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1 Introduction

This introduction (just like the whole course) aims to explain two things: the meaning of the word
stack, and its connection with algebraic geometry. We begin by discussing three typical examples of
stacks, two of which take place in the category of topological spaces, while the third is of arithmetic
nature.

1.1 What is a stack?
Glueing of vector bundles

The archetypical example of a stack is well-known to every mathematician. In order to describe the
data of a rank n vector bundle E on a topological space X one often resorts to a so-called cocycle
description. This amounts to choosing an open covering {U;};c; of X, and for each pair (¢,7) of
indices, a vector bundle automorphism ¢;; of the trivial vector bundle

(Uz N U]) x R™

on the open subset U; N U;. One then hopes to find a vector bundle £ on X, together with vector
bundle isomorphisms (called local trivializations)

¢i: Uy x R = By,

such that the identities
bij = ¢io¢; " (1)

are satisfied on U; N U;. A necessary condition for the existence of (E, (¢;):cr) is that the cocycle
condition

®ij © Pk = ik (2)

is satisfied for every triple (i, j, k). Note that this identity implies for i = j = k that ¢;; = id, and
hence for ¢ = k that ¢;; = qbi_jl. It is essential to the theory of topological vector bundles that the
cocycle condition is also sufficient. Indeed, we can define E by glueing the trivial vector bundles
U; x R™ with respect to the isomorphisms ¢;;: let E be the disjoint union of the topological spaces
U; x R™; we define an equivalence relation, by declaring (z,v) € U; x R” and (y,w) € U; x R™ as
equivalent if z = y and v = ¢;;(w). The topological quotient space will be denoted by E and has a
canonical map F— X, and canonical trivializations (¢;);cs, which satisfy the identity above.

In modern language we would say that the theory of vector bundles on topological spaces is a
stack. Let’s be more precise and actually nail down what kind of mathematical object the stack



is in this example. It is the following assignment, which associates to an open subset U C X the
groupoid of vector bundles on U. Groupoid is a fancy word for a simple thing. In fact, it simply
denotes a category where every morphism is invertible. Hence, the groupoid of vector bundles on
U denotes the category of vector bundles on U, where we discard non-invertible morphisms.

Remark 1.1. [t is possible to formulate a theory of stacks (or rather sheaves of categories), which
takes values in honest categories and not just groupoids. However, it will not be necessary for us
to pursue that level of generality. As we have seen in the example of vector bundles on topological
spaces, we only need vector bundle isomorphisms to describe the glueing data. Hence it is sensible
to discard all the other morphisms of vector bundles.

The cocycle condition (2) can be elegantly reformulated. This requires the usage of fibre products.

Definition 1.2. For continuous maps of topological spaces f: X — Z and g: Y — Z, we denote
by X xz Y the subspace of X XY, consisting of tuples (x,y) with f(x) = g(y).

v =][]ui

iel

We denote by

and by 7m: Y — X the canonical map, induced by the inclusions U; — X. Let E be the trivial
rank n vector bundle on Y. The fibre product Y X x Y is equivalent to the disjoint union

II vinu;
(i,9)€I?

The cocycle (¢i5)i,jyer> is captured by an isomorphism of vector bundles on Y x x Y, namely
¢: pr B — piE. (3)

Here, we use the suggestive notation which denotes the projection to the first component of a fibre
product X Xz Y — X by p;, and similarly for the projection to the second component. Let’s
pause a second to see that this is indeed equivalent to a collection of automorphisms (¢;;) of the
trivial vector bundles on U; N U;. The trivial vector bundle always pulls back to the trivial vector
bundle, no matter which map we considered. Hence, ¢ is really an automorphism of the trivial
vector bundle on Y X x Y, which is, as remarked above, equivalent to the disjoint union of all the
spaces U; N U;.

The cocycle condition amounts to the identity of vector bundle isomorphisms on ¥ X x Y x x Y:

D129 © P339 = pizd: péﬁﬂpiﬁ (4)
The family of local trivializations (¢;);c; amounts to
TE~E=Y xR" (5)

‘We will re-encounter a similar formulation below.



Descending vector bundles to quotients

One of the first non-trivial vector bundles one encounters in topology is a Médbius strip of infinite
width over the circle S!. A rigorous description of this bundle can be given as follows. At first we
observe the existence of a homeomorphism

Sl/:u2 = Sl7

where 1z = {1,—1} denotes the group of second order roots of unity, acting on S C C multi-
plicatively. The homeomorphism is induced by the po-invariant map S' — S, z — 22. Although
both spaces are homeomorphic, we will distinguish between both sides, and denote the canonical
projection by

7Y =8' — X =8/, =St

The Mobius bundle E on S! can be defined by extending the action of 19 on S! to the total space E
of the trivial rank 1 bundle S! x R—R. Namely, we define the action of ¢ € uz on (z,\) € S xR
to be

¢ (Z’/\) = (CZ’,C}\)

The quotient £/ will be denoted by E. It defines a rank 1 vector bundle on S!/p; = X = S,

One observes that 7*E =2 S' x R, which should be compared to equation . But there are even
more similarities with the glueing procedure described in the proceeding subsection. Let’s take a
look at the fibre products Y xx Y and Y xx Y xx Y.

Lemma 1.3. The map
Y x /,LQ;)Y Xx K

sending (z,() to (z,(z) is a homeomorphism. Similarly, the map
YXMQX/J/QHYXXYXXYV,
which sends (z,(1,(2) to (z,(12,(22), is a homeomorphism.

Proof. We prove the first assertion, the second one is totally analogous. Since both sides of the map
are compact and Hausdorff (and every continuous map from a compact space to a Hausdorff space
is closed), it suffices to show that the map is a bijection of sets. This follows from the definition of
X as the quotient Y/us. O

With respect to this canonical homeomorphism between Y xx Y and Y x pug, the projection
p1 corresponds to the map (z,¢) — z, and py is equivalent to the map describing the group action
Y X pa, sending (z, () to (z.

The extension of the group action of us to the total space E, can be understood as a vector
bundle isomorphism

¢: pyE——piE

on Y xx Y. The map ¢ is given as follows: since E is the trivial rank 1 bundle, the fibrewise

identity gives an isomorphism. We choose ¢ to be this map over the component of Y X x Y =Y X us,

corresponding to 1 € ug, and modify this map by —1 over the component corresponding to —1 € po.
To complete the circle, we observe that identity is satisfied.



Lemma 1.4. The cocycle condition
D129 0 P23d” = piz¢
is satisfied on Y Xx Y xx Y.

Proof. In Lemma we have seen that the triple fibre product ¥ X x Y Xx Y can be identified
with Y X ug X pa. With respect to this identification, the projection p1o: Y X po X o —Y X po is
given by p1a(2, (1, (2) = (2, (1), while we have pa3(z, (1, (2) = (¢12,(2), and p13(z, (1, C2) = (2, (1(2)-

The topological space Y X po X po has four connected components indexed by po X pz. On
the connected component corresponding to the pair ((1,(2), the maps pj,¢ is given by fibrewise
multiplication with {;, while p5,¢ agrees with fibrewise multiplication with (2. Similarly, pjs¢ is
fibrewise multiplication with (3(>. This implies the cocycle condition asserted above. O

With the proof of this lemma concluded we should pause a second to contemplate about the
remarkable similarity between glueing of locally defined vector bundles, and descending a so-called
equivariant vector bundle to the quotient. We see that the theory of vector bundles on topological
spaces almost doesn’t see a difference between an open covering, and the map n: Y — X, given
by the canonical projection to the quotient of a free group action. The theory of Grothendieck
topologies, which we will encounter later in this course, provides a common framework to treat
open coverings, and such maps to quotients, on an equal footing.

Galois descent

Consider the field extension C/R. Its Galois group T is cyclic of order 2, generated by complex
conjugation z — z. We will focus on this particular extension for simplicity, but the reader should
be feel free to work with an arbitrary finite Galois extension L /K instead.

It is well-known and ubiquitous principle that the I'-action on C extends to an array of algebraic
objects, e.g. to the ring of of polynomials C[X]. Moreover, this principle extends to the assertion
that imposing I'-invariance is tantamount to working over the smaller field R. For example, a
polynomial f € C[X] has real coefficients, if and only if f € C[X]'.

The theory of Galois descent is of a similar flavour, since it allows to describe mathematical ob-
jects over R, by descending objects over C. This allows to study the arithmetic of non-algebraically
closed fields like R, by constructing non-trivial (but ”locally trivial”) objects by descent. Since
this process would be boring if the Galois group I'" was uninteresting, we obtain at least a certain
amount of information about the Galois group.

We begin with a slightly boring but important example, in the sense that it doesn’t allow
to extract any arithmetic information, but still contains all the main features of Galois descent.
Namely, we will describe the datum of a R-vector space, by descending a C-vector space. The
statement below seems to be purely algebraic at first, but we will give a geometric interpretation
subsequently.

Proposition 1.5. The category of finite-dimensional real vector space V is equivalent to the cate-
gory of pairs (V@,f), where Vg is a finite-dimensional complex vector space, and f an anti-linear
map, i.e. f(Av) = v, such that f?> =idy.. A morphism of such pairs consists of a complez linear



map ¢: Vo — We, such that the diagram

V(C L)W(C

|

V(C —_— W(c
commutes.

Proof. Let Vectg denote the category of finite-dimensional real vector spaces. We denote the cate-
gory of pairs, as described above, by C. We begin by defining a functor F: Vectg —C. It sends V'
to the pair (Vg, f), where Vo = V ®g C, and f is the R-linear map induced by complex conjugation
C—C.

We define an inverse G: C — Vectg, by sending (V¢, f) to the real subspace of f-invariants
V = (Vc)!. By definition, it consists of the vectors v € V¢, satisfying f(v) = v.

The map R — C induces a map of real vector spaces V — V. Conjugation-invariance of this
map implies that it lands inside of (V¢)f. Choosing a real basis (v1,...,v,) for V, we obtain a
basis (v ® 1,...,v, ® 1) for Vo =V ®g C. This implies immediately, that the image of V— V¢
agrees with (V¢)7. Hence, we have constructed a natural isomorphism between the functor G o F,
and the identity functor of the category Vectg.

Conversely, let (V¢, f) be an object of C. We have a canonical map (V¢)/ ®g C— V¢, which
sends v® A to Av (with respect to the complex structure of V). We claim that this map is bijective.
To see this, note that it certainly is injective when restricted to (V¢)f ®4, since multiplication with
1 has zero kernel. Moreover, the image of this map agrees with the linear subspace of elements
v € Vg, such that f(v) = —v (anti-invariants). It is an elementary fact that every element v € V¢
can be decomposed uniquely as a sum of an invariant and an anti-invariant:

1 1
v =0+ ) + 50— F©)).

This yields a natural isomorphism between F o G and the identity functor on C. O

In this course, we will associate to any ring R, in particular also fields, a geometric object,
denoted by Spec R. A ring homomorphism R— S will induce a map Spec S — Spec R. We will
argue, that for a Galois extension of fields, e.g. R C C, the resulting map Spec C— R behaves just
like a covering map with a group of deck transformations equivalent to the Galois group us. Vector
bundles on Spec K, for K a field will correspond to K-vector spaces. The above proposition can
then be understood as comparing Galois-equivariant vector bundles on Spec C with vector bundles
on the quotient SpecR.

1.2 What is algebraic geometry? A functorial approach.

Algebraic geometry is often described as the study of solutions to systems of polynomial equations
in several variables. Although this is a perfectly fine explanation, the modern, scheme-theoretic
approach, seems to be quite remote from solving polynomial equations. In fact, one needs to go
through a lot of definitions in order to explain how to pass from a system of equations to a scheme.
In the post-modern, functorial framework, this step becomes easier, as we explain below.



The case of integral equations

Let f = (f1,...,fn) be an n-tuple of polynomials f; € Z[t,...,t,n]. We view f as a system of
equation, i.e. we are interested in solving

flxy,...,xm) =0.

Since the coefficients have been chosen to be integral, it is possible to define the solution set
Zy(R) = {(x1,...,2m) € R™|f(21,...,2m) =0}

with respect to an arbitrary ring R (every ring is understood to be commutative and unital). Every
ring homomorphism ¢: R— .S induces a map of sets

Zp(p): Zy(R) — Zy(S),

which sends (z1,...,2,) € R™ to (¢(x1),...,¢(xm)) € S™. By definition, we have Z¢(idg) =
ide(R), and

Zi(§) o Zs(9) = Zs( o 9)

for a ring homomorphism ¢: S —T'. In other words, Z defines a functor from the category Rng
of rings to the category Set of sets.

Coefficients in an arbitrary ring

If we want our coefficients of the system f to lie in an arbitrary ring A, we can solve the system
f =0, i.e. define the set Z¢(R) if we can make sense of the coefficients (which are elements of
A), as elements of R. In order for this to be possible, we have to consider rings R, endowed with
the structure of an A-algebra. By definition this amounts to a ring homomorphism A — R. A
morphism of A-algebras ¢: R— S is simply a ring homomorphism, such that the following triangle
commutes:

A

DN

R——S.

We denote the category of A-algebras by Alg 4.
If f € Alt1,...,tn]™ is an n-tuple of polynomials in m variables, then we have a well-defined set

Zi(R) ={(z1,...,zm) € R™|f(z1,...,2m) =0}
for every A-algebra R. As before, one checks that this construction gives rise to a functor
Z¢: Algy — Set.
Subsequently, we postulate that algebraic geometry is concerned with the study of functors
X: Rng — Set.

We will call such a functor a space, and denote the category of spaces by Spaces. During this course,
we will restrict the class of functors X, such that it becomes meaningful to think of X as geometric
object, locally glued from solutions Z; to a system of equations.



Affine schemes

Just as quickly as to an equation we can associate to every ring R a functor
Spec R: Rng — Set.

By definition, it is the functor Homgng (R, —), which sends a ring S to the set of ring morphisms
R—S. We will also say that the object R € Rng co-represents the functor Spec R. We call the
functor Spec R the affine scheme associated to the ring R.

Lemma 1.6. Let f € Z[ty, ..., t,]™ be a system of polynomial equations. Let R = Z[t1, ..., tm]/(f),
where (f) denotes the ideal generated by the polynomials (f1,...,fn). Then, we have a natural
isomorphism of functors

Zp ~ Spec R.
Proof. The ring Z[t1, ..., t,,] satisfies a universal property. For every ring S, and every m-tuple of
elements (z1,...,z,) € S™, there exists a unique morphism Z[ty, ..., t,] — S, such that t; — z;.
We have a commutative diagram
Zlt1, ... tm]

N

R——5,

if and only if (z1,...,2m) € Z;(S). Hence, we see that the set of morphisms Homgng (R, S) is
naturally isomorphic to Z;(.5). O

This lemma shows that the functors Z; are a special case of the Spec-construction. We therefore
want to think of the functor Spec R for a general ring R, to describe a generalized system of
equations. Solutions in a ring S correspond to a variable x,. € S for every r € R, such that

Try4ryg = Tpy T Ty,

and similarly
Trirg = Ly Try,
and 1 = 1.

Note that every ring morphism R—S induces a map of functors Homgng (S, —)—>Homgng (R, —).
It sends S — T to the composition R— S —T. This is summarized by the following assertion.

Lemma 1.7. The construction Spec defines a co-functor from the category of rings Rng, to the
category of spaces Spaces, i.e. a functor

Spec: Rng®® — Spaces.

Yoneda’s lemma

Yoneda’s lemma provides both moral justification for the functorial approach to algebraic geometry,
but also implies the following statement, to which we will refer again and again: giving a map
Spec R— X, where R is an arbitrary ring, and X a space, is equivalent to giving an element of
X(R).



Lemma 1.8 (Yoneda). Let C be a category, and X : C— Set a functor. If A € C is an element,
then the set of natural transformations

a: Homc(A,—)— X
corresponds to elements of X(A). We send o to a(ida) € X (A).

Proof. E| We need to define the map in the other direction. For z € X(A) we define Zp :
Hom(A,B) — X(B) by f — (X(f))(z). We need to check two things: that Zp are the com-
ponents of a natural transformation Z, and that the two constructions a — a4(14) and z +— Z are
mutually inverse.

To check naturality, we need to check that for g : B — C in C the diagram

TB

Hom(4, B) 22— X(B)

go—l J{X(g)

Hom(4,C) 25— X (C)

commutes. To see this, we chase some f: A — B around the diagram: one way we get (X (gf))(z)
and the other way we get (X (g))(X(f))(z) — these are of course equal.

To show our constructions are mutually inverse, we first note that for x € X(A) we have
Ta(la) = (X(14))(x) = x by definition. For the other direction, let o : Hom(A,—) — X be a
natural transformation and f € Hom(A, B) arbitrary. We have the naturality square for «

Hom(A, A) 22— X (A)

fOJ( lX(f)

Hom(A, B) 22— X(B)

from which we see, chasing 14 € Hom(A4, A) around, that ag(f) = (X(f))(@a(la)) = @a(la)g(f).
This means that o« = a4(14) as desired.

To show naturality in A, let f : A — B be an arrow in C. This induces a map — o f :
Hom(B, —) — Hom(A, —), and thence a map —o(—of) : Nat(Hom(4, —), X) — Nat(Hom(B, —), X).
To show naturality, we want to show that

Nat(Hom(A, —), X) ~“PNat(Hom(B, - ), X)

commutes. To do this, we chase some « : Hom(A, —) — X around the diagram: one way we get
ago(—o f)g(lg) = ag(f), and the other way around we get (X (f))(cwa(1a)) — we saw above that
these are equal.

Naturality in X is easier. Suppose §: X — Y is a natural transformation. We want to show
that

IThis proof was provided by Alexander Betts.
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Nat(Hom(A, ), X) 2°— Nat(Hom(A, —),Y)

! ]

X(A) P4 YA

commutes, which is now trivial. O

Standard open subfunctors

For a ring R and an element h € R, we denote by Rj, = R[h™'] = R[t]/(th — 1) the ring obtained
by adjoining a formal inverse for h to R. We say that R}, is obtained from R by localization at the
element h. The functor Spec Ry, can be described in terms of the ring R. For every ring S, the set
(Spec Rp,)(S) is given by the set of ring homomorphisms R— S, which send h € R to an invertible
element of S.

The geometric meaning of this construction becomes evident, when considering the inclusion of
sets

Spec Ry, (k) — Spec R(k),

where k is a field, and R = Z[z1, ..., z,]/(f).

Lemma 1.9. We know from Lemma that Spec R(k) = Zy(k). With respect to this identification,
the subset Spec Ry, (k) is given by the difference of sets Z;(k) \ Zn(k).

In algebraic geometry, the subfunctors Spec R, — Spec R are often called the standard open
subfunctors. They generate what is classically known as the Zariski topology on Spec R.

Definition 1.10. If hy,...,hy € R are elements generating the unit ideal, i.e. (hy,...,hs) = R,
then we say that the collection of standard open subfunctors (Spec Ry, — Spec R)f:1 is a standard
open covering of Spec R.

To see why the terminology covering is justified, we consider again what happens on the level
of the set Spec R(k), where k is a field. Since there exist elements 71, ...,7, € R, such that we have
r1hi+- - - rehe = 1 we see that every point « € Spec R(k) lies in at least one of the subsets Spec Ry, (k).
Otherwise, if all (h;)f_, induced the zero element in k, we would obtain the contradiction 0 = 1.

