain constraints are identities.
Recall that the constraint 2-cell for a composite G o F' is given by the formula

¢GOF — ¢G OG(¢F)
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Since G preserves identity 2-cells, it is enough to establish that ¢ and ¢ are
appropriate identities.

Let (fm.n), (fi, ) be composable arrows in the product 2-category [[ Ay 4
such that whenever (a,b) < (a’,b'), either farpr OF fap is the identity. For (a,b)
to be less than (a’,b') in the total order, either a < a’ or b < ¥’. In particular,
for a fixed a, either f! ,, or f,p is the identity. Thus the constraint ¢, for F, is
the identity, so the contraint for Fj x --- x Fj is the identity.

Now we must show that the constraint for F' is the identity. This amounts to
proving that if @ > a’, then either Fi(fa,1, fa,2,- -, fasia) Or Far(for s fars,)
is the identity. If, for a fixed a, all the f, ; are identities, then F,(fa1,.- -, fwv'a)
will be an identity as well since F, preserves 1l-cell identities strictly because
it is cubical. Now assume that o’ > a and that Fu(fy q,...,fg ;) is not
the identity. Then some fq/; is not the identity. Since (a’,b) > (a,c) for
every c, every f, . must be the identity by the cubical assumption. This shows
that Fy(fa1,---, fai,) is the identity, and we may now conclude that ¢* is
the identity by the fact that F' is cubical. This completes the proof that the
composition constraint for F at (fa) o (f.,) is the identity, so the composite
functor is cubical. / O

5.2.2 The universal cubical functor

We are now in a position to prove that the Gray tensor product provides a
solution to the problem of finding a universal cubical functor

Ax B — C.

Let Cub(A; x As, B) denote the set of cubical functors A; x Ay — B.

Theorem 5.2.6. Let A, B, and C' be 2-categories. There is a cubical functor
c:Ax B — A® B,
natural in A and B, such that composition with c induces an isomorphism
Cub(A x B,C) 2 2Cat(A® B,C).
Proof. We define ¢ using Proposition 5.2.2. We define the 2-functor ¢, by

cq(b) = (a,b)
ca(f) = (1a, f)
ca(@) = (11,, a);

the 2-functor ¢y is defined similarly. The 2-cell isomorphism 7, is the same
vf,¢ that is part of the data for A ® B. The three axioms for a cubical functor
are exactly the axioms for the Gray tensor product, so we have defined a cubical
functor ¢: A x B — A ® B. Naturality in both variables is clear.

To prove that this cubical functor has the claimed universal property, as-
sume that F' : A x B — C is a cubical functor. We define a strict 2-functor
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F: A® B — C by the following formulas.

F(a,b) = F(a,b)
E(f’ 1) =5 f)
E(lvg) = Fa(g)
F(a,1) = Fi(a)
E(l’ﬁ) = Fa(ﬂ)
F(fy?,;@B =Y.

This defines F on objects, generating 1-cells, and generating 2-cells. We extend
F to the whole of A ® B by making it a strict 2-functor, i.e., it preserves all
types of compositions and identities. The axioms for cubical functors and the
Gray tensor product ensure that this is well-defined. It is clear that F is the
unique strict 2-functor making the diagram

commute, completing the proof. O

5.3 The monoidal category Gray

In this section, we will establish the basic results necessary to introduce the
monoidal category Gray. We will not prove that this monoidal structure satis-
fies the necessary coherence laws (see [18] and [19]).

Notation 5.3.1. Let Bicat®(A, B) denote the full sub-bicategory of Bicat (A4, B)
with objects the strict functors.

Lemma 5.3.2. For any 2-categories A, B, Bicat®(A4, B) is a 2-category.

Proof. The bicategory Bicat(X,Y) is a 2-category if YV is a 2-category. By
definition, Bicat®(A, B) is a full sub-2-category of this. O

Proposition 5.3.3. 1. The evaluation map e : Bicat®(A,B) x A — B is a

cubical functor.
2. The function which sends a 2-functor F : A; — Bicat®(As, B) to the com-
posite

A1 X A2 F—X>1 Bicats(Ag, B) X AQ i B

is a natural isomorphism between 2-functors A; — Bicat®(As, B) and cubical
functors Ay x As — B.
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Proof. For the first part, the evaluation map e is defined by the following for-
mulas.

e(F,a) = Fa
e(lp, f) =Ff
e(o,1,) = 0, (the component of o at a)
e(li,,a) = Fa
e(l,1;,) =T,
Yo.f =0f

It is easy to check that this is a 2-functor when each variable is held fixed, and
satisfies the necessary conditions to give a cubical functor.

For the second claim, first note that the composite displayed is actually a
cubical functor by Proposition 5.2.5. Now given a cubical functor F' : A; x
As — B, we must construct a strict 2-functor F : A; — Bicat®(As, B). To fix
notation, we have objects aj, a} in A;, morphisms f1, f{ in A; each with source
ay and target af, and a 2-cell oy : f; = f] in Aj; similarly for A; with subscript
2 instead of 1. The strict 2-functor is given by the formulas below.

Fla) =
(f1)as = Faz(fl)

F(f1)f =912
F()ay = Fuy ()

It is easy to check that F(fi) gives a weak transformation, that F(a) gives a
modification, that this assignment is a 2-functor, and that it is inverse to the
assignment F'+— eo F' x 1. O

Corollary 5.3.4. The functor —® B is left adjoint to the functor Bicat®(B, —).

Proposition 5.3.5. Let A, B,C be 2-categories, and G : A x B — C be a
functor such that each G(a,—), G(—,b) is a strict 2-functor. Then there is a
cubical functor F': A x B — C such that

1. F agrees with G on objects and

2. there is a transformation v : G = F which is the identity on objects.

Proof. Define F to agree with G on objects. For a 1-cell (f,g) : (a,b) — (a, V'),
define F' to be the composite

Fla,b) 2 Fa',b) 2 P ),

where we have already used that F'(a,b) = G(a,b). For a 2-cell (o, 5) : (f,9) —
(f',g"), define F(«, 3) to be the horizontal composite

G(f,1) G(1,9)
T T e
F(a,b) ey  F(a',b) lewsy  Fa,b).
S A ey |

G(f',1) G(1,9")
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The structure constraint for this functor is given by the following formula, where
the indicated isomorphisms are obtained from the structure constraints for the
funtor G.

F(f2,92) o F'(f1,91) 1, 92)G(f2,1)G(1,91)G(f1,1)
1, 92)G(f2,91)G(f1,1)
1,92) (]‘ gl)G(anl)G(flal)
1,9291)G(f2f1,1)

faf1,9291)

Since this is defined using only the structure constraints of the functor G,
coherence immediately implies that this new constraint will also satisfy the
axioms necessary for F' to be a cubical functor. Thus we have defined a cubical
functor F': A x B — C.

To define the transformation v, first set v, ) : G(a,b) — F(a,b) equal to
the identity on G(a,b). We now need a 2-cell isomorphism v ;) in the square
below.

R 1R i

G(
G(
G(
G(

F(

idg(a,b)

G(a,b) F(a,b)

o) == |rue

G(d', ) - F(d,b)
ldG(a’,h’)
This amounts to a 2-cell G(1,g) o G(f,1) = G(f,g), and for this we take the
structure 2-cell for the functor G. Once again, coherence for functors imme-
diately implies that this choice will satisfy the axioms for being a transforma-
tion. O

Remark 5.3.6.1In [17], the procedure above is called nudging, and the trans-
formation v nudges G into a cubical functor.

Definition 5.3.7. A functor F : Ay X Ay x -+ A, — B is opcubical if the
following condition holds:

it (f1,f2, -5 fn)(91,92,---,9n) is a composable pair of morphisms in the 2-
category A; x Ay x --- A, such that for all i < j, either g; or f; is an identity
map, then the comparison 2-cell

¢:F(fl;fQ;---;fn)F(g17g27---;gn) :>F((f1)f27"'7fn)(917925"'agn))
is an identity.

Remark 5.3.8. Note that the difference between the definitions of cubical and
opcubical functors is the switching of ¢ > j for cubical functors to i < j for
opcubical functors. It is easy to check that, given a cubical functor F': Ax B —
C, we can produce an opcubical functor F* : A x B — C by defining

F*(fag) :F(fal)F(lag)

and replacing the necessary structure 2-cells with their inverses. Nudging F™*
gives back F', and in this case the transformation v has components at each
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object being the identity, and naturality isomorphisms given by the structure
constraints for /. Thus we obtain an isomorphism between cubical functors
A x B — C and opcubical functors A x B — C.

On the other hand, it is clear that there is an isomorphism between cubical
functors A x B — C and opcubical functors B x A — C by the definition
of opcubical functor. Combining these gives an isomorphism between cubical
functors A x B — C and cubical functors B x A — C. This procedure is one
way of producing a symmetry isomorphism A ® B = B ® A.

We have now established the basic results necessary to state the following
theorem.

Theorem 5.3.9. The category 2Cat of 2-categories and 2-functors has the
structure of a closed symmetric monoidal category when equipped with

e the Gray tensor product, A® B,

e unit object the terminal 2-category,

e the internal hom-functor Bicat®(A, B), and

o symmetry given by the construction given in Section 1.

Remark 5.3.10. Note that this is a different closed symmetric monoidal struc-
ture than the one given by cartesian product and the usual hom-2-category
having 0-cells 2-functors, 1-cells 2-natural transformations, and 2-cells modifi-
cations. We shall refer to the monoidal structure using the Gray tensor product
as Gray, and the cartesian monoidal structure as 2Cat.



Chapter 6

Gray-categories and the
tricategory Bicat

In this chapter, we will establish an important relationship between categories
enriched over the monoidal category Gray and certain kinds of semi-strict tri-
categories. In particular, this section will establish a weak form of the coherence
theorem for tricategories. We will then give the construction of the tricategory
structure on bicategories and the higher cells between them. The theory de-
veloped will then allow a more robust formulation of the coherence theorem in
Chapter 2. This theorem we call Coherence for Bicat, as it gives an appropriate
strictification of the tricategory of bicategories. One should understand that, in
this entire chapter, it is the coherence theory for bicategories that is at work.
This chapter only repackages the coherence theory by using the language of tri-
categories and the tools developed so far. Thus we see an interesting interplay
between the coherence theory for tricategories and the correct formulation of
the coherence results for bicategories.

6.1 Cubical tricategories

This section is devoted to proving a weak form of the coherence theorem for
tricategories. The theorem proved here will be used as a stepping stone to
the stronger version of coherence. This weak form will introduce many of the
concepts necessary to continue, and will be a simple consequence of a few results
that are important later.

Definition 6.1.1. A tricategory T is cubical if
1. each bicategory T'(a,b) is a strict 2-category,
2. each functor I, : 1 — T'(a,a) is a cubical functor, and

3. each functor ® : T'(b,c) x T'(a,b) — T'(a,c) is a cubical functor.

71
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Remark 6.1.2. It should be noted that condition 2 above does not appear in
the definition of cubical tricategory given in [17].

The main result of this section is the following theorem.

Theorem 6.1.3. FEvery tricategory T is triequivalent to a cubical tricategory
st with the same objects.

To prove this, we need to use the functor st : Bicat — 2Cat which was
explored in Chapter 2. Recall that if X is a bicategory, stX has the same
objects, a 1-cell f from x to y is a composable string of arrows

(where for n = 0, we have a unique arrow in stX from z to z), and a 2-cell
a: f=gisa2-cellin X from e(f) to e(g), where we define e(f) inductively by

e ¢(f)=id, if n=0,
e ¢(f)=frifn=1, and
e e(f)=-e(f")o f1if n>1, where f' is the 1-cell given by f,,fn—1--" fa.

The “inclusion” X — stX sending each object to itself, each 1-cell f to the
length 1 composable string, and each 2-cell « to itself is a biequivalence, and
there is a distinguished retraction given by sending each object to itself, each
1-cell f of stX to e(f), and each 2-cell « to itself. It is easy to prove Theorem
6.1.3 after we prove some preliminary results.

Proposition 6.1.4. Let X,Y be bicategories. Then there exists a cubical func-
tor st: stX x stY — st(X x Y) such that

1. st is the identity on objects and
2. there is an adjoint equivalence ¢, with left adjoint pictured below,
st(X xY)

/ wY”

stXxstY4>X><Y

such that all the component maps at each object are the identity map.

Proof. We shall define st using Proposition 5.2.2, so we must define it with each
variable held fixed and define a structure 2-cell satisfying certain axioms. By
necessity, it is the identity on objects.
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Note that identity 1-cells in st X are the length zero composable strings which
we shall write as 1,; the identity 1-cell in the bicategory X will be written as
id;. Thus we define st(f, 1) to be the composable string

(fnvidm)(fn—la idm) T (flvidm)v

and st(1, g) is defined similarly. Let I™ be the 1-cell in X given by e(id,id, - - - id,),
where the identity appears n times. To define st on 2-cells («, 1), where o : f =
fin stX, we must give a 2-cell in st(X x Y)

s%((a, 1)) : sft((f, 1)) = sﬂt((f’, 1)).
By definition, this is a 2-cell in X x Y

e((Fuid)(fa,id) - (F1,1d)) = e((frnid) (Frp1,id) - (1))

Since composition in X xY is componentwise, this 2-cell now has source (e(f), I™)
and target (e(f’),I™). Define sAt((a, 1)) to be (a, Yn,m) where vy [ = I
is the isomorphism given by structure constraints, unique by coherence. It is
now easy to check that we have defined strict 2-functors st, and st, by holding

each variable fixed separately.
The next step is to define the structure 2-cell v 4 for (f, g) : (z,y) — (@', y').

st(1,9)
(@,y) — (2, )

s}(f,l)[ / Lsx(f,l)

(90/, Y) W (l", Z/)

By definition, this is a 2-cell in X x Y with

e (Fuvid) - (fr,id)(id, ) -~ (id 1))
as its source and

e ((id, gm) -+ (id, 1) (Fsid) -+ (f1, 1))

as its target. We define 7f 4 to be the unique isomorphism given by coherence
between these 1-cells. There are now 3 axioms to be checked, but these all follow
from coherence and various naturality conditions.

For the second statement, we have already defined the components at the
objects to be identity maps. Let (f,g) be a 1-cell in stX x stY. The component
C(t,g) Of this transformation is a 2-cell

(id,id) o (st(1,g) ost(f, 1)) = (e(g),e(f)) o (id,id).
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By definition, this 2-cell has source given below.

There is a unique coherence isomorphism between the above cell and (e(g), e(f))o
(id, id) that provides the component of ¢ at (f, g). It is now trivial to check that
this is a transformation. The right adjoint ¢ is obtained similarly. The unit and
counit of this adjoint equivalence are given by modifications whose components
are the coherence isomorphisms l;il and liq, respectively. The triangle identities
follow from coherence.

O

Remark 6.1.5.1t is a simple matter to prove that the cubical functor st is
natural in both variables. Doing so would complete the bulk of the proof that
the functor st : Bicat — Gray is lax monoidal.

See the end of Section 2.4.3 for mention of the next lemma.

Proposition 6.1.6. Let F' : B — C be a functor between bicategories. Then
there is an adjoint equivalence w, with left adjoint pictured below,

stB————>B
stF / LF
stC C

e
such that all the component maps at each object are the identity map.

Proof. We have already stipulated that w, and w;, are both identity maps, so we
need only provide the components of these transformations at a 1-cell f of stB
to complete the data for these transformations. Let f be such a 1-cell, so that f
is a composable string (fy, ..., f1). If we write F'f for the string (F'f,,..., Ff1),
then wy is a 2-cell in C of the form

ido F(e(f)) = e(Ff) oid.

There is a unique coherence isomorphism by the coherence theorem for functors.
The component w¥ is constructed similarly. Since these are coherence cells, the
transformation axioms follow automatically.

The unit and counit are given by l;ll and liq, respectively. O

Proposition 6.1.7. The biequivalences e : stX — X and f: X — stX extend
to give a biadjoint biequivalence between X and stX.

Proof. We need to give adjoint equivalences n : 1 — fe, ¢ : ef — 1 and
two additional modifications, and then check two axioms. The transformation
n : 1 = fe has component 7, = id, and naturality constraint given by the
unique coherence cell

e(idp, h) = e(h) oid,,
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where h = (hy, ..., h1). The transformation n* is defined similarly. The adjoint
equivalence ¢ is the identity adjoint equivalence as ef : X — X is the identity
functor.

The components of the two required modifications have, as their sources
and targets, composites of identities. Thus we take their components to be the
relevant coherence isomorphisms, and the necessary axioms follow immediately.

O

We can now prove the main result of this section.

Proof of 6.1.3. Let T be a tricategory. The cubical tricategory stT will have
the same objects as T' with (stT")(a,b) = st(T(a, b)) We apply the Transport
of Structure theorem to the identity function on the set of objects of T" and
the biadjoint biequivalences e : stT'(a,b) — T(a,b), f : T(a,b) — stT(a,b).
Combining Propositions 6.1.6 and 6.1.4 gives an adjoint equivalence between

stT(b, ¢) x stT'(a,b) <5 T(b, ¢) x T(a,b) -2 T(a,c)
and
StT(b, ¢) x stT(a,b) =% st(T(b, ¢) x T(a, b)) =& stT(a,c) - T(a, c).

Taking the appropriate mate gives an adjoint equivalence between (st®) o st
and the composition functor used in the Transport of Structure theorem. Sim-
ilarly, we can take the unit 1 — st(7'(a,a)) to be the unique strict functor
whose image on the unique object is I. There is an adjoint equivalence between
this functor and the unit given by the Change of Structure theorem. By the
Change of Composition and Change of Units theorems, this constructs the tri-
category structure on st7T' with the desired composition and units, as well as a
triequivalence stT' — T. [l

Theorem 6.1.8. There is a triequivalence T — stT that is the identity on
0-cells and is the inclusion f : T (a,b) — st(T'(a,b)) on hom-bicategories.

We will not provide a proof of this theorem as it is completely straightfor-
ward. All that remains is to identify the remaining constraint data and check
the functor axioms; all of the data is obtained by pasting together units/counits
of the biadjoint biequivalence (e, f) and the adjoint equivalences used in the
previous proof. The axioms are then simple to check.

6.2 Gray-categories

In this section, we will highlight the relationship between categories enriched
over Gray and tricategories. Since the final form of the coherence theorem for
tricategories will state that every tricategory is triequivalent to a Gray-category,
we must first explain how Gray-categories are tricategories.
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Theorem 6.2.1. 1. Fvery strict 3-category is a Gray-category.
2. The structure of a Gray-category determines, and is uniquely determined
by, the structure of a strict, cubical tricategory.

Proof. First, we note that every strict 2-functor A x B — C'is also a cubical
functor. Thus the composition 2-functor for a strict 3-category X gives rise by
universal property to a composition 2-functor X (b, ¢) ® X (a,b) — X(a,c). The
rest of the Gray-category structure is simple to check.

For the second statement, it is a simple matter to directly compare data
and axioms. Note that the underlying data for a strict, cubical tricategory
always satisfies the tricategory axioms, so that the data for a Gray-category
corresponds to the first four pieces of data for a strict, cubical tricategory, and
the axioms for a Gray-category correspond to the rest of the data for a strict,
cubical tricategory. O

Corollary 6.2.2. There is a strict, cubical tricategory Gray with objects strict
2-categories and hom-2-category Bicat®(A, B).

Proof. Since Gray is a closed monoidal category with internal hom-functor
Bicat®, it is in particular enriched over Gray. O

Remark 6.2.3. It should be remarked that Gray is not a small tricategory as
it does not have a set of objects. The same will obviously be true of Bicat, but
this should not cause any concern. None of our constructions will ever result
in a tricategory-type structure that does not have small hom-bicategories, i.e.,
hom-bicategories which have sets of 0-, 1-, and 2-cells.

Lemma 6.2.4. There is a category Tricat ., with objects strict, cubical tricat-
egories and morphisms the strict functors between them; composition is given
by the formulas in Section 4.1.

Proof. This follows immediately from the formulas in Section 4.1 and the results
concerning the construction of the category Tricat, in Section 4.1. O

Theorem 6.2.5. The inclusion Gray-Cat — Tricat.,; is an equivalence of
categories.

Proof. First, we show how every Gray-enriched functor can be viewed as a
strict functor between the corresponding tricategories. Let F' : A — B be a
Gray-functor between Gray-categories. We take the strict functor F' to have
the same function on objects and the same 2-functor on hom-2-categories. The
adjoint equivalences y and ¢ can be taken as identity adjoint equivalences since it
is clear that F(x®y) = Fx® Fy (for x,y being 1-, 2-, or 3-cells) and FI, = Ip,.
The modifications w,y,d can also all be taken to be identity modifications by
similar reasoning. Thus we have constructed the inclusion functor above as this
assignment obviously preserves composition and identities.

We have already shown that this inclusion is essentially surjective. This
functor is an isomorphism on hom-sets since a strict functor between strict,
cubical tricategories determines, and is uniquely determined by, a function on
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objects and strict 2-functors on hom-2-categories that strictly preserve identities
and compositions. O

6.3 The tricategory Bicat

This section will establish two key results. The basic result is that the collection
of bicategories, functors, transformations, and modifications forms a tricategory.
This will be shown directly by calculation. We additionally prove it by trans-
porting the tricategory structure from the tricategory Gray. This will also prove
that Bicat is triequivalent to an easily determined full sub-Gray-category of
Gray which we call Gray’.

It should also be noted that there are two natural tricategory structures
on such data; this becomes clear when defining the horizontal composite of
transformations, as there are two obvious choices and a canonical comparison
map between them. This bifurcation will be noted, but it will not be important
to the theory developed here.

6.3.1 Constructing Bicat directly

Here we will construct the tricategory structure on Bicat directly and without
the use of the Transport of Structure theorem. This line of proof is largely cal-
culational. In the next section we will use transport to construct a triequivalent
tricategory structure denoted B.

The first piece of data we must construct is the hom-bicategory Bicat(A, B)
for bicategories A and B. It has objects the functors F' : A — B, 1-cells the
transformations o : F' = G, and 2-cells the modifications I" : a« = (. We will
not construct this bicategory explicitly, but only mention that the structure
constraints in it are obtained from the structure constraints of the target B.
The unit 74 : 1 — Bicat(A, A) is given by a functor whose value on the unique
object of 1 is the identity functor id4 : A — A.

Proposition 6.3.1. There is a functor
® : Bicat(B, C) x Bicat(A, B) — Bicat(4, C)
whose function on objects is given by G @ F = Go F.

Proof. We have defined ® on objects, now we must define it on hom-categories.
Let « : F = F’ and 8 : G = G be transformations. Then we define the
transformation G * o : GF = GF’ to have its component at a as Ga, and its
component at f : a — a’ to be the 2-cell

Gaw 0 GFf -2 Glaw o Ff) 2 G(F' f o ag) 2= GF'f o Gaw,

where ¢ is the structure constraint for G. It is easy to check that this is a
transformation with the claimed source and target. We similarly define 3 x F.
Now define

B@a:= (G *a)o(f*F).
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This transformation has as its component at a the 1-cell
G,aa o ﬁF(L-

Thus given modifications I' : « = o/ and A : 8= 3, we define A®T to be the
modification with component

(A®T)y = G'Ty * Apg.

It is a simple matter to check that this does define a modification with source
B ® a and target §' ® o’.

These assignments preserve composition of modifications and preserve iden-
tities by the interchange law. Thus we have defined a functor on hom-categories,
so the next step is to give structure constraints.

Let o : F/ = F” and ' : G’ = G” be transformations. We must provide
an isomorphism modification between (8’ @ o’) o (8 ® a) and (8’ o 8) ® (¢’ o ).
The first of these transformations has component

(G" a0 Brrg) o (G’ © Bra)
at a, while the second has component
G (agaa) © (Bq © Bra)

at a. The structure constraint for composition is the modification ®o with
component at a given by the following composite, where coherence 2-cells are
unmarked isomorphisms.
"1 / / ~ ) / / 1*(5,6"'%*1)
(G"a 0 Big) 0 (G'aw © Bra) = G"af 0 ((Bprg © G'ea) © Bra) — —
~ ¢l
G"ay o ((G"aa 0 Bp,) © Bra) = (G"0f 0 G"aa) © (Bpg © Bra) —
G"(ag 0 ag) o (Bp, © Bra)

A lengthy calculation shows that this is a modification; it is clearly invertible.
The constraint cell for the identity is constructed similarly.

Finally, we must check the functor axioms. These follow directly from co-
herence and the transformation axioms. O

Remark 6.3.2. Note that we could have defined § ® a by the formula
(B* F')o (G *a).

This has the effect of giving Bicat an opcubical composition instead of the
cubical one defined here. The rest of the results of this section can be reformu-
lated in terms of this composition, giving a different tricategory structure on
bicategories, functors, transformations, and modifications. We will refer to this
tricategory structure as Bicat™.

Proposition 6.3.3. There is an adjoint equivalence a : ®o(®@x1) = ®o(1x®)
with the component of a at the object (H, G, F') being the identity transformation
and the component of a* at (H,G, F) being the identity transformation.
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Proof. We need only give each component at a triple (v, 3, «) of transformations,
check that this does give the claimed transformation, provide the unit and counit
modifications, and check the triangle identities. The modification a,g. has
component at a given by the following composite.

H*l

ido (H'G'ag o (H' Bra 0 ¥ara)) = (H'G o 0 H'Bra) 0 Yara
H/(G/aa o ﬁFa) O YGFa = (HI(Glaa o ﬂFa) o IYGFa) oid

This is easily shown to be a modification, and the component a5 1S defined
similarly. The transformation axioms follow from coherence for functors as all
the 2-cells involved are constraint cells.

Now we must define the unit and counit of this adjoint equivalence. These
are modifications 1 = a'a and aa’ = 1; both are given by coherence cells, from
which the triangle identities follow immediately. [l

We state the next two propositions without proof, as they follow from similar
arguments as the previous propositions.

Proposition 6.3.4. There is an adjoint equivalence 1 : ® o (I4 x 1) = 1 with
the component of I at the object F being the identity transformation and the
component of I' at the object F' being the identity.

There is an adjoint equivalence r : @ o (1 X I4) = 1 with the component of
r at the object F' being the identity transformation and the component of r* at
the object F' being the identity.

Proposition 6.3.5. There are invertible modifications m, u, A, p as in the defi-
nition of a tricategory with the component of each at any object being the mod-
ification given by unique coherence isomorphisms.

Theorem 6.3.6. The data provided above gives a tricategory structure on the
collections of bicategories, functors, transformations, and modifications.

Proof. All three axioms follow from the observation that for any of the modifi-
cations involved, the components are all given by constraint cells in the target
bicategory. Thus coherence implies that all necessary diagrams commute. [

The last two results of this section are presented without proof. They will
not be used in the remainder of this work.

Lemma 6.3.7. There is a biequivalence Bicat(A, B) — Bicat™ (A, B) which is
the identity on objects.

Theorem 6.3.8. There is a triequivalence Bicat — Bicat™ which is the iden-
tity on 0- and 1-cells.
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6.3.2 The tricategories Bicat and Gray

The main result of this section is that Bicat is triequivalent to a full sub-
tricategory of the tricategory Gray constructed in Corollary 6.2.2. This will be
accomplished in two steps. The first is to construct a tricategory B by transport
and then check that it is triequivalent to a full sub-tricategory of Gray. The
second step is to compare this with the tricategory Bicat constructed in the
previous section.

Before proving these theorems, we need to establish the following local result
which is a consequence of the coherence theorem for functors and properties of
the functor st.

Proposition 6.3.9. The function sending each functor of bicategories F : X —
Y to the strict 2-functor stF : stX — stY extends to a biequivalence of bicate-
gories stxy : Bicat(X,Y) — Bicat®(stX, stY'). Moreover, this biequivalence is
part of a biadjoint biequivalence in the tricategory Bicat.

Proof. First, we must define stxy on the 1-cells and 2-cells of Bicat(X,Y).
Given a transformation « : F' = G, define sta to be the transformation with
component (sta), = o, at a and with naturality constraint (sta)s given by
the commutativity of the following diagram, where f = (f,,..., f1) and the
unmarked isomorphisms come from coherence.

(sta)y

e(ab,an,...,Ffl) —>6<an,...,Gf1,aa)

gl l%

abOF(e(f)) G(e(f)) 0y

Xe(f)

The transformation axioms then follow from the fact that « is a transformation
and coherence.

Now given I' : « = 3, we construct stI" by giving it the component (stI'), =
I'y. Coherence implies that this is a modification.

It is clear that this is a functor on the relevant hom-categories since modifi-
cations are composed component-wise. Now we define the structure constraints
and prove that they give a functor of bicategories. In each case, the relevant
modification has as its component at a the appropriate constraint isomorphism.
The modification axioms are satisfied because of coherence.

Proving that stxy is a biequivalence requires proving that it is biessentially
surjective and locally an equivalence of categories. To prove the first of these
claims, recall that there are biequivalences f : X — stX and e : stY — Y.
Given a 2-functor F : stX — stY, let ' : X — Y be the composite eF f. It
is easy to show, using the transformation w from Proposition 6.1.6, that F' is
equivalent to stF.

To show that stxy is locally an equivalence of categories, let F,G : X — Y
be a pair of functors and « : stF' = stG be a transformation. We define @ by
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the following formulas.

Note that in the second formula, we are identifying the 1-cell f with the length
one string (f). In the notation of Proposition 6.3.1, @ = e * a * f. There is an
isomorphism between « and sta given by a modification all of whose components
are constraint isomorphisms. Thus stxy is locally essentially surjective. To see
that stxy is locally full and faithful, note that a modification is determined by
its components, so I' — stI" is injective. On the other hand, any modification
A : sta = st gives rise to a modification A with the same components by
restriction. It is immediate that A is a modification and that stA = A. Thus
stxy is locally full and faithful, therefore a biequivalence.

For the final statement, we merely indicate the rest of the required data; all of
the axioms follow easily. The functor sty : Bicat®(stX,stY) — Bicat(X,Y)
is given by the following data. On objects, it maps F': stX — stY to eF f. On
1-cells, it maps a : F' = G to e x a* f. On 2-cells, it maps I' : a = [ to the
modification with the same components; as before, it is immediate that this is
a modification since it is defined by “restricting” the original modification. It is
clear that this is locally a functor on hom-categories. The constraint modifica-
tions all have unique coherence isomorphisms as their components. It is simple
to demonstrate that this functor is a biequivalence using arguments similar to
those used for stxy .

We must now give adjoint equivalences € : stxystyy — land n : 1 —
styystxy. To give €, we define er to be the transformation with its compo-
nents identities and naturality constraints identity 2-cells (since stY is a strict
2-category). The modification ¢, for a transformation o : F' = G is the identity
modification. For ), we define it to be the transformation given as follows. The
component 1 is the identity transformation, and the naturality constraint 7, is
the modification with identity maps as its components. The other transforma-
tions are defined similarly. Units and counits are given by the obvious coherence
cells.

Finally we must give modifications (see Appendix A) and show that they
satisfy two axioms. These modifications have, as their sources and targets,
composites of constraints and the transformations defined above. Since all of
the components of the above transformations are themselves identity transfor-
mations, our modifications are given by unique coherence isomorphisms. This
defines a modification by coherence, and coherence also implies that the axioms
for a biadjoint biequivalence are satisfied.

O

Theorem 6.3.10. There is a tricategory B with objects bicategories A and
hom-bicategories given by Bicat(A, B) that is triequivalent to the full sub-Gray -
category of Gray determined by those 2-categories of the form stB for some
bicategory B.
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Proof. We apply the Transport of Structure theorem to the function that sends
a bicategory X to stX and to the biadjoint biequivalence given in the previous
proposition. By construction, there is a triequivalence B — Gray which agrees
with st on objects and stxy on hom-bicategories. O

Remark 6.3.11. It will be necessary for the next proof to know explicitly the
tricategory structure on B. The composition in B, denoted K, is given on
objects by the following formula.

GXRF:=costGostFof=eost(GF)o f

The unit map 1 — B(X, X) is given by the functor taking the value of idx on
the unique object, the value of the identity on the unique 1-cell, and with all
constraints given by unique coherence isomorphisms. The adjoint equivalences
a,l, r are all identity adjoint equivalences. The invertible modifications g, A, p
are identities as well. Thus B is a strict tricategory which has a “cubical”
composition law but is not locally a 2-category.

Theorem 6.3.12. There is a triequivalence Bicat — B which is the identity
on objects and hom-bicategories.

Proof. We need only provide the remaining data for a functor and check the
appropriate axioms to complete the proof.

The adjoint equivalences Y, ¢ are identity adjoint equivalences. The invertible
modification w gives, for each triple (H, G, F') of functors, a modification whose
component 2-cells have source id o (Hid o id) and target id o (id o Flid). We take
this to be the 2-cell 1 % (qb;ll * ¢r). Note that this is the unique coherence cell
between these 1-cells.

The invertible modification y gives, for each functor F', a modification whose
component 2-cells have source id o (id o id) and target id o id; we take these
components to be the unique coherence cells.

The two functor axioms now follow from the fact that all of the 2-cells
involved are unique coherence cells. O

Definition 6.3.13. Let A, B be 2-categories. Then A and B are strictly biequiv-
alent if there exist strict 2-functors F': A — B and G : B — A such that GF is
equivalent to 14 in Bicat(A, A) and F'G is equivalent to 1p in Bicat(B, B).

Remark 6.3.14. Since A, B are strict 2-categories and the functors FG,GF, 14,
and 1p are strict 2-functors, we could have demanded that GF' be equivalent to
14 in Gray (A4, A), and similarly for F'G, for a logically equivalent definition. It
is now easy to check that two strict 2-categories are strictly biequivalent if and
only if they are internally biequivalent in the tricategory Gray.

Definition 6.3.15.Let Gray’ be the full sub-Gray-category of Gray deter-
mined by all the strict 2-categories which are strictly biequivalent to a 2-category
of the form stB for some bicategory B.
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Corollary 6.3.16 (Coherence for Bicat). The tricategory Bicat is triequiva-
lent to the tricategory Gray’.

Remark 6.3.17. 1t should be noted that the tricategory Bicat is not triequiv-
alent to the tricategory Gray, as shown by Lack in [26]. It is easy to see that
the inclusion Gray’ — Gray is not a triequivalence, as the 2-category I with

e a single object ,
e a single idempotent f:x — z, and
e only identity 2-cells

is not strictly biequivalent to any 2-category of the form stB. Lack uses a
similar example to show that the inclusion Gray — Bicat is not a triequiva-
lence, and then proves that any triequivalence Gray — Bicat would be forced
to be appropriately equivalent to the inclusion. This produces an immediate
contradiction, hence Gray is not triequivalent to Bicat.
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Chapter 7

Functor tricategories:
Gray-structures

In this chapter, we will begin proving the required results to establish the ex-
istence of a tricategory structure on the collection of functors, transformations,
modifications, and perturbations between fixed source and target tricategories.
We will not complete the full proofs here, but we will establish the complete
local structure — for tricategories S, T and functors F, G : S — T between them,
we construct the hom-bicategory Tricat(S,T)(F,G). We then show that if T is
a Gray-category, this bicategory is actually a 2-category. Finally, we produce
the remaining data for the tricategory Tricat(S,T) in the particular case that
T is a Gray-category, and show that the resulting tricategory structure is also
a Gray-category. The full result that for any pair of tricategories S, T there is
a tricategory Tricat(S,T) whose 0-cells are functors, whose 1-cells are trans-
formations, whose 2-cells are modifications, and whose 3-cells are perturbations
will not be provided in this work. There is no substantial obstruction to proving
this, however, but doing so is not necessary for our proof of coherence.

7.1 Local structure

The first section will focus on local results that apply when S, T is any pair of
tricategories. We will prove that if F,G : S — T is any pair of functors between
tricategories, then there is a bicategory Tricat(S,T)(F,G) whose objects are
transformations o : F' — G, whose 1-cells are the modifications between these,
and whose 2-cells are the perturbations between these.

Theorem 7.1.1. Let S,T be tricategories, and F,G : S — T be functors.
Then there is a bicategory Tricat(S,T)(F,G) with 0-cells the transformations
a: F — G, 1-cells the modifications m : o = 3, and 2-cells the perturbations
o:m=n.

85
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Proof. To define such a bicategory, we must give hom-categories, a composition
functor, associativity and unit isomorphisms, and then verify two axioms. The
hom-category Tricat(S,T)(F, G)(«, 3), hereafter abbreviated [a, (], is defined
to have objects the modifications m : @« = § and morphisms the perturbations
o : m = n. Composition of morphisms is given by defining the component at
a of the composite 7 o o to be 7, 0 0,, where this composition is the vertical
composition of 2-cells in the appropriate hom-bicategory. Similarly, the identity
arrow 1,, : m = m has as its component at a the identity 2-cell 1,,,, once
again taken in the appropriate hom-bicategory. It is immediate that these are
perturbations. It is easy to see that this does give the structure of a category, as
vertical composition of 2-cells in a bicategory is strictly associative and strictly
unital.

The next step in establishing the local bicategory structure is to provide a
composition functor

<[] x e, B] = [as .

On objects, we define n.m to have as its component at a the composite n,mg,
where we now use the composition of 1-cells in the appropriate hom-bicategory.
To give a modification, we must also provide an invertible modification (in the
bicategorical sense). This consists of, for each f € T'(a,b), a 2-cell

laf ® (nama) o oy = (nymy) ® 1y o vy

This 2-cell is given by the pasting diagram below; the unmarked isomorphisms
are unique constraint isomorphisms.

ag 1®(nama)
apQF f Gf®aa Gf®Ya

my ~ 1®ng
1®mg B

Gf®Ba

B

Ne®1 X

YW ®F f

It is immediate that this is invertible, and the modification axiom is trivial to
check using that m; and ny give modifications.

We now define 7.0 to have component 7, * o, at a, where this horizontal
composite is formed in the appropriate hom-bicategory. Functoriality follows
since it is merely the interchange law for the hom-bicategories used in our con-
structions.

The next step is to define the associativity and unit structure constraints.
The associativity constraint is given by the perturbation A : (p.n).m = p.(n.m)
having as its component at the object a the 2-cell

Aq : (Pa ©Mg) 0Mg = Do © (Ng ©Myg)
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which is the associativity constraint in the appropriate hom-bicategory. The
single axiom for being a perturbation follows immediately as a consequence of
coherence. Similar definitions provide the left and right unit constraints, L
and R, respectively. There are now two bicategory axioms to check, but these
follow directly from the fact that they hold locally by coherence, i.e., in each
hom-bicategory separately. O

Corollary 7.1.2. Let S be a tricategory and let T be a tricategory such that each
T(a,b) is a strict 2-category. Then for any pair of weak functors F,G : S — T,
the bicategory Tricat(S,T)(F,G) is a strict 2-category.

Proof. Since the associativity and unit constraints are given by the constraints
in the hom-bicategories of the target, the result is immediate. O

7.2 Global results

For this section, S will be any tricategory and T' will be any strict, cubical
tricategory, i.e., a Gray-category.

Theorem 7.2.1 (Cubical composition). Under the above hypotheses, there is a
cubical composition functor

® : Tricat(S,T)(G, H) x Tricat(S,T)(F,G) — Tricat(S,T)(F, H)
such that 8 ® « is the transformation defined by

e the component at the object a is given by

(ﬁ®a)a = B0 ® aq;

e the adjoint equivalence B ® a is given by
1. (B® )y is the composite

By @ap) @Ff — B @ (i @ Ff) Y B ® (Gf ®@ ) —
By ® Gf) ® g 22 (HF © o) ® g — HF @ (Ba ® 0va),

and

2. (B® a)y is the composite
(I®ay)o (B ®1),

3. the counit of this adjunction is the obvious composite of counits, and
the unit is the obvious composite of units;
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e the invertible modification 11 is provided by the pasting diagram below,
where we have written tensor as concatenation;

la
BeacFgF f % BcGgapF f % HgByapF f % HgByGfoag

1851
1oy Bg11
11x 1QIT® ,G‘CGngaa / HgHfBq0q
el lxn

BeacF(gf) ﬁcG(gf)aa —————> H(g9f)Baa
Qg Bgsl

and

o the invertible modification M is given by the pasting diagram below.

/Baaa % BaaaIFa % /BaaaFI

/ lar,
TQM™

BalGaoa % BaGlaaq

1.1
/ Bral
MP®1

Igafacta HI,Baaq
JH11=H1

Proof. To give a cubical functor as above, we first need to provide strict 2-
functors ®, and ®g which each hold one variable constant. First, note that the
formulas above do indeed give a transformation S ® « : ' = H. Thus we have
defined the values of these functors on 0-cells, so we now extend them to 1- and
2-cells. Here we give explicit formulas for ®g; those for ®, are similar. For a
modification m : o = o/, we define ®g(m) to be the following trimodification.
The component at a is
®g(m)e = 1g, @ My,

where the identity 2-cell is taken in the relevant hom-bicategory. For each
fia—bin S, the modification ®gz(m) is defined to have component at f given
by the following pasting diagram.