An example of a moduli problem

The set of 1-dimensional subspaces of a 2-dimensional complex vector space C? has the structure of
a complex manifold, often denoted by CP'. The analogue of a 2-dimensional complex vector space
over a general ring R, is the free module R? of rank 2.

Definition 1.11. Recall that a submodule M C V of an R-module V is called a direct summand,
if there exists a submodule N C V, such that we have M & N = V. The functor PL: Rng — Set
sends a ring R to the set of direct summands M C R2?, for which there exists a standard open
covering, corresponding to elements (hi)le € R, such that My, = M ®r Ry, is a free R-module of
rank 1, for all i.

11



If R— S is a ring homomorphism, then then resulting map P}(R) — PL(S) is given by
M= M®gS.

Definition is the correct one for a couple of reasons. First of all one sees that P}(C) is the
set of 1-dimensional subspaces M C C?. This follows from the fact that every subspace of a vector
space is a direct summand.

An element of PL(Z[t]) induces for every complex number z € C a 1-dimensional subspace
M C C2, by virtue of functoriality applied to the ring homomorphism Z[t] — C, which sends
t to z. We may therefore think of it as a family of 1-dimensional subspaces, parametrized by a
formal variable ¢. One of the pleasant consequences of Definition [[.11] is that it guarantees that
the dimension of all induced complex subspaces (for any value of the parameter t) is equal to 1.
Moreover, it somehow guarantees that the subspaces in a given family vary continuously.

The third reason is that this definition allows us to describe P} by glueing two copies of
SpecZ[t] = AL, just like the complex manifold CP" is obtained by glueing two copies of C.

Proposition 1.12. Let ¢1: AL, —PL be the map, which corresponds to the element of P%(Z][t]),
given by the surjection, corresponding to the matrix (t,1): Z[t]*> — Z[t]. Similarly, ¢2 corresponds to
the matriz (1,t). Then, for every ring R, and every M € P}(R), there exist finitely many elements
(hi)ier € R, such that the ideal generated by (h;)icr = R, and M ®g Ry, € PL(Ry,) is induced by
an element of AL(R) via the map ¢;, for j =1,2.

The rest of this subsection deals with the proof of this propositionEI We have the functor
P.: (Rng — Set, which sends a ring R into the set P5(R) made up of direct summands M of
R? which are projective modules of rank 1. In other words, a submodule M C R? is an element
of PL(R) if and only if there exist a submodule N € R? and elements hi,...h, € R such that
R?=M@&N, Rhy + -+ Rh, = R and M[h; '] is a free R[h; ']-module of rank 1 for i = 1,...,n.

Let ¢: Ay — P} the scheme morphism associated to the element of P%(Z[t]) corresponding
to the submodule

Ly :=ker (Z[t]2 ! Z[t])

of Z[t]>. We see that L; is the cyclic Z[t]-submodule of Z[t]? generated by the vector (1, —t). For
every ring R, the set AL(R) = Hom rng) (Z[t], R) is canonically identified with the set R, because
to the element r € R we associate the unique ring homomorphism Z[t] — R which maps ¢ to
r. If we use this identification, for every ring R, the function ¢;(R): Aj(R) — Pz(R) maps the
element 7 € R into the R-submodule of R? generated by the vector (1, —r). Therefore an element
M € P}(R) is in the image of ¢;(R) if and only if there exists r € R such that M is generated by
the vector (1,—7).

In an analogous way, we can define the scheme morphism ¢5: A% — IP’% corresponding to the
submodule

Lo = ker (ZW an Z[t])

of Z[t]?. Concretely, for every ring R, the function ¢2(R): Ag(R) — PL(R) maps the element
r € R into the R-submodule of R? generated by the vector (—r,1).

2This part has been written by Andrea Petracci.
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Lemma 1.13. Let R be a ring and let M be a direct summand of R% such that M is a free R-module
of rank 1. Then M is generated by a vector (p,q) with p,q € R such that Rp + Rq = R.

Proof. Since M is free of rank 1, M must be generated by a single vector (p,q). Let N C R? such
that R? = M @N. Suppose by contradiction that the ideal Rp+ Rq is strictly smaller than R. Then
there exists a maximal ideal m of R such that Rp+ Rq C m. This shows that the image of M ® g k(m)
inside R2®pgk(m) = k(m)? is 0. Since N is a projective R-module, Tor?*(N, k(m)) = 0 and therefore
M ®p k(m) — R? ®@p k(m) = k(m)2. Hence M ®p k(m) = 0. But this is a contradiction, because
M is a free R-module of rank 1. O

Proposition 1.14. Let R be a ring and let M € ]P’%(R). Then there exist f1,..., fm € R such that
Rfi4+ -+ Rfm =R and

M{f;"] € im (on, (RLf;): AZ(RIf;]) — PL(RIS;)
forj=1,...,m, with k; € {1,2}.

Proof. So we have a submodules M C R?>, N C R? and elements hy,...,h, € R such that R? =
M @ N, Rhy + ---+ Rh,, = R, and M[h; '] is a free R[h; ‘]-module of rank 1 for i = 1,...,n.
Now, fix i € {1,...,n}. We have R[h; ']? = M[h; '] @ N[h;'], so the R[h; ']-module M[h; '] is
a direct summand of R[h; ']? and is free of rank 1. By Lemma we can find p;, ¢; € R[h; '] such
that R[h; '] = R[h; '|pi+R[h; 'q; and M[h; '] is generated by the vector (p;, ¢;). Up to multiplying
by a power of h; we may assume that p; and ¢; come from elements of R. With little abuse of
notation, we call p; and ¢; some liftings of p; and ¢; to R. From R[h; '] = R[h; |p; + R[h; )i we
deduce that h; € VRh;p; + Rh;q;. It is clear that M[h;lpfl] = R[h;lpfl](l, r;), for some r;, so it
is in the image of ¢1 (R[h; 'p; ']). In an analogous way, M[h; '¢; '] is in the image of ¢o(R[h; '¢;']).
From h; € VRh;p; + Rh;q; fori =1,...,n, weget Rhip1+Rhiq1+- - -+Rh,pp+Rhpg, = R. U

Remark 1.15. Let R be a ring and let M € Pz(R). We have that M is a submodule of R? and it
corresponds to a scheme morphism Spec R — IP%.

For j =1,2, let mj: R*— R denote the projection onto the j-th coordinate. Then I; = m;(M)
is an ideal of R. Let U; be the open subscheme of Spec R which is the complement of the closed
subscheme defined by the ideal I;. Then the following diagram is cartesian.

Uj —— A} (6)
l Jaﬁj
Spec R 21— Py,

The principal open subschemes Spec R[h;lqul] give an affine cover of Uy and the principal open
subschemes Spec R[h;qul] give an affine cover of Us. One could show that Uy and Us are affine
schemes.

2 Faithfully flat descent

In this section we will recall the notion of flat modules over a ring. In a nutshell, flat modules are
well-behaved with respect to base change. We will see examples and non-examples, and the basic
properties of flat modules. In the second half of this section, we encounter faithfully flat maps of
rings, and descent (which is the converse to base change).
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2.1 Tensor products and flatness
2.1.1 A reminder on tensor products and base change

Recall that there is a functor
— ®g —: Mod(R) x Mod(R) — Mod(R),

which sends (Mg, Ng) to the tensor product Mg ® g Ng. We are particularly interested in the case
where either of the modules is an R-algebra. This case admits an alternative description as base
change functor, which we discuss in this paragraph.
We fix a ring homomorphism
a: R— S|

where R and S are, as always in this course, assumed to be commutative and unital. In the words
of the first section, S is endowed with the structure of an R-algebra. This section is concerned with
passing between categories of R and S-modules. For the sake of clarity, we will therefore carefully
indicate an R-module by the notation Mg, respectively, write Ng for an S-module. We denote the
underlying abelian group by M, respectively N.

Definition 2.1. For an S-module Ng we denote by Ng the R-module obtained by “forgetting the
S-module structure” along the ring homomorphism . Hence, Ng is the R-module given by choosing
(N, +) as underlying group, and defining scalar multiplication

RxN—N

by (r,n) — a(r)n. The induced functor will be denoted by res,: Mod(S)— Mod(R), and referred
to as restriction along a.

The functor res,, is an example of what is traditionally called a forgetful functor. In many cases,
the ring S is of higher complexity, than the ring R. Applying the functor res, corresponds to
forgetting the extra structure imposed by being an S-module.

Example 2.2. Let K be a field, and v: K — KJt] the canonical morphism of rings, which sends
an element of K to the corresponding degree 0 polynomial in K[t]. The category Mod(K]t]) is
equivalent to the category of K-vector spaces V', together with an endomorphism f: V — V (given
by multiplication with t). The restriction functor

res,: Mod(K]t]) = Mod(K)
sends a pair (V, f) to the K-vector space V, i.e. forgets the endomorphism f.

Tensor products provide a functor from Mod(R) to Mod(S). We will begin with an explicit
description, and then give a characterisation in terms of a universal property.

Definition 2.3. For an R-module Mg we denote by S ® g Mg the S-module S-linearly generated
by formal expressions s @ m, where m € M and s € S, satisfying the following identities:

(a) (s14 $2) @m =81 @m+ s3@m, form € M, and s1,s2 € S,
(b) s® (m1+ma) =(s®@mq) + (s ®mz), for mi,mas € M, and s € S,
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(c) s@(r-m)=a(r) - (s@m)=(a(r)s)@m, forme M, r e R, and s € S.
The resulting functor will be denoted by
S®pr —: Mod(R) — Mod(S),
and referred to as tensor product or base change functor.

The overcautious reader may define Mg ®pg S as the quotient
SM/I,

where SM denotes the free S-module generated by the set underlying M, and I is a submodule of
SM, encoding the relations (a), (b), and (c) from the definition above.

Example 2.4. We continue Example . For a K-vector space V', the resulting K[t]-module V &g
K[t] is isomorphic to the K[t]-module V[t], defined as follows. Its elements are formal polynomials
nt™ - - -4ag with a; € V, with coefficient-wise addition. The usual method to multiply polynomials

yields a scalar multiplication map
K[t] @ V[t] = Vt].

The following example is an important tool for computations.

Example 2.5. Assume that « is the canonical projection R — R/I, where I C R is an ideal. Then,
for every R-module Mg, the abelian group underlying the base change Mg ®gr R/I is naturally
isomorphic to M/IM, where IM denotes the abelian subgroup, generated by X\ -m, with A € I,
and m € M. We have a well-defined scalar multiplication R/I x M/IM — M/IM, endowing the
quotient M /IM with the structure of an R/I-module.

In order to characterise tensor products in terms of a universal property, we use the notion of
adjoint functors.

Definition 2.6. Let F': C — D and G: D — C be functors between categories C and D. We
say that F is left adjoint to G (respectively that G is right adjoint to F'), if we have a natural

isomorphism
Homc(X,G(Y)) = Homp (F(X),Y)

for all objects X € C and Y € D.

In plain language this means that in order to describe morphisms from F(X) to another object Y,
it suffices to understand morphisms from Y to G(Y). We will see below what this means in concrete
terms for tensor products. Note that Yoneda’s lemma implies that F'(X) is characterised by
the functor Hom¢(F(X), —). In particular, we see that adjoint functors are unique up to a unique
natural transformation, if they exist.

Proposition 2.7. The base change functor — @ S: Mod(R) — Mod(S) is left adjoint to the
restriction functor resy, i.e. we have a natural isomorphism

Homs(Mp ®g S, Ns) = Homg(Mg, Nr),

for an R-module Mg and an S-module Ng.
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Proof. We have a map of R-modules
Mg — (Mg ®R S)r,

which sends m € M tom® 1 € Mr ®r.S. Hence, given a map Mr ®r S — Ng, we may send it to
the composition
Mp —— (Mr®gr S)r

o

Vice versa, a morphism of modules f: Mr — Ng induces a map
Mpr®r S — Ng,
by sending m ® s to s - f(m). The maps
Homg(Mg ®g S, Ns) < Hompg(Mg, Ng)
are mutually inverse. O

Let 8: S — T be a ring homomorphism. We will now investigate transitivity of base change.

Lemma 2.8. For every R-module Mg we have natural equivalences
(MrerS)®@sT=MrorT.

Proof. We observe that the analogous statement for the restriction functor holds strictly, i.e. we
have an equality of functors
res, OTesg = reSgoq -

To see this, choose a T-module Mp. The underlying abelian group M is not altered by the
functors resg, res,, and resgoo. In particular, it suffices to compare the S-module structures of
(resq oresg)(Mr) and resgoq (Mr). By Definition it is in both cases given by the map

SXxM— M,

which sends (s,m) € S x M to (8o a)(s)-m.

By Proposition — ®gr T is a left adjoint to resgo. By virtue of the identity resgoo =
resg oresy, we have that the composition (— ®g S) ®g T is left adjoint to the same functor. In
particular, we obtain a natural isomorphism between functors

(—®rS)®sT~—-®grT,
since adjoint functors are unique up to a unique natural isomorphism. O

The following lemma is recorded for later purposes.
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Lemma 2.9. If R — S and R — T are ring homomorphisms, then the tensor product S @r T
carries a natural ring structure. We have natural ring homomorphisms S — S @r T (sending s to
s®1), andT — S®rT (sending t to 1 ®t), such that the diagram

R— T (7)

L]

S—— S®rT,

commutes. Moreover, it is cocartesian in the category Rng (a pushout diagram), i.e., for every
other ring A, such that
R——T (8)

N

S—fwl,

commutes, there exists a unique morphism S @r T — A, rendering the resulting diagram commu-
tative.

Proof. One checks easily that (s®t) - (s’ @ t') = ss’ ® tt’ yields a well-defined ring structure. For
r€ Rwehave r@1 = (r-1)®1 = 1® r, hence diagram commutes indeed. If A is a ring,
as in the assertion above, we may produce the required map S ® g T' — A, by sending s ® t to

f(s)-g(t). O

2.1.2 Base change invariant properties

The functor — ®p S preserves many properties of modules. We begin by recalling the definition
of these properties, and then state that they are preserved by tensor products. Our list is by no
means complete. A widely accepted dogma is that any reasonable property of modules should be
preserved by base change.

Definition 2.10. Let R be a ring, and Mg an R-module.

(a) We say that Mg is finite, if there exists a positive integer n, and a surjection R™ — Mpg.

(b) The R-module Mg is called free if there exists a basis, i.e. an isomorphism M = R®T where
I is a set.

(¢) The R-module Mg is called projective, if there exists an R-module Ng, such that Mr & Ng
is free (i.e. My is a direct summand of a free module).

This leads us to the assertion that those properties of modules are preserved by base change.
Proposition 2.11. If My satisfies property () from Definition then so does Mg ®pg S.

Proof. Finiteness of module is preserved, since — ®p S is a right exact functor, therefore sends a
surjection R™ — Mpg to a surjection S™ — Mg ®p S. The second assertion follows from the fact
that RR®gr S = S, and that tensor products commute with direct sums. The third assertion follows
from similar reasoning: we know that Mr @& Ng is a free R-module. In particular, the direct sum

(Mr®rS)® (Ng®rS) = (Mpr® Ng)®g S
is free as well. This proves that Mg ®g S is projective. O
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In Subsection we investigate when properties descend, i.e., when can we conclude from
Mg ®g S having property (x) that Mg has property (x)? This is the case if R — S is faithfully
flat. We will see that all properties on the list, except from freeness, descend.

2.1.3 Flatness

The functors res, and — ® g S are examples of so-called additive functors (i.e. preserving addition
of morphisms). They satisfy additional properties, with respect to exact sequences of modules.

Definition 2.12. Let F': Mod(R)— Mod(S) be an additive functor between categories of modules.

(a) We say that F is left exact, if it sends an exact sequence
0=-U—=-V-=>W
of R-modules to an exact sequence

0— F{U)— F(V)— F(W).

(b) The functor F is called right exact, if it sends an exact sequence
U=V ->W=0

to an exact sequence
FU)—F(V)— FW)—0.

(c) If F is both left and right exact, it is called an exact functor. Equivalently, it sends a short
exact sequence
0-U—-V-W-=0

to a short exact sequence

0—FU)— F(V)— FW)—=0.

A sequence of S-modules is exact if and only if the underlying sequence of abelian groups is
exact. Since the restriction functor res, doesn’t alter the underlying abelian group, we obtain the
following lemma.

Lemma 2.13. The functor res, is exact.
We will deduce from abstract nonsense that — ®g S is right exact.

Lemma 2.14. Let F': Mod(R) — Mod(S) be an additive functor which is left adjoint to a functor
G: Mod(S) — Mod(R). Then, F is right ezact.

Proof. E|F0r the one direction, if the sequence is exact, then clearly Homg(Wg, M) — Homg(Vg, MR)
is injective and the composite Homg(Wg, Mr) — Homg(Vgr, Mr) — Homg(Ugr, Mg) is zero. To
show exactitude, suppose that f : Vg — Mpg becomes zero when precomposed with U — Vi. Thus

3This proof was provided by Alexander Betts.
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f vanishes on the image of Ug and so factors (uniquely) through the cokernel Wr = Vg /image(Ug)
as desired.
For the converse direction, suppose that

0— HomR(WR,MR) — HomR(VR,MR) — HomR(UR,MR)

is exact for any R-module Mpg. Let W}, be the cokernel of Ug — Vg, so by the first part the same
is true of Wy,. Applying the exact sequence when Mp = W7, tells us that there is a unique map
Wr — W}, making commute

Ur Vr Wr 0

~

Ur Vi Wi 0

By exactly the same argument, there is also a unique map W} — Wx making an appropriate
diagram commute. These are mutually inverse, since the composite Wr — W}, — Wgr must be the
unique map Wgr — Wpg making an appropriate diagram commute — this is of course the identity
map on Wg. Similarly the composite Wy, — Wgr — W7, is the identity on W}, so W is isomorphic
to the cokernel Wy, of Up — Vg as desired.

For the second part, a small amount of care is needed. Suppose that

Upr = Vg —>Wgr—0

is exact. Then from naturality of the bijection in the adjunction, for each S-module Ng we have a
commuting diagram

0—— HomS(F(WR), NS) —_— HomS(F(VR), Ns) e HomS(F(UR), NS)
0—— HomR(WR, G(Ns)) —_— HomR(VR, G(Ns)) —_— HomR(UR, G(Ns))

where the bottom row is exact. This implies that Homg(F(Wg), Ng) — Homgs(F(Vg), Ng) is injec-
tive, and that its image is precisely the preimage of f € Homg(F(Ug), Ng), where f is the element
corresponding to 0 € Homg(Ug, G(Ng)) under the adjunction. However, 0 € Homg(F(VRg), Ng) is
in the image of Homg(F'(Wg), Ng) — Homg(F(Vg), Ng), and so we see that f = 0 and the top
row is exact.

Now the first part tells us that

F(UR) —>F(VR) — F(WR) — 0
is exact, i.e. that F is right exact. O

Corollary 2.15. The tensor product functor — ®pg S is right exact.

Proof. By Proposition [2.7] it is left adjoint to the restriction functor res,. Since the latter is exact,
thus left exact, we obtain from Lemma that — ®pg S is right exact. O

Note that base change is not always a left exact functor, as we can see from the example below.
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Example 2.16. Consider for instance the ring homomorphism
a:Z — 127,
and the short exact sequence
0727 —7/27 — 0.
Tensoring this sequence with Z/27, we obtain (from Example

0—2/22. % 7.)27. — 7./27 — 0,

which isn’t exact.
The favourable case, where base change is an exact functor, deserves therefore a special name.