1®O£f ﬂf@l

By F f BGfag HfBuca
1®mb®1l / Ll@l@ma ~ ll@l@ma
1®my =
! ! /
ooy F f o BGfal, o HI B,

On 2-cells, we define ®g by the formula

®p(0)a = 11,, ® 04.
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The perturbation axiom is immediate.
Now we check that ®g is a strict 2-functor. First, note that

®p(n)a 0 ®p(M)a = @p(nM)a

since T is a Gray-category. Similarly, the modifications ®g(n) o ®3(m) and
®g(nm) coincide. If m is the identity modification, it is easy to check that
®g(m) is the identity as well. Finally, ®3(7)o®g(0) = ®@g(700) and @4(1,,) =1
by similar arguments.

Finally, to define a cubical composition functor we must provide a structure
2-cell and check that it satisfies three axioms. This perturbation will have as
its component at a the coherence cell

(N0 ® 1) 0 (15, ® ma) = (1, ® ma) 0 (g @ 1la,)

given by the isomorphism ~ arising from the Gray-category structure on 7'
The perturbation axiom is a consequence of the naturality of the isomorphism
v from the Gray-category structure on 7. It is immediate that this satisfies
the necessary axioms to give the comparison cell for a cubical functor, as they
are satisfied locally by the Gray-category axioms. [l

We are now in a position to prove the main theorem of this section.

Theorem 7.2.2 (Gray-category structure). Let S be any tricategory and let
T be a strict, cubical tricategory. Then there is a Gray-category Tricat(S,T)
with

e objects weak functors F': S — T,
e hom-2-categories Tricat(S,T)(F,G) as given above, and
e composition 2-functor
Tricat(S,T)(G, H) ® Tricat(S,T)(F,G) — Tricat(S,T)(F, H)
induced by the cubical functor in Theorem 7.2.1.

Proof. All that remains is to provide a unit map 1 — Tricat(S,T)(F, F') and
to prove that composition is strictly unital and associative. The unit is given
by the 2-funtor which sends the unique object to the identity transformation
1p : F — F given by the following. The component at a is the 1-cell Ir, given
by the unit in 7. The adjoint equivalence

]-F : (idpa)* oF — (idpa)* oF

is taken to be the identity (recall that 7" has strict units), and the invertible
modifications are both the identity. The rest of the unit 2-functor is determined
since it is a strict 2-functor. It is immediate that this gives ® a strict unit by
the proof of the previous theorem.
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Finally, we check associativity. From the definition of § ® «a, we see that

(Y@p)@a=70(BRa)

since the composition in T is strictly associative and unital. An easy computa-
tion shows that the same holds for 1- and 2-cells. Since ® is strictly associative
and unital, Tricat(S,T') has been given the structure of a Gray-category. O

Remark 7.2.3.1In [17], there is a strategy outlined for providing a tricategory
structure on the 3-globular set whose 0-cells are functors between fixed tricat-
egories, whose 1-cells are transformations, whose 2-cells are modifications, and
whose 3-cells are perturbations. It would be a simple matter to use the results
above and the Transport of Structure theorem to realize that strategy, but we
have refrained from doing so as it is not necessary for our proof of the coherence
theorem for tricategories. Additionally, this tricategory structure would not be
the naive one with the composition functor

® : Tricat(S,T)(G, H) x Tricat(S,T)(F,G) — Tricat(S,T)(F, H)

given by composition of transformations on 0-cells. This is analogous to the fact
that the tricategories Bicat and B in the previous chapter do not coincide, but
instead are only triequivalent.



Chapter 8

The Yoneda lemma and
coherence

In this chapter, we prove a restricted type of Yoneda Lemma. A full tricategor-
ical Yoneda Lemma would express the existence of a functor

T — Tricat(7T°P, Bicat)

having certain properties; in particular, it should be a triequivalence when the
target is appropriately restricted. We will not prove this theorem here, as it
would require a large quantity of tedious calculations in constructing the functor
tricategory in the target. Instead, we will restrict ourselves to the case when T
is a cubical tricategory, and then prove a similar result for the functor

T — Tricat(7T°?, Gray).

Since T is cubical, we can replace Bicat with Gray, and now the functor tricat-
egory in the target is itself a Gray-category. Proving that this functor affords a
triequivalence between T and its essential image then gives the required coher-
ence result, as we have already shown that any tricategory S can be replaced
with a triequivalent cubical tricategory stS.

Our Yoneda-type result will be proved in two steps. First, we establish the
existence of the claimed functor. Second, we exhibit the properties necessary
for the coherence result.

8.1 The cubical Yoneda Lemma

This section will focus on the case when the target tricategory T is cubical, and
that assumption will now be made throughout this section. We proceed with a
number of calculational lemmata in order to make the proofs more digestible.
Most of the proofs in this section are unenlightening calculations. Many
follow directly from the tricategory axioms, but some are quite involved. We
omit these difficult calculations and explain how to prove them in Appendix C.
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Lemma 8.1.1. Let a be an object of T. Then there is a functor
T(—,a): T — Gray
whose value at b is the 2-category T'(b, a).

Proof. Recall that the tricategory Gray has 0-cells strict 2-categories, 1-cells
strict 2-functors, 2-cells transformations, and 3-cells modifications. First, we
have that T'(—, a)(b) = T'(b, a) which is a strict 2-category since T is cubical. If
f:b—bisal-cellin T, then T(—,a)(f) : T(t/,a) — T(b,a) (which we shall
now call f*) is defined as follows.

e On the 0-cells of the hom-2-categories, f*(g) = g ® f.
e On the l-cellsa: g — h, f*(o) = a® 15.
e On the 2-cellsI': a = 3, f*(I') =T ® 14,.

Since the hom-bicategories for T' are strict 2-categories and the composition
functor is cubical, we have that

fr(Boa) =

(Boa)® 1y

(Boa)® (1501y)
= ﬂ®1foa®1f

fe(B) o f*(a),

so f* strictly preserves composition. Composition being cubical also forces f*
to strictly preserve units, thus proving that f* is a strict 2-functor.

For a : f — f’, we define the transformation T(—,a)(c) : f* = f"™* (now
denoted o*) as follows.

e For g: b — a, the component o is ly3Qa: g f—go f.

e For a l-cell B : g — ¢, we define the 2-cell o to be the inverse of the
structure 2-cell for cubical composition.

gef
1 1R«
/ \
g f \:E.Lﬂ e J e[
1R«
ea g 08

e The transformation axioms follow immediately from the cubical functor
axioms.

For I' : @ = o/, we define the modification T'(—,a)(I") : a* = o* (now
denoted IT'*) by the following.

e For a (O-cell g in the hom-2-category, the component I'y is 1;, @ I
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e The modification axiom is a result of the naturality axioms for the cubical
composition.

Now that we have defined T'(—, a) on cells, we must show that it is a functor
when equipped with appropriate constraint data. First, we check that it defines
a homomorphism of bicategories on the appropriate hom-bicategories. It is clear
that composition of 3-cells is preserved strictly, as are identity 3-cells; therefore
we have functors

TP(b,0')(g,9') — Gray (T(b,a), T(V,a)) (9", g").

Now let a: f — f"and & : f' — f” be 1-cells in T°P(b,b’). Then (o’ o a)* has
component at g

/%
g

ly@(@oa)=1,0ad ol =a; oo, @«

by the same argument as above. By the characterization of cubical functors, it
is easy to see that the 2-cells (o’ o @) and 0/5‘ o aj are equal as well. Thus we
see that on the hom-bicategories — which are actually strict 2-categories — we
have defined strict functors.

Next we construct the adjoint equivalence x for T'(—,a). This consists of
a pair of transformations and a pair of invertible modifications satisfying the
triangle identities. The transformation y has component at h € T°P(x,y) the
associator apfg 1 (h® f) @9 — h® (f ® g), so that the adjoint equivalence x is
just the adjoint equivalence a (for T') with two of the variables held fixed.

The adjoint equivalence ¢ is just the opposite of the adjoint equivalence r
for T. The invertible modification w is a mate of 7 (for T'), and the invertible
modifications v and § are mates of p and p, respectively.

The first functor axiom follows from the first tricategory axiom, and the
second functor axiom follows from the third tricategory axiom. O

Lemma 8.1.2. Let f :a — a' be a 1-cell of T. Then there is a transformation
T(—,f): T(—,a) = T(—,d") whose component at the object b is a functor which
is g — f ® g on objects.
Proof. The component at an object b will be the strict 2-functor
fi 1 T(bya) — T(b,a’)
defined by
o fi(la)=1y®a, and

[ ] f*(F) = ll,f ®P
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This is a 2-functor by the same arguments used to show that f* is a 2-functor.
Next we construct an adjoint equivalence

T(—.f) : (fi)« o T(=,a) = (f)" o T(—,a')

in the appropriate functor bicategory. First, we must define the transformation
T(—, f) to have a component at g : b — b (in T°P); this component will be
a l-cell in Gray(T(a,b),T(a’,b")), that is, a transformation between strict 2-
functors. The source 2-functor is defined on objects by

j=fe(eg),

and the target 2-functor is defined on objects by

e (feji)ey.

The adjoint equivalence is then the opposite of the adjoint equivalence a (since
a is the associativity adjoint equivalence for T', this is actually the associativity
adjoint equivalence for T°P). The invertible modification II is the mate of 7!
with source a o (a" ® 1) o a* and target a* o (1 ® a). The invertible modification
M is the mate of p~! with source a* o (1 ® r*) and target r*.

The first transformation axiom follows from the first tricategory axiom, the
second is proved using the strategies outlined in Appendix C, and the third is
an immediate consequence of the third tricategory axiom. O

Lemma 8.1.3. Let o : f = f' be a 2-cell in T. Then there is a modification
T(—,a):T(—, f)=T(—, f') whose component at the object b is a transforma-
tion whose component at g is
feg*S ey

Proof. A transformation has as its data components at objects and naturality
isomorphisms for each 1-cell. The naturality isomorphism is the modification
which is given componentwise by the isomorphism ! given by the cubical
composition.

The invertible modification T'(—, «) is defined to have its component at j be
the naturality isomorphism for a.

The two modification axioms are consequences of the fact that II and M
given in the previous lemma are modifications.

O

Lemma 8.1.4. Let I' : o = o' be a 3-cell in T. Then there is a perturbation
T(—,T): T(—,a) = T(—,d) whose component at the object b is the modifica-
tion whose component at g is

a®l, 2o @1,
Proof. The single axiom is trivial using the naturality of the isomorphism ~~*
that is the naturality isomorphism for T'(—, ). O
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Theorem 8.1.5. Let T be a cubical tricategory. Then there is a functor
y: T — Tricat(T°?, Gray)

that is defined on cells as below.

ar— T(_aa)
f = T(_a f)
a— T(—,a)
—T(-,T)

Proof. Now that we have defined y on cells, we must examine its functoriality
and provide constraints to give it the structure of a functor between tricategories.
For ease of notation, we will write the composition in Tricat(7°P, Gray) as
X. First, we examine y on hom-bicategories, which in our case are strict 2-
categories. It is immediate from the definition given in Lemma 8.1.4 that y
strictly preserves identity 3-cells and that

y(ToA) =y(T)oy(A).

Finally, we need to compare y(a’a) to y(a’)y(a), where we are writing the
composition of 1-cells in the hom-bicategories as concatenation. Since the com-

position in T is cubical, the transformations y(a’«), and (y(o/)y(a)) , have the

same components at g; similarly, these transformations have the same naturality
isomorphisms by the cubical composition axioms. We now compare the invert-

ible modifications y(co/cv)4 and (y(a’)y(a)) . It follows from the fact that T is
g

locally a 2-category and that its composition is cubical that these two modifi-
cations have the same components, hence are in fact equal. It follows similarly
that if « is the identity, then so is y(«). Thus y is given the structure of a strict
2-functor on each of the hom-2-categories.

Next, we must define an adjoint equivalence x : Koy x y = y o X. For an
object of the source (g, f), we need a 1-cell

y(g) Xy(f) = ylg® f).

Such a 1-cell is a modification between transformations; the component at an
object b of T' is the transformation a*. The required invertible modification is
the naturality isomorphism for a*. The adjoint x* is defined similarly, and the
unit and counit for this adjunction are given by the inverses of the units and
counits for the adjoint equivalence a.

Next, we must determine the unit adjoint equivalence ¢. The modification
¢ has source 1,(,) and target y(I,). Thus we define the component at b to be
the transformation [*. The required invertible modification is the naturality
isomorphism for [*. The rest of the definition is made in analogy with the
definition of x.

The invertible modification w is the mate of 7=! with source (a ® 1) oa* o a*
and target a* o (1 ® a*). The invertible modification v is the mate of A with
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source (I ® 1) o a* ol* and target the identity; the invertible modification 0 is
defined similarly.

The first functor axiom follows immediately from the first tricategory axiom.
The second functor axiom then follows immediately from the second tricategory
axiom. O

Theorem 8.1.6 (Cubical Yoneda Lemma). Let T be a cubical tricategory, and
y: T — Tricat(T°P, Gray) be the functor constructed above. Then y is a local
biequivalence, i.e., each 2-functor

Ya.ar : T(a,a’) — Tricat(T°?, Gray) (T(—, a), T(—, a’))

s a biequivalence.

Proof. We must show that this 2-functor is locally an equivalence and is biessen-
tially surjective.
1. The 2-functor yq 4 is locally faithful.

Let A, T : @ = (8 be parallel 2-cells in T'(a,a’), and assume that y(I') = y(A).
Two perturbations are equal if and only if they have identical components for
all objects. Thus we see that ' ® 1;, = A® 1y, for all g : b — a. In particular,
taking b = a and g = I,,, we get that A ®1;, ='® 11,. The following diagram
commutes by the naturality of r.

a®l
a®1 , m,
f®lg —————— > f'®I, f®lg ———— > f'®I,

f———— f—————f

\u_r/f p

B

This gives the following equality of 2-cells in the 2-category T'(a,b), using the
same diagram with A instead of I.

(Cxlp)ora=(Ax1. )07,

But since 7, is invertible and r¢ is an equivalence 1-cell, this implies that I' = A.
2. The 2-functor yg 4 is locally full.
Let o, 8 : f — [’ be parallel 1-cells in T'(a,a’), and let o : y(a) = y(B) be
a perturbation between them. Thus for each object b in T°P, we have a 3-cell
op : y(a)y = y(B)p in Gray. Such a 3-cell consists of a modification between
the transformations y(a), and y(8),. The modification o, has as its component
at the object g € T'(b,a) a 2-cell (o) : a® 1y = B®1,. Thus we obtain the 2-
cell below, denoted &, where we have taken appropriate mates of the naturality
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isomorphisms for r to obtain the unmarked cells.

We now claim that y(@) = 0. The perturbation y(7) has as its component at b
the modification with component at g given by & ® 1, and we must show that
this is equal to (03)y. Now the 3-cell & ® 1y, is given by the pasting diagram
below.

a®l

J

((X®1])®1

ol /\

f®9 ————— (f®I)®yg ﬂ<0a>1®1 (f'®I)®g et f'®g

\_/

(6®U)®1

B®1
This is equal to the pasting diagram

a®l

/;\

f®g

f'og

(a®1)®1

f®g

BR1

by expanding out the mates involved; note that we have used in an essential way
that locally T is a 2-category. The unmarked isomorphisms are either naturality
isomorphisms (for r) tensored with an identity or unit isomorphisms (for the
adjoint equivalence r) tensored with an identity.
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Since each o3 is a modification and ¢ is a perturbation, we have the following
equality of 3-cells in T,

a®l a®l
f®g o f'®g f®g U(ob)g f'®g
(a@1)@1 l l ~_ l
r”®1 r®l = rel r®1
Bg@l
(feN®g  U(0.)1®1  (f'®I®g (fel)®g N (F'®H®g
(Be1)®1 (B®1)®1

where once again the unmarked isomorphisms are naturality isomorphisms for
r* tensored with identities. Combining the above pasting diagram with this
equality gives that (y(@)s)g = (0p)g since the rest of the cells in the resulting
diagram are pairs of isomorphisms with their inverses.

3. The 2-functor y, o is locally essentially surjective.
To show this, let a : y(f) — y(f’) be a modification. We must show that there
isa 2-cell@: f — f’ and an invertible perturbation y(@) = a.

The component of a at the object b in T°P is a transformation «; with
component

(w)g:f®g—f®g

and naturality isomorphism shown below.

(Oﬂb)g ,
f®g ——— > f'®g
l (aw)p l
1®6 1@

foy ————— f'®d’

(ah)g/

In particular, we also have the 2-cell in T' shown below.
Ffer e por . p

We shall denote this 2-cell by @, and the claim is that y(@) = « in the functor
tricategory. An invertible perturbation exhibiting such an isomorphism would
have data consisting of, for every object b in T°P, an invertible modification
y(@)p = ap. This would consist of, for every ¢ : b — a in T, an isomorphism
between (a)g and (y(@)s)q; since the composition in T' is cubical, this is an
isomorphism between (o), and
fog S (fenes Y (feneg ™ fag

satisfying the axiom for being a modification. The data for a also gives, for
every j : b — b in T°P, an invertible 3-cell a; in Gray. Such an invertible
modification gives an isomorphism

()g : ((aw)g @ 1) 0oa = a o (aw)ga;.
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Thus the required perturbation has its component at g given by the following
pasting diagram,

T ap)r®1 r
fog—"% ~(feheg—" . (feneg— 2~ fag

feU®g) —fo(UIRg)

(o) 109
1®ll / ll@l

f®g ff®g

(ap)g

1 1

where the triangular regions are p and the appropriate mate of p from left
to right, the top square is the mate of (ay)s, and the bottom square is the
naturality isomorphism for a. These 3-cells piece together to give an invertible
modification.

The single perturbation axiom then holds since this is a modification.

4. The 2-functor y, o is locally biessentially surjective.

Let f : T(—,a) — T(—,a’) be any transformation. Then the component at a
of this transformation gives a functor f, : T'(a,a) — T'(a,a’). Evaluation at I,
then gives f,(I,) : a — @', which we now write as f. The claim is that y(f) is
equivalent to f.

We will construct a modification a : f = y(f) that is an equivalence; for
a modification to be an equivalence, it suffices that each component «, is an
equivalence 2-cell in the hom-bicategory of the target. Thus such an equivalence
modification requires, for each object b in T', a transformation f, = y(( f)b that
is an equivalence. Such a transformation has its component at g : b — a an
equivalence fp(g9) — fo(la) ® g.

The transformation f gives, for every 5 :b — V' in T, an adjoint equivalence
between the functors 5* o fpr and f, o §*. Setting 8 = g and evaluating at I,
we get an equivalence fy(I, ® g) — f4(b). Composing this with the equivalence
fo(g) — fo(lo ® g) given by f,(I*), we produce the desired component of the
transformation. The naturality isomorphism and the transformation axioms
follow from those of f and I".

The modification « also requires an invertible 3-cell «aj in Gray for each
1-cell h of T'. This is easily constructed as the composite of II for the transfor-
mation f, coherence isomorphisms from 7', and naturality isomorphisms for the
transformation f. Coherence and the transformation axioms for f imply that
ayp, is indeed a modification, and that the modification axioms hold for ov. Thus
y is locally biessentially surjective. [l

Remark 8.1.7. The proof given here is very similar to the proof in [17], espe-
cially the first two parts. The third part differs in that we are required to check
different axioms to ensure that the same construction produces the appropriate
isomorphism. We have not avoided the calculational work present in [17], rather
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we have used similar calculations to produce the functor tricategory and to show
that our Yoneda embedding is a functor.

Our definition of tricategory should allow for a definition of the tricategory
of prerepresentations Prep(7T) analogous to the one given in [17], and there
should be a forgetful functor

Tricat(7T°P, Gray) — Prep(T).

Thus the proof given here should be seen as a lift of the proof in [17] to the
functor tricategory.

8.2 Coherence for tricategories

Here we finally give the coherence theorem for tricategories. The proof is simple
using the results of the last section and Section 6.1.

Corollary 8.2.1 (Coherence for tricategories). For every tricategory T there is
a Gray-category T' and a triequivalence T — T’ which is an isomorphism on
objects.

Proof. We constructed in Section 6.1 a triequivalence T' — stT' that is the
identity on objects. By Theorem 8.1.6, the functor

y : stT — Tricat(stT°P, Gray)

is locally a local equivalence. Thus we define 7" to have objects y(a), a in
T, 1-cells all transformations y(a) — y(b) that are equivalent to a transfor-
mation of the form y(f) in the appropriate hom-2-category, 2-cells all modifi-
cations between these, and 3-cells all perturbations between these. This is a
sub-Gray-category of Tricat(stT°P, Gray) by construction, and y provides a
triequivalence between stT" and T’. The composite

T —stT - T

is the desired triequivalence. O

Corollary 8.2.2. FEvery tricategory T with one object is triequivalent to a
monoid in the monoidal category Gray.

Proof. A monoid in Gray determines, and is determined by (up to the choice
of object), a one-object Gray-category. O



Chapter 9

Free tricategories

This chapter will develop the basic tools necessary to construct free tricategories
and free Gray-categories. First we must decide on the underlying data from
which a tricategory is to be generated freely. Second, we must construct both
the free tricategory and the free Gray-category on this data. This requires a
bit of care as one must pay careful attention to how the universal property is
stated. Finally, we prove some results analogous to those leading up to the proof
of the coherence theorem for bicategories.

9.1 Graphs

The first step in producing a free tricategory is to decide from what data we will
generate such a tricategory. The natural choice is that of a bicategory-enriched
graph, but we wish to construct free Gray-categories as well and so we must
also work with category-enriched 2-graphs.

Definition 9.1.1. 1. A category-enriched 2-graph X consists of a directed graph
X7 = X, along with, for each pair of parallel arrows f,g in Xi, a category
X(f,g). The category of category-enriched 2-graphs, written 2Gr(Cat), has
for morphisms X — X' the pairs (P, F'), where P is a map of the underlying
directed graphs and F is a collection of functors Fy 4 : X(f,g) — X'(Pf, Pg).
2. A bicategory-enriched graph Y consists of a set Yy along with, for each pair
of elements a,b € Yj, a bicategory Y (a,b). The category of bicategory-enriched
graphs has for morphisms Y — Y the pairs (Q,G), where Q : Yo — Y{ is a
function and G is a collection of functors Gqp : Y (a,b) — Y'(Qa, @Qb). We shall
write this category as Gr(Bicat).

Notation 9.1.2. We shall denote by Gr(2Cat) the subcategory of the category
of bicategory-enriched graphs for which each Y (a,b) is a strict 2-category and
each G, is a strict 2-functor. We also write Gr(Bicat,) for the subcategory
of Gr(Bicat) consisting of all the objects and only the maps for which each

101
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functor G, is a strict functor. There are obvious inclusions
Gr(2Cat) C Gr(Bicat,) C Gr(Bicat).

Remark 9.1.3. 1. There is an obvious forgetful functor Gr(Bicat) — 2Gr(Cat).
This functor, when restricted to Gr(Bicats), has an obvious left adjoint induced
by the free bicategory functor.

2. There is also an obvious underlying 3-globular set functor

U : 2Gr(Cat) — 3GlobSet
which assigns to the category-enriched 2-graph X the 3-globular set UX having
o UXy = Xop,
o UX; = Xy,
o UXs =[[;, 0bX(f,9),
e UX3 =]l ,arX(f,9),

and having the obvious source and target functions. The functor U has a
left adjoint Fcat, which when applied to a 3-globular set G, produces the
category-enriched 2-graph FcatG having FcatGo = Go, FcatG1 = G, and
FeatG(f,9) = F(Gs = G2), where F is the free category functor from the cat-
egory of directed graphs to Cat and this free category functor is applied to the
2- and 3-cells of G whose 1-cell source is f and whose 1-cell target is g. This is
the prototype for how we will construct free tricategories on a category-enriched
2-graph.

Recall that the free bicategory on a category-enriched graph, FG for G a
category-enriched graph, has the following universal property: given any bicat-
egory B and a map of Cat-graphs G — B, there is a unique strict functor
FG — B making the following triangle commute.

G

FG

\ |

B

Let Fp : 2Gr(Cat) — Gr(Bicat) be the functor that is defined by letting
FpX be the bicategory-enriched graph with FgXy = Xo, and FpX (z,y) =
F(trX, ), where trX, , is the category-enriched graph with

(trXay)o =A{f € X1 :s(f) ==,t(f) =y)}

and (trXz.4)(f,9) = X(f, 9); the functor is defined on morphisms in the obvious
fashion. Similarly, we can define a functor

Fac : 2Gr(Cat) — Gr(2Cat).

The following result is now an obvious consequence of the coherence theorem
for bicategories.
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Theorem 9.1.4. Let X be a category-enriched 2-graph. Then the map Fp(X) —
Foc(X) which is the identity on objects and is given on hom-bicategories by the
universal property of free bicategories is, for every pair of objects x,y, a strict
biequivalence Fp X (z,y) — Foc X (z,vy).

This theorem motivates the following definition.

Definition 9.1.5. A map (Q, G) of bicategory-enriched graphs is a local biequiv-
alence if each functor G, is a biequivalence. We will say that the map (@, G)
is a locally strict local biequivalence if it is a local biequivalence and a map in
Gr(Bicaty).

9.2 Free tricategories

We will now define the free tricategory, FA, generated by a bicategory-enriched
graph A. This tricategory will have a universal property with respect to locally
strict maps A — T of Bicat-graphs, and using this we will construct the free
tricategory on a category-enriched 2-graph.

Let A be a bicategory-enriched graph. Then the free tricategory on A,
denoted F A, has object set

obFA = A().

Let a,b € Ag. Then FA(a,b) is the bicategory whose objects are built induc-
tively from the basic building blocks

1. objects f of A(c,d) and
2. new objects I, : a — a

by tensoring when source matches target. Thus a generic object of FA(a, b) will
look like

(f©9)©l,) @ (h®j),

where j € A(a,a1), h € A(a1,a2), g € A(az,a3), and f € A(as,b); we write
these as f.

The 1-cells of FA(a,b) are built from the basic building blocks

1. 1-cells a: f — g in A(e,d),

2. new l-cells i, : [, — I,

3. the constraint cells Iy : I @ f — f, I3 : f = [ ® f,

4. the constraint cells ry: f &I — f, 7y : f — f®I, and

5. the constraint cells afgn : (f®g)®h — f@(g®h), ajy, : f@(g®N) —
(feg @h
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by tensoring along object boundaries and composing along 0-cell boundaries
(the O-cells in each FA(a,b), not the objects of the new tricategory), subject to
the equivalence relation generated by setting

(@) o (B) = (acp),

where the lefthand side is a composite in the free tricategory while the right is
a composite in A.

The 2-cells are similarly built up inductively from the 2-cells in each A(a,b)
and from constraint 2-cells. These constraint 2-cells are units and counits for
the various adjoint equivalences, the constraint isomorphisms forcing the unit
and composition to be functors, m, u, A, p, and new hom-bicategory constraint
cells involving the new 1-cells. These 2-cells are subject to the required relations
relating composition along 0- and 1-cell boundaries in the new hom-bicategories
with those of the old hom-bicategories, for the functoriality and naturality con-
ditions of the functors, transformations, and modifications involved, for the
conditions forcing certain pairs of cells to be adjoint equivalences, and for the
three axioms for a tricategory.

Proposition 9.2.1. Let A be a bicategory-enriched graph. Then there is a
locally strict map i : A — FA which is the identity on objects and sends each
cell to the cell of the same name in FA.

The following theorem follows immediately from the previous proposition
and the definition of strict functor.

Theorem 9.2.2. Let A be a bicategory-enriched graph, and let T be a tricate-
gory. If F : A — T is a locally strict map of bicategory-enriched graphs, then
there is a unique strict functor F : FA — T making the following triangle
commute in Gr(Bicats).

A

FA

\i

T

Definition 9.2.3. Let X be a category-enriched 2-graph. The free tricategory
on X, also denoted FX, is F(FpX).

The following corollary provides justification for calling F(FpX) the free
tricategory on the category-enriched 2-graph X.

Corollary 9.2.4. Let X be a category-enriched 2-graph. Then for every tri-
category T and every map of category-enriched 2-graphs F' : X — T, there is a
unique strict functor F: FX — T such that the following triangle commutes in
2Gr(Cat).

X

FX

\i

T
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Proof. If we apply the universal properties of both Fp and F, we have the
following diagram.

X FpX 9'(9'BX)

T~

T

The result follows immediately, since the middle and rightmost downward arrows
are unique once the arrow X — T is chosen. [l

Let F: X — Y be a map of category-enriched 2-graphs. Then the universal
property of F gives a unique strict functor making the diagram below commute

in 2Gr(Cat).
X
Fj
Y

We shall call this functor FF.

—1>3:'X
|

- @ 0>

Remark 9.2.5. The reader should take care when interpreting these universal
properties. It is not possible for the free tricategory construction to give a
functor F : 2Gr(Cat) — Tricat as the induced strict functor from a composite
G o F of maps in 2Gr(Cat) is not the composite in Tricat of the individual
strict functors FG and FF. This is due only to the fact that Tricat does not
form a category even when the morphisms are restricted to strict functors, so
long as the usual composition law is retained. On the other hand, it is trivial
that F does give a functor

F : 2Gr(Cat) — Tricat,

where Tricat,, is the category of strict functors with composition o, from Chap-
ter 4. Both of the universal properties given in this section can be reinterpreted
as adjunctions between some category of enriched graphs and the category
Tricat,,.

Before moving on to the construction of free Gray-categories, we prove a
much-needed result about the free tricategory construction.

Theorem 9.2.6. Let A, B be Bicat-graphs, and let f : A — B be a map
between them. If f is a locally strict local biequivalence and an isomorphism on
objects, then the strict functor Ff : FA — FB is a local biequivalence, hence a
triequivalence.

Proof. We must show that each functor Ff,; is locally full, locally faithful,
locally essentially surjective, and biessentially surjective. First note that Ff,
sends constraint cells to constraint cells, tensors to tensors, and compositions
to compositions since it is both strict and locally strict.
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We prove the first two claims by induction over tensor length. If o : g = h
and 8 : g = h are parallel 2-cells in FA(a,b) which are represented by 2-cells in
A(a,b), then if is clear that

Ffla) =Ff(B) = a=p

since f is locally faithful; the same holds if a or g is a constraint cells. This
suffices, by induction, to show that Ff,; is locally faithful as it strictly pre-
serves tensors, all compositions, and the equivalence relation imposed by the
tricategory axioms.

To show that Ff,; is locally full, first let 3 : Ff(g) = Ff(h) be a 2-cell
which is represented by a 2-cell in B(fa, fb). Then we can find an o : g = h
such that Ff(a) = [ since f is locally full; the same holds if 8 is a constraint
cell. Since Ff, is strict, tensors of 2-cells and constraint cells are also in the
image.

To show that Ff, is locally essentially surjective, first note that tensors
of isomorphism 2-cells are again isomorphism 2-cells; similarly with horizontal
compositions of isomorphism 2-cells. Since every 1-cell of FB(fa, fb) is built
from the 1-cells of the B(c, d)’s and new 1-cells, it suffices to show that all of these
are isomorphic to the images of 1-cells in FA(a,b). This follows immediately
from the strictness of Ff, the fact that each f, is a biequivalence, and the fact
that f is an isomorphism on objects.

Now all that remains is to show that JFf,; is biessentially surjective. The
proof is analogous to the one given in the previous paragraph. O

9.3 Free Gray-categories

In this section, we construct the free Gray-category on a 2Cat-graph Y. This is
less messy than constructing the free tricategory as there are fewer “interesting”
pieces of new data to generate.

Let Y be a 2-category-enriched graph, so Y consists of a set Y and for each
a,b € Yy, a 2-category Y (a,b). The free Gray-category on Y, denoted FgY,
has object set

obFgY =Y.

The 2-category F¢Y (a,b) is constructed as follows. The objects of F5Y (a,b)
are composable strings in

1. the objects f € Y(c,d) and
2. a new object I, : a — a for each a € Yy,

subject to the condition that sIt = st for all strings s and t. Thus a typical
object of FgY (a,b) is

fgla,hj = fghj,
where j € Y(a,a1), h € Y(a1,a2), g € Y(az,a3), and f € Y(a3,b); we write
these as f, just as we did in the free tricategory.
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The set of 1-cells of F5Y (a, b) between strings f, - - - f1 and g, - - - g1 is empty
if n # m. If n = m then it consists of composites of strings of 1-cells av, - - an
where at most one «; is a non-identity 1-cell in some Y(¢,d). These strings
shall be written 1ayl, indicating that «; is the 1-cell in the ith position. We
subject these to the relation that if «y : fi — ff and o) : fi — fi, then the
composition of strings (1laj.1) o (lagl) is equal to the string 1(oj o)1

The basic 2-cells between 1a;1 and 15;1 are of the form 1I';1 with I'; a 2-cell
a; = (3;, and we impose the same condition on vertical composition that we did
on composition of 1-cells. Each 2-cell is a composable string built from formal
horizontal composites of basic 2-cells and invertible 2-cells of the form

Yoy * (10irm1)(18;1) S (18;1) (1evipm]1),

where the 1-cell 13;1 has length m. We impose on these 2-cells the axioms
required for the Gray tensor product. Composition of 1-cells is given by con-
catenation, as is vertical composition of 2-cells. Horizontal composites of 2-cells
are obtained in the same fashion that we obtained them for the 2-category X Y
in Section 5.1. Once again, we omit the details for showing that F5Y (a,b) is a
2-category.

The last thing to define is a composition map

FaY (b,c) ® FaY(a,b) — FaY (a,b),

where we must use the Gray tensor product on the left. On the 0-cells of these 2-
categories, composition is just concatenation. If & = (1ev;, 1)(1ey,_ 1) -+ (1, 1)
and 0 = (16;,1)(18;,_,1)--- (15;,1) are 1-cells in F5Y (b, ¢),FaY (a,b), respec-
tively, then o ® ( is the 1-cell given by the string

(1673[ 1)(1673[71 1) e (1671 1)(1aik+m1)(1aik—1+m1) T (1ai1+m1)7

where each (13;,1) has length m. The tensor product of a pair of 2-cells from
these 2-categories is defined by

on basic 2-cells and extended in the obvious manner. The following proposition
is now routine to check.

Proposition 9.3.1. Let Y be a 2-category-enriched graph. Then the data given
above for FoY satisfy the axioms for being a Gray -category.

If Y is a category-enriched 2-graph, then we call Fg(FaocY) the free Gray-
category on Y. This is justified by the following theorem.

Theorem 9.3.2. 1. Let Y be a 2-category enriched graph. Then for every
Gray-category T and every map of 2-category-enriched graphs F :' Y — T,
there is a unique Gray-functor F :5¢Y — T such that the following diagram
commutes in Gr(2Cat).

Y

FeY

\i

T
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2. Let X be a category-enriched 2-graph. Then for every Gray-category T
and every map of category-enriched 2-graphs F : X — T, there is a unique
Gray-functor F : F¢(FocX) — T such that the following diagram commutes
in 2Gr(Cat).

X ——— Fg(FacX)

\J

T

Proof. The second statement follows from the first just as in the proof of Corol-
lary 9.2.4. The first statement follows immediately by noting that a Gray-
functor strictly preserves all types of units and compositions, and sends the
isomorphism v in F¢ X to the corresponding isomorphism in 7'. Since the entire
structure of F; X is built from these cells using the Gray-category axioms, the
functor F is uniquely determined. O

9.4 Preliminary results

This section is devoted to proving the tricategorical versions of the results in
Section 2.3.2. The following lemma has a proof that is completely analogous to
the proof given there.

Lemma 9.4.1. Let F,G : S — T be functors between tricategories, and « :
F — G be a transformation between them. Assume that F,G agree on objects
and that ag = Ipqg for every object a. Then F is 2-locally faithful (2-locally full)
if and only if G is 2-locally faithful (2-locally full).

Definition 9.4.2.Let X,Y be bicategory-enriched graphs, and let F,G : X —
Y be maps between them. The category-enriched 2-graph Eq(F, G) is defined to
have objects those a € X such that Fya = Goa. The category-enriched graph
Eq(F,G)(a,b) has objects pairs (h, o) with h: a — bin X and a : F'(h) — G(h)
an adjoint equivalence in Y (with our usual conventions about units, counits,
and o 1 o). The category Eq(F, G)(a, b) ((h, a), (W, a’)) has objects the pairs
(8,T) with 8: h — h' in X and T an invertible 2-cell in Y (Fa, Ga) of the form

I':G(B)oa=a oF(f).
The category Eq(F,G)(a, b)((h, a), (W, a’)) has 1-cells with source (5,I") and
target (8',T") those 2-cells A : 3 = [’ such that
(1w * FA)oT' =T o (GA x 1,).

Lemma 9.4.3. 1. The category-enriched 2-graph Eq(F,G) can be equipped with
the structure of a bicategory-enriched graph admitting a locally strict map

7 Eq(F,G) — X.

2. If X, Y are tricategories and F,G are functors between them, then Eq(F,Q)
admits the structure of a tricategory such that
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1. m can be given the structure of a strict functor and

2. there is a transformation o : Fr — Gm whose components are 0, = Ipq
for every object a.

Proof. For the first claim, we need to define horizontal compositions, 1-cell
identities, and the requisite constraint isomorphisms to provide each category-
enriched graph Eq(F,G)(a,b) with the structure of a bicategory. The 1-cell
identity for (h, ) is

(1n, (Lo % (¢5) ") o7yt 0la 0 (65 * 1a)).

Composition of 1-cells is given by setting the first component of (8',T) o (5,T)
equal to 3’ o 3 and the second component equal to the pasting diagram below.

«
Fh —————> Gh
LFﬁ /r G’gl
F(3'8) = F[« ; Gh' G(8'8)
¢

o (6%)~"
o S o

Fh'' —————> Gh"
[e3

Horizontal composition of 2-cells is given by horizontal composition in Y’ it is
simple to check that this gives a composition functor. The constraint 2-cells are
all given by the constraint 2-cells in the hom-bicategories of Y, and coherence
implies that these satisfy the two bicategory axioms. We now define 7 by

w(h,a) =h
(8, T) =0
m(A) = A

It is trivial to check that we can equip 7 with the structure of a map in
Gr(Bicaty).
For the second claim, we must first give a composition functor

Eq(F, G)(b; ¢) x Eq(F, G)(a,b) — Eq(F, G)(a, c).

On objects, we define (h', &’) ® (h, &) to have its first component be A’ ® h and
its second component have left adjoint be given by the following composite.

F(h' @ h) 25 F(h) @ F(h) 228 G(W) © G(h) =5 G(W © h)

The remainder of the adjoint equivalence is then defined in the obvious way. On
1-cells, we define

(0", )@ (6,T) : (W, &) @ (h, ) — (5, 8") @ (4, 8)
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to have its first component be §’ ® §. The second component is defined by the
pasting diagram below. (Note that we have used u = (G¢’' o &') ® (Gd o o) and
v= (3 0oF§)® (8o FJ) for space reasons.)

X o' Qa X
F(h'®h) ———> Fh'QFh ———> Gh/®Gh ————> G(h'®h)

F(8'®9) ~ F§'QF§ G§'®RGs = G(8'®9)

F(j'®j) ——— Fj'®Fj W Gj'®Gj ———> G(j'®j)
X

The isomorphisms in the square regions are naturality isomorphisms and the
isomorphisms in the triangular regions are the functoriality isomorphisms of ®.
It is immediate that this is an invertible 2-cell.

On 2-cells, we define the composition A’ ® A by the same formula in X.
Naturality of the isomorphisms F3' o F3 = F(3 o ), GB' o GBS = G( o )
ensures that this cell satisfies the required axiom. The unit constraint cell is
given by the isomorphism 1 ® 1 = 1 for the functor ®, and the constraint cell
for composition is given by the isomorphism

(@) oW @h)=(j oh')® (joh)

obtained from the functor ®. Coherence for functors implies that the requisite
diagrams commute.

The associativity transformation a is defined to have its component at the
triple (", a’), (W, a’), (h, @) be given by the 1-cell with first component appp,
and second component the composite below.

1" ! X. " / ((XOQI,®QI)OX.)®QII 4 X 1" ’
F((n"®h")oh) == F(h"8h)@Fh ————> G(h"8h)8Gh — G (1" ®h')h)
x'®1 = x®1
(Fh'®@Fh' Y Fh ———— (Gh"” @Gh')®Gh
(a//®a/)®a

Fa a a Ga
" (]/® )

4 1 (6%
Fh"®(Fh®@Fh) ———> Gh"' ®(Gh'QGh)

1®x" & 1®x

F(r"@(h'@h)) —= FR'@F (W ®h) ————> GK'®G(&h) —= G (h"a(h'sh))
X a”® ((Xoo/®oz)ox'

The 2-cells in the diagram are given by the mate of w’ on the left, w® on
the right, a naturality isomorphism in the middle square, and unique coherence
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cells in the top and bottom middle regions. The 2-cell a* is defined similarly,
and the unit and counit of this adjoint equivalence are given by the unit and
counit for a in X. The naturality isomorphisms are also given by the naturality
isomorphisms for a,a’ in X, and it is a simple matter to check that this gives
an adjoint equivalence in the appropriate functor-bicategory.