Definition 2.17. An R-module M is said to be flat, if — @ g M : Mod(R) — Mod(FE) is an exact
functor. An R-algebra S is flat, if it is flat as R-module, i.e. if S ®g — is ezxact.

Free modules are the prime example of flat modules.

Example 2.18. The ring R, as a module over itself, is flat, since the tensor product functor is
naturally equivalent to the identity functor. Hence, a free R-module, i.e. a direct sum R®!, is flat.
Since every vector space over a field K is a free K-module, every K-module or K-algebra is flat.

Recall that an R-module is called projective, if it is a direct summand of a free module. Since
flatness is inherited to direct summands, and free modules are flat, we see that projective modules
are flat.

Lemma 2.19. The base change of a flat R-module is again flat. Hence, if Mg is flat, so is SQr Mg.

Proof. This follows from the property

S®r (Mr®r Ng) = (SQ®r MRr) Qs (S Qg Ng).

2.2 Faithfully flat descent
2.2.1 Basic properties
Faithfully flat R-algebras S are flat R-algebras, which reflect if a module is zero.

Definition 2.20. A flat R-algebra S is called faithfully flat, if for every R-module Mgr we have
that S @ gp Mg = 0 implies that Mg is the zero module.

A faithfully flat R-algebra S allows us to check that module is zero after tensoring with S.
This definition implies directly that many other properties of modules, and morphisms of modules,
descend along faithfully flat maps.

Lemma 2.21. Let a: R — S be a faithfully flat ring homomorphism.
(a) Let f: Mr — Ng a morphism of R-modules, such that S Qg Mr — S ®@r Mg is an injection

(respectively a surjection), then f is an injection (respectively a surjection).
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(b) A sequence of R-modules
Ur L Vi 2 Wh,

with go f =0 is exact, if and only if the base change
S@rUr =+ S®r VR — S®rWg
18 exact.
(¢) If Mg is an R-module, such that S @ g Mg is a finite S-module, then Mg is finite as well.
(d) If S ®r Mg is a finite projective S-module, then Mg is a finite projective R-module.
(e) Flatness of S @r Mg as S-module implies flatness of Mg as R-module.

Proof. A morphism of modules f: Mpr— Ng is an injection if and only i ker f = 0 (respectively if
coker f = Ng/image f = 0). Flatness of S implies that S ® g — preserves ker and coker. Therefore,
by the assumption that S is faithfully flat, we see that f is an injection (respectively a surjection)
if and only if its base change is. This concludes the proof of (a).

Flatness implies that exactness is preserved, therefore it suffices to show that exactness of

SR®rUr - S®r Vs - S®r Wg

implies that
UR — VR — WR

is exact. Since g o f = 0, we have to show that the induced map
coker f — kerg

is an isomorphism. We know that this is true after applying the functor S ® g —, this implies the
assertion, using statement (a).

Assertion (c) follows directly from (a). Choose a finite basis ny,...,n, for S ® g Mg, where
each n; can be written as a sum m;; ® s;1 + - - - My  S;.. We claim that the collection of elements
m;; yields a basis for Mg. This is the case, since the corresponding map (R'* — Mp) ®p S is a
surjection. Hence, by (a) R** — Mg, is already a surjection.

The proof of assertion (d) is left as an exerciseﬂ Assertion (e) follows from (b). O

It is also true that projectivity descends without finiteness assumptions, but the proof requires
Raynaud—Gruson’s characterisation of projective modules.

Lemma 2.22. Let R — S be faithfully flat, and R — T an arbitrary morphism of rings. Then the
co-base change T'— S @r T is faithfully flat.

Proof. We have seen in Lemma [2.19] that co-base change preserves flatness. Hence, we only have
to show that for a T-module My we have My &1 (S ®r T) = 0 if and only if My = 0. By virtue
of Mpr @7 (S®rT) = My ®g S, we see that My must be zero. This concludes the proof. O

4Jack volunteered.
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2.2.2 Descending modules

So far our treatment of descent theory has focused on qualitative aspects of modules. We have
seen that properties like finiteness, flatness, and projectivity descend along faithfully flat map of
rings. One can do better. It is possible to describe the datum of an R-module Mg in terms of the
S-module S @ Mpg, endowed with extra structure, which we will pin down subsequently.

We refer the reader to Vistoli’s chapter in [FGIT05, Thm. 4.21] for a more detailed version of
the proofs below.

Definition 2.23. For a ring homomorphism R — S we define a category Descr_,s as the category
of pairs (Mg, ¢), where Mg is an S-module, and ¢ is an isomorphism of S ® g S-modules

¢: MS®RSE>S®RM7
which satisfies the identity
Ms®rS®rS——S®r M @R S (9)
|
S®rS®r Mg
of (S®r S ®gr S)-modules.
Forgetting the isomorphism ¢ (a.k.a. the descent datum), we obtain a forgetful functor
Descr_s — Mod(R).
Base change always factors through this forgetful functor.

Lemma 2.24. We have a commutative diagram of categom’e:ﬂ
Mod(R) —— Descr_,s
o |
Mod(S).

By abuse of language, the resulting functor Mod(R) — Descr_,s will also be denoted by S ®pr —.
Proof. Let Mg be an R-module. We have to produce an isomorphism ¢,; of (S ® g S)-modules

(S®r Mp) @R S L S@g (S®r Mg).

There is a natural choice for such a morphism, it sends the element s1 @ m ® s5 to s1 ® 51 ®m. We
now have to check that @ is satisfied. This amounts to

S1OME SR S3H> 81 XS RXMKP 83 81 XD S2XRS3R®Mm

being the same map as
51 QM S2 Qs3> 51 QSyK Sz Q@M.

This defines the required functor Mod(R) — Desci_; g, such that the diagram above commutes. [

5We adopt the convention that a diagram of functors which commutes up to a natural transformation is called
commutative. A more precise formulation would be to call such diagrams 2-commutative.
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Theorem 2.25 (Faithfully flat descent). Let R — S be a faithfully flat morphism of rings. The
canonical functor
— ®gr S: Mod(R)— Descr_s

s an equivalence of categories.

Proof. We denote the functor — @z S by F. Let G: Descg—,5 — Mod(R) be the functor, sending
(Mg, ¢) to the R-module

G(Ms,¢) ={m e M|p(m®1) =1®@m}.

We claim that F' and G are mutually inverse functors. At first, we construct a natural transformation
iduod(r) — GF, i.e. for every R-module Mg a canonical map

T: M — G(S ®r Mg).

Lemma 2.26. Let R — S be faithfully flat, and Mgr an R-module. For i = 1,2 we denote by
€;: S — S®rS the maps e1(s) =s®1, and ex(s) = 1® s. The sequence

(e1—e2)@ridn

0= Mp 2 Sop Mg S®prS @ Mg
is an exact sequence.

We will prove this lemma at the end of this subsection. For now we note that ker((e; —es)®@griday)
can be identified with G(S ® g MR), since we have

((e1 —e2) Qpidy)(s®b) =s51dm—-10s@m=0¢py(s@m®1)—10sQm.

By virtue of the lemma we have that G(S ® g Mg) is isomorphic to Mg.
Vice versa, if (Ng, ¢) is an object in Descg_, g, we have to produce a natural morphism

v: S®gr G(Ng,$) — Ng.

By definition, we have that G(Ng,¢) C Ng. In particular, we obtain a morphism ~ by S-linear
extension:
s@nrs-n.

As before, we have to check that « is an isomorphism. In order to see this, we define morphisms
of modules f;: Ng — S ®@r Ng for i = 1,2. We set fi(n) = 1®n, and fa(n) = ¢(n ® 1). The
morphisms are chosen in a way, such that we have

G(N, ¢) = ker(f1 — f2).

We then use the following commutative diagram

e1—e id
0 Mp®r S —— Nog S =S 8E, My op S

Jrr L

0 Ng S®pr Ng %%®35®3N5.

Here, T denotes the map exchanging the factors Mp ®g S =950 r M. Since the second and third
vertical arrow are isomorphisms, so is the first. This implies that S ® g G(Ng, ¢) = Ng. O
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It remains to prove Lemma It could be considered at the key technical result which lies at
the heart of descent theory. It is also the only place where we will visibly use the assumption that
a: R — S is faithfully flat.

Proof of Lemma[2.26, We assume that there exists a ring homomorphism g: S — R, such that
goa = idg. In plain language: ¢ is a left inverse. This implies in particular that « is injective,
hence deals with exactness at the first node from the left. We have to show that an element in
the kernel of (e; — e2) ® ids lies in the image of §. Let s ® m be in the kernel, i.e. we have
s@m®1=1®s®m. Apply the map g to the first factor, which yields the identity

g(s) @m =s@m.

Since ¢(s) € R, we can rewrite the left hand side as 1 ® g(s)m. This implies that s @ m € image(d).
If R — S is a ring homomorphism, we observe that the base change

R@rS=S—S®rS

has a section given by the multiplication map S ®gr S — S. This implies directly that the sequence
of Lemma [2.20]is exact, after tensoring with —®pg S. Since a: R — S is faithfully flat, we conclude
from Lemma [2.21{(b) that the original sequence is exact as well. O

2.2.3 Descent for ring homomorphisms

Assume that we have a ring homomorphism £: .S — T, and a third ring R. We will see in this
paragraph that ring homomorphisms from R to S can be described in terms of the composition
R — T, provided that § is faithfully flat. While this is a purely algebraic statement at this point,
we will give a geometric interpretation of this result in a later section.

Proposition 2.27. We have natural maps e1: T - T ®g T, and es: T — T ®gT. The diagram
of sets
Homgng (R, S) = Hompng(R,T) = Hompng(R,T ®s T)

is an equalizer diagram in the category of sets. Il.e., the set of ring homomorphism g: R — T,
satisfying e; o g = eg 0 g, is in bijection with the set of ring homomorphisms f: R — S.

Proof. Lemma [2.26] implies that we have an exact sequence
08522 SRS,
hence an equalizer diagram in the category of rings

S>T=2T®sT.

Since Homgng (R, —) sends equalizers to equalizers, we obtain the assertion. O

3 Sheaves and stacks

Grothendieck topologies provide a framework which allow to formalise the process of glueing global
data from local data. The ability to glue, or descend, is the defining quality of sheaves and stacks.
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3.1 Sheaves
3.1.1 Topological spaces

We fix a topological space X. There is a category, denoted by Open(X), whose objects are open
subsets U C X, and morphisms are inclusions U C V.

Definition 3.1. A (set-valued) presheaf on X is a functor F': Open(X)°P — Set.

In more concrete terms, we associate to every open subset U C X a set F(U), as well as a
restriction map

ri: F(V) — F(U)
for every inclusion U C V. Moreover, the conditions
(a) 7’5 = idF(U)y
(b) 14 or{Y =¥ for triples of open subsets U C V C W,

are satisfied.
If Y is a topological space, we denote by Y y the presheaf on X, which associates to an open
subset U C X the set of continuous functions U — Y, i.e.,

Y x(U) = Hom1op (U, Y).

The restriction maps Tg are given by

[ flu,

i.e., sending a continuous map f: V — Y to the composition f o, where i: U < V denotes the
inclusion.
If U = {J;¢; Ui is an open covering, we have for every pair of open subsets U;, U; two maps

Ui<—>Ul-ﬂUj<—>Uj.
Hence, for every presheaf F' we have a pair of restriction maps

Taking a product over all pairs (i,5) € I?, and relabelling indices, we obtain

[[Fw)= [ Fw:nwy.

icl (i,9)€l?

Definition 3.2. A presheaf F is called a sheaf, if for every open subset U C X, and every open
covering U = J,c; Ui, we have that

FU)=[[Frw)= ] Fwinu;)

i€l (i,9)€I?

is an equalizer diagram.
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Unravelling the definition of equalizers, we see that a presheaf is a sheaf, if and only if for
every U = |J;c; Us as above, the following condition is satisfied: given a collection of local sections

s; € F(U;), which agree on overlaps, i.e. satisfy TrlJ]ZmUj(Si) = T((J]ijj (s;j) for all pairs of indices,
there exists a unique section s € F(U), such that r{j (s) = s;.

Lemma 3.3. The presheaf Y x is a sheaf.

Concrete proof. If f;: Uy — Y are continuous functions, such that fi|v,~v, = fjlv,nu, for all pairs
of indices, then there is a well-defined map of sets f: U — Y, which sends = € U to f;(z), if x € U;.
Since continuity is a local property, i.e. continuity at a point € X depends only on the restriction
flu,, for x € U;, we see that f is a continuous function. O

Abstract proof. We can represent U as a co-equalizer
I1 vinu,=]Jui—vU.
(i,9)€I? iel

i.e., as a colimit in the category Top of topological spaces. The universal property of colimits implies
that Homtop(—,Y") sends a co-equalizer to an equalizer. O

3.1.2 Grothendieck topologies and sheaves

Definition m of presheaves would work for any category C instead of Openy. In fact, our prime
example, the sheaf Y -, extends by definition to a functor

pHomTop(f,Y)
e

Top® Set

|

Open(X)°P.

The only reason to prefer the category Open(X) over an abstract category C is the fact that we
have a notion of open coverings in Open(X), coming from point-set topology. This is essential to
introduce sheaves. Grothendieck topologies provide a remedy for general categories.

Definition 3.4. Let C be a category. A Grothendieck topology T on C consists of a collection of
sets of morphisms (called coverings) {U; — U}icr for each object U € C, satisfying:

(a) For every isomorphism U’ — U, the singleton {U’" — U} is a covering.

(b) Coverings are preserved by base change, i.e. if {U; — U}ier is a covering, and V. — U a
morphism in C, then {U; xy V' — V},er is well-defined, and a covering.

(¢) Given a covering {U; — U}, and for each i € I a covering {U;; — Ui }jes,, then

{Ui; = Uk jell,e, 7

1S @ COVering.

26



Originally, Grothendieck topologies were called pre-topologies. We drop the prefix, but will
comment later on the reasons for this distinction.
A pair (C,T) is called a site. Implicitly, we have already seen an example of a site.

Example 3.5. (a) For the category Open(X), for X a topological space, we have a natural choice
for a Grothendieck topology. We define T(X) to be the collection of all {U; C U}, such that

Uic; Ui =U.

(b) The Grothendieck topology T(X) can be extended to T on Top. We say that {U; EIN Utier €
T, if Uier f(Us) = U, and each f; is an open map, which is a homeomorphism onto its image
(in other words, it is equivalent to the inclusion of an open subset).

c) Let enote the category Rng . Recall, that we denote the object in , corresponding

Let Aff d h Rng®?. Recall, th d he object in Aff di
to the ring R by Spec R. We have a Grothendieck topology on Aff, consisting of singletons
{Spec S — Spec R}, where R — S is a faithfully flat map of rings.

Proof. Statements (a) and (b) follow right from the definitions. We will therefore focus on assertion
(c). We know that an isomorphism of rings R = S is faithfully flat, hence axiom (a) of Definition
is satisfied. We now have to show that for a covering {Spec S — Spec R}, and an arbitrary map
SpecT — Spec R, the base change

Spec S Xgpec R SpecT — SpecT

is also a covering. Note that Spec.S Xspec r SpecT = Spec(S ®g T'), since the tensor product is
the coproduct in the category Rng (Lemma [2.9)). For a faithfully flat R-algebra S, the base change
S ®g T is a faithfully flat T-algebra (Lemm, which concludes the verification of axiom (b)
of Definition [3.41 O

If (C,7) is a site, we can make sense of sheaves on C. We define a presheaf on C to be a
functor C°P — Set. We will use the abstract coverings provided by the Grothendieck topology T
to make sense of the sheaf condition. In order to imitate Definition we have to make sense of
the intersection U; N U;.

Definition 3.6. Let C be a category, and f: X — Z, g: Y — Z two morphisms. Consider the
category of diagrams
W——Y

| ]

X — 7

If it exists, we denote the top left corner (W) of the final object in this category by X Xz Y, and
call it the fibre product of the two morphisms f and g.

By the definition of final objects, we see that whenever we have a commutative diagram as
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above, there exists a unique morphism W — X Xz Y, such that the resulting diagram

commutes.

Example 3.7. For a topological space X, and inclusions of open subsets U — X,V — X, we have
that the fibre product U X x V in the category Open(X), respectively Top, is given by the inclusion
of the open subset UNV — X.

This motivates us to replace every occurrence of intersections, in the definition of a sheaf, by
fibre products.

Definition 3.8. Let C be a category. A functor F': C°P — Set is called a presheaf. The category
of presheaves will be denoted by Pr(C). If (C,T) is a site, a presheaf is called a sheaf, if for every
{U; = U}ier the diagram

FU)=[[FU)= [ FWUxu Uy

el (i,5)€1?
is an equalizer. We denote the full subcategory of sheaves by Shy(C).

The heuristics behind this definition is the same as for topological spaces. Given an abstract
covering {U; — U}ier of U € C, and locally defined sections s; € F(U;), which agree when restricted
(or pulled back) to the ”intersections” U; Xy Uj, then there exists a unique section s € F(U), which
agrees with s; over each U;.

3.1.3 Three examples

What makes the theory of sheaves over general sites slightly more harder to wrap ones head around
is the fact that the maps of the abstract coverings U; — U cannot be pictured as inclusions
of open subsets, but could in principle be arbitrarily complicated. In this paragraph we discuss
three abstract examples of Grothendieck topologies and sheaves, which illustrate that the glueing
procedure, imposed by the sheaf condition, can be reasonable even in the absence of topological
context.

Example 3.9. Let C = Set be the category of sets. We consider the Grothendieck topology T,

which consists of all collections {U; EIN U}, such that U, ; f(Us) is surjective. For a set X we have
the presheaf hx = Homse(—, X), represented by X. We claim that hx is a sheaf with respect to
the topology T .

Example 3.10. For C the category of open subsets U C R™ (where n is allowed to vary), and

smooth maps as morphisms, we may choose T to consist of all sets {U; EiN Uticr, where each f; is
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a smooth submersion, and | J,c; f(U;) = U. Every smooth manifold X gives rise to a sheaf on C,
by sending U € C to the set of smooth maps U — X. The resulting functor

Mfd — Shy(C)
is an embedding of categories (i.e. fully faithful).
Proof. Exerciseﬂ 0

Example 3.11. As in Example (c), we choose C to be Aff = Rng®?, with the topology induced
by {Spec S — Spec R}, with R — S being a faithfully flat map of rings. For every SpecT € Aff,
the presheaf hgpee = Homag(—, SpecT'), represented by SpecT, is a sheaf.

Proof. O

3.2 Stacks
3.2.1 Groupoids as generalised sets

Definition 3.12. A category in which every arrow is invertible is called a groupoid.

Every set can be viewed as a category, with every morphism being the identity morphism of
an object. Hence, sets give rise to examples of groupoids. Groupoids are best visualised as a
generalised set, where every element has a possibly non-trivial group of automorphisms.

Example 3.13. Let G be a group acting on a set X. We denote by [X/G] the so-called quotient
groupoid. It is defined to be the category, whose set of objects is X. A morphism x — y is given
by an element g € G, such that g-x = y. For every x € X, we have Aut[x,q(z) = G, i.e. the
stabiliser subgroup of x € X.

Another example of groupoids is induced by topological spaces.

Example 3.14. For every topological space X we have a groupoid m<1(X), whose objects are given
by the points x € X, and morphisms are homotopy classes of paths x — y. We have Autwgl(x)(x) =
m (X, x), by definition. One can show that every groupoid arises as m<1(X) for a topological space

X[

One could arrange groupoids into a category. However, this is often too strict, to capture the
higher nature of groupoids. It is infinitely more sensible to consider the 2-category of groupoids
instead.