The unit (I,,4) : @ — a is defined by setting i equal to the composite below.

FI, 5 Ip, - GI,

The left unit transformation [ is defined to have component [(;, o) with first
component I, and second component the composite below.

' i®a
F(I,®h) # FI,@Fh ———— GI,®QGh —X> G(I,®h)

L'®1l = TL®1
ﬂ/ Ippy@Fh ———> Iy ®Gh ﬂ
1R«
Fh Gh

[e3%

Fl Gl

IR

The upper left and upper right 2-cells are the mates of v and 4, respectively,
and the upper middle 2-cell is a unique coherence cell while the lower middle 2-
cell is the mate of the naturality isomorphism for [. The naturality isomorphism
for [ is given by the naturality isomorphism in X. A similar definition gives I",
and the unit and counit of this adjoint equivalence are the same as those for 1
in X. The same definitions give the adjoint equivalence r.

The modifications 7, u, A, and p are given by those same modifications in
X. A lengthy calculation shows that these are 3-cells in Eq(F,G). This data
obviously satisfies the axioms necessary for Eq(F, G) to be a tricategory as they
are the same axioms that hold in X. Thus we have given Eq(F, G) the structure
of a tricategory. It is immediate that we can choose the adjoint equivalence x
for the functor 7 to be the identity adjoint equivalence, similarly for . The rest
of the proof that we can equip 7 with the structure of a strict functor is trivial.

The transformation o is constructed as follows. The component at a is
Ir, = I, as stipulated above. The adjoint equivalences o are defined by

O(ha) = (Tgp 0 @) o lFn
Tty = Upp o) 0 rGn,

with the obvious units and counits defined by the units and counits of the adjoint
equivalence « as well as those for 1,r. For (3,T) : (h,a) — (K, a’), we have
the invertible 3-cell displayed below.

IQFh L Fh 2 Gh T GheI
1®Fﬁl = Fﬁl / lGﬁ =~ lcﬁ@l
IQFW J% fel% . GH' &I

l o T



112 CHAPTER 9. FREE TRICATEGORIES

The outer cells are naturality isomorphisms, and thus naturality follows from
the definition of the 3-cells in Eq(F, G).

The 3-cell I, o), (h,a) 18 given by the pasting diagram below, where we
have written ® as concatenation on 1-cells.

((rroa’)ol)®1 1®((r*oa)ol)
(IFRYFh ——= "L (GWI)Fh —%> Gh'(IFh) —""% Gn'(GhI)

|

I(Fh'Fh)

1®(xo1) g R \L1®x \U/

C rel \U/“' 1®1

1
Gh'Fh —> Gh'Fh ﬂp (Gh'Gh)I

IF(W'h)
, c 1Qa x®1| B ) (xon®1
I\L a'®1 . N
T
F(h'h) ———— Fh'Fh Gh'Gh G(h'h) G(h'h)I
X o' Qo X .

The regions marked with R are unique isomorphisms involving a right unit
isomorphism, regions marked with C' are unique isomorphisms involving the
functoriality of ® as well as unit isomorphisms, regions marked with N are
naturality isomorphisms (or their mates), and regions marked with Greek letters
are the appropriate 3-cells in Y (or their mates).

The 3-cell M, is given by the pasting diagram below.

1®(F1low)

re = l

I I®I IQF] ————FI

N

= IQ] ——————=1

~

GI
Il = GI®I
\i//
(Glou)®1

The isomorphisms in the top and bottom of the diagram are the obvious com-
posites of unit isomorphisms with functoriality isomorphisms; the isomorphisms
in the middle of the diagram are obtained from the isomorphism l; = r; given
in Appendix A; the 2-cell in the upper-middle triangular region is the obvious
composite of a functoriality isomorphism, the inverse of a unit isomorphism for
the adjoint equivalence, and a unit isomorphism for the ®; and the other 2-cells
are naturality isomorphisms.

These 3-cells give modifications between the appropriate transformations
since they are composed of modifications or naturality isomorphisms.

The three transformation axioms follow from the strategies outlined in Ap-
pendix C and the functor axioms. O
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The following lemma is straightforward to prove.

Lemma 9.4.4. Let o : F — G be a transformation between functors of tri-
categories. Let B, : Fa — Ga be a family of 1-cells in the target indexed by
the objects of the source. Let m, : ag — B be a family of adjoint equivalences
indexed by the objects of the source. Then there is a transformation 3 with com-
ponents given by the cells B, and a modification m : o = B with components
given by the cells mg.

Corollary 9.4.5. Let a: F — G and B : G — H be transformations. Assume
that F, G, H agree on objects, and assume that there are adjoint equivalences mgy
between a, and Ip, and between n, and Ig,. Then there is a transformation
~v: F — H with v, = Ip, and a modification nm : fa = ~ with each component
2-cell an equivalence in the appropriate bicategory.

Proof. This follows immediately from the lemma and the definition of the com-
posite transformation Sa. O

Proposition 9.4.6. Let X be a category-enriched 2-graph, and let F' : FX — T
be a functor from a free tricategory into any tricategory. Then there exists a
strict functor G : FX — T and a transformation o : F — G with a, = Ip, for
every object a.

Proof. Let i : X — FX denote the usual inclusion. By definition, there is a
strict functor G : FX — T with Fi = Gi. There is also a map of category-
enriched 2-graphs ¢ : X — Eq(F,G) which is the identity on objects and is
defined by «(f) = (f,1rs), t(a) = (a,lz. 0 7Ga), and ¢(T') = I'. Note that
wL = i by construction.

By the universal property of FX, there is a unique strict functor 7 : FX —
Eq(F,G) such that 7i = «. This gives the equality 7li = m¢ = i as maps of
category-enriched 2-graphs. Now 7 and ¢ are both strict, so w o, 7 is as well,
and it has the same underlying map of category-enriched 2-graphs as 7. This
implies that (7 o, )i = 4, S0 7 0, [ is the identity functor on FX.

Consider the following composite of transformations.

FT—.>FO(7TOUZ) 1Fif)Fo(ﬂ'OZ) -, (FOﬂ')OZ‘il';

(Gor)oi—% Go(rol)"

Y Go (mo,i) — G

Each of these transformations has component at the object a equivalent to an
identity 1-cell, so by repeated application of the lemma and its corollary there
is a transformation « : F' — G with components o, = Ip,. O
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Chapter 10

Coherence via free
constructions

In this chapter, we will prove a coherence theorem of the form “every free
tricategory is triequivalent to a free Gray-category.” As in the case of the
coherence theory for bicategories, we will then use this result to prove that
diagrams of constraint 3-cells of a certain type always commute. This result
differs from the analogous theorem for bicategories in that only some diagrams
commute for tricategories but all diagrams of constraint 2-cells commute in a
bicategory.

With this theorem in hand, we can mimic the proofs in [22] to construct,
for each tricategory T, a strictification GrT and a triequivalence GrT — T.
This strictification functor will have a distinguished pseudo-inverse, and both
of these triequivalences will be used in later sections to explore the coherence
theory for functors between tricategories.

10.1 Coherence for tricategories

Let X be a category-enriched 2-graph. Then the inclusion X — Fg(FocX)
induces a strict functor

I: g(ggX) — gjg(gjch)

by the universal property of the free tricategory. Thus our coherence theorem
for tricategories is as follows.

Theorem 10.1.1 (Coherence for tricategories). Let X be a category enriched
2-graph. Then the strict functor

I: g(ggX) — gjg(gjch)

s a triequivalence between the free tricategory on X and the free Gray-category
on X.

115
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Before proving this theorem, we need two results just as in the proof of
coherence for bicategories. The first is that " has a universal property.

Lemma 10.1.2. Let X be a category-enriched 2-graph, and let F': FX — G
be a strict functor into a Gray-category G. Then there exists a unique strict
functor Fs : Fa(FacX) — G such that F = F,T' as maps of the underlying
Bicat-graphs.

The second result we need is a simple construction which allows us to extend
maps of Bicat-graphs X — T with T a tricategory to maps of Bicat-graphs
FeX —T.

Lemma 10.1.3. Let f : X — T be a map of Bicat-graphs from a 2-category-
enriched graph X into a tricategory T'. Then it is possible to extend f to a map
of bicategory-enriched graphs f : FoX — T such that the following diagram
commutes in Gr(Bicat).

X

FoX

\i

T

Proof. The object function fo is the same as fy. Now let a,b be objects of X.
We define R

fap: FaX(a,b) = T'(fa, fb)
to be the weak functor given by the following data. On the object h = h,, - - - hy,
we define

FR) = (- (fhn ® fhu—1) @ fhn2) ® -+ ® fha) @ fhi.
On the basic 1-cell 1a;1, we define

flal)=(--(1®1)® - fo)®---®1)® 1.
On the 1-cell @ = (1ay, 1,10y, ,1,...,1a; 1), we define

flo)y= (- (fQe,1) 0 f(lai, 1)) o0 f(lay,1)) o f(lay, 1);
we also set f(Ia) = If,. On a basic 2-cell 1I';1 : 1ay1 = 15;1, we define
f(lfil):(---(1®1)®---®ffi)®---®1)®1.

We extend this to strings of basic 2-cells in analogy with how we defined f on
strings of 1-cells. We define f (Ya:,8;) to be the canonical isomorphism given
by the functoriality constraint in 7T of the functor ®. This is extended over
composites of 2-cells in the obvious fashion, and clearly gives a map of category-
enriched 2-graphs.

Now we need to give structure constraints f(3)o f(a) 2 f(Ba) and f(1,) =
1 he The first of these is given by the associativity constraint in the target
bicategory and the second is given by the unit constraint for f. Coherence for
functors implies that the two axioms are satisfied, hence we have given a map
of bicategory-enriched graphs Fo X — T. O
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Proof of 10.1.1. First, note that I" is the identity on objects, so we need only
check that it is a local biequivalence.

1. The functor I' is 2-locally full, 2-locally essentially surjective, and locally
biessentially surjective.
Let M be any 2-category-enriched graph. Note that we have the inclusion
i+ M — FM, thus the induced map i : FgM — FM of bicategory-enriched
graphs. We also have the strict functor K : FM — FgM given by the universal
property of the free tricategory. It is then easy to check that

FoM —— IM s FoMm

is the identity in Gr(Bicat) using the fact that K is strict. This gives that for
every pair of objects a,b in M, the following composite is the identity in the
category Bicat.

FoM(a,b) —— FM(a,b) - FoM(a,b)

Now if f is any object of F5M(a,b), then i(f) is an object of F5M (a,b) that
maps to f under K, so K is locally biessentially surjective. If a : Kf —
Kg is any 1-cell in FgM(a,b), then there are composites of the constraints
a,a’,l,l",r,r that give a (nonunique) 1-cell

cri f—iKf,

since f and K f differ only in association and by the presence of units from
the definitions of ¢ and K; the same holds for g. Since K maps all of these
constraints to identities, the image of

f-S K25 iKg < g

is a, so K is 2-locally essentially surjective. The same argument proves that K
is 2-locally full.

Specializing to the case when M = FycX for some category-enriched 2-
graph X, we get that I' factors as the composite (in the category of bicategory-
enriched graphs) K o F(I'!), where I'' : Fp X — FcX is the locally strict local
biequivalence given by coherence for bicategories. By Theorem 9.2.6, J(I'**¢)
is a triequivalence. Therefore both K and F(I''°¢) are 2-locally full, 2-locally
essentially surjective, and locally biessentially surjective, so I' is as well.

2. The functor I' is 2-locally faithful.

First, we have a 2-locally faithful functor H : ¥X — G into a Gray-category
G by the coherence theorem for tricategories. Thus we can produce a strict
K : FX — G and a transformation o : H — K with a, = I'g,. The universal
property of I" then gives a functor J with JT' = K as maps of the underlying
Bicat-graphs. We know that K is 2-locally faithful since H is and there is
a transformation « with components the identity, so I' is 2-locally faithful as
well. O
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10.2 Coherence and diagrams of constraints

An important type of coherence theorem is one stating that a certain large class
of diagrams commutes. In this section, we develop one such theorem as it will
be necessary for constructing strictifications. In practice, this is perhaps the
most useful form of coherence as it allows one to avoid checking diagrams by
hand.

Before proving this theorem, we first recall how it is possible to prove that
every diagram of constraint 2-cells in a bicategory commutes using the fact that
the strict functor FX — F, X is a biequivalence between the free bicategory on
a category-enriched graph and the free 2-category on the same graph. Given a
diagram of constraint 2-cells in a bicategory B, there is a locally discrete sub-
category-enriched graph D of B for which the diagram in question is the image,
under the strict functor FD — B, of a diagram in FD. Thus proving that
the diagram commutes in B reduces to proving that it commutes in FD. Now
the diagram in question is mapped to a composite of identities in F;D, thus
commutes there. But since the map FD — F;D is a biequivalence, it is locally
an equivalence of categories and therefore the original diagram commutes in FD
as well.

We follow an analogous strategy using the free tricategory and free Gray-
category functors. The first step is proving that, in certain free Gray-categories,
every diagram of 3-cells commutes. A simple definition is required before proving
this.

Definition 10.2.1. A category-enriched 2-graph X is 2-locally discrete if each
category X (f,g) is a discrete category.

Theorem 10.2.2. Let X be a 2-locally discrete category-enriched 2-graph. Then
in the free Gray-category on X, every diagram of 3-cells commutes.

Proof. First note that since X is 2-locally discrete, each 2-category Foc X (a, )
is locally discrete. Thus every 3-cell in Fg(FocX) is a composite of the isomor-
phisms

Yo, 8+ (Ligm1)(16;1) = (16;1) (1etipm 1),

where 15,1 has length m. It suffices to prove that any two composites of the
isomorphisms ., g, with the same source and target are equal, and since every-
thing is invertible, it suffices to prove that any 3-cell « = « is the identity. We
prove this by induction over the length n of the string & = (1a;, 1, 1ay;, _,1,...,1ay, 1).

When n = 1, it is clear that the only 3-cell is the identity. When n = 2, the
only morphism (lag i, +m1, 1o i 1) = (lag i 1, 1ag i, 4ml) 8 Yas y.00,,- The
same applies with source and target switched, so the only 3-cell with source and
target both (lag,iy+m1, Loy 4, 1) is the identity. When n = 3, the only new case
holds by the axioms for the Gray tensor product.

The claim is that every morphism A : @ = « is equal to one of the form
A’ x 1. For simplicity, we write (k,j) for Yo,y ss,i; - Thus we can represent
cach 3-cell A as a string (kp,jp), (kp—1,7p—1), - - -, (k1,71) and each source or
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target 2-cell of this 3-cell as (ar(n); Xr(n—1),---,ar1)) for some permutation
T € X,. For each i with 1 < i < p, we write the target of (k;,4:),...,(j1,k1)
as (i(n),---» 1)) Where [i] is a permutation in ¥,. Using this notation,
[i](m) =1 if in the target of (k;,ji), ..., (j1, k1), 1y, 1 is in position m.

Fix a string S = (kp, 4p), (kp—1, Jp—1), - - -, (k1, J1) whose composite is A. For
such a string representing A, we associate a positive integer HtAg, the height
of A as represented by the string S. We define the height by

HtAg = 1r£1?<xp[i](l).

If HtAg = 1, then none of the j; or k; is 1, and thus we have written A as a
composite of 3-cells all of which fix 1ag ;,1, so A= A" % 1.

Assume that HtAg = H. Let ¢ be the largest index for which [¢](H) = 1
and let r be the largest index r < ¢ for which [r](H — 1) = 1. Thus ¢ is the
last time 1oy ;,1 is as far left as possible, and r is the last time 1oy ;, 1 is at
position H —1 before moving to position H for the last time. If we let A, denote

the composite (ka,ja),---,(k1,J1) then A\, can be written as the composite
below.
AT 1x([r](H),1)*1

Apy ooy XL — Qfrl(n)y - - -5 X[r](H)>» gla Alr](H=2)y - -+ X[r](1) -

Alr)(n)y«+ - OLs Q) (H)s - -+ X[r](1) — -

Qrg1](n)s -+ 01y Qra1](H=1)s - - - s Xr41](1) —

1%(1,[q](H—1))*1

Agl(n)s - -+ AL Afg)(H—1)> - - -5 ¥[g](1)_ -

Xlgl(n)y -+ > Aq)(H)» XLy -+ -5 Xg)(1) —

Xlg+1](n)s - -+ s Xlg+1](H) > 15 - - - A[g+1](1)

The equalities are both by the definition of the indices, and the exclamation
marks indicate unique isomorphisms given by induction. Using interchange,
we can rewrite A to include the left unique isomorphism on the second line;
therefore, after A~ until the end of A, we can discard all of the string to
the left of position H as all of the morphisms are the identity on those 2-cells.
Rewriting gives that the remaining composite is equal to the leftmost composite
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in the diagram below.

C[r)(H) X1---X[r](1)

([r)(H), 1)1 N\

QLA (H) O[] (1) QLr] (H) @10 (H —1) O[q] (H—3) ---A[g] (1)
([r)(H),1)%1 \*(LM(HA))H
11! B B
QUr)(H) O[q] (H—1) @1 O[] (H—-3) -+ O[q](1)

Q1 Q1] (H 1) [q] (H —1) &[q] (B ~3) ---Q[q] (1) (1D, el =1))s1.
T 519 — *

Le([r+1],[g])+1 3 B
Q] (H—1) X[r] (H) ¥1¥([g] (H—3) - *([g] (1)

1O q)(H —1) ¥[q](H~2)---X[q] (1)

(1,[ql(H=1))*1 L([r](H),1)*1
Tx1x! \

Xq](H—1) X1 X¥[q](H—2) - X[q](1)

\ 11!
(1,[g](H—1))=1

®[q](H—1) X1 X[q](H~2) ---X[q](1)

X1 q)(H~1) - ¥[q](1)

We have once again used the convention that an exclamation mark indicates a
unique isomorphism by induction and we have repeatedly used that

[r+1](H —1) = [r](H).

The tildes used indicate that the cells are in the correct order, but that one is
missing; thus the only difference between

Q1) (H-1) X[q) (H=3) - - - V) (1)

and
Qlg)(H-2)¥[q](H~-3) - - - Y[q](1)

is that ap41(g—1) (Which is g, for some a) has been removed from the
sequence and placed at the beginning.

The top and bottom squares commute by interchange, and the middle hexag-
onal region is equivalent to the axiom for the Gray tensor product relating the
two ways of switching the order of three 2-cells from abc to cba (using the con-
ventions established above). Thus we can replace the leftmost composite in the
string S representing A with the rightmost. Inspecting the diagram then shows
that, for the portion of A considered here, o is never in position H; thus we
have reduced the number of indices ¢ for which [¢](H) = 1. Repeating this, we
can write A as a string S’ with HtAg: = H —1, and therefore as a string T with
HtA7 = 1. This proves that A = A’ % 1 for some 3-cell A’. But by induction,
we already know that A’ is the identity since it has length less than n, so A
must be the identity as well. O
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Corollary 10.2.3. Let X be a 2-locally discrete category-enriched 2-graph.
Then in the free tricategory on X, FX, every diagram of 3-cells commutes.

We now use this result to show that a certain class of diagrams of constraint
3-cells always commute in any tricategory.

Definition 10.2.4.1. A diagram D of constraint 3-cells in a tricategory T'
consists of two finite sequences {an,an_1,...,a1}, {bm,bm-1,...,b1} of 3-cells
in T such that

e cach cell a; or b; is the composite via ® or horizontal composition in
the hom-bicategory of finitely many cells a; s or b;, respectively, each of
which is a constraint 3-cell or an identity 3-cell,

e the source of a; is the target of a;_; for all 1 <i < n,
o the source of b; is the target of b;_; for all 1 < j <m, and

e the source of a; is the source of by, and the target of a,, is the target of
b,

We call the cells a; s, bj; the constituent 3-cells of D.