Definition 3.15. A (strict) 2-category C consists of the following data:
e a class of objects Obj(C),
o for every X,Y € Obj(C) a category Homc(X,Y') of morphisms,
e for XY, Z € Obj(C) a functor o: Homc(X,Y) x Homc(Y, Z) — Homc (X, Z),

SVolunteers?
7Jack volunteered.
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o for every X € Obj(C) an object idx € Homc(X,X), satisfying idy of = foidx = f, for
every f € Homc(X,Y),

e such that associativity holds, i.e. for X,Y,Z, W € Obj(C) we want the two natural functors
Homc(X,Y) x Homc (Y, Z) x Homc(Z, W) — Homc (X, W) to agree.

In other words, a 2-category is a category, where we additionally have 2-morphisms between
morphisms.

Example 3.16. We denote by Cat the 2-category of (small) categories. It’s class of objects is
the class of categories whose class of objects is a set (hence, the terminology small)ﬂ The set of
morphisms Homca (C, D) is defined to be the set of functors Fun(C,D). We denote by [F, G] the set
of natural transformations between two functors F,G: C — D. Recall that a natural transformation
consists of a morphism nx: F(X) — G(X) for every object X € C, such that for every arrow

a: X =Y the diagram
HXJ( J(TIY
(@)

G(x) 22 Gy)
commutes. The full 2-subcategory of groupoids will be denoted by Gpd.

Every 2-morphism in the 2-category Gpd is invertible. Such a 2-category is often called a (2, 1)-
category.

3.2.2 Stacks as groupoid-valued sheaves

In order to define prestacks and stacks, we have to clarify the notion of functors between 2-categories.
The naive definition, which requires a functor to respect composition on the nose, is too strict to
be a good definition by today’s understanding of category theory. However, it gets the job done
(since every functor can be strictified), and we will therefore stick to it for now.

Definition 3.17. Let C and D be 2-categories. A strict functor F: C — D is given by a map
between objects Obj(C) — Obj(D), as well as a functor Homc(X,Y) — Homc(F(X),F(Y)) for
every pair of objects X, Y, which is compatible with composition.

The definition of sheaves also rested on the notion of equalizers, i.e., limits. Therefore it is
necessary to discuss limits in the 2-categorical framework of groupoids. We first give a concrete
definition of the limit of a diagram of groupoids.

Definition 3.18. Let I be a category, and I — Gpd a functor, which sends i € I to the groupoid
C;. The limit lim;ec1 C; is defined to be the following groupoid: its objects are collections X; € C;,
and for every morphism a: i — j in I an isomorphism ¢o: F(a)(X;) = X;, such that for two
composable arrows a: i — j, and B: j — k, we have Pgoa = ¢35 © ¢q.

Limits in 2-categories are often referred to as 2-limits. We drop the prefix, and refer to a limit
in the classical sense in a 2-category as strict limit. As one would expect, limits are characterised
by a universal property.

8This distinction between sets and classes is usually handled by referring to universes. The reader not acquainted
with these aspects of set theory can safely ignore all set-theoretic intricacies.
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Definition 3.19. Let C be a category. A prestackﬂ 18 a strict functor C°P — Gpd. The 2-category of
prestacks will be denoted by PrSt(C). If (C,T) is a site, we denote by St (C) the full 2-subcategory
of prestacks F, for which for every {U; — U}icr the diagmrﬂ

FU)=[Frwu)= [ FUixwU) = [ FUi xuUj xu Us)
icl (i,5)€l? (i,4,k)eI?

induces is a limit in the 2-category of groupoids (i.e., induces an equivalence with the limit defined
m Deﬁm’tion. We call such a prestack a stack. The full 2-subcategory of stacks will be denoted
by Str(C).

In concrete terms, the definition of a stack is tantamount to the following.
Lemma 3.20. A prestack F is a stack if and only if the following two conditions are satisfied.

(a) For every {U; — U}icr, and a collection of objects X; € F(U;), and isomorphisms

¢Zj Xi|Ui><UUj ; Xj|U¢><UUj7

which satisfy the cocycle condition ¢;j o ¢ = i, on U; Xy U; xy Uy, there exists an object
X € F(U), together with isomorphisms ¢;: X |y, — X;.

(b) For every U € C, and X,Y € F(U), we have that the functor Hom(X,Y): C/U — Set, which
sends V.— U to Hom(X|v,Y|v) is a sheafﬂ

Proof. |E| To show that these conditions are sufficient, suppose that we have a prestack F' on C
satisfying (i) and (ii). Fix a covering {U; — U};er. The commutativity of

F(U> _>HF(UZ) = H F(Uz XU U]) 3 H f’j(Uvz XU Uj Xu Uk)
el i,j€l i,J,k€1

and the universal property of limits gives us a canonical functor from F(U) to the limit of

[[Fw) =[] FUixuU) = [ FU xu Uj xu Us) (%)

icl i,j€l ij,kel

It is enough, then, to show that this functor is fully faithful and essentially surjective. Let us denote
the two parallel maps

1,09 : HF(Uz) = H F(Ul XU U])
i€l i,j€T

and the three parallel maps

b1, B2, B3 : H F(U; xpy Uj) = H F(U; xu Uj xu Ug).

i,j€l i,5,kel

9Note that our terminology differs from Vistoli’s.

10parametrised by the category, whose objects are the ordered sets {0}, {0,1},{0,1,2} C N, with order-preserving
maps as morphisms.

HTn Vistoli’s convention, a prestack is required to satisfy this property.

12This proof was provided by Craig Smith.
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Then the limit of (%) has as object collections (C1, Ca, C3) where

01€HF(UZ'),CQE H F(UZ XUUj),C;;E H F(Uz XUU]' XUUk)

i€l ijel i, kel

such that there are isomorphisms ¢, : Cs = an(Ch) and &, : C3 = Bm(C2) that compose to
give isomorphisms C3 =N Bman(C1). Given (C1,Cs,Cs) in the limit of (x), we have C1 = (X;)ier,
Co = (Yij)ijer, Cs = (Zijk)ijker for X; € F(U;), Y ; € F(Uy xuUy), Zi ji € F(Uy xy Uj <y Uy).

Then the isomorphisms (,, are of the form ¢, = (%) jer giving isomorphisms

¢ij = (¢ Xilv,xwu, = Xjlu,xou,-

Then these satisfy the cocycle condition as Cé’j (Cf’j)’l %k( {"k)*l, Cé’k(d’k)’l agree when restricted

to F(U; xy U; xy Ug). Thus there is an object X € F'(U) with isomorphisms X
assumption. So the functor from the limit of (%) to F'(U) is essentially surjective.

Morphisms in the limit of () are collections of morphisms (f1, fa, f3) : (C1,C2,C3) — (C1, C4, C%),
where f; : C; — C!, which induce commutative diagrams

U =X, by our

Gy an(C) Oy B(Co)
Ch—— 0, (C}) Ch———— B(CY).

Thus these morphisms are determined by maps f; : C1 — Cf such that a;(f1) = a2(f1) under
the identification Cy 2 a,,(C1). That is, morphisms in this limit correspond to morphisms in the
equaliser of

Hom (X |y,, X’

U, = H Hom(X

i,j€1

!
Uq‘,XUU]‘vX quXUUj)

under our canonical functor. Since we assume that Hom(X |y, X'|y) is a sheaf for every X, X’ €
F(U), we have exactly the result that this equaliser is Hom(X, X’) in F(U), and that our functor
must be fully faithful. Thus we have that F(U) is isomorphic to the limit of (%), and so F is a stack.

Suppose now that a F' is a stack. Then for every {U; — U}ier, F(U) is isomorphic to the limit
of the diagram

HF(Uz)j H F(Ul Xy UJ>§ H F(Ul Xy Uj XU Uk) (*)

i€l ijel ij,kel

So, for a collection of objects X; € F(U;), and isomorphisms ¢;; : Xi|v,x, v, =N Xilu,xvu;
satisfying the cocylce condition, we obtain an object

((Xi)ieh (X’L

of the limit of this diagram. Thus we get an X € F(U) corresponding to this element. That is,
an X € F(U) together with an isomorphism between the image of X under the map F(U) —
[I;c; F(U;) and the collection (X;);cr. So we have isomorphisms ¢; : X[y, — X;.

UixoU; )igels (XilUixp U x o U )ivjikel)
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Suppose now that we have U € C and X,Y € F(U). Suppose further that we have a collection
of objects {U; — U}ier in C'/U. Then for every object (f;)ier in [[,.; Hom(X|y,,Y|y,) which has
the same image under the parallel maps

HHOID(X|U7,Y|U1) = H Hom(X|U'i><UUj7Y|Ui><UUj)
i€l i,5€l

iel

we obtain a morphism
(Xv))ier, (Xilvizpv, )ijer, (X
((YUi)i€I7 (Y;

in the limit of the diagram (). Since F(U) is isomorphic to the limit of this diagram, we obtain
a unique map f: X — Y that restricts to the maps f|y, : Xy, — Yy,. This is precisely the result
that

UixuU;xuUs )ig.kel) =

UizoU; )igel, Yilu,xoU;x v U )iyjkel)

Hom(X,Y) = [[Hom(X|y,,Y|v,) = [] Hom(X|v,xpv,, Y lv,xpu,)
i€l ijel
is an equaliser diagram. That is, we have that the functor Hom(X,Y) : C/U — Set, which sends
V — U to Hom(X|y,Y|y) is a sheaf. Hence we have that these conditions are necessary. O

3.2.3 Examples

The first example is closely related to what we discussed in the Subsection [I.I] We consider
a topological space X, and let C be the category Open(X) of open subsets, with its canonical
Grothendieck topology 7. We know that it is possible to glue sheaves with respect to open coverings,
i.e. given U = | J;c; U;, and a sheaf G; on U;, for each i € I, as well as isomorphisms ¢;;: Gi|v,nu; —
Gjlu,nu,, satisfying the cocycle condition, there is a sheaf G on U, well-defined up to a unique
isomorphism, which restricts to G; on each U;.

Example 3.21. Let F': Open(X)°P — Gpd be the prestack which sends U C X to the gmupoiﬂ
of set-valued sheaves on U. Then, F is a stack.

In fact, we could have formulated this example without reference to topological spaces.

Proof of Example|3.21]. |E| Suppose we have an open covering {U; C U};¢c; and a collection of set-
valued sheaves G; on U; for ¢ € I with isomorphisms ¢; ; : G;(U; N Uj) = G;(U; NU;) satisfying
the cocycle condition ¢; j © ¢ = ¢ir on U; NU; NU;. Then, for an open subset V' C U we have
{Vi C V'}ier is an open cover for V where V; = V N U;. Then we define

G(V) = {(siier € [[ Gs(Vi) | du5(si) = s for all i, j}.
iel

We want to check that this defines a sheaf on U. Suppose we have open subsets W C V C U. Then
we have W; C V; C U; for all ¢ € I and so we have restriction morphisms p; : G;(V;) — G;(W;).
Then we can define a map

G(V) = GW), (ri)ier = (pi(ri))ier-

13This means that we discard all morphisms of sheaves, which are not isomorphisms.
14This proof was provided by Craig Smith.
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Since ¢;; are morphisms of sheaves, they commute with the restrictions maps p;, and hence
¢i7j(pi(7ni)) = Pj(@g(h‘)) = pj(Tj) for all 4,5 € I for all (Ti)iej S G(V) Hence this map is
well defined. Tt is clear then that G defines a functor Open(U)°P — Set, and hence is a presheaf.

Suppose now that we have V' C U with open covering {V(j) C V}jes. Let us again denote
Vi=Vnu,, Vim = V0 NU,. Consider the parallel maps

[[cvo) = I v nv®),

JjeJ i,keJ

Then we clearly have a map G(V) — [[;c; G(V;), which we must show is an equaliser of this
diagram. But this follows immediately from the fact that

Gv) = [ v = [ ¢ nv®)

jedJ i,keJ

is an equaliser diagram for each i € I.

Now we can define maps ¢; : G|y, = Gi, (sj)jer — s; which clearly give our required com-
mutative diagram. These maps are clearly isomorphisms as we can define an explicit inverse
si — (#i,j(8:))jer- Thus we have our result. O

The second example is of algebraic nature. We consider the site, introduced in Example [3.11
Recall that its underlying category is Aff = Rng®. Coverings are given by morphisms corresponding
to faithfully flat ring homomorphisms R — S. We will reformulate the fact that modules satisfy
faithfully flat descent, (Theorem , using the language of stacks. The first formulation below
contains the gist of it, although it is strictly speaking incorrect, since the stack of modules, as
defined there, isn’t even a prestack. We will fix this after having discussed the general idea.

Example 3.22 (Naive/incorrect formulation). Consider the map Mod™ which assigns to Spec R €
Aff°P the groupoid of R-modules (i.e., we discard all non-invertible morphisms of R-modules). The
map in induced by a morphism Spec S — Spec R (corresponding to R — S) is given by S®pr —. As
we have seen in Lemma we have a natural equivalence of functors T ®s (S ®r —) ~T Qg —,
for every composable chain of ring homomorphisms R — S — T. But the functors don’t strictly
agree. We will ignore this subtlety for a moment, and pretend that Mod™ is a well-defined prestack.
Theorem implies then that Mod™ is a stack.

The problem is that base change isn’t strictly transitive, but only up to a natural transformation.
In order to fix this, we use a general construction, which could be seen as a strictification strategy.
See also [Toe| for a more detailed account.

Definition 3.23. For a ring R we denote by /\r/l\o/d(R) the groupoid, whose objects are S-modules
M(a) for every ring homomorphism o: R — S, together with isomorphisms ¢ : M(a) ®g T =

M(B) for every morphism ~ of R-algebras:
L} T
A

[e3%

—
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such that ¢iag: M(a) @g S = M(a) is the canonical map, and for every composable pair of
morphisms of R-algebras 6: S — T, and e: T — W, as given by a commutative diagram

R
SN
S-S .T 5w,
we have a commutative square

(M(a)®sT) @1 W —— M(B) @0 W

| |

M(a) @ W ——— M(y).

The essential difference is that the restriction map is obtained by restricting a data to a smaller
index set, which is functorial on the nose, on not just up to a natural equivalence. However, we
still retain the original information, as the next lemma shows.

Lemma 3.24. The groupoids /\//I\o/d(R) and Mod(R)* are equivalent.

Proof. We have a functor F': l\7|\&i(R) — Mod(R)*, which sends (M(S),#°) to M(R). Let
G: Mod(R)* — Mod(R)

be the functor, sending M € Mod(R) to the tautological collection (M ®g S,idrg,s)-

We certainly have (F o G)(M) agrees with M, by definition. Vice versa, given (M(S), ), the
collection G(F(M(S),$%)) is given by (M(R) ®g S,idr(rygps), Which is naturally equivalent to
(M(S), ¢°) by means of the system of maps ¢°. O

We can now (correctly) formulate the faithfully flat descent as the statement:

Example 3.25. The prestack Mod is a stack over Aff with respect to the Grothendieck topology
given by faithfully flat morphisms.
3.2.4 Fibre products in 2-categories

In the next section we will define the notion of algebraic stacks. The definition of algebraicity uses
fibre products of stacks. The universal property of fibre products can be formulated in an arbitrary
2-category.

Definition 3.26. Let C be a 2-category, an object X € C is called final, if for every other object
Y € C, there exists a morphism ¢: Y — X, and for every two morphisms ¢,v:Y — X, there
exists a unique invertible 2-morphism between ¢ and .

Final objects in 2-categories provide a convenient way to introduce fibre products.
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Definition 3.27. For a co-span

Y
|+
Z,

we consider the 2-category, whose objects are 2-commutative diagrams

X—
k

W%Y
XT>Z,

i.e., we have an invertible 2-morphism o: ko f = hog. A final object in this category of diagrams
will be referred to as fibre product, and the object in the top left corner W will be denoted by X xzY .

In the 2-category of groupoids Gpd, we have an explicit model for fibre products, which is closely
related to the one of Definition B.18

Remark 3.28. Let the co-span of Definition[3.27 be a diagram in the 2-category of groupoids. We
then have an explicit model for X x 7z Y, given by the groupoid, whose objects are triples (z,y, «),
with x € X, y €Y, and k(z) = h(y) being an isomorphism between k(x) and h(y) in the groupoid
Z.

In order to illustrate the concept of limits in 2-categories, we give a sample computation of a
2-limit.

Example 3.29. Let o be the set with one element, endowed with the trivial action of an abstract
group G acting on it. The fibre product  X[o,q) ® is equivalent to the set underlying the group G.

Proof. This follows directly from Remark As we observe there, a model for the fibre product
is given by the set of triples (z,y, a) with x,y € e, and & an automorphism of the object e € [¢/G]
(i.e., an element of G). O

4 Algebraicity

In this section we add geometric meaning to the abstract functorial framework we have previously
built. Just like manifolds are geometric objects obtained by glueing the local model of Euclidean
space along smooth diffeomorphisms; schemes, algebraic spaces, and eventually also algebraic stacks,
are modelled in a similar style on affine schemes. The latter will be introduced by means of category
theory. We define the category of affine schemes to be the dual of the category of commutative rings.
This approach does not ”"waste time” on constructing a geometric object whose ring of functions
agrees with a given commutative ring. Instead, we take the category of rings as it is, and assert
dogmatically its geometric content.
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4.1 Schemes
4.1.1 Affine schemes

Let us recall one more time the definition of affine schemes.

Definition 4.1. The category Aff of affine schemes is defined to be Rng®?, i.e., the opposite category
of the category of (commutative and unital) rings.

We have already constructed a natural Grothendieck topology T on Aff, using faithfully flat
ring homomorphisms. There is a weaker topology, called the Zariski topology.

Definition 4.2. (a) Let R be a ring, and f € R an arbitrary element. We denote by Ry the ring
R[t]/(tf — 1), obtained by adjoining an inverse for f. We say that Spec Ry — SpecR is a
standard open subscheme of Spec R.

(b) We denote by Zar the Grothendieck topology on Aff, given by all collections {SpecS; —
Spec R}icr, which are isomorphic to

{Spec Ry, — Spec R};cr,
where I is a finite set, and f; € R is a collection of elements, satisfying >, ; fi = 1.
The next lemma shows that faithfully flat descent theory is applicable to Zariski open coverings.
Lemma 4.3. Let {SpecS; — Spec R} € Zar, then R — [[,c; Si is a faithfully flat map of rings.

Proof. If I is a finite set, R — S; a collection of ring homomorphisms, and M an R-module, then

Mer ([S) =M @rS).

i€l i€l

In particular, we see that R — [],.; Si is flat, if and only if each homomorphism R — S; is. Recall
that a localization R — Ry is a flat map of rings. Indeed, for an R-module M, the tensor product
M ®pr Ry can be described as a localization of the module: My = M[t]/M(tf — 1). Note that we
have a canonical map M — M, the kernel of which consists precisely of elements m € M, for which
there exists a power f™ of f with f*-m = 0. This implies that for an injective map of R-modules
M < N, the induced map My — Ny is injective as well.

To conclude the proof we have to show that @,.; My, = 0, if and only if M = 0. The canonical
map

iel
M — @ My,
iel
would then be zero. In particular, for every m € M, and every ¢ € I, there would exist an n; € N,
such that f;"*-m = 0. Let n = max;cs(n;) be the maximum of these positive integers. The relation

O fyr=1

i€l

implies that m = (3°,c; fi)*" - m = 0. This implies that M is the zero module. O
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Corollary 4.4. The Yoneda embedding Aff — Pr(Aff) factorises through the full subcategory
Shzar (Aff) of Zariski sheaves:

AFf —— Shzar (AFF)

N

Pr(Aff).

We identify the category Aff with its essential image inside Pr(Aff), respectively Shgza,(Aff).
The sheaf corresponding to an object Spec R € Aff is the actual geometric object, associated to the
ring R.

Definition 4.5. A morphism of affine schemes SpecS =Y — X = SpecR is called a closed
immersion, if it corresponds to a surjective ring homomorphism R — S.

This is tantamount to the classical viewpoint that closed subschemes of Spec R (or a variety)
are characterised by ideals in the ring of regular functions R.
Sometimes, the presheaf Spec R is easier to describe than the ring R (see example (c) below,

and Example .

Example 4.6. (a) We denote by A%: Aff°? — Set the functor, sending a ring R to its set of
elements. We have a canonical equivalence Aj, = Spec Z[t].

(b) We denote by G,, € Pr(Aff) the presheaf sending a ring R to the set of units R*. We have a
canonical equivalence G,, = Spec Z[t,t~1].

(c¢) Let GL,, € Pr(Aff) be the functor, which sends a ring R to the set of invertible (nxn)-matrices
over R. We have a canonical equivalence GL,, = SpecZ[t11,. . ., tny][det(t;;) 7.

Proof. We know that the set of ring homomorphisms Z[t] — R is in bijection with the set of
elements of R (universal property of polynomial rings). In particular A} =~ Homgag(Z[t], —) =~
Homag (—, Spec Z[t]).

Similarly, Z[t,t~1] — R is uniquely characterised by the image of ¢, which has to be a unit. We
have G, (R) ~ Homgng(Z[t,t 1], —) ~ Homag(—, Spec Z[t, t~1]).

The last example follows by similar reasoning: the data of an invertible (n x n)-matrix (a;;)
over R is given by choosing n? coefficients, such that the determinant is an invertible element of R.
This functor is corepresented by the ring Z[t11, ..., tns][det(t;;) 7. O

Example 4.7. Let R be a ring. A formal group law over R is given by a formal power series
f(z,y) € R[[z,y]], satisfying the azioms

(a) (Unit) f(z,0) = f(0,y) =0,
(b) (Commutativity) f(x,y) = f(y,x),
(¢) (Associativity) f(z, f(y,2)) = f(f(x,y),2) in R[[z,y,z2]].

The functor FGL, which sends a ring R to the set of formal group laws, is represented by an affine
scheme Spec L € Aff.
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Proof. A power series f(x,y) can be presented in terms of its coefficients f(z,y) = ZZ-OZ.:O ai;xiyd.
The unit axiom translates into the equations a;o = ag; = 0 for all 4, j. The commutativity condition
can be stated as a;; = a;;, while the associativity condition can also be presented as an equation
the coefficients have to satisfy. Let L be the ring Z[(a;;)i j=0,....00)/I, where I is the ideal generated
by these equations. The universal property of polynomial algebras guarantees that Hom(L, R) is
canonically equivalent to the set of formal group laws over R. In particular, FGL = Spec L. O

The following theorem is only mentioned as a side remark. It should be understood as a
classification result for formal group laws.

Theorem 4.8 (Lazard). The ring L is isomorphic to a polynomial ring in countably many gener-

atorsE

4.1.2 Open subfunctors of affine schemes

The definition of open subfunctors relies on the notion of injectivity and surjectivity for maps of
sheaves. While injectivity is straightforward to define, surjectivity requires a little more care.

Definition 4.9. For a site (C,T) we say that a map of sheaves F' — G is injective, if for every
U € C, the map F(U) — G(U) is an injective map of sets. It is called surjective, if for every
U e C, and every s € G(U), there exists a covering {U; — U}ier, such that each s|y, € G(U;) lies
in the image of F(U;) — G(U;).

We can now define an open subscheme of an affine scheme Spec R. They are given by the
sheaf-theoretic union of standard open subfunctors Spec Ry — Spec R.

Definition 4.10. Let Spec R € Aff, and F € Shza,(Aff) be a Zariski sheaf. Given an injective
map F' — Spec R in Shza, (Aff), we say that F is an open subfunctor of Spec R, if there exists a
(not necessarily finite collection of elements (f;)ier € R of elements of R), such that we have a
surjective map of sheaves [[,.; Spec R; — F, fitting into a commutative triangle

[1;c;Spec Ry —— I

~./

Spec R.

The case where [ is a finite set deserves particular attention.

Definition 4.11. A sheaf F € Shza,(Aff) is called a quasi-affine scheme if there exists a ring R,
such that F is an open subfunctor of Spec R, for which the index set I in Definition can be
chosen to be finite.

Open subfunctors of schemes, particularly also quasi-affine schemes, are in general not affine.
We will prove this for the following example after having developed a criterion for affineness.

15See http://www.math.harvard.edu/~lurie/252xnotes/Lecture?2.pdf for a proof.
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Example 4.12. Consider the sheaf X = A2 \0 € Shzar(Aff), given by the pushout

Gm X Gpy —— G X A (10)

L]

AL xGp —— X

in the category Shzay (Aff). The Zariski sheaf X is a quasi-affine scheme.

Proof. By construction we have a surjection of sheaves A% X G [[ G X A% — X. By construction,
the map X C A% is injective. Hence, X is a quasi-affine scheme. O

4.1.3 Schemes

The following definition should be seen as a template to relativise absolute geometric notions. The
strategy is to use fibre products with affine schemes.

Definition 4.13. Let f: FF — G be a morphism in the category Shza,(Aff). We say that f is
an open immersion, if for every affine scheme Spec R, the base change F X Spec R — Spec R is
isomorphic to the inclusion of an open subscheme of Spec R.

We can now give a functorial definition of schemes.

Definition 4.14. A sheaf F € Shzar(Aff) is called a scheme, if there exists a (not necessarily
finite) collection of affine schemes {Spec R;}icr, together with morphisms Spec R; — F, which are
open immersions, such that the map [[,-; Spec R; — F is a surjection of sheaves. The category of
schemes will be denote by Sch.

i€l

Schemes are obtained by patching affine schemes along open subfunctors. We have already seen
a non-trivial example of such an object.

Example 4.15. Recall the definition of the functor PL from Definition|1.11. According to Propo-
sition we have a surjective map A%HA% — PL of Zariski sheaves. Each one of the maps
A}, — Py, is an open immersion. In particular, P is a scheme.

Proof. Exercisem O

The presheaf or functor corresponding to a scheme is the actual geometric object. It could be
thought of as a generalised system of equations which can be solved over any ring.

Definition 4.16. (a) A presheaf F € Pr(Aff) is called affine, if there exists a ring R, and an
equivalence X = Spec R.

(b) A map of presheaves F' — G is called affine, if for every affine scheme U, and every morphism
U — G, the fibre product F' X U is an affine scheme.

(c) We say that F — G is a closed immersion, if for every affine scheme U, and every morphism
U — G, the base change U xg F — F is a closed immersion.

16Claudio has volunteered.
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The next lemma is a useful tautology.

Lemma 4.17. Let U be an affine scheme, and F' — U an affine morphism of presheaves, then F
1s affine.

Proof. Consider the identity map U v, By assumption, the base change F xy U = F is
affine. O

The following observation yields a useful criterion to prove that a scheme is not affine.

Lemma 4.18. (a) Consider the affine scheme Aj, = SpecZ[t]. The morphisms +: A} x A} —
Ay, and -: Ay x Ay, — A}, corresponding to the ring homomorphisms Z[t] — Z[t1,ta] (map-
ping t — ty +to), and Z[t] — Z[t1, ts] (mapping t — tits), endows A} with the structure of a
ring object in Pr(Aff).

(b) For every F € Pr(Aff), we define the ring of reqular functions T'(F) on F to be the ring of
morphisms Homp. g (F, A%) .

(¢) For a ring R, we have a canonical equivalence R = I'(Spec R). It is given by the equivalence
R = T'(Spec R), corresponding to the map of sets

R — Homgng(Z[t], R) = Homag(Spec R, Al),
which sends r € R to the ring homomorphisms mapping t to r.

Proof. E

(a) We need to check the commutativity of a lot of diagrams. The important remarks are that
Al = Spec Z[t] is affine and that morphisms between (powers of) Al are related to ring
homomorphisms between (powers of) Z[t], thanks to Yoneda’s Lemma.

Before we start, let’s define the morphism T : Al — Spec Z as the natural morphism
to the terminal object in the category of affine schemes and the diagonal morphism A :
Al — AL x Al given by Z[t1, to] — Z[t] which sends ¢; and 5 to .

i) Associativity of +. The following diagram

1 1 1 X4 1
Az x Ay x Ay —— A x Ay

[ |+

ALx AL —F AL
is commutative if and only if the diagram of rings

Z[tl, tg, tg] — Z[tl, tg]

[ ]

Lt ts] «— Z[t]

L7 This proof was provided by Claudio Onorati.
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i)

i)

iv)

is. On one hand we get t — t1 +1t9 — t1 + 12 +t3; on the other hand we get ¢ — to+t3 —
t1 + t2 + t3. From now on we systematically avoid to draw the diagram of rings, but we
will always check the commutativity on it.

Ezistence of neutral element for +. Let’s define 0 : Spec Z——Z|[t] given by sending ¢ to
0. Then,

Al ><SpecZﬂ>A1 AIMSPGCZXAI

idXTT J{Jr Tx idT

ALx AL+ AL 8 AL AL

Let’s check only the first square, the other one is analogous. Starting from the bottom
right object we get t — t1 + to — t1 — t, that is what we were looking for.

Erzistence of the inverse element for +. Let’s define r : AL — Al sending  to —¢. Then,

+ +

AL x AL Al AL x Al
|

rxid Spec Z idxr
dl

AL xAL+2 AL 2 Al AL

Again, let’s look only at the first square, starting from the right-up object: on one hand
we get t — 0+ 0; on the other hand, t +— t; +to — —t1 +to — —t+t=0.

Commutativity of +. Let’s define I : AL x Al — Al x Al by exchanging the coordinates
t1 and to. Then the commutativity of

A} XA1—>A1 x A}

N,

Associativity of -. The commutativity of the following diagram is equivalent to that of
the point ),

is trivial.
AL x AL x AL —)idx‘ AL x AL
7 7 Z Z A

ALx AL AL
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vi) Ezistence of unit element for -. Let’s define 1 : Spec Z — Al by sending ¢ to 1. Then
the commutativity of the following diagram is equivalent to that of the point #7):

AL x Spec Z 2% AL x AL & Spec Z x AL

ZMT J WT

ALxAL+—2 AL & AL AL

vii) Commutativity of -. Again, it is equivalent to point iv):

A} XA1—>A1 x A}

viii) Left and right distributions. Finally, let L : Al x Al x Al — Al x Al be the left
distribution, given by sending ¢; to t1ts and ta to t1t3, and let R : A} x Al x Al— AL x Al
be the right distribution, given by sending t; to t1t3 and to to tot3. Then,

AL+ Al x Al

f ol

AL x AL+ AL x AL x AL —E 5 AL x AL
Jerid lJr
Al x A} ———— A}

Let’s start by checking the left-up square: on one hand we get t — ¢1to — t1(t2 + t3); on

the other hand, t — t1+to — t1to+t1t3. Of course, they coincide. In the same way we get,

for the last square, t — t1to — ({1 +1t2)ts that is tantamount to ¢ +— t1 +1to — t1t3+lats.
(b) Let’s define the following operations on I'(F):

+: D(F)xD(F) — TI(F)

(f,9) — f+g
and . T(F)xT(F) — T(F)
(fag) — fgv

defined locally by

(f +9)(Spec S): F(Spec S) — Al (Spec S)
o — f(9)(o) +9(5)(0)
and
(f -g9)(Spec S): F(Spec S) — Al (Spec S)
o — f(9)(o) - 9(5)(0).
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Now we should check the commutativity of the same diagrams of the previous point. However,
it is clear that the check is only moved from I'(F) to Al and so the thesis follows from the

point (a).
(¢) Let Spec R be an affine scheme. Then by definition and Example 4.6 (a) we get
I'(Spec R) = Homp,(amr)(Spec R, Aj) =

= Homp,(ag)(Spec R, Spec Z[t]) = Homgng(Z[t], R),

where in the last passage we have used the Yoneda’s Lemma. Finally, as observed several
times in these notes, there is a natural isomorphism between Homgug(Z[t], R) = R given by
sending t to r, for every r € R.

U
As a corollary we obtain our first examples of non-affine schemes.
Corollary 4.19. (a) The quasi-affine scheme X = A7 \ 0 of E:cample is non-affine.
(b) The map X — P} is affine, in particular, Py, cannot be affine.
Proof. |E|
(a) Recall that X rises as the pushout of the following diagram

Gm X Gy —— Gy x AL

L]

Al x G, —— X
and so, by the Remark 7?7, this defines a commutative diagram

I'(X) ——— T (A} x G,)

| I

T (G x AL) =25 T (G % Gy) -

that turns out to be cartesian in the category of ring Rng (here o and 3 are just the inclusion
maps). Now, since G,,, X Gy, G, X A% and A% X G,,, are affine schemes, the previous lemma
tells us that

[ (G x Gy) = Z[t1,t7 7 b, 151,

[ (G x A}) = Z[ty,t7 ", 2]

and
T (A x Gy) = Z[ty, 2, 85 ']

18 This proof was provided by Claudio Onorati.
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Finally, if we want that two polynomials f(t1,t;",ta) € Z[t1,t7 ", t2] and g(ty,ts, t;l) €
Z[t1,ta,t5 '] coincide in Z[t1,t7 ", o, t5 ], then we must request at least that they only depend
on t; and to. For this reason we get

D(X) = Z[t1, ta].

If X was an affine scheme, then SpecI'(X) = X. But Spec'(X) = A2 # X, so it cannot be
affine.

O
We have the following definition.

Definition 4.20. A map F — G is called schematic, if for every affine scheme U and every map
U — G the base change F xg U is a scheme.

4.2 Algebraic spaces and stacks
4.2.1 Finite presentation

Definition 4.21. A ring homomorphism R — S is called of finite presentation, if there exists a
factorisation

R K%’ to ’tn}
S,
such that the kernel of the surjection Rlt1,...,t,] — S is a finitely generated ideal.

There is a categorical reformulation of this definition, which will be useful in generalising this
notion to general morphisms of presheaves.

Lemma 4.22. We denote by I a directed set, i.e., it is endowed with a partial ordering <, such
that for every pair of indices (i,j) € I? there exists a k € I, such that i < k and j < k. We
consider diagrams of rings (T;)icr, parametrised by I. For a ring homomorphism R — S to be of
finite presentation is equivalent to the natural map

coliIm Hompg (S, T;) — Homg(S, C(_)li}nTi)
1€ 1€

to be an equivalence, for every directed system of R-algebras.

Proof. E Suppose we have a ring homomorphism R — S such that, for every diagram of rings
(T})iesr parametrised by a directed set I we have that

@HomR(S, T;) — Homp(S, %nﬂ)
icl il

is an equivalence. Then S is an R-algebra. Let Z be the set of finite subsets I C S, a di-
rected set ordered by inclusion, and let 77 be the R-subalgebra of S generated by I. Then it is

19This proof was provided by Craig Smith.
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clear that hﬂlez T;r = S. So the identity morphism in Hompg(S, hﬂlez Ty) corresponds to an ele-
ment of ligrllE - Homp(S,T7) under the equivalence, and hence corresponds to an element of some
Homp(S,Ty) for some finite subset I C S. Thus there is an isomorphism between S and some
finitely generated R-subalgebra of S. So S is a finitely generated R-algebra. So there exists n € N
and an epimorphism Rl[t;, to, ..., t,] = S mapping {¢1, ..., t,} bijectively to a finite generating set of
S. So the diagram

R —— Rlty,ta, ..., )]
™

S

commutes. Now let J be the set of finite subsets J C kerw, a directed set ordered by inclusion,
and now let Ty be the quotients R[t1,...,t,]/(J). Then whenever J C J' we have a projection
Ty — Ty, giving a directed diagram of rings. It is clear that @Jey Ty = R[t1,...,t,]/ kerm = S.
Indeed, this limit is a coproduct of each T; under the equivalence relation generated by z y if
x—y € (J)yN{J') where x € Ty,y € Ty. It then follows that 2§ < = —y € kerm. Thus the
isomorphism R][ty,...,t,]/kerm = S is contained in Hompg(S, ligJej Ty) and so, as before, must
come from some Hompg(S, R[t1, ...t,]/{J)). Thus we may conclude that ker 7 is a finitely generated
ideal. Thus R — S is finitely presented.

Now suppose R — S is finitely presented. That is, there is n € N and an epimorphism 7 :
R[t1,t,...,t,] — S such that the diagram

R —— R[tlatQ? "'7t7l]
™

S

commutes and ker m = (rq,...,r,) is a finitely generated ideal. Let s; = ¢(t;). Suppose we have a
directed set I and a diagram of rings (7;);cr indexed by I. Then there is a natural map

MHOmR(S,E) — HOIHR(S, hﬂTz)

iel iel
Suppose f € Hompg(S, ligieITi). Then, for each i = 1,2,...,n, there is j, € I with f(s;) € Tj,.
Then, as I is directed, there is j € I with j; < j for all i. Then, as f is a map into hﬂielTi
we have that f(s;) € Tj for all i. So we may define a map f’ : R[t1,ta,...tp,] — T}, t; = f(s:).
Furthermore, for i = 1,...,m there is k; € I with k; > j such that r; is mapped to 0 under the map
[ Rlti,ta,...ty) = T; — Ty, since f is a well defined map into h—H}ielTi' That is, the relation
given by r; is satisfied in some T}, and we can take these k; > j. Since I is directed, there is k €
with k; < k for all i. Then it is clear that the map f” : R[t1,t2,...t,] = T; — T} descends to a
well defined map from S. So f defines a map f : S — T and hence comes from an element of
ligqig Hompg(S,T;). Thus the natural map is surjective. Now suppose f € @iel Homp (S, T;) map
to the zero morphism of Hompg(.S, ligie ! T;) under this correspondence. Then f is an equivalence
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class f; of morphisms in the coproduct of all Hompg(S, T;) such that f;(s) are equivalent to 0 for all
s € S and i € I. So each f; is equivalent to the zero morphisms in this coproduct. Thus f itself
is zero in liéniej Hompg(S,T;). Thus the correspondence is also injective. So we have a bijective
correspondence. O

4.2.2 Smooth and étale morphisms

For the purpose of illustration we fix a ring R = Z[z1, ..., zm]/(f1,.-., fn), and define X = Spec R.
For a field k, the affine scheme Spec k is often described as an abstract k-point. The reason is that
the set of morphisms Homsch (Spec k, X') = Homgng (R, k) is canonically equivalent to the solution set
of the set system of equations (fi, ..., f,) over the field k. Let now kle] = k[t]/(t?), be the so-called
ring of dual numbers. The affine scheme Spec k[e] could analogously be referred to as an abstract
tangent vector defined over k. Indeed, the relation € = 0 allows us to treat e as the algebraic
incarnation of infinitesimals, as used by Newton and Leibniz in their treatment of differentiation.