2. A diagram D of constraint 3-cells in a tricategory T is called F-admissible if
there is a 2-locally discrete sub-category-enriched 2-graph E of T' and a diagram
D of constraint 3-cells in FE such that D is the image of D under the strict
functor FE — T

The following is now an immediate corollary of the theorem above and the
explanation of why every diagram of constraint of constraint 2-cells in a bicat-
egory commutes.

Corollary 10.2.5. Let T be a tricategory. Then every F-admissible diagram of
constraint 3-cells commutes in T

Remark 10.2.6. It is easy to construct examples of diagrams of constraint 3-
cells that do not automatically commute. Taking our tricategory to be a Gray-
category for simplicity, let o, : I = I be two 2-cells each with source and
target the unit 1-cell. Using the isomorphism v and the relevant unit structure,
it is possible to produce an automorphism of 8 ® « that is not required to be
the identity using the results above. But in the free tricategory on any 2-locally
discrete category-enriched 2-graph, the unit I is only the source (or target) of
constraint cells (and composites of these), so the results above do not apply if
«a and (3 are not composites of constraint 2-cells.

10.3 Strictifying tricategories

Here we will construct a strictification GrT for a tricategory T. The tricategory
GrT will be a Gray-category and will support a triequivalence GrT — T.
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Definition 10.3.1.Let fi, fo,..., fn be a sequence of composable 1-cells in
a tricategory T. Then a choice of association for this sequence consists of
numbers ig, i1, . . ., in—1, in and a choice of composition, using binary composites,
of the composable sequence I%, f1, I, fo, 12, ..., fn,I', where I"™ indicates
that there are m copies of the unit I in the sequence in that position.

The tricategory GrT has the same objects as T. The 2-category GrT'(a,b)
has for 0-cells strings of composable 1-cells of T, written {f;}. Note that the
identity for an object a is the unique empty string beginning and ending at a.
A l-cell@: {f;} — {g,} consists of composable strings of the following:

1. three numbers k, [y, 1o with k <[y, k <l such that

e if m < k, then f,, = g, and

e if n >0, then f;,1n = gi,4+n if either side exists;

2. apair (o, 7), where o is a choice of association for the substring { f; }x<i<i,
and 7 is a choice of association for the substring {g; }r<j<i,;

3. al-cella: [fi]lo — [g;] in T, where [f;], indicates that we have associated
the substring {f;}x<i<i, according to o.

We additionally include the empty 1-cell, denoted &, which is the identity.

Before defining the 2-cells of GrT'(a, b), we must define an evaluation function
e : GrTy — T, on the underlying 2-globular sets Gr7s and T5. On 0O-cells, e is
the identity function. On 1-cells,

e{fi}) = (fn® fu1) ® fa2) @+ ® f2) ® f1;

we write this particular association as [f;]. We also define the value of e on the
empty 1l-cell from a to a as I, so [] = I,. For each association v of n terms
using only binary tensors, we write [f;] for the expression with the f;’s tensored
together according to . For each pair ~,7’ of non-identical associations of n
terms, we choose one 2-cell [y] = [y] in F[n] (the free tricategory on the 2-
locally discrete category-enriched 2-graph with underlying directed graph [n]
the linear graph with n arrows and each hom-category empty); here we have
written [y] to indicate the string of length n with each of the generating arrows
appearing once and associated according to . We call this 2-cell a, /, and it
induces a 2-cell [fi]y = [fi]y in T, also written a~ .. Note that since [] = I,
we also include “associators” such asl*: f — f ®[].

We can now define e on the 2-cells of GrTs. A 2-cell of Gr1s is, as defined
above, a string of basic cells which each consist of a choice of substring, a
choice of associations for the source and target, and an actual cell between
those associations. Let « be such a basic cell from {f;} to {g;}. If we treat the
associated substring [f;], as a single cell, then there is a 1-cell

a: [fil = [fi+: [filos fiz]
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where f;_ is the string consisting of those cells with index less than k and f;+
is the string consisting of those cells with index greater than [;. Note that we
also have a cell

a: [fiJra [fi]m fi*] - [fl]
given by reversing the order of composition and replacing instances of a4y with
instances of aj, .. We define e(a) to be the cell

(+(1®1)® ®a)® @1
G [

[fi] =% Uit [filos fim] firslgile 9= = lgs),

where we follow the convention that for unparenthesized strings of length greater
than two, we compose using a leftward bias so that

Qplin_—1 Q1

means the cell
(- (anoan_1)oap_2)o---0az)oa.

Any 1-cell @ in GrT'(a,b) is a string of such basic cells,
= QpQp_1-- Q1.

We define e(@) to be the composite below, parenthesized according to our con-
vention.

e(@) = e(@n)e(@,—1) - - e(an)

It is immediate that the difference between e() o e(@) and e(B@) is merely one
of association, so these two cells differ by a unique isomorphism arising from
the associativity isomorphism in the hom-bicategory. We also define the value
of e on the empty 1-cell tobe (- (1®1)®---1)® 1.

A2cellT :@= 3 in GrT(a,b) is a 2-cell T : e(@) = e(B) in T. It is now
necessary to equip Gr7'(a,b) with compositions and units, and then show that
these choices give GrT'(a,b) the structure of a 2-category. The 1-cell identities
are the empty strings, and the 2-cell identities are obtained as the identity 2-
cells in T. The composition of 1-cells is given by concatenation of strings, and
it is clearly associative and unital. Vertical composition of 2-cells is inherited
from T', and hence is strictly associative and unital. Horizontal composition is
also inherited from 7', in that we define A xI" to be the 2-cell

- =\ — AxD = — -
e(fa) = e(B)e(@) — e(F)e(a’) = e(F'a),
where the unlabelled isomorphisms are the unique cells given by the coherence
theorem. It follows by the uniqueness of the isomorphisms that composition
satisfies interchange and is strictly associative. Thus GrT'(a,b) is a strict 2-
category.

To provide GrT with the structure of a Gray-category, we must construct

a cubical composition functor

*: GrT'(b,¢) x GrT(a,b) — GrT'(a,c)
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and show that it satisfies appropriate associativity and unit conditions. On

0-cells, we define

{fiy +{9;} = {fi, 95}
by concatenating lists. If (k,l1,l2,0,7,a) : {fi} — {f}} is a basic 1-cell and
{gn} is any other O-cell such that {f;} x {gn} is defined, then there is a basic
1-cell a* & given by

(k+ H,l1+ H,lo+ H, 0,7, ),

where H is the length of {gn}. This can be extended to an arbitrary 1-cell
a= (ana"'val) by

a*xd=(ap,*D,...,a1 %),
and we can similarly define @ x@ when {gs} x {f;} is defined. Thus we define
0 * @ to be the cell given by the string

(@ x@) o (B *2),

where composition means concatenation of strings. We define @ x @ = &.

To define * on 2-cells, it suffices to define both 1+T : @@ = @ * § and
I'xl:a*@ = @ for a2-cell T : @ = . We then extend this to a definition
of TxA:a@xa’ = [ by the following formula.

PxA=(1%xA)* (T 1)

To begin, let @, 3 be 1-cells {f;} — {g;}, and let {hx} be another O-cell such
that {hr} x {fi} is defined. If @ and 3 are basic 1-cells, then e(@ x @) is the
1-cell displayed below.

(hies £i] = [hie, firs [filos fiz] By firs [95)0s fim] = [k, 9]

This gives the following pasting diagram of isomorphism 2-cells in T'(a, b), where
the unlabelled 1-cells are given by our choice of associations and all the 2-cell
isomorphisms are the unique isomorphisms given by coherence.

(-»~®a)®-~®1
25 [

a (,.,®(,¢)®.,.®1 ar
[hi,fi] ———— [h&,fi—,[filo,fit] ———— [hr,fi—,lgi]o,fi+] ——— [h&,95]

[T

[he]®[fi] ———— [he]®[fi-,[filo, fit] —— [Ri]®[fi-.[g5]0, fit] —— [hr]®]g;]
(-—-(1®1)---®1)®a (- (1®1)--@1)@(---®a---1) (- (1®1)---®1)®a*

=

(~~~(1®1)-~®1)®(a'(~~~®a®~~~®1)a)

Thus we have a 2-cell isomorphism e(@xa) = a*(e() ®e(@))a, so we can define
1% T to be the composite
i 1*(1&2)*1 -, -

e(@*a) = a(e(D) ®e(@)) a(e(9) ®@e(B))a = e(@xf).
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Now we extend this definition to strings of basic cells. Let
o= (Oén,. .. ,051)

be a 1-cell in GrT. Using the above construction, we define a canonical isomor-
phism e(Fx @) = a (e(@) * e(a)) a below.

e(@xa) = e(@rap,...,Txaq) definition of @ x —
= e(@*ray) e(Txag) definition of e
> a(e(o)@elan))a--a(e(@) ®e(ar))a by the above
> a(e(0)@e(an)) - (e(®) ®e(ar))a counit of a H a*
> a((e(@)--e(9)) @ (elon) - 'e(al)))d unique coherence iso
>~ ale(9)® e(a))d unique coherence iso

We now make the same definition of 1 xI" as above, using our canonical isomor-
phism and its inverse. This immediately implies that 1 *T'o1xA =1%(T'o A)
and 1x1=1.
Assume that I and A are 3-cells in GrT such that I'x A is defined. We now
show that
(IxD)x(1xA)=1x(T"'xA).

Note that we have the diagram below in T', where we have focused on the last
step of the canonical isomorphism above with the omission of the associators.

o~

(e(2)--e(2)) @ (e(Bm)-—e(Br)e(an)-e(a1)) ——— (e(2)®e(B)) o (e(2)Be(@))

l/l@l“*l@A

R

(e(2)2e(B)) o (e(2)Re(a)

lg

e(2)®e(Ba) (2)®e(Fa’) ——Z—> e(@)®e(Be)

S,
1Q(I'*A)

All of the isomorphisms above are unique coherence isomorphisms. This diagram
commutes by the naturality of the various coherence isomorphisms involved.
Writing out the composites that give (1xI") * (1% A) and 1+ (I'* A), we see that
the two composites that make up this diagram appear, one in (1 xI") x (1 x A)
and one in 1 * (I' x A). Since the rest of the definitions of these two cells are
identical, we can conclude that they are in fact equal. This concludes the proof
that @ x — is a 2-functor; a similar proof shows the same of — x &.

The final piece of data for the Gray-category structure of GrT' is an isomor-
phism

)

Yoz (B D)o (@) = (@+a)o (Gx9)
satisfying three axioms. This amounts to an isomorphism

e(Bx2)e(@*a) = e(o *xq)e(B * D)
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in 7. Assume first that @ is a basic 2-cell o, and similarly for 3. We then define v
by the following pasting diagram of isomorphisms, where the composite around
the top and right is e(3 + @)e(@ « @) and the composite around the left and
bottom is (D * @)e(S * ).

" (-+®B8)---®1 o
Lok, fi] —————— lop4loglr g — 2 fil — lagq,lofs] 06— fil ———— lg},,fi]
~ a ~ ~
a - - - a
[9k+sl9glr g9k —  Fit [filosfi—] a
/
®1
l9:fit [ filo Fi—] @ ®h)-® a [Q;c/,fi+,[f¢]a»fi_]
(- Ra)®1 /
=~ [Qk+,[9;c/],./,gk_ny_,[fi]a,fi—]
(- ®a)--@1 (+Qa)--®1
[ 7 >~
Bl U Y E Y- PIS PR 8 ) PR | -
’ /a ®B)--®1 (- ®a)--®1 , ,
[gk’f’i+’[fi/]o-l’f’i—] e [Qk/»f¢+,[fi,]a/»fi_]
/
a’ 9kt s [9%s )7 29k Fi sl gt Fim ]
a a
~ ~ ~
= = a =

log:Fi)) —————> logtloglrogp— 2 F) ] — logqolafs ) ook )] ——— la}, .5}/
a .
(- ®B)®1 a
All of these isomorphisms are unique coherence isomorphisms by coherence.
From this, the naturality axiom for « follows immediately. The other two axioms
follow by the uniqueness of the isomorphisms. Thus we have defined v when «
and [ are basic 2-cells, and the second and third axioms for the isomorphism
serve to define it in general.

Theorem 10.3.2. Let T be a tricategory. Then the definitions above serve to
giwe GrT the structure of a Gray-category.

Proof. Since we have already given the cubical composition functor, all that
remains is to show that it is strictly unital and associative. The unit condition
is trivial as the unit 1-cell is the empty string. For associativity, first note that
concatenation of lists is strictly associative, so * is strictly associative on 1-cells.
For 2-cells, we have the following computation.

dx(Bxa@) = ox(T*xaof*02)
Dx(Draof*D)od*D

D*x D+ AP *[BFrxBod+D*xD
FGxao(Dx[PodxD)*D

= (0xf)xa
A similar calculation, using the naturality of the associativity constraint in the
hom-bicategory, shows that * is strictly associative on the 3-cells of GrT. O

Theorem 10.3.3. The map e of the underlying 2-globular sets GrTy — T can
be extended to a map of category-enriched 2-graphs by setting e(I') = T'. This
map can then be given the structure of a functor GrT — T. This functor is a
triequivalence.
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Proof. The first statement is trivial. For the second, we must construct the
remaining data for the functor e. Restricting to the hom-bicategories, we have
a map of category-enriched graphs

eab : GrT'(a,b) — T'(a,b);

this is given the structure of a functor of bicategories by using the coherence
isomorphisms of the hom-bicategory for structure constraints and the definition
of e. Coherence for bicategories then immediately implies that the necessary
diagrams commute.

The transformation x has component at {g;},{f;} the 2-cell

l9;] ® [fi] = [g5, fi]
chosen previously. For space purposes, we will write o for the cell abbreviated
(R)e)e---1
above. There is a unique coherence isomorphism
e(f)@e(a) Za®aof®aca®a

given by coherence for functors. Upon composition with the inverse of this
isomorphism, the naturality isomorphism for x at the pair of basic 2-cells 3, a
is given by the pasting diagram below.

a

lg;1®[f:] [95, 1] Yo [g54.1951r95— i)

8

R

a®a

(9551951 77,95— ]

(95419517195 - 1@ firto[filosFir] N
% a

@@Q = [gg+7[g I]-r 1595 — ]®[fz+:[f1]a:fz [g;hfi]

[gj+7[g;‘/]‘r/’gj*]®[fi+7[fz lorfi—] o~ \\ ‘

(970 fits[filo, fi-]

a'®@a’

|

[9;/]®[f¢,/] 7 [ggufi//] - [9;/7fi+7[f,-//]a/7fi—]
a
The isomorphisms are all unique coherence isomorphisms. Uniqueness then
gives the definition for when the cells involved are not basic 2-cells. The trans-
formation x* is defined in precisely the same fashion, using a* instead of a; the
unit and counit of this adjoint equivalence are given by those for a and a.
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Both I, and e(I,) are the identity 1-cell I,. Thus we define the adjoint
equivalence ¢ to be the identity adjoint equivalence.

The modifications w, v, and § are all given by unique coherence cells by
coherence. From this we also see that the required axioms hold.

Now we must show that e is a triequivalence. First, it is surjective on objects.
Given objects a, b in GrT, we must show that each functor GrT'(a,b) — T'(a,b)
is a biequivalence. It is surjective on 0-cells since each O-cell f is the image of
the string {f}. Now let {f;} and {g;} be 0-cells with length I, J, respectively.

Any « : [fi] — [g;] is the image of (0,1,J,[],[],«) (where [] refers to our
standard association) by definition. Finally, this functor is clearly 2-locally full
and faithful by the definition of GrT. O

Remark 10.3.4.In our construction of GrT, it was required that we make
arbitrary choices of 2-cell associators a /. This construction depended on these
choices, as did the construction of the constraint data for the triequivalence e.
If we denote the set of these associators by A, then our definitions are actually
of a Gray-category Gr(T, A) and a triequivalence e4 : Gr(T,A) — T. For a
different set of associators A’, there is a strict triequivalence Cq 4 : Gr(T, A) —
Gr(T, A”) which is the identity on 0-, 1-, and 2-cells and is compatible with the
evaluation triequivalences e 4 and e 4+ in the sense that there is a transformation
o : ey — eaCy 4 whose component at each object is the identity, whose
component at each 1-cell f is r*l, and whose modifications IT and M are both
given by unique coherence isomorphisms. From this point forward, we will
assume that a single choice of A has been made and that Gr(7T") means Gr(T, A)
for this choice of A for all tricategories T'.

Now we construct the (essentially obvious) pseudoinverse to e, denoted f as
in the case of bicategories.

Theorem 10.3.5. The map f : T — GrT of category-enriched 2-graphs given
by

can be given the structure of a functor. This functor is a triequivalence.

Proof. For the first claim, we need to give the rest of the data for f to be a
functor and check the required axioms. First, we need to give structure con-
straints to make f a map of bicategory-enriched graphs. The composition con-
straint f(8) o f(a) =2 f(8 o «) is the unique coherence isomorphism in the
hom-bicategory; the same is true of the constraint f(14) = 1(,. Thus we have
a map of bicategory-enriched graphs.

The adjoint equivalence X is defined as follows. The component x4 is given
by the cell (0,2,1,[],[],1rgg), and Xxj,, is (0,1,2,[],[],1ngy). The unit and
counit are given by the unique coherence isomorphisms in the hom-bicategory.
The naturality isomophisms are given by the unique coherence isomorphism
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from the coherence for functors theorem using the functoriality constraint of
® and the constraints in the hom-bicategory. It is now trivial to check the
transformation axioms and that this is an adjoint equivalence.

The adjoint equivalence ¢ has components defined by ¢, = (0,0,1,[],[],1z,)
and ¢, = (0,1,0,[],[],17,). The unit and counit are given by the unique co-
herence isomorphisms in the hom-bicategory. The invertible 3-cells ¢ : ¢, 014 =
fiqot, and ¢+ are also given by unique coherence isomorphisms from the coher-
ence for functors theorem. Once again, it is routine to check the transformations
axioms and that this is an adjoint equivalence.

The modifications w, v, and § are all given by unique coherence isomorphisms
as above. These clearly give modifications, and the axioms for a functor are now
immediate by the coherence theorem for functors.

For the second claim, first note that f is an isomorphism on objects. Thus we
need only prove that f is a local biequivalence to show that it is a triequivalence.
It is trivial to see that ef(g) = g for g a 1-cell of T', so ef is locally biessentially
surjective. By definition, ef(a) = (1)1 which is isomorphic to « in the hom-
bicategory of T', so ef is also 2-locally essentially surjective. Also from the
definition, it is easy to see that ef(T") = (1 ") x 1; using the left and right unit
isomorphisms in the hom-bicategory, we see that this function is an isomorphism
on 3-cells, hence ef is a local biequivalence. But since e is a local biequivalence,
f must be as well. Therefore f is a triequivalence. O
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Chapter 11

Coherence for functors

In this chapter, we will establish a coherence result for functors between tricat-
egories. This requires the same attention to detail that the coherence theorem
itself demanded, as once again we will need to employ universal properties in
the categories 2Gr(Cat) and Gr(Bicat) since tricategories and functors be-
tween them do not form a category. The coherence theorem proved in the first
section will allow us to construct from any functor F' : S — T a strict func-
tor GrF : GrS — GrT, at which point we will have replaced tricategories and
functors with triequivalent Gray-categories and Gray-functors.

11.1 The coherence theorem

Our first goal is to prove analogues of the results in Section 2.3. We begin by pro-
ducing the free functor generated by a map of bicategory-enriched graphs. The
following proposition constructs this functor and provides its universal property.

Proposition 11.1.1. Let J : B — B’ be a morphism in Gr(Bicats). Then
there exists a tricategory F;B', a map j : B" — F;B" in Gr(Bicat), and a
locally strict functor J : FB — F;B’ with the following properties.

1. The square

commutes in Gr(Bicaty).

131
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2. Given a square

B B’

Kl l

§——>T

that is commutative in Gr(Bicat) with S, T tricategories and F' a locally
strict functor between them, there exists a unique square

B —L = F,B

7| |

§——>T

such that
FK in Gr(Bicat),

o LJ=

o K. L are strict functors,

e Ki = K and Lj = L as morphisms of the underlying bicategory-
enriched graphs, and

o L maps the adjoint equivalences x and ¢ in F;B’ to the adjoint equiv-
alences of the same name in T.

Proof. The tricategory F;B’ is constructed as follows. The 0-cells of F;B’ are
the 0-cells of B’. The 1-cells of F;B’ are generated by new 1-cells I,;, the 1-cells
of B, and 1-cells Jf for f € FBy, subject to the relation that Jf = f' if f is
a 1-cell of B such that Jf = f/ in B’. The 2-cells of F;B’ are built from the
basic building blocks

1. 2-cellsa: f = gin B,

2. new 2-cells i, : I, = I,

3. the constraint cells [y, l},rf, % Qhgf and Ao fs
4. the constraint cells x4, Xyt tas and ¢, and

5. 2-cells Ja for a € FBy

by tensoring along 0-cell boundaries and composing along 1-cell boundaries,
subject to the relations (3)o(a) = (Soa) (where here the left side is composition
in F;B’ while the right side is composition in B’) and Ja = o’ if « € By and
Ja=d in B.

The 3-cells are built similarly from the 3-cells of B’, 3-cells JT for T’ € FBs,
constraint cells for the tricategory structure, and constraint cells for the functor
J, all subject to the required relations for both the tricategory structure on
F,;B’ and the functor .J.
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The functor .J is defined on cells by the formula J(w) = Jw, where the cell
Jw is one of the defining cells for F;B’. The constraint cells for J are those given
by the definition of F;B’, and the functor axioms hold by construction. The
square in part 1 of the statement of the theorem then commutes automatically.

For the second part of the statement, the strict functor K is determined by
the universal property of FB. The strict functor L is defined as follows. On
0O-cells, L agrees with L. The rest of the functor L is determined by strictness,
local strictness, the relations Ki = K, Lj = L, and requiring L to map the
constraint cells in the definition of F;B’ to the constraint cells of the functor
K. This gives the definition of L and immediately proves uniqueness.

O

Let J : X — Y be any map in 2Gr(Cat). We can apply the construction
of the free functor of bicategories between category-enriched graphs locally to
produce a locally strict map of bicategory-enriched graphs J'¢ : FpX — Tfj’cY.
This gives the commutative square in 2Gr(Cat) displayed below.

J

b'e Y
FpX i Flocy

Applying the universal property locally, we get a unique commutative square of
bicategory-enriched graphs

Jloc

FpX Flocy
Fo(FaoX) —5—5— Fa(FacY)

which when pasted with the previous square yields the square below.

X J Y
F6(F20X) —5——> Fa(FacY)

Now applying the universal property of F jioc, we get the following square which
commutes in Gr(Bicat).

FX F jroc (FY)

| |

Fa(FacX) Fe(FacY)

Fa(FacJ)
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The left vertical map is the triequivalence from our coherence theorem for tri-
categories given by the universal property of the map X — FX. The coherence
theorem for functors is now the following statement.

Theorem 11.1.2 (Coherence for functors). For all maps J : X — Y of
category-enriched 2-graphs, the strict functor A : F jioc(FWY) — Fo(FacY)
s a triequivalence.

This proof requires the following lemma. It has a proof similar to that given
in Section 2.4.1.

Lemma 11.1.3. Assume that the following squares of functors satisfy the four
conditions of the second part of the previous proposition with R,S; strict for
1=1,2.

Jioe

FX F jioc (FY)
R lsi
A P B

Assume that the S; have the same object map, and that the F; have the same
object map. Then for every transformation o : F1 — Fo with ag = Ip,q for
every object a, there is a transformation 3 : S1 — So with By = Is,p for every
object b and

(a*1p)e = (B*15m)a
for all objects x in FX.

Proof of . Since Al : Stf,"CY — FocY is a local biequivalence, there is a map
of bicategory-enriched graphs going in the opposite direction which is a local
pseudoinverse and is defined by the following formulas.

=T
fref

apar > (o (anOn—1)an—2) - )y
@fl—>1f

Tp- Ty (oo (D s Tpq) - ) % Ty

The structure constraints are given either by associativity isomorphisms or iden-
tities; it is simple to check the required axioms using coherence. If we write r
for the composite of this map with the inclusion F¢Y — F jioe (F2¢Y'), then we
can produce a map of bicategory-enriched graphs 7 : Fg(FacY) — F jioe (FLPCY)
using Lemma 10.1.3. Using the strictness of A : Fjioe (FY) — Fg(FocY) and
the definition of 7, it is easy to check that A7 is the identity in the category
of bicategory-enriched graphs. Using this fact and the same arguments used in
the proof of the coherence theorem for tricategories, we see that A is locally
biessentially surjective, 2-locally essentially surjective, and 2-locally full.
By Proposition 9.4.6, there is a strict functor

S:FX — F jioc (FPY)
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and a transformation a : S — J'¢ with every component an identity. The
universal property then gives the following commutative square in Gr(Bicaty).

FX F j10e (FLCY)
| I
FX 3 F jioe (FYY)
The identity square
FX e F e (FUY)
1l l1
FX l F jioe (FYY)
J oc

also satisfies the four conditions in the proposition. By the previous lemma and
the existence of «, we can conclude that E is 2-locally faithful.
The universal property of JF jioc (S'"f}’CY) also provides the square below.

FX F jioc (FY)
| -
FX — Fy

The universal property of I' implies that I" o,, A1 = A; since we know that I
is locally faithful, we need only prove that A; is as well. By the definition of
F ji0e (FY°Y') and the fact that F is a left adjoint, there is a unique strict functor
T such that the diagram below commutes.

FpY F jioe (FL0°Y)
l /
FY

It is now easy to check that S = T o, FJ using the definition of S given by the
construction in the previous chapter. This gives that T"o,, A1 is a strict functor.
But since S =T o, FJ, the following square commutes in Gr(Bicat).

?X ?Jloc (??CY)
1 lTo“Al
FX 3 F jioe (FLY)
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We now need to check that this square satisfies the four properties listed in
the second part of Proposition 11.1.1 to conclude that there is a transformation
a:To, Ay — E with each component the identity; then T o, A; will be 2-
locally faithful since E is, and thus A; will be 2-locally faithful as well. The first
two properties are immediate. The third and fourth follow by direct calculation
using the fact that S and T are strict functors. O

11.2 Coherence and diagrams of constraints

This section consists of results analogous to those in Section 9.2. The goal will be
to prove results of the form “all diagrams of constraint 3-cells of a certain form
commute.” In the next section, we will put these results to work in providing
an explicit strictification for functors between tricategories. All of the proofs in
this section are simple modifications of the proofs given in Section 9.2, so we
either omit them or give shortened versions.

The following important corollary is an immediate consequence of the co-
herence theorem for functors and Theorem 10.2.2.

Corollary 11.2.1. Let J : X — Y be a map of category-enriched 2-graphs,
and assume that Y is 2-locally discrete. Then in JF jioe (?f}’CY), every diagram
of 3-cells commutes.

Definition 11.2.2. A diagram D in T of constraint cells of T', constraint cells
of a functor J : S — T, and the images under J of constraint cells in S is called
(F, J)-admissible if there is a commutative square of category-enriched 2-graphs

K

n<—-=ul
N<—HN

J

with both vertical arrows inclusions and T 2-locally discrete and a diagram D
in Fcroe (FT) consisting of constraints for the tricategory structure and the

functor J such that D is the image of D under the map
?Kloc (?lIgCT) — T
induced by the universal property of Fxioc (?lI‘QCT) applied to the square above.

Corollary 11.2.3. Let J : S — T be a functor. Then every (F,J)-admissible
diagram in T commutes.

11.3 Strictifying functors

In this section, we will use our coherence theorem to produce, from any functor
F:S — T, astrict functor GrF' : GrS — GrT.



11.3. STRICTIFYING FUNCTORS 137

The definition of GrF' on objects is the same as that of the functor F' on
objects. Since a 1-cell of GrS is either empty or a string {f;}, we can also define
GrF on 1-cells by the simple formulas below.

GrF(o) =9
GrF({fi}) = {F'fi}

For the definition of GrF on the 1-cells of the hom-2-categories, we note that
it is only necessary to define GrF on basic 1-cells and then extend this to
strings by strict functoriality. Thus we need only define GrF' on the basic 1-cell
(k,ll,ZQ,J,T, a).

First, choose composites of constraint cells ¢, : [Ff;]o — F([fi]s) for every
association o just as we did for choosing associators a. .. These choices also
give rise to cells ¢, : F([filo) — [Ffilo. Thus we now define GrF on the basic
1-cells of the hom-2-categories by

GrF(k,ly,la,0,71,0) = (k,l1,l2,0,7, (¢, Fa)cs).

We additionally define GrF' (@) = @.
We will define GrF' on 3-cells by using a canonical isomorphism that we
construct next. The 2-cell e((k,l1,12,0,7, (¢, Fa)co)) is given by the composite

aoc.oFaoc,0aq,

where we have written 0 for the cell (---(1®1)®1)---®J) ®---®1, as in
the last chapter. We thus have the isomorphism given by the pasting diagram
below, where each individual isomorphism is unique by our coherence theorem
and (&, F)-admissibility.

[Ffi] ———— > (Ffip [P flo Ffie] ————> [Ffuy Flfilo Ffi]
c Fa
F[fi] B [Ffit+ Flgjl-.F fi-]
Fa o
Flfiv,[filo,fi-] [Ffit+:[Fg;l-.Ffi-]
Fa B a’
Flfit,lgslr.fi-] Flg;] [Fg;]

Fa’ c
Composing this with the composition constraint for F' gives a unique isomor-
phism
aoc.oFaoc,0a= coF(a’oaoa)oc.

It is easy to extend this isomorphism to when « and (3 are strings of basic 2-cells.
Now we define GrF(T") to be the composite

ac;Facsa = cF(a’aa)c ED)- cl(aBa)c = a'c, Ffcqa.



138 CHAPTER 11. COHERENCE FOR FUNCTORS

Theorem 11.3.1. Let F : S — T be a functor between tricategories. Then
GrF as defined above is a strict functor between Gray -categories, i.e., a Gray-
functor. Additionally, there are transformations

ors—E s o s— 5 s
S————=T GrS———GrT

with the component at each object the identity.

Proof. For the first claim, we need to prove that GrF strictly preserves all
compositions and identities. This holds by definition for the 1-cells of GrS. By
definition GrF strictly preserves identity 2-cells and composition along 1-cell
boundaries. Thus we need only check that

GrF (6 a) = GrF(B) » GrF(a).

The definitions of GrF and @ x «, § x @ make it clear that GrF(@ x a) = & *
GrF(a) and GrF(8x @) = GrF(8) . Thus we have the following calculation.

GrF(8*a) = GrF(@xaof*2)
GrF (@ % a) o GrF (3 x @)
@ x GrF(a) o GrF(8) x @
= GrF(B) «GrF(a)

For 3-cells, it is obvious that GrF(I' 0 A) = GrF(T') o GrF(A) by interchange
in the hom-2-categories and the functoriality of F'. Similarly GrF'(1) = 1 since
F(1) = 1 by functoriality on 3-cells. Using the definition of I" * A in GiT,
it is routine to check that GrF(I' *+ A) = GrF(T") * GrF'(A). To check that
GrF(T'xA) = GrF(T')xGrF(A), we only need to verify that this equation holds
when either of " or A is the identity; the definition of I" x A and the fact that
GrF strictly preserves composition along 1-cells boundaries then ensure that
the equation holds in general. This is a simple calculation using the definition
of 1xI', ' x 1 resp., and Corollary 11.2.3.

Finally, we must show that GrF'(vy) = 7. Since v is defined by a unique
coherence isomorphism, we need only show that GrF(v) is as well. This follows
quickly by the definition of the action of GrF on 3-cells. We have now completed
the proof that GrF is a Gray-functor between Gray-categories.

To define the transformation ¢ : e o GrF — F oe, we first set ¢, = Ip;.
The adjoint equivalence ¢y is the composite of the adjoint equivalence r-1
and the adjoint equivalence ¢ given by 1-cells ¢ : [F'f;] — F[fi],c : F[fi] —
[F fi] and the obvious unit and counit. The naturality isomorphism ¢y is the
composite of naturality isomorphisms for ¢ and r*l. The modifications IT and
M are given by unique coherence isomorphisms using Proposition 11.2.3, and
the transformation axioms follow immediately.
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To define the transformation ¢ : f o F' — GrF o f, we first set ¢, = Fp,.
Similarly, ¢y = @ry and Yy =Dpy with identity unit and counit. The natural-
ity isomorphism 1y is the identity. Once again, Il and M are given by unique
coherence isomorphisms and the transformation axioms follow immediately. [

Remark 11.3.2. Note that for v, the only nontrivial data are IT and M. That
is because f o F'= GrF o f as maps of bicategory-enriched graphs.

With the proof of Theorem 11.3.1, we have shown how to replace tricate-
gories and functors between them with Gray-categories and Gray-functors, up
to triequivalence. This furthers the coherence theory begun in [17] and gives a
rigorous justification to the use of Gray-functors instead of functors of tricate-
gories as appropriate maps (for the purposes of 3-dimensional category theory)
between Gray-categories. Interesting avenues for future work include finding
a strictification for transformations and comparing the resulting 2-cells with
Gray-transformations, using the theory developed here to study pseudomon-
ads in an arbitrary tricategory, and studying alternate strictifications as different
approaches to coherence.
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Appendix A

Adjointness in bi- and
tricategories

The purpose of this appendix is to collect together all the results needed con-
cerning adjoint equivalences in a bicategory and biadjoint biequivalences in a
tricategory. We shall prove the analogue, for an arbitrary bicategory, of the
result that in Cat, every equivalence can be made into an adjoint equivalence.
As a corollary, we also produce the result that an adjoint equivalence in a bicat-
egory is determined by its 1-cells, either ) or €, and the bicategorical triangle
identities.

The first section is concerned with the basics. First, we give the definition of
an adjoint equivalence in an arbitrary bicategory. The main difference from the
usual definitions is the addition of associativity and unit isomorphisms needed
for an arbitrary bicategory. Then we present the usual proof in Cat of the fact
that every equivalence of categories can be made into an adjoint equivalence.
Then we give the full proof of that same result in any bicategory. The second
section focuses on the theory of mates, an important calculational tool when
working with adjunctions in a bicategory. We give the definitions and provide
a number of results that will be used without specific mention in this work.

The final section gives the definition of a biadjoint biequivalence in an arbi-
trary tricategory and relates it to the usual definition of a biadjunction between
functors F': B — C,G : C — B with B, C bicategories.

A.1 Adjoint equivalences in a bicategory

Here we give an account of the basic theory of adjunctions and adjoint equiva-
lences in an arbitrary bicategory.

141
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A.1.1 Definitions

This section is devoted to providing the necessary definitions. Throughout this
note, B will denote a bicategory with associativity isomorphism a and unit
isomorphisms [ and r.

Definition A.1.1.1. A specified equivalence (f, g, «,3) in B consists of a pair
of 1-cells f : ¢ — y and g : ¥y — x and a pair of 2-cells isomorphisms o : fg = I,
and B: I, = gf.

2. A 1-cell f in B is called an equivalence if there exist g, a;, and § such that
(f,9,a,0) is a specified equivalence in B.

To define adjoint equivalence, we first must define what an adjunction is in
a bicategory.

Definition A.1.2.Let f: 2z — y and g : y — x be 1-cells in B. An adjunction
f - g consists of a 2-cell € : fg = I, and a 2-cell n : I, = gf such that the
following two diagrams (the bicategorical triangle identities) commute.

—1

g n*1 a 1gxe
9> Lg—=(9f)g —>g(fg9) — 91,

We then say that f is left adjoint to g, or that g is right adjoint to f.

Remark A.1.3. In the bicategory Cat, the associativity and unit isomorphisms
are all identities. In that case, this definition reduces to the usual definition of
an adjunction between functors.

Definition A.1.4. An adjoint equivalence (f, g,€,n) in B consists of a specified
equivalence (f, g,e,n) such that € and n constitute an adjunction f - g.

A.1.2 The bicategory Cat

In this section, we will present the usual proof in Cat that every equivalence
can be improved to an adjoint equivalence. This proof relies heavily on the fact
that 2-cells in Cat have an explicit description in terms of families of 1-cells.

Theorem A.1.5. Let F : X — Y and G : Y — X be functors, and let
a: FG = 1y and B : 1x = GF be natural isomorphisms. Then there is a
unique adjoint equivalence (F,G,e,n) in Cat such that € = «.
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Proof. Let ¢ = a. The second triangle identity states that eF o Fnp = 1p. By
the invertibility of e, this equation is the same as F'n = (¢F)~!. The righthand
side of this equation is well-defined and F' is full and faithful since it is an
equivalence of categories, so we define 7, : * — GFz to be the unique arrow
such that F'n, = (ep,) "t

We must now check that 7 is natural and that the first triangle identity
holds. For naturality, we consider the square below.

r——Y

GFzx G—Ff> GFy

Applying F' to the diagram and using functoriality gives this square.

F
Fx4f>Fy

anl any

FGFx FGFT FGFy

By the definition of 7, this square is the naturality square of (¢F)~! and thus
must commute. By the faithfulness of F', the original square commutes as well
and so 7 is natural.

For the first triangle identity, we consider the composite

y Gey
Gy —2L GFGy —2~ Gy.

Applying F' to this yields FGey o Fng,, which is by definition FGe, o sgéy.
Now the following square commutes by the naturality of e.

FGFGy =2 FGy
FGeyl lsy
FGy = Y

By the invertibility of €,, we get that epg, = F'Gey. Therefore FGey o egéy =
Irgy. Once again by the faithfulness of F', Gey, o ngy = I, and thus the first
triangle identity is satisfied. O

Remark A.1.6. We could have just as easily constructed an adjoint equivalence
with 7 = 3 instead of ¢ = a. In general it is not possible to require both of
these conditions, though.
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A.1.3 The proof for bicategories

We will now present a generalization of Theorem A.1.5 that will apply to any
bicategory, not just Cat. This proof is, by necessity, longer and quite different.
The proof for Cat used naturality of € and the full and faithfulness of the functor
F'. A key step in the general proof is establishing similar results in the general
case.

To establish some notation, let g, h be parallel 1-cells in B. Then B(g, h)
will denote the set of 2-cells g = h.

Lemma A.1.7. Let f : y — z be an equivalence 1-cell in B and let g,h:x — y
be a pair of parallel 1-cells in B. Then the function B(g,h) — B(fg, fh) given
by sending a 2-cell o to 1¢ * a is an isomorphism.

Proof. Choose any specified equivalence (f, f*,«,3). The following diagram
commutes for any 2-cell 6 : g = h.

F(fg) ——= (f)g Zs g

1f.*(1f*0)l/ lf.f*Gl/ llI*Q

F(fh) —==(fHh = Lh
The left square commutes by naturality, and the right square commutes by
interchange.
Now let ¢, : g = h be 2-cells in B, and assume that 1% ¢ = 1;*1. Then

g9

lno(axlp)oato(ly *(1f*¢)) cao(atxlg)ol .

Ino(axly)oa™to lf.*(lf*¢))oaO(ofl*lg)OZflz

By pasting the naturality square for [ at g to the diagram above, we see that
the lefthand side of equation A.1.3 is ¢ and the righthand side is ¥. Thus ¢ = ¢
and the function 17 * — is injective.

We now define an inverse function by the assignment 6 — 6 where

ézlho(a*lh)oaflo(lf.*9)0@0(071*19)0151.

This function is also injective since all the 2-cells involved except the argument
are invertible and 1y * — is injective. We will show that 17 * 6 = 60, and thus

that the function 6 — 6 is surjective. Then 17 *x — will be a right inverse for an
invertible function, hence invertible itself.

The 2-cell 17 % is
lho(a*lh)oa_1(01f. *(1f>k9)) cao(a !t x1g)ol .
Now a~to (lf. s« (15 * 9)) oa = 1.5 %@ by naturality. By interchange,

(a*lh)o(lf.f*ﬁ)o(ofl*lg):(aolf.foofl)*(lhoﬁolg)=11*9.
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By the naturality of [,
lhO(l[*g)Ol;l =0,

—_~—

solpxf=80. O

Remark A.1.8.1If f : x — y is an equivalence 1-cell and g, h : y — z are parallel
1-cells in B, then the function B(g,h) — B(gf, hf) given by g+ B 1 is also
an isomorphism. It is now easy to show that the functors f* : B(y, z) — B(x, z)
and f, : B(w,x) — B(w,y) are both equivalences of categories.

Lemma A.1.9. Let f :x —y and g : y — x be I-cells in B, and lete : fg = I,
be an invertible 2-cell. Then

lggoexlpg=rrg0lpgxe

as 2-cells (fg9)(fg) = fg.

Proof. Consider the following diagram.

(f9)(fg) = Iy(fg) s LI,

l . l o l

(fo)ly ———f9g——=1y

e

The two regions marked with (9 commute by naturality. Now r; = I; by [22],
so the outside commutes by interchange. Since all the arrows are invertible, the
square marked O commutes as well. O

Theorem A.1.10. Let (f,g,a, ) be a specified equivalence in B. Then there
is a unique adjoint equivalence (f,g,e,m) in B such that € = a.