Lemma 4.23. Let J(x1,...,zy) be the Jacobi matrix of the system of equations (f1,..., fn). For
a fized solution x; = \; over k, given by Speck — X the set of commuting triangles

Speck —— X

|~

Spec k[e]

corresponds to the kernel of J(A1,..., A\m), i.e. the tangent space at the chosen solution.

Proof. For \;, u; € k we have

— 0f;
A e At ) = SO )+ €)s
So we see that this expression is 0, if and only if f(A1,..., A\m) =0, and (g1, ..., ) € ker J(A1, ..., Am)-
O

Inspired by this discussion, we have the following definition.
Definition 4.24. Let f: F — G be a morphism of presheaves.

(a) We say that f is formally étale, if for every ring surjective homomorphism R — S, with the
kernel I satisfying I* = 0 (known as a square-zero extension), a unique dashed arrow exists,
rendering the diagram

Spec S —— F (11)

| ]

SpecR —— G

commutative.

(b) The morphism f is called formally smooth, if for every square-zero extension, a dashed arrow
rendering the diagram commutative, exists.
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(¢) We call f formally unramified, if for every square-zero extension, there exists at most one
dashed arrow as in , rendering the diagram commutative.

By definition, a formally étale morphism is formally smooth and formally unramified.
One can show the following properties (see [Mil80]).

Proposition 4.25. (a) A morphism of finite presentation of affine scheme Spec S — Spec R is
smooth (respectively étale), if and only if it corresponds to a ring homomorphism R — S,
which is isomorphic to

R—>R[$1,~~~7xM]/(f1a"'7fn)v

with the Jacobi matriz (gj: ?) being surjective (respectively bijective).
J
(b) Smooth morphisms are flat.

4.2.3 Various Grothendieck topologies

In this paragraph we define the Grothendieck topologies fppf, et, and smth; corresponding to
flat maps coverings which are additionally assumed to be of finite presentation, respectively étale,
respectively smooth. In this section only the fppf topology will be needed, but we will refer to the
other topologies in later sections.

Definition 4.26. (a) The Grothendieck topology consisting of coverings isomorphic to {Spec R; —
Spec R}, where I is a finite set, each R — R; étale, and R — [],c; R; is fully faithful, will be
denoted by et.

(b) The Grothendieck topology consisting of coverings isomorphic to {Spec R; — Spec R}, where
I is a finite set, each R — R; smooth, and R — [[,c; R; is fully faithful, will be denoted by
smth.

(¢) The Grothendieck topology consisting of coverings isomorphic to {Spec R; — Spec R}, where
I is a finite set, each R — R; flat and of finite presentation, and R — [],c; R; is fully faithful,
will be denoted by fppf.

The following proposition implies that the Grothendieck topologies et and smth have equivalent
categories of sheaves. We record it for later use.

Proposition 4.27. Let V — U be a smooth morphism of affine schemes. There exists a covering
{U; = U}ier € et, such that V xy U; — U; has a section s;: U; =V xy Uj.

Proof. The proof relies on Proposition a), and is an application of the strategy which is used
to deduce the Regular Value Theorem in differential geometry from the Inverse Function Theorem.
We leave it as an exercise to the keen reader ] O

20 Alexander has volunteered.
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4.2.4 Algebraic spaces

The definition of algebraic spaces is formally very similar to the functorial definition of schemes.
The role of open immersions will taken by étale maps. Heuristically speaking, an algebraic space is
obtained by glueing affine schemes along étale equivalence relations. We will discuss this interpre-
tation in Paragraph

Definition 4.28. An fppf sheaf F is called an algebraic space, if there exists a collection of
schematic étale morphisms {U; — F}icr, where each U; is affine, such that p: [[;c;U; — F
is a surjection. We call the map p: [[;c; Ui — F an atlas for F.

One can construct examples of algebraic spaces which are not schemes. We defer this to a later
section, respectively the exercises.

Definition 4.29. A morphism of algebraic spaces F' — G is called smooth, respectively étale, if
there an atlas [[,.; Ui — F for F, and an atlas [ .. ;V; — G for G, which fit in a commutative
diagram

iel jed

[Lic; Ui —— e, Vi

|

F— G,
such that the corresponding maps U; — V; are smooth (respectively étale).

Examples of algebraic spaces arise naturally when considering quotients of schemes with respect
to free group actions. This way one can construct algebraic spaces which are not schemes, using for
example an involution on a non-projective scheme, constructed by Hironaka. Moreover, a theorem
of Artin states that for proper smooth algebraic spaces, defined over C, the resulting compact
complex manifold is Moishezon, and the converse is true as well. Such a result is not known for
schemes.

A morphism of presheaves, whose fibres are algebraic spaces, is called representable. The same
notion makes sense for prestacks, and it is the first step in the definition of algebraic stacks.

Definition 4.30. (a) A map of prestacks F — G is called representable, if for every affine
scheme U mapping into G, i.e. U — G, the fibre product F' xg U is an algebraic space.

(b) A representable map of prestacks F — G is called smooth (respectively étale), if for every affine
scheme U, and morphism U — G the base change F xg U — U is a smooth (respectively
étale) morphism of algebraic spaces.

This definition allows us to define the notion of an atlas for algebraic stacks.

4.2.5 Algebraic stacks

Definition 4.31. Let (C,T) be a site. A map of stacks F — G is called a surjection, if for every
U € C, and every object X € G(U), there exists a covering {U; — U}icr, and object Y; € F(U;),
such that each X |y, is isomorphic to Y;.

We can now define the notion of algebraic stacks.
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Definition 4.32. (a) An fppf stack F is called an algebraic stack (or Artin stack), if there exists
a collection of representable smooth morphisms {U; — F}iecr, where each U; is affine, such
that p: [l;c; Us = F is a surjection of stacks. We call the map p: [[;c; Us — I an atlas for
F.

el

(b) An fppf stack F is called a Deligne-Mumford stack, if there exists an atlas ||
each map U; — F being étale.

ie1 Ui = F, with

We have the following observation, the first part of which follows directly from the definitions.

Remark 4.33. For an fppf sheaf F being a Deligne-Mumford stack is equivalent to being an al-
gebraic space. Using a result similar to Proposition [[.27, one can show that an fppf sheaf is an
algebraic space if and only if it is an algebraic stack (hence, a smooth atlas implies the existence of
an étale atlas).

The following lemma can often be found as one of the axioms an algebraic stack has to satisfy.

Lemma 4.34. Let F be an algebraic stack, and f: U — F a morphism, where U is an affine.
Then, f is representable, in the sense that for every affine scheme V, mapping into X, the fibre
product U X gV is an algebraic space.

Proof. Let p: X = [[,c; Ui — F be an atlas for . We begin with the assumption (which will be
removed later) that there exists a factorisation

V—=5X

N

F.

Then we have U xp V 2 (X xp U) xy V. By definition of an atlas, the fibre product X x g U is an
algebraic space. Since the fibre product of algebraic spaces defines an algebraic space, we have won
in this case. As a next step we need to remove the assumption that a section s exists. We will do
this by means of the observation that such a section exists always locally in the smooth topology
smth. Indeed, we have a natural map from the fibre product

X xpV =X,

and the projection X xgp V — V is a surjective smooth morphism, since X — F' is an atlas. We
conclude therefore that U xp (X xp V) — U xp V is a surjective smooth morphism from an
algebraic space onto U xr V. Choosing an atlas for U xp (X xp V) we also obtain an atlas for
U X V. O

4.2.6 Presentations

Algebraic spaces can be represented as quotients of schemes with respect to étale equivalence
relations.

Definition 4.35. Let U be a scheme, an étale equivalence relation on U is given by a monomor-

phism R — U x U, such that each of the composition R — U x U 2 X for i =1,2 is étale, such
that for each ring R, the set X(R) C U(R) x U(R) is an equivalence relation.
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Proposition 4.36. Let F' be an algebraic space, and p: [[,c;U; — F an atlas. We denote the
scheme [[;c; U by U. The fibre product R = U xp U — U is an étale equivalence relation.
Moreover, R =2 U — F is a co-equalizer diagram in Sheppe (Aff).

Proof. ExerciseE O

The converse is true as well, i.e., given an étale equivalence relation R on an algebraic scheme
U, the co-equalizer R = U — F exists, and F' is an algebraic space. This works even if U is an
algebraic space. We will prove this result in a later section.

Definition 4.37. A smooth groupoid in algebraic spaces is given by two algebraic spaces Xq, and
X1, together with two smooth representable maps s,t: X1 = Xo, as well as a composition law
X1 Xi,x0,s X1 — X1, such that for each ring R the resulting object in sets X1(R) = Xo(R), with
induced composition, corresponds to a groupoid.

Proposition 4.38. Let F' be an algebraic stack, and U — F an atlas. Then, U xp U = U, with
composition given by the natural morphism

(U XF U) X ps,U,p1 (U XF U) — (U XF U)
is a smooth groupoid in algebraic spaces.

Proof. Exercise@ O

4.2.7 Base change

So far we have been working with stacks over Aff = Rng®®. As we alluded to in the introduction, we
could also fix a base ring R, and replace the category Rng by Algp, the category of R-algebras. We
could then denote the opposite category by Affg, and refer to its objects as affine schemes defined
over R, and consistently replace every appearance of Aff by Aff. It turns out that this exercise in
notation is subsumed entirely in category theory.

Definition 4.39. For a 2-category C and an object X € C, we denote by C/X the so-called over-
2-category, whose objects are morphisms Y — X, and whose 1-morphisms are strictly commuting
triangles

Y —Z

L/

X,

and the set of 2-morphisms between two 1-morphisms agrees with the set of 2-morphisms in C.

In Subsection [I:2} the category of R-algebras was defined in a similar way, but with the direction
of the arrows inverted. In particular we see that the following is true, essentially by definition.

Remark 4.40. For a ring R, the category Affp = Algy is equivalent to Aff /(Spec R).

This tautology extends to the 2-category of (algebraic) stacks defined over R.

21Volunteers?
22Volunteers?
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Proposition 4.41. The 2-category of prestacks PrSt(Affr), defined over a ring R, is equivalent
to the 2-category PrSt(Aff)/(Spec R). Moreover, this equivalence respects the notion of stacks and
algebraicity.

Proof. Exerciseﬁ O

For every ring homomorphism R — S we obtain a natural 2-functor St(Affr) — St(Affg), which
preserves the notion of algebraicity. This base change functor is given by the fibre product along
the map Spec .S — Spec R.

5 Torsors and quotient stacks

One of the simplest examples of an algebraic stack is the stack of torsors for an algebraic group. It
can be described as the quotient stack of a point by the trivial action of a group G. We will discuss
the notion of algebraic groups, torsors, their relation with cohomology, and show algebraicity of the
stack of torsors and more general quotient stacks.

5.1 Group objects
A group object in a category C can be defined as follows.

Definition 5.1. Let C be a category, the structure of a group object on X € C is equivalent to a
factorisation of functors
CP —— Grp

HOmc(—vx)\/ l
Set,
where Grp — Set is the forgetful functor from groups to sets.

By Yoneda, this is equivalent to the standard definition of group objects (if C has finite products),
as one often finds it in the literature, but the functorial point of view will be of advantage to us.

Lemma 5.2. If C has finite products, the structure of a group object on X € C is equivalent to the
following collection of morphisms:

(a) e: « = X, where o € C is a final object,
(b)) m: X x X = X,
(c) 1: X = X,
satisfying the group axioms, which are stipulated in form of the commutativity of the diagrams

(a) (unit)

~

X——X xe

k{ lmo(idx xe)
X

)

23Volunteers?



(b) (associativity)

mXidx

X XxXxX—XxX

idx Xml lm

XxX—" X,

(c¢) (inverses)
idx Xt

XxX—XxX

|

«— X

We have already seen a few examples of group schemes (i.e., group objects in the category of
schemes).

Example 5.3. Fiz a base ring R. A group R-scheme is a group object in the category Schpg.

(a) Let Al,: Algr — Set be the functor sending an R-algebra R — S to the set underlying S. We
have A}% = A% Xspecz Opec R, in particular we see that A}{ is a scheme. It carries a natural
structure of a group object, given by the group-valued functor, sending R — S to the abelian
group (S,+).

(b) Similarly, we may define Gy, r as the group-valued functor, sending an R-algebra R — S to
the set of invertible elements S*. It is a commutative group R-scheme.

(c) We have a group scheme GL,, r, sending an R-algebra S to the group of invertible (n x n)-
matrices.

If G is an affine group R-scheme, then Lemma implies that R-algebra I'(G) of regular
functions on G is endowed with the structure of a Hopf R-algebra.

Definition 5.4. A Hopf R-algebra consists of an R-algebra S, together with R-algebra maps
(a) e*: S — R, the co-unit,
(b) m*: S — S®gr S, called comultiplication,
(c) #: S — S, the co-inverse,

such that (S,ef, m¥ ) satisfies the aziom of a group object (see Lemma in Algy = Affg.

All of the examples of are affine group schemes, therefore correspond to Hopf algebras.

One can show that a group object in algebraic spaces, which is of finite type over a field k, is
in fact a group scheme. This follows from the general principle that group objects in geometric
categories "don’t have corners”. Heuristically speaking, if U is a neighbourhood of the unit element
of G, and g € G an arbitrary element, then the translate gU defines a neighbourhood of the element
g. Hence, we see that a group object G has a uniform local geometry. This implies that if P is
a geometric property which holds for an open dense subset of points in G, then it has to hold for
all points of G. An example of such a property for algebraic spaces is, lying an open subscheme
U C G. In [The, 0ADC] it is shown that every algebraic space of finite type over a field k has an
open dense subset which is a scheme. Hence, every group object in algebraic spaces of finite type
over a field is actually a scheme.

53



5.2 Torsors
5.2.1 Definition and basic properties

We fix a site (C, T), and consider a group-valued sheaf G°P: C — Grp (i.e., a group object in Sh(C)).
We assume that the Yoneda embedding factorises through the category Sh1(C) of sheaves, i.e., for
every U € C, the representable functor Homc(—, U) is a sheaf.

Definition 5.5. Let Y € Shy(C) be endowed with a G-action, and 7: Y — X be a morphism
G-invariant morphism in Shr(C). Then we say that 7 is a G-torsor, if for every U — X, where
U € C the G-action on' Y xx U is T-locally trivial, i.e., there exists {U; — U}ier, such that
Y xx U, 2U; x G as a G-space.

Paraphrasing the definition above, one could also refer to a G-torsor as a locally trivial G-bundle.

Lemma 5.6. We say that m: Y — X is a trivial torsor, if we have an isomorphism Y =2 X x G,
respecting the projection m, and the G-action. A G-torsor is trivial if and only if there exists a
section s: X - Y, mos=1idyx.

(Sxidc)
—

Proof. A section s induces a map of G-torsors X x G Y xG — Y. Lemma below

implies that it is an isomorphism.
Vice versa, given an isomorphism X x G 2Y, as torsors, it induces a section

XS X xe XX v g4y,

This concludes the proof. O
Lemma 5.7. A map of G-torsors over X is a commutative diagram

Z——Y

N

X,
where Z — X and Y — X are G-torsors. Then, every map of G-torsors is an isomorphism.

Proof. By Yoneda’s lemma, it suffices to show that for every U € C, and U — X, the map
Z xx U —=Y xx U, of G-torsors over U is an isomorphism. Moreover, since X, Y, Z are sheaves,
and a map of sheaves is an isomorphism, if and only it locally is an isomorphism, it suffices to prove
the assertion for trivial G-torsors.

Let ¢: U x G — U x G a G-equivariant map of G-torsors. For every V € C, and every morphism
V — U, we obtain a G-equivariant map of G(V')-torsors U(V) x G(V) — U(V) x G(V). Every
map of torsors in sets is an equivalence, since the transitivity and freeness of the action guarantee
bijectivity of the map. Yoneda’s lemma implies now that ¢ is an isomorphism. O

Corollary 5.8. Every commutative diagram of sheaves, and G-equivariant maps

Z ——Y

|

W——-X,

where Z — W and Y — X are G-torsors, is cartesian.
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Proof. The commutative diagram induces a map of G-torsors Z — W X x Y. According to Lemma
it is an isomorphism. O

We now switch to the category C = Aff g, and show that the notion of torsors is often surprisingly
well-behaved with respect to changing the topology.

Definition 5.9. For a group-valued sheaf G on Affg, we denote by BG: Aff}Y — Gpd the prestack,
sending an R-algebra S to the groupoid of collections (wr: Yr — SpecT, ¢r), where wr is a G-
torsor on SpecT' for each S-algebra T, and ¢7: Yr = Ys Xgpec r G 15 an equivalence of G-torsors.

Moreover, this collection is assumed to satisfy the conditions: ¢iqg: Ys Xspecs S =5 Yy is the
canonical map, and for every composable pair of morphisms of R-algebrasé: S — T, ande: T — W,
as giwen by a commutative diagram

R
SN
ST LW,
we have a commutative square

(Ys Xspecs SpecT) XspecT Spec W —— Y1 XgpecT Spec W

| |

YS X Spec S Spec w Yw.

The prestack BG is actually a stack. This is tautological, using descent for sheaves.
Lemma 5.10. The prestack BG of fppf-torsors is a stack with respect to the fppf topology.

The inclusions of Grothendieck topologies et C smth C fppf imply that every torsor with
respect to the étale topology is also a torsor with respect to the smooth and fppf topology. However,
G is a smooth affine group scheme, these are actually equivalences, i.e, a torsor with respect to the
fppf topology is also a torsor with respect to the coarser topology et. The proof stretches over the
following two paragraphs.

Proposition 5.11. Let G be a smooth aﬁ?n@ group R-scheme. Then, a G-torsor Y — X, with
respect to the fppf is also a G-torsor in the étale (and hence also smooth) topology.

Since every smooth morphism has a section in the étale topology, it suffices to construct a
covering of {U; — X} of X in the smooth topology, such that Y xx U; = U; Xgpecr G as a G-
torsor. This follows directly from Proposition which states that every smooth morphism has
a section in the étale topology. It is a worthwhile exercise to think through the details of the proof.

Lemma 5.12. Let G be a smooth affine group R-scheme. Then every G-torsor with respect to the
smooth topology is also a G-torsor with respect to the étale topology.

Proof. Exerciseﬂ O

24We could relax this condition.
25 Alex has volunteered.
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Another example is that every GL,-torsor with respect to the fppf or et topology, is actually
a torsor with respect to the much coarser Zariski topology.

Proposition 5.13. For every affine scheme U € Affg, the groupoids of GL,, r-torsors and rank n
vector bundles (i.e., finite projective modules, locally of rank n) are equivalent. Since every finite
projective module is Zariski locally free, we see that every GL,-torsor, defined with respect to the
fppf or étale topology, is also a GL,-torsor with respect to the topology Zar.

Proof. We fix an affine scheme U, in order to establish an equivalence of groupoids of GL,,-torsors
(denoted by B GL,,(U)), and rank n vector bundles (VB,,(U)), a priori we have to define mutually
inverse functors F': BGL,(U) = VB, (U), and G: VB,(U) — B GL,(U).

We will only construct the functor G, and verify locally that it is an equivalence. Since VB,
and BG are stacks, this is sufficient to conclude the proof.

The functor G: VB, (U) — B GL,(U) sends a vector bundle E to the torsor whose total space

is the sheaf on Aff /U, sending V' 7, U to the set of bases of f*E. Since the set of bases of a vector
space is freely and transitively acted on by GL, (V), we obtain that G is a fully faithful functor.
It is also easily seen to be locally essentially surjective (hence globally essentially surjective, by

the stack property), since every GL,-torsor is locally trivial, thus the image of the trivial vector
bundle. O

We can also give a direct description of the functor F': BGL,(U) — VB, (U). It takes a GL,,-
torsor Y — X, and first extracts a cocycle, by choosing an fppf covering {U; — U };¢;, over which
Y becomes trivial (the cocycle is obtained by comparing trivialisations over the fibre products
U; xy Uj). Since automorphisms of a vector bundle are GL,,-valued regular functions, we can also
view this as a cocycle for the glueing of vector bundles. Hence, obtain a well-defined vector bundle
FEy associated to the torsor Y.

A more conceptual description of the total space of Ey is given by the following general con-
struction:

By = A" x%Iny = (A" xY)/GL, .

This comparison result for torsors is far from being a purely abstract statement. It generalises
a classical result in number theory, concerning the vanishing of a certain Galois cohomology set.
In order to explain the connection with Galois cohomology, we have to comment on the connection
between torsors and the first cohomology set.

Remark 5.14. For a site (C,T), and a group sheaf G on C we define the first cohomology set
H7(U,G), given by a colimit (ranging over coverings 4 of U in T ) of quotients Z{/C\, where C is
a group acting on a set Z1, both of which will be defined subsequently. For every = {U; - U} €T,
we let CY be the group of cochains (;)icr € [Lic; G(Us). We denote by Z} the set consisting of
cocycles (¢ij)(ijyer> € H(i,j)ef" G(U; xy Uj), satisfying the cocycle condition ¢;;djr = ¢ on
U; xy Uj xy Uy. A cochain (1;) acts on (¢;5) by the formula

Vi
One sees that Hx-(U,G) is in bijection with the set of isomorphism classes of G-torsors on U.

Corollary 5.15 (Hilbert’s Theorem 90). Let K be a field, with separable closure L. Then, the
Galois cohomology group HY,,(K,GL, (L)) vanishes.
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Proof. 1t is a general fact that H}, (K, L*) = HL (Spec K, GL,), which relies on a morphism of
field K — L being étale, if and only if it is separable (see Example 1.7(a) in [Mil80]).

The group H},(Spec K, GL,,) is equivalent to the set of isomorphism classes of rank n vector
bundles on Spec K, according to Proposition [5.13] i.e., rank n vector spaces over K. Therefore
we obtain the vanishing result from the fact that, up to isomorphism, there is precisely one vector
space of dimension n. O

5.2.2 Faithfully flat descent revisited

In this paragraph we discuss descent for smooth morphisms. We will use the classification of smooth
maps of affine schemes in terms of Jacobi matrix, which was stated in Proposition a). At first
we have to verify that being of finite presentation descends along faithfully flat maps.

Lemma 5.16. For ring homomorphisms R — S, and R — R’ faithfully flat, the co-base change
R — S®pg R is of finite presentation if and only if R — S is.

Proof. Being of finite presentation is certainly invariant under tensor products. Hence, we focus on
establishing the descent result. By Lemma [4.22] it suffices to show that for every directed system
(T})ier of R-algebras, the natural map

coéilm Hompg(S,T;) — Homg(S, C(_)éi}n T;)

is an equivalence. Faithfully flat descent for ring homomorphisms (see Proposition [2.27)) implies
that we have a commutative diagram, with the columns being equalizer diagrams

colim Homg (S, T;) Hompg(.S, colim T5)
colim Homp/ (S @z R, T; ®r R') = Hompz (S @ R',colimT; ® g R')

I I

colim HomRI®RR/(S Rr R ®Qr R/,Ti Qr R ®r R/) =5 HomR/®RR/(S Qr R ®r R’,colimTi Qr R ®Qr R/)

Since the middle and bottom horizontal arrows are isomorphisms, the equalizer property implies
that also the top horizontal map is an isomorphism. O

We can now turn to the case of smooth and étale morphisms.

Lemma 5.17. Let V. — U be a morphism of affine schemes, and U' — U a faithfully flat morphism
of affine schemes. Then, the base change V' =V xy U’ — U’ is smooth, respectively étale, if and
only if the map V — U is smooth, respectively étale.

Proof. Choose a presentation U = Spec R, V' = Spec R[t1,...,tm]/(f1,..., fn). We have to show
that the Jacobi matrix J = (gfj) is surjective (respectively bijective), if and only if the Jacobi
matrix J', for V' — U’ is surjective (respectively bijective). But since we have a presentation
V' = Spec R'[t1,...,tm]/(f1,---, fn), we obtain for J’ the matrix associated to J with respect to
the natural map from R-matrices to R'-matrices.

The Jacobi matrix .J can be seen as an R-linear map from the R-module R™ to R™. Since
R — R’ is faithfully flat, we obtain from Lemma [2.21[a) that .J is surjective (respectively bijective)
if and only if the Jacobi matrix for the map V' — U’ is surjective (respectively bijective). O
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Corollary 5.18. Let F — G a representable morphism of prestacks over R. Then for a faithfully
flat ring homomorphism R — S, the base change F' Xgpec r Spec R — G Xgpec g Spec S is smooth
(respectively étale) if and only if F — G is smooth (respectively étale).

We also have to show that affineness descends.

Lemma 5.19. Let F — U be a map of fppf sheaves, and V- — U an fppf map of affine schemes,
such that F' xy V is affine, then F is an affine scheme.

Proof. We use the notation U = SpecR, and V = SpecS. We will show that the ring 77 =
['(F xy V) is naturally endowed with a descent datum, hence defines an R-algebra T' by faithfully
flat descent (Theorem . We have a natural isomorphism SpecT xy V — F Xy V, which
satisfies the descent condition, hence an isomorphism of stacks F' = SpecT.

We have a commutative diagram with the columns being colimit diagram (or ”co-equalizers”)
by descent theory

F xy (VxpV xg V) —=SpecT’ @5 (S @ @rS @r S)

Il Il

F xy (V xy V) ——=—— SpecT’ @5 (S Qg S)

I I

FxyV = SpecT’
Fe———— -2 5SpecT,

We therefore obtain from faithfully flat descent, and the condition that F' is a sheaf that F' is
equivalent to SpecT'. O

5.2.3 The tautological trivialisation

Every torsor is trivial when pulled back to itself.

Proposition 5.20. Let 7: Y — X be a G-torsor over an affine R-scheme X, where G is a smooth
affine group R-scheme. Then, m is a covering in the smooth topology, and we have a canonical
equivalence of G-torsors

Y xxY =Y xG.

Proof. We obtain from Lemmas and that 7 is a smooth affine map. Since faithfully
flatness descends, one sees that 7 is indeed a covering in the smooth topology.

In order to prove the second assertion, it suffices to produce a map of G-torsors Y xG — Y xx Y
over Y (every map of G-torsors is automatically an isomorphism, since the G-action is free and
locally transitive. The required map is given by idy Xxa, i.e. the identity in the first, and the
G-action in the second component. O

This concludes the proof of Proposition [5.11
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5.3 Algebraicity of quotient stacks
5.3.1 Algebraicity of the stack of torsors

We have already seen that BG is a stack (Lemma [5.10). This allows us to check algebraicity of
BG.

Theorem 5.21. For a smooth ajﬁmF_B.I group R-scheme G, the stack BG is algebraic. An atlas is
given by the map p: Spec R — BG, corresponding to the trivial G-torsor on Spec R.

Proof. We will show that p is a surjective, smooth, affine morphism. By the Definition of
algebraic stacks, this implies the assertion.

Surjectivity of p amounts to the statement that for every G-torsor Y on an affine scheme U,
there exists an fppf covering {U; — U };cr, such that Y x ¢ U; is equivalent to the trivial G-torsor
on U;. However, this local triviality property is the defining property of torsors (see Deﬁnition.

We now have to check that p is representable and smooth. Let U — BG be an arbitrary map,
classified by a G-torsor Y on U, where U is an affine R-scheme. We claim that the fibre product
Spec R x g GU is equivalent to Y. The first part of Proposition states that Y is affine, and
Y — U is a smooth map. This shows that U — BG is affine and smooth.

In order to see that Spec R x g GU is equivalent to Y, we observe that for every affine R-scheme
V' we have that the fibre product of groupoids & x g (y) U(V) agrees with the set of isomorphisms
from the trivial G(V')-torsor to the G(V)-torsor Y (V). This set is canonically equivalent to the set
Y (V). O

5.3.2 Quotient stacks

Many examples of algebraic stacks are actually quotient stacks. As we will explain in the next
subsection, they provide a geometric counterpart for equivariant constructions in geometry.

In order to get started, we consider a set X with a group action, and describe maps into the
quotient groupoid [X/G] in terms of torsors.

Example 5.22. In Ezample we defined a groupoid [X/G], whose object are the elements of
X, and morphisms from x to y correspond to g € G with g-x =vy. If U is a set, then the groupoid
of morphisms U — [X/G] is equivalent to the groupoid of pairs (7: Y = U, f: Y — X), where 7 is
a G-torsor (i.e. a G-set with a free and transitive action), and f is a G-equivariant map.

Proof. We will be content with exhibiting functors in both directions, and leave the verification
that they are mutually inverse to the reader. Given a pair (Y — U,Y — X) as above, one applies
the [—/G] construction, to obtain a map U — [X/G]. Vice versa, given U — [X/G], we form the
pullback square

U X(x/G) X—X

I
U—— 5 [X/G).

One sees that U X(x/q X — U is a G-torsor, and the top horizontal map U x[x,q X — X is
G-equivariant.

26We could relax this assumption.
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The example discussed above motivates the definition of quotient stacks, which we record in
heuristic form, i.e. in non-strict form (imitate Definition for a rigorous definition).

Definition 5.23. Let G be a group-valued fppf sheaf acting on an fppf sheaf X. The quotient
stack [X/G] is defined to be the prestack, sending an affine R-scheme U to the groupoid of pairs
(m:Y = U, f: Y = X), where 7 is a G-torsor, and f is a G-equivariant map.

A verification similar to the one for BG shows that [X/G] is a stack.
Lemma 5.24. The prestack [X/G| is a stack.
Proof. Exercisem O

Theorem 5.25. If G is a smooth aﬂin@ group scheme, and X an algebraic R-space, then [X/G]|
is an algebraic stack. The canonical projection p: X — X/G, corresponding to the trivial pair
(X xG— X, X x G — X) is a surjective, smooth, affine morphism.

Proof. The second statement implies the first: to see this choose an atlas [[,.; U; — X for the
algebraic space X. The composition with p defines then an atlas for the stack [X/G].

In order to conclude that p is surjective, smooth, and affine, we use base change invariance of
these properties, and the fact that

X —SpecR

|

[X/G] —— BG

is a cartesian square. To see this, choose an affine R-scheme V', and consider the corresponding
square of sets

X(V) —>I
[X/G](V) —— BG(V).

For each object of [X/G](V') we can find an fppf covering, such that the corresponding G-torsor is
trivial, hence the square is evidently cartesian. This proves the assertion. O

5.4 Philosophy: quotient stacks and equivariant objects

In this subsection we give a heuristic account of the prevalent point of view, that object on a
quotient stack [X/G] correspond to G-equivariant objects on X. We will therefore refrain from
giving proofs in this subsection.

Lemma 5.26. Let Z be an fppf sheaf, with trivial G-action. A G-invariant map X — Z corresponds
to a morphism [X/G] — Z.

27Volunteers?
28We could relax this condition
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Similarly, there’s the notion of a G-equivariant vector bundle. Rank n vector bundles are
equivalent to G L,-torsors, which yields a convenient way to stating the next result without having
to define vector bundles on stacks first. We begin with the definition of G-equivariance.

Definition 5.27. Let 7: Y — X be an H-torsor, and X a space acted on by G. A G-equivariant
structure on'Y amounts to a an action of G on'Y, which commutes with the action of H, such that
the map m is G-equivariant.

One can then show the following result:

Proposition 5.28. The datum of a G-equivariant H-torsor on X 1is equivalent to an H-torsor on

[X/G], i.e. a morphism [X/G] — BH.

It is often easier, and conceptually preferable, to replace equivariant constructions by analogous
objects for stacks. For example, the study of equivariant cohomology is subsumed by the cohomology
of stacks.

6 The stack of G-bundles on a curve

This section is devoted to establishing algebraicity of the stack of G-bundles on a curve, where G is
a smooth affine group scheme. A good source for this material is Gaitsgory’s geometric Langlands
semin:aui§|7 we will follow their presentation closely.

6.1 Preliminaries
6.1.1 Curves and vector bundles on curves

We begin by recalling a few basic facts about algebraic curves and vector bundles on algebraic
curves.

Definition 6.1. A curve over a field k is a proper, smooth k-scheme of dimension 1.
We also record a relative version of Serre duality for cohomology groups of vector bundles.

Theorem 6.2 (Serre duality). Let X be a k-curve, and R a k. We denote by wx the line bundle
of 1-forms on X. For every vector bundle E on X x Spec R we have a canonical equivalence of

R-modules
H°(X x SpecR,E) =~ H'(X x Spec R, EY @ wx)".

The assumption of being of dimension 1 implies an important cohomology vanishing result.
Lemma 6.3. Let X be a k-curve, and R a k. For every quasi-coherent sheaf M on X x Spec R we
have H'(X x Spec R, M) =0 fori > 2.

6.1.2 Recollection of cohomology of coherent sheaves

Theorem 6.4 (Semicontinuity Theorem). For a projective morphism for noetherian schemesY —
X, and a coherent sheaf M, which is X -flat, we have that dim H*(Y,, M,) is an upper semicontiuous
function on X, i.e. the sets {x € X|dim H*(Y,, M,) < n} are open.

29nttp://www.math.harvard.edu/~gaitsgde/grad_2009/
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6.1.3 Stacks which are locally of finite presentation

We have cited a few results on the cohomology of coherent sheaves which (at least in the way cited)
required the assumption that the schemes were of finite type. We will be interested in applying
these results to families of vector bundles, i.e., a vector bundle on a product X x S, where S is an
affine scheme, and X a curve over a field k. The definition of stacks requires S to vary through
all affine schemes, so stipulating the condition of being of finite type a priori seems to seriously
hinder the application of cohomology. We will circumvent this problem by showing that the stack
of bundles Bun(X) is locally of finite presentation. This condition stipulates that the stack can
be recovered by restricting it to the category (Affﬁg)(’p, i.e. affine R-schemes which are of finite
presentation.

Definition 6.5. A prestack F': Aff}} — Gpd is said to be locally of finite presentation, if the map

colim F(T;) — F(colimT3)
i€l iel

s an equivalence for every filtered inverse system of affine R-schemes T;.
As a formal consequence we obtain the following straightforward assertion.

Lemma 6.6. Let R be a ring, then every prestack F: Aff% which is locally of finite presentation,
can be recovered from its restriction to the category (Aff%’)op,

Proof. We will show that ring can be written as a directed colimit of finitely presented rings. In
fact, we can express a ring R as an ascending union of subrings R’, which are finitely generated
over Z: every ring R contains either a copy of Z or IF,, as subrings; for + € R we can consider the
subring Z[z], respectively F,[z]. This shows that every € R lies in a finitely generated subring R'.
Since the set of finitely generated subrings is clearly directed with respect to inclusion, we obtain
the statement. O

One can show that all stacks in this section are locally of finite presentation |

6.1.4 A criterion for surjectivity

In this paragraph we record a short and useful criterion, which allows to check surjectivity of a map
of prestacks F' — G, by evaluating at fields. (...)

Lemma 6.7. Let f: F'— G be a morphism of stacks which is smooth and representable. We then
have that f is surjective if and only if for every field-valued point x € G(k') there exists a finite
field extension k" /k (can be chosen to be separable), such that the object in G(k") induced by x lies
in the image of the map of groupoids F (k") — G(k").

Proof. This is an interesting exerciseﬂ O

6.1.5 Quot schemes

(..

30This will be added to the notes at a later point.
31Volunteers?
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6.2 The stack of vector bundles on a curve
6.2.1 Families of vector bundles

Recall that we fix a field & and consider all schemes, spaces, and stacks as objects over k. Conse-
quently we drop the subscript £ in a lot of places, hence write X, where we should write Xgpec -

Definition 6.8. Let X be a curve over a field k, and X an affine scheme. A family of rank n
vector bundles parametrised by S is a vector bundle of rank n, denoted by E, on the fibre product
X xS.

Describing the moduli problems of vector bundles has been a well-researched topic in the last
century, and this quest is continuing to the present day. In the language of this course we can
think of this as the study of the stack Bun,: Aff{® — Gpd, sending S € Aff; to the groupoid of
S-families of rank n vector bundles. Since pullback of vector bundles is not a strict functor, we have
to strictify the functor. We omit this process and leave it to the reader to copy Definition |3.23

Definition 6.9. We define Bun,,: Aff}® — Gpd to be the prestack sending an affine k-scheme S to
the groupoid of vector bundles of rankn on X x S. The connected component of rank n and degree
d vector bundles will be denoted by BunZ(X).

It is central to the theory of vector bundles that this is actually an algebraic stack.
Theorem 6.10. The prestack Bun,, is an algebraic stack.

The proof needs to verify to assertions: that Bun,, is a stack, which follows directly from descent
theory, and the existence of an atlas. We will deal with the latter in the following paragraph, and
conclude the present one by remarking on the details of the proof that Bun,, is a stack. (...)

6.2.2 The atlas

We will produce an atlas for Bun,,(X), using an open subscheme of Quotx (Ox (m)?), where Ox (1)
denotes an ample line bundle on X with tensor powers Ox(m), and m, and ¢ are appropriately
chosen integers. In order to achieve this, we remark first that every vector bundle of sufficiently
high degree can be obtained as a quotient of Ox (m)*.

Lemma 6.11. Let E be a vector bundle on the curve X, with a chosen ample line bundle Ox (1)
(i.e., of positive degree). For an integer m, we denote by E(m) the tensor product E @ Ox(1)®™.
There exists an integer mo, such that for all m > mg we have that H*(X, E(m)) = 0. Under this
assumption, E(m) is generated by global sections, i.e., the map

H(X,E(m))® Ox — E(m)
is surjective. The dimension £ of H°(X, E(m)) is locally constant in S-families.

Proof. This is just a general fact for ample line bundles. See [?] for a proof in a far more general
context. (...) O

The Semicontinuity Theorem implies that the open subscheme U is well-defined.
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Definition 6.12. Let U™ be the open subscheme of Quot® (Ox (—m)t), consisting of quotients
(Ox(m)") - E,
such that E satisfies the vanishing condition H(X, E(m)) =0, and d(E) = d, and n = rk(E).
This definition allows us to state a corollary of Lemma
Corollary 6.13. The map p: HmZO um — Bunfb s a surjection.

Proof. We have seen in Lemma that it suffices to check that every field-valued point E €
Bun? (X)(k), can be lifted to Quot? (Ox(—m)*)(k"), after passing to a field extension k”/k’. We
show that p is smooth and representable in Corollary Lemma implies right away that
every vector bundle E on X x Speck’ we can express E(m) as a quotient of O% = H(X, E(m)) ®
Ox, hence E as a quotient of Ox(—m)‘. As mentioned above, Lemma this concludes the
argument. O

We will show that p is an atlas. In order to verify representability and smoothness, we will check
that p is a GLg-torsor. This will be a corollary of the following geometric statement.