Proof. Set € = a. The first triangle identity is the equation
rgolg*eoaon*lgolglzlg. (A1)
This can be rearranged, using the invertibility of all the terms involved, to yield

nxly=altoly,xe tor;tol,. (A.2)

g9

Define n using Remark A.1.8. We must now check that 1 satisfies the second
triangle identity. Consider the diagram below, where we write I for an identity
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1-cell.
fo— (119 S (£ )9 = (f9) flg = (1f)g —L— fg
A
\nrl a N a
\ 1#(nx1)
_ fIg) —f((9f)9)
1spr 1 1%l A at N
fg A 1xg?
' P 1spr— 1 el
£on) S Fg(f9)) < (fo)(fo)
‘_1 N 1xe ! 1xe
\L =
(fo)1 : (fo)l

The regions marked = commute trivially, and the regions marked A are bicat-
egory axioms. The regions marked N commute by naturality. The two regions
marked P commute by proposition (JS), or by coherence for bicategories. The
region marked A is obtained from the first triangle identity using invertibility
and by horizontal composition with 1. Finally, the region marked O commutes
by Lemma A.1.9. Thus the diagram commutes.

Examining the exterior of the diagram, we get the equation

lpg=1lx1g0(exlp)xlg0a  x1 0 (1p*n)*1gor ! x1,. (A.3)

Since 1f * 14 = 174 and the function — * 1, is injective by A.1.8, equation A.3
yields that
ly=loexlfoatolysxnor, (A4)

which is the second triangle identity. O

Remark A.1.11. We could just as easily have required n = (8 as in Remark
A.1.6. It is not possible, in general, to require both € = @ and n = .

Corollary A.1.12. An adjoint equivalence (f, g,€,m) in a bicategory B is uniquely
determined by f, g, the bicategorical triangle identities, and either € or 7).

A.1.4 Useful results

Here we provide two useful results about adjoint equivalences in an arbitrary
bicategory. These results will be used throughout, often without explicit men-
tion.
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Proposition A.1.13. Let B be a bicategory and let

f: (fvf.a€f777f)
g = (g)g.aggang)

be two adjoint equivalences in B such that the target of f is the source of g.
Then there is an adjoint equivalence gf = (gf, f*g", 0, B) with counit « given
by the diagram below and unit 3 uniquely determined.

Proposition A.1.14. Let f = (f, f*,e,n) be an adjoint equivalence in a bicat-
egory B. Then f* = (f, f,n~',e71) is also an adjoint equivalence in B.

A.2 DMates in a bicategory

In this section, we will quickly review the necessary results from the theory of
mates in a bicategory that are used in our definitions. The main reference in
the case that the bicategory involved is actually a strict 2-category is [24].

Lemma A.2.1. Let B be a bicategory, and let (f, f*,er,m5) and (g9, 9", €4,714) be
a pair of adjunctions in B. Then there is a bijection between 2-cells a : tf* = g's
and 2-cells B : gt = sf.

Proof. Define the isomorphism by sending the 2-cell o to the 2-cell o™ given by
the following pasting diagram.

NN

The inverse function § +— (4 should be obvious, and this is an isomorphism by
the triangle identities and coherence for bicategories. O
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We call ot the mate of o under the pair of adjunctions f,g. It should be
noted that the mate of an invertible 2-cell is invertible. The rest of this appendix
will be devoted to stating a variety of propositions that will be needed in dealing
with tricategories; no proofs will be provided, as they generally follow from large
diagram chases involving only the triangle identities, coherence for bicategories,
and the axioms for functors and transformations.

If £ = (f, fr,e,n) is an adjoint equivalence in B, and (F,p) : B — C is a
functor, then

(Ff,Ff 00" - Fe-pa,05" - Fnp- o)

is an adjoint equivalence in C.

Proposition A.2.2. Assume that F,G : B — C are weak functors, and that
a: F = G is a transformation between them. If f is an adjoint equivalence in

B, then
aj = (ap)™"

It should be noted that here we are using the opposite adjoint equivalence
of the one stated above.

Proposition A.2.3. Assume that F,G : B — C are functors, and that (o, o, e, 1)
is an adjoint equivalence in Bicat(B,C) witha : F = G and o : G = F. Then

. -1
R CT )t
There is a special case that will be important to us, and that is when there
are no additional 1-cells s,t. In that case, we obtain an isomorphism between
2-cells v : f* = g and 2-cells & : ¢ = f. Here we define the mate of by first
defining o = r~'al, and then

at =latr .

Proposition A.2.4. Let f,g, h be three adjunctions in a bicategory B. If « :
fr=g9 and B: g = h' are composable 2-cells, then

(Ba)t = ()" (8)",
where the mate of Ba is taken via the pair of composite adjunctions.

An important case is the following. Let B be a bicategory, and let f;, f2, g1, g2
be four adjoint equivalences such that the left adjoints form a square as below.

g1
B

sl e

B ——
g2

If a: gof1 = fag1 is a 2-cell, then we denote by o™ the mate of o with respect
to the opposite of the adjunctions fi,fs. Similarly, we denote by 8~ the mate
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of B : fog1 = ¢of1 under the adjunctions gi1,g2. Note the different directions
of the 2-cells, and the necessary choices of which adjunction to use; thus o™=
makes sense, while o~ does not.

Proposition A.2.5. Given the situation above, let o : gafi = fag1 be an
invertible 2-cell. Then

P

2. (a_y)t=(a"H)~F, and

3. at™ =al.

Corollary A.2.6. Assume that F,G : B — C are weak functors, and that
(o, a,e,m) is an adjoint equivalence in Bicat(B,C) with o : F = G and o :
G = F. Iff is an adjoint equivalence in B, then

o = a}"_ = oz}.
Proof. Combining Proposition A.2.2 and Proposition A.2.3 gives the first equal-
ity, and the second is the third part of Proposition A.2.5. |

We next turn to the relationship between mates and the constraint 2-cells
v:fg: FfFg= F(fg) of a weak functor (F,p): B — C.

Proposition A.2.7. Let (F, ) : B — C be a weak functor between bicategories.
Then the following equation holds for any appropriate pair of adjoint equivalence
f,g in B.
-1
(Spfg)T = Py g

Finally, we end this appendix with a discussion of the relationship between
the bicategory constraint cells afgn,lf, 7y and their mates.

Proposition A.2.8. Let B be a bicategory with constraints given above. Then
the following equations hold for any appropriate triple of adjoint equivalences
f.g h.

Using these results, we can now take mates of diagrams of 2-cells inside a
bicategory B.

A.3 Biadjoint biequivalences

The final section of this appendix is concerned with categorifying the definition
of adjoint equivalence to yield the notion of biadjoint biequivalence. We then
use this definition in some of the crucial theorems in Chapter 3.

Before defining biadjoint biequivalence, we need to prove a preliminary
lemma. The diagrams used in this definition require the existence of an iso-
morphism l; 2 r; : I] — I that we now construct.
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Lemma A.3.1. Let T be a tricategory. Then the 1-cells Iy and r; are isomor-
phic in the bicategory T(a,a).

Proof. An isomorphism is given by the following composite; isomorphisms com-
ing from the constraint cells in the bicategory T'(a, a) are unmarked.

1%m, N (1xX)*1
20 2 drr)=2r)r 2 (rol)r = (r(la)r

rll@lor@l)r = (r((lol1®l)rel))r i
(r(('Dr e 1))r (1*(6§1))*1 (rlor@1)rZr(r®lor) w r(rr) Hi rl

o+

|74

at.
o~

O

Remark A.3.2.1t should be noted that, once we have proven our coherence
theorem, the above isomorphism will be the unique isomorphism constructed
from the tricategory coherence cells from r; to I;. In the definition below, any
isomorphism between [; and r; is assumed to be the one constructed in the
lemma.

Definition A.3.3.Let T be a tricategory. Then a biadjoint biequivalence (f, g)
in T consists of

e a pair of 1-cells f:a — b, g: b— a,

e a pair of adjoint equivalences a = (a, ", I',T), 8 = (8, 5", A, A) with

a:f®9—>Ib a':Ib—>f®g
laar =1, IL:1, = aa«a
Big@f—1o [ :la—>9g@f
Aﬂﬁ = ].[a é: ]‘Ia ::>ﬂﬂ,
e and a pair of 3-cell isomorphisms ¢, ¥
r 1®8° a
f fel f@@ef)——(fogaf
/ oot
i ' Ief
|
f
l Bl a
g I®yg GRfleg——=90(f®9)
/ \L1®a
N g1
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such that the two pasting diagrams below are identities. Once again we
have used the convention that concatenation denotes tensor, and that
naturality isomorphisms that are unique constraint isomorphisms from
the functor ® are unmarked; additionally, some cells are the mates of
those indicated.
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Remark A.3.4.In the presence of the simplifying assumption that the tri-
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category T is actually a strict, cubical tricategory (i.e., a Gray-category), the
axioms above simplify to the condition that the diagrams below are identity
diagrams. See [45] for the original definition.

fyg

fg fafg

1
1
Y ¢
fB'g
“ /
h fg
e
B'g
) gf

fyg
af

«@
«
7 1
/\p—lf
gaf
N
1

I gf

9f
B
9f

We pay special attention to the case when the tricategory in question is
Bicat; we shall write the 1-cells as functors F': A — B,G : B — A. In this
case the adjoint equivalences a, I, r in Bicat are all identity adjoint equivalences.
The adjoint equivalences a, 3 show that the functors F,G are biequivalences.
The invertible modification ¢ amounts to an invertible 2-cell

9f

(I)a3OCFaOFﬁ;1:>1Fa

for each object a, similarly for W.

There are functors B(Fa,—) : B — Cat and A(a,G—) : B — Cat, and
the definition of a biadjunction given in [37] is an equivalence between these
two functors in the functor bicategory. Giving such an equivalence amounts
to giving a transformation o between these two functors with each component
1-cell an equivalence in the target.

We define ¢ as follows. The component oy is the functor B(Fa,b) —
A(a, Gb) that sends f to Gf o3, and v : f = g to Gy x 1. Note that this
functor is an equivalence of categories since G is and ;, is an equivalence 1-cell.
For every 1-cell h : b — b', we have the naturality isomorphism given by the
invertible 2-cell @ff * 1. . It is easy to check that this is a transformation using
coherence for bicategories.
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On the other hand, we can define a transformation 7 : A(a, G—) = B(Fa,—)
as follows. The component 73 is the functor A(a, Gb) — B(Fa,b) that sends f
to ap o Ff and v: f = g to 1 * Fy. The naturality isomorphism is given by

(Lo, * ‘ng,h) o(as * Lp(afon))-

The transformation axioms then follow from coherence and the naturality of a.
This transformation is an equivalence 1-cell in the functor bicategory since the
functors 7, are all equivalences of categories using the same argument as above.
The asymmetry in the definition of o and 7 is due to the fact that we are holding
the variable a fixed; holding b fixed would produce a dual asymmetry.

The modifications ®, ¥ then provide a unit and counit for ¢ and 7. The
two axioms for a biadjoint biequivalence yield the triangle identities. Thus we
have provided ¢ and 7 with the structure of an adjoint equivalence. It should
now be clear that our definition of biadjoint biequivalence, in the case of the
tricategory Bicat, is a fully algebraic version of the combination of biequivalence
and biadjunction as given by Street in [37].
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Appendix B

Unpacked definitions

This appendix will give unpacked versions of the definitions appearing in Chap-
ter 2. Nothing in this appendix is new. We have included it both as a reference
and to display all of the constraint cells necessary for the construction of the
free tricategory. Only data will be unpacked as the formulas for the axioms are
already presented as the equality of pasting diagrams using the cells from the
unpacked definitions. An unpacked version of the definition of perturbation is
not given, as the original definition is already maximally unpacked.

B.1 Unpacked tricategories
A tricategory T has the data of

e a set obT of objects,

e for each pair of objects a, b, a bicategory T'(a, b),

e for each triple of objects a, b, ¢, a functor

®:T(b,c) x T(a,b) — T(a,c)
which includes isomorphisms
(B@d)o(Bea)= (80 (da),
ly@ly = 1y,

e for each object a, an object I, € T(a,a) and a morphism i, : I, — I,
along with an isomorphism i, = 1,

e for each triple of composable 1-cells h, g, f, 2-cells

angf: (h®g)@f —-h® (9@ f)
G h®@ (@R f) = (h@g)® f
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and invertible 3-cells

€hgf * Ohgf © Ghgr = Lag(gef)
Mhot = Lr@g)af = Qg rlngf,

e for each pair of triples of composable 1-cells, h, g, f and A/, ¢, f’, and a
triple of 2-cells between them +, 3, c, invertible 3-cells (natural in v, 5, @)

Uy ot argfr o (YRB)Qa=y® (B a)oangs
a:y,,@,a : a‘;L’g’f’ oY ® (ﬂ®a) = (’Y®6)®aoa;1g_fa

e for each 1-cell f, 2-cells

lf:Ib®f—>f

ly - fmLf

re: feol,—f

rpifof®l

and invertible 3-cells

Elf : lfl'f = lf
779 : ].Ib®f:>l}‘lf

5; STETE = 1y
77; : 1f®]a’ = T}Tf,

e for each pair of 1-cells f, f/ and 2-cell between them «, invertible 3-cells
(natural in «)
la:lpo(l®a)=aoly
Iy lppoa=(1®a)oly
ro:rpo(a®l)=aors
Ty T o= (@®1l)ory,

[e3%

e for every quadruple of composable 1-cells j, h, g, f, an invertible 3-cell as
displayed below,

(18 (h®9)®f ——> j@((h©g)®f)

a®1 1®a
((1®h)®9)®f Tihgf J®(h®(9®f))
(i®h)®(9®f)

e and for every pair of composable 1-cells f, g, invertible 3-cells as displayed
below.
(98D)®f ——> g®(I8f)

0 N
Hgf

9 f n 9 f
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(I®9)®f

I®1
98f
\ \H/)\gj/

I®(9®f)

9R(f®I)

of 1®r
\ ﬂpg /
(90f)®I
B.2 Unpacked functors
Let S, T be tricategories. A functor F': S — T has the data of
e a function obF : obS — obT,

e for each pair of objects a,b in S, a functor

Fu : S(a,b) = T(Fa, Fb),

e for all pairs of composable 1-cells f,g in S, 2-cells in T’

Xgf  Fg& Ff — F(g® f)
Xyp Flg®@ f) = Fg&' Ff

and invertible 3-cells
£97 i Xof © Xy = 1F(gor)

n;(f pgerry = Xgf © Xgf>

e for all pairs of pairs of composable 1-cells, f,g and f’,¢’, and all pairs of
2-cells between them 3, o, invertible 3-cells (natural in 3, «) as displayed
below,

Fg® Ff —~>F(g® f)

Fﬁ@’Fal/ % lﬂﬁ@a)

Fg @ Ff ——F(¢'®f')

X

Fg® f) Fg®' Ff

X. «
F(ﬁ@&)i / lFﬁ@'Fa

F(g/ ® f/) : Fgl ®/ Ff/
X



160 APPENDIX B. UNPACKED DEFINITIONS

e for all objects a in S, 2-cells

tg i Ipg — F1,
u,  F1, — Ip,

and invertible 3-cells

gt itaoty = 1Fg,

Ny lrp, = L, 0L,
L:lg0tg = Figoug
v, 0 Fig = 1400,

e for every triple of composable 1-cells h, g, f in S, an invertible 3-cell in T’
as displayed below,

(Fhe' Fg) ' Ff 21~ F(heg) &' Ff — > F((h®g) ® f)

!’
' % Fa

Fh@' (Fg® Ff) ————>Fh&' F(g® f) ———> F(h® (g ® f))

e for every l-cell f in S, two invertible 3-cells as displayed below.

r'e'Ff—2 " S FIgFf—> S FI®F)

% FI
l/

Ef
Ff ') Ffe' T 1Q Fﬁ”(@”ﬁﬂ)
Fr:
F(felI)

B.3 Unpacked transformations

Let F,G : S — T be functors. Then the data of a transformation a : FF — G
consists of

e for every object a of S, a 1-cell oy : Fa — Ga in T,
e for every 1-cell f:a — bin S, 2-cells

ar:ap @ Ff - Gf ® aq
oz'f:Gf®’oaa—>ozb®’Ff
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and invertible 3-cells as displayed below,
E‘; Qoo Oé'f = 1Gf®/ona,
nf layerrp = @y oag
o for every 2-cell 6 : f — ¢ in S, an invertible 3-cell (natural in 0) in T as

displayed below,

af

ap @ Ff GfQ ag
1®’F9l % lG9®’1
ap ® Fg Gg®' a,

Qg

e for every pair of composable 1-cells g, f in S, an invertible 3-cell in T" as
displayed below,

’ 1®/(JL

(o7 ®l1 f
(0e®' Fg)® Ff ——> (Gg®' ap)®' Ff ——> Gg®' (@' Ff) —> Gg®' (Gf&® aa)

l(a’)'

a’ (Gg®'Gf)® aq
Hgf
lx%@’l
Q' (Fg®'F c® F(9® G(gQf)® aa
ac® (Fg®'Ff) —_— o (9®f) P (98f)®

e and for every object a in S, an invertible 3-cell as displayed below.

(')

/LF «
g — o' 2 0, @ FI - GI @ a,

A \“/Ma G o/
()] LR

I'® a,

B.4 Unpacked modifications
Let a,8 : FF — G be transformations. Then the data for a modification m :
« = [ consists of

e for every object a of S, a 2-cell m, : ay — (B, of T' and

e for every 1-cell f: a — bin S, an invertible 3-cell in T" as displayed below.

Gf® a,
=
ap ' Ff mg Gf ®’ ,Ba

B

Gy @ Ff
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Appendix C

Calculations

This appendix will give some calculational tools necessary for many of the proofs
given in the body of this work. We will not provide the proofs for these results,
as this is unfeasible because of the size of the diagrams involved. We will,
however, explain the techniques necessary to reproduce these proofs. The main
ingredient in these calculations is the following proposition.

Proposition C.0.1. Let T be a tricategory. Then the following equations of
3-cells hold.

1(1r7) 1(1r")

f(gh) : f(g(rI)) f(gh) f(g(rI))
AN F((gh)I) .« N )
= (fg)I  dn (f)(h1) |
(f9)h (fg)h ———"— (fg)(hI)
\ al - \ U« p/
(fg)n)I ((fg)m)I

((If)g)h o f(gh) (IH)g)h — 2~ (fg)h

k U AL 11
. (I(fg)h A .  — . ~ a
br o I(foph) =
(If)(gh) f(gh) (If)(gh) ——— f(gh)
la \U )\
\ / \\ /
I(f(gh)) I(f(gh))
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f h fI f h fI

l " l — l = !
o U A

If I(fI) If I(fI)

TN INI

Proof. These same equations are proved in [17] under the hypothesis that T’
is a cubical tricategory. The calculation done there applies equally well to our
situation, so we will not repeat it. We will thus prove that the third equation
holds in any tricategory using the fact that it holds in any cubical tricategory
as an example. The other two equations can be proved in a similar fashion,
though the calculations are longer as the diagrams are more complicated.

We will start with the left side of the equation above in an arbitrary tri-
category T. Since the equation holds in any cubical tricategory, it holds in
the cubical tricategory stT. We will write € : stT" — T for the triequivalence
produced by Theorem 6.1.2 defining st7.

It can easily be checked that the cell [ in stT is given by the cell [ in T and
maps to [ under €. The same holds for the constraints a and r, as well as their
adjoints; it is also easy to check that a similar statement regarding naturality
constraints is true. Therefore the left side of the equation in consideration in
stT maps under € to the same diagram in 7. The same holds for the right side,
and since € is a triequivalence, the fact that the equation holds in st7" implies
that it holds in T" as well. O

The proofs of the omitted calculations in the body of this work can be
recovered in the following manner. Each of these calculations follows from the
tricategory axioms and the three equations via the use of various naturality
conditions and the equation that is the modification axiom. It is at times
necessary to append invertible cells to the diagrams in question to use these
equations, though.

As an example, to check the first transformation axiom for « in Proposition
4.2.3, we use the following steps. After appending a naturality isomorphism,
apply the third tricategory axiom to the left side. Using naturality and the fact
that A and p are modifications, we can then use the second equation above on
the left side. On the right side of the equation, first use naturality and the fact
that p and p are modifications, and then apply the second tricategory axiom and
the third equation above. It is now simple to check that the resulting diagrams
are equal.
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