Lemma 6.14. Let g: X xS — S be the canonical projection. For every rank n vector bundle E on
X xS, such that the fibrewise degree is equal to d, and satisfying the assumptions of Definition[6.13,

we have a bijection between surjections ¢: O%. ¢ — E(m) and isomorphisms ¢*: O% =5 q.(E(m)).

Proof. The pullback functor g* is left adjoint to the pushforward functor ¢.. In particular, we
obtain a bijection between maps ¢: ¢* O% = 0%, s — E(m), and maps ¢! Og — ¢.(E(m)). It
remains to show that surjections on one side correspond to isomorphisms on the other.

We begin by showing that ¢* being an isomorphism implies that ¢ is a surjection. This is
immediate, since the data of an isomorphism O% =5 ¢.(E(m)) is equivalent to choosing an T'(S)-
linear basis for the space of global sections of £ on X x S. Since F is generated by its global
sections by assumption, we obtain that the induced map ¢: (’)&Xs — E(m) is a surjection.

To show that ¢ is an isomorphism if ¢ is a surjection, we begin by observing that ¢* = ¢.(¢).
Indeed, we have that the natural map Og — ¢,(Oxxs), corresponding to ¢* Og — Oxxg, is an
equivalence, because X has only constant global sections. Moreover, since F is generated by global
sections, the map ¢ is a surjection. To conclude the proof we show that g.(E(m)) is a vector bundle.
This follows as an application of Theorem I11.12.11 in [Har77|. Hence, we have a surjection between
vector bundles of the same rank. Such a map is always an isomorphism. O

Corollary 6.15. The map p: U™ — BunZ(X) 1s a GLg-torsor over its image, i.e., for every
affine scheme V', and morphism V' — Buny,, the base change V xg,na U — V is a GL¢-torsor over
an open subscheme of V.

Proof. AmapV — Bun‘i(X) corresponds to a rank n, degree d vector bundle £ on X x.S. Consider
the cartesian square
P v

| |

Quot? (O x (—m)*) —— Bun?(X).

64



By definition of fibre products of groupoids, for every affine scheme W, the groupoid P(W) is the set
of surjections O x xw (—m)* — E. By Lemma this set is equivalent to the set of isomorphisms
0L = q. O&XW = ¢.E(m). This set of isomorphisms (if non-empty) is freely transitively acted
on by GL(W). Since p is surjective, P is non-empty, after replacing V' by an fppf covering. This
shows that P — V is indeed a GL,-torsor. O

Corollary 6.16. The stack Bun®(X) is algebraic, with atlas p: [l U™ — Bun? (X).

Proof. We have seen in Corollary that p is a surjection. Corollary showed that p is a
GLy-torsor. Since GL; is a smooth and affine group scheme, we obtain from Proposition that

p is a smooth and affine morphism. Therefore, p satisfies all conditions required to be an atlas for
Bun?(X). O

6.3 The stack of G-bundles on a curve

6.3.1 Stacks of G-bundles as mapping stacks
Let F and Y be stacks. The mapping stack Map(Y, F') is defined as the prestack

Map(Y, F)(U) = Hom(Y x U, F),

where Hom(Y x U, F) is a groupoid, because stacks form a 2-category. The stack property for F' and
Y implies that Map(Y, F) is a stack as well. In general, it is unreasonable to expect mapping stacks
to be algebraic, if however Y is a projective scheme, the chances for this to happen are much better.
In fact, we have just established algebraicity of the mapping stack Bun,(X) = Map(X,VB,,).

We fix a smooth affine group k-scheme G, and as before a curve X, defined over k.

Definition 6.17. The stack Bung(X) of G-bundles on X, is defined (as the strictification, similar
to Definition , of the groupoid-valued functor, sending an affine k-scheme S to the groupoid of
G-torsors on X x S.

Since rank n vector bundles correspond to GL,-torsors (see Proposition|5.13)), we have Bungy,, (X)
Bun, (X).

Lemma 6.18. We have an equivalence of prestacks Bung(X) = Map(X, BG). In particular,
Bung(X) is a stack.

Proof. By definition, Map(X, BG)(S) = Hom(X x S, BG), but the latter is equivalent to the
groupoid of G-torsors on X x S, hence to Bung(X)(.5). O

Theorem 6.19. Let G — GL,, an embedding of G into the general linear group. The induced map
Bung(X) — Bun,(X) is representable. In particular, Bung(X) is an algebraic stack.

We will prove this assertion in the next paragraph, after having established that the mapping
space Map(X,Y) is a scheme, if X is projective, and Y quasi-projective.
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6.3.2 Presentability statements
We will need the following generalisation of mapping stacks.

Definition 6.20. Let Y — X x S be a morphism of sheaves, where S = Spec R is an affine k-
scheme, and X a curve. We denote by Sectxxs(Y) the space, sending an affine R-scheme U to the
set of commutative diagrams

/Y
XxU——Xx8.

The reason for introducing these stacks of sections is their appearance in the proof of Theorem
It will be important to us to understand representability of these spaces of sections for quasi-
projective morphisms. We begin by establishing this in the special case that Y is a vector bundle
over X x S.

Lemma 6.21. Let E be a vector bundle on X x S. Denote by Sectx«s(FE) the stack which sends
an affine R-scheme U to the set of sections of the pullback m*E on X x U. Then we have

Sectxxs(E) = Spec Sym(H (X x S, EY @ wy)).

Proof. We have to show that affine R-scheme Spec Sym(H?(X x S, EY ®wy)) represents the functor
Sectxxs(F). This is equivalent to the R-algebra Sym(H°(X x S, EY ® wy)) corepresenting the
functor T' +— Sectx xs(E)(T). Hence, we have to show that for every R-algebra T' there’s a natural
bijection between maps of S-modules

Homgp(H (X x S,EY @ wx),T) 2 H'(X x S,EY @uwx)" T

and the set of sections
HY X xT,E®sT) = H(X x S,E)®gT.

However, according to Serre duality (see Theorem , we have a canonical equivalence
H(X x S,E)~2 H' (X x S,EY @ wx)".
This implies the claim. O
The main result on spaces of sections is the following.

Proposition 6.22. Let S be an affine scheme, and Y — X x S a quasi-projective morphism, i.e.,
a morphism of schemes, which can be factored as

Y vz T pE)

X,

X xS,
where P(E) is the projective space bundle, associated to a vector bundle E over X x S, and i is an

open immersion, and j a closed immersion. Under these assumptions we have that Sectx xs(Y) is
a scheme.
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Proof. Lemmas and below allow us to reduce the proof of the Proposition to showing
that Sectx xs(P(E)) is a scheme. As we will see, this is the content of Grothendieck’s celebrated
representability result for Quot schemes.

Let U — S be a morphism of affine schemes. A section s: X x U — P(FE), i.e., a U-point of
Sectx xs(P(E)), corresponds to a surjection 7j;E — M, where M is a line bundle on X x U.

This should be compared to the U-points of Quotxyg/s(FE). By definition, Quotxygs/s(E)
consists of quotients 7*E — M, such that M is U-flat.

We claim that the natural morphism Secty xs(P(£)) — Quotx xs/s(£) is an open immersion.
This implies in particular that Sectx xs(P(E)) is a scheme.

We have to show that for every U — Quotx ys/s(£) the base change

SeCtXxS(P(E)) X Quotx y 5/5(E) U=U

is an open immersion. To see this, we observe that for quotient nj;E — M on X x U, there exists
an open subscheme V of X x U, such that M is locally free (we say that being locally free is an
open condition for coherent sheaves). A proof of this can be found in [?]. We denote the closed
complement by Z = X x U \ V. Recall that the canonical projection is denoted by ¢: X x U — U.
The image q(Z) C U is closed, since X is proper. We have an open subscheme U’ = U \ ¢(Z). By
construction, the restriction M|x - is locally free. Since the rank of a vector bundle is locally
constant we may replace U’ be the union of connected components where M is of rank 1. The
resulting open subscheme U’ C U is equivalent to the fibre product Sectx xs(P(E)) X Quotx x5/ (E)
UcU.

We have to show that open immersions of targets induce open immersions of spaces of sections.
This is a consequence of properness of X.

Lemma 6.23. Let Y < Z be an open immersion of schemes over X x S, then the induced map
Sectxxs(Y) — Sectxxs(Z) is also an open immersion.

Proof. Tt suffices to prove that for every U — S and a map U — Sectxxs(Z) the base change
Sectxxs(Y) Xsectyys(z) U = U is an open immersion. A map U — Sectx xs(Z) corresponds to a
section X x U — Z xg U. Since X is proper, the subset U’ = U \ (¢(Z \ Y)) is the maximal open
subscheme, such that we have a factorisation X x U’ — Y xg U. This concludes the proof. O

The case of closed immersions is slightly more subtle, and ultimately relies on Serre duality for
X.

Lemma 6.24. Let Y — Z be a closed immersion of finite presentation of sheaves over X x S,
then the induced map Sectx xs(Y) — Sectxxs(Z) is also a closed immersion.

Proof. We have to show that for every cartesian diagram

P——U

| J

Sectx xs(Y) —— Sectxxs(Z2),

where U is an affine R-scheme, the base change P — U is a closed immersion. The map U —
Sectx «s(Z) corresponds to a section s: X x U — Z. Let W be the base change Y xz (X x U).
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We have a closed immersion of finite presentation W — X x U. For every affine R-scheme U’ with
a morphism U’ — U, we have that P(U’) is the subset of Sectxxs(Z), consisting of morphisms
factoring through Y. Hence we have P(U’) = Sectxxy(W)(U’), i.e., Sectxxy(W) = P. Since
W — X x U is a closed subscheme of finite presentation, there is a morphism of vector bundles
f: E— E', such that W = f~1(0). Particularly, we see that we have

SeCtXXU(W) = SeCtXXU(E) XSectx x v (E') Ua
where U x Sectxxy(E') corresponds to the section given by the zero section
Og: X xU — E.

The map Sectxxy(E) — Sectxxy(E') is certainly a closed immersion, hence the base change
Sectx (W) — U is a closed immersion too. Technically we’re using that a closed immersion of
vector bundles E < E’ induces a closed immersion of spaces of sections. However, inspecting the
proof of Lemma [6.21] it is easy to show that this holds, since an inclusion of sheaves F; — Ej
induces a surjection B’V @ wx — EY ® wx. The induced map of first cohomology groups is also a
surjection, since a coherent sheaf on a curve has vanishing second cohomology groups. This yields
a surjection of algebras

SymHY X x U, E"Y ®wx) - SymHY (X x U, EY ® wy),
thus a closed immersion of affine schemes. O

We will now explain the link with proving representability of the map Bung(X) — Bun, (X).
This requires one more definition.

Definition 6.25. For a G-torsor Y — U, and a sheaf Z with a G-action, we denote by Y x& Z
the sheaf (Y x Z)/G — U over U.

One checks easily that Y x¢ Z — U is étale locally equivalent to U x Z (since G-torsors are
étale locally trivial).

Lemma 6.26. Let G — H be an embedding of smooth affine group k-schemes. For an affine
k-scheme S we have a cartesian diagram

Sectxxs(E x" H/G) ———— S

| |

Bung(X) ——— Bung (X).

Sketch. 2] The embedding G < H allows us to describe the map Bung(X) — Buny(X) as sending
a G-torsor E to Bl = E x% H. In particular we have have a commutative diagram

E——FE"

N

X xS,

32Volunteers for turning this into a proof as an exercise?
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where the map E — E is actually a closed immersion. For each fibre it specifies a element in H/G
(after choosing a trivialization of the H-torsor). Hence, the data of the above diagram is equivalent
toamap X x S — B x H/G. O

Using this lemma, the Proposition [6.22] implies Theorem [6.19]

Proof of Theorem [6.19. The quotient H/G is quasi-projective[”] One can show that for any H-
bundle E on an affine scheme, E x H/G is quasi-projective too, since the embedding into projective
space is given by a G-equivariant ample line bundle. In this case, we obtain by virtue of Proposition

that Sectxxs(F x® H/G) is a quasi-projective scheme. O

7 Smooth algebraic stacks

A smooth variety is intuitively speaking very close to a complex manifold. The tangent space
of a smooth variety reflects the local geometry. This section is devoted to the smooth algebraic
stacks. We will see that the natural analogue of the tangent space at a point is actually a complex.
Similar, the sheaf of tangent vector fields for varieties, has to be substituted by the tangent complex.
After having studied the basic properties of smooth algebraic stacks, we will attempt to give a
definition of this object. On the way there we encounter higher descent conditions, which will make
a reappearance in the study of gerbes.

7.1 Smooth morphisms
The following definition can often be used as a template to define properties of algebraic stacks.

Definition 7.1. An algebraic R-stack F: Aff — Gpd is called smooth, if there exists an atlas
p: U — F, such that U is a smooth R-scheme.

An important example is given by classifying stacks of G-torsors.

Example 7.2. Let G be a smooth affine R-scheme. The algebraic stack BG of Definition[5.9 is
smooth.

Proof. We have seen in Theorem that an atlas for BG is given by Spec R — BG, given by the
trivial G-torsor on Spec R. Since the identity map Spec R — Spec R is smooth, we see that BG is
a smooth algebraic R-stack. O

It turns out that if F' is a smooth algebraic stack, then every atlas of F' is smooth.
Lemma 7.3. Let F be a smooth algebraic stack and q: V — F an atlas. Then, V is smooth.

Proof. Consider the cartesian square

UxpVEi v

I

U—>—F

33See http://math.uchicago.edu/~jpwang/writings/Quotient.pdf for a proof of this classical result, using sheaf-
theoretic language.
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By assumption, the maps p and ¢ are smooth, representable, and surjective. Since this is a base
change invariant notion, p’ and ¢’ are smooth and representable as well. In particular, U xz V is
an algebraic space, and the map p’: U x g V' — V is smooth and representable. By Definition |4.29]
we see that there exists an atlas W — U x g V, such that each of the affine schemes W; is smooth.
Without loss of generality we may assume that W and V are affine. We then see that we have a
surjective smooth map of affine schemes W — V| where W is R-smooth, since there is a smooth
morphism W — U, and U is R-smooth. Representing V' as Spec Rl[t1,...,tn]/(f1, - fm), and W
as Spec R[t1,...,tn; 81,y Sn)/(f1s-o vy fmi g1y -+, gm), and applying the chain rule to

v—t v

\ lg
h
Spec R,

we see that the Jacobi matrices satisfy Oh = 0g - Of. Therefore, Oh being surjective implies that
Jg is surjective too. O

The lemma shows that the following statements are equivalent.
(a) The algebraic R-stack F' is smooth.
(b) There exists an atlas U — F', such that U is smooth over R.
(c) For every atlas U — F', U is smooth over R.

Instead of smoothness, we could have worked with a different property, for example being locally
of finite presentation, a locally complete intersection, or Cohen-Macaulay, etc.

Remark 7.4. Let P be a property of affine schemes, such that for a surjective smooth morphism
V — U of affine R-schemes, the scheme V has property P, if and only if U has property P. Then,
we say that an algebraic R-stack F' has property P, if and only if there exists an atlas [],.; U; — F,
such that each U; has property P. Equivalently, one could demand that for every atlas [[,.; U; — F,
the scheme U has property P.

icl

Theorem 7.5. Let F' be an algebraic R-stack, which is locally of finite presentation. It is smooth,
if and only is for every square-zero extension of affine schemes U — V (see Definition , and
commutative diagram

U——F

| ]

V—G

there exists an étale covering V' — V', such that we have a dashed arrow

U ——F

|

Vi —— G,

where U' =V’ xy U.
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We devote the rest of this subsection to the proof of this theorem. For future reference it will be
useful to have the notion of formally smooth morphisms for stacks (for the case of affine schemes
see Definition |4.24]).

Definition 7.6. We say that a morphism of stacks F 1 G we say that f is formally smooth, if
for every square-zero extension of affine schemes U — V', and every commutative square

U——F

|

V—G,
there exists an étale covering V' — V', we have a dashed arrow rendering the diagram

U——F

|

Vi —— G,

commutative, where U' = U xy V.
We can now give the proof of Theorem

Proof of Theorem[7.5. The proof relies on the so-called topological invariance property of étale
morphisms, which is proven in [Mil80, Thm. 3.23]. It states that for a square-zero extension
U — V, the functor

(V=5 V)= (V' xyU—=U)

provides an equivalence between étale V-schemes and étale U-schemes. The intuitive content is that
étale morphisms correspond to local diffeomorphims for manifolds, hence should not be sensitive to
nilpotent thickenings.
Let X — F be an atlas for F', we also choose an atlas Y for the algebraic space X xp U. We
have a commutative diagram
XxplU—X

|

U——F

L]

V —— SpecR.

The map X xp U — U is a smooth morphism of schemes. In particular, there exists an étale
covering U’ — U, such that we have a section (Proposition [4.27)

XXFU

|

U ———U.

71



By the topological invariance of étale morphisms, we know that there is an étale covering V' — V,
and an isomorphism U’ = V' xy, U. This allows us to draw the commutative diagram

Y
XxplU—X
|
U’ U F
| |
V! 1% Spec R.

Composing a few arrows, we obtain

U—m—X

A
e
/
7

7
Ve >{F

s _ - l
7 -
7 -
ﬁ ~
V' ——— > SpecR
by applying the lifting criterion for the smooth morphism of schemes X — Spec R. O

Let us demonstrate the usefulness of this criterion for smoothness, by applying it to the stack
Bun; (X) = Pic(X).

Example 7.7. The stack of line bundles on a curve Pic(X) = Buny(X) is smooth.

Proof. Let i: U — V be a square-zero extension of affine k-schemes. We let U = Spec B, and
V = Spec A, and A — B the corresponding ring homomorphism. Its kernel will be denoted by I.
The set of isomorphism classes of line bundles on X x V is given by H*(X x S,0%). We have
a short exact sequence of sheaves

147 ‘
0— 7] —— O%, v = Oxypy — 0,

where we use that I? = 0, in order to get a well-defined map z — 1+ z, from 7*I to Oxxy. The
corresponding long exact sequence of sheaf cohomology groups contains the portion

HY X x V,0%,) = H (X xU,0%, ;) = H*(X x V,7*I) = 0,

where we use that X is a scheme of dimension 1, and V is affine, to conclude that the second
cohomology group above is zero. Therefore, we see that every line bundle on X x U can be
extended to a line bundle on X x V. O
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This result (and in a way also its proof) also hold for Bun,,, and even Bung. One can show by
similar means that the deformation theory of bundles on a curve is always unobstructed. The exact
sequence of abelian groups, used in the proof for Pic(X) has to be replaced by an exact sequence
of pointed, non-abelian cohomology sets

HY (X x V,G(Oxxv)) = HY (X xU,G(Oxxv)) = H* (X x V,g®@, 1) = 0,

where g denotes the Lie algebra of G.

7.2 The cotangent complex
7.2.1 Dual numbers and the tangent space

This paragraph should be labelled as being very heuristic. We focus on conveying ideas and won’t
be bothered with making everything completely rigorous, although it certainly could be done.

For a field k, we define the algebra of dual numbers k[e] to be the k-algebra k[t]/(t?). We have
seen in Lemma that for a variety X, the set X (k[e]) corresponds to the the disjoint union of
tangent spaces T, X at the k-points z € X (k). The existence of this vector space structure can be
explained in purely formal terms.

Lemma 7.8. Let kley, e2] be the k-algebra k[t1,ta]/(t3,13,t1t2). We have a natural k-algebra ho-
momorphism
+5: kle] = ke, €2,

characterised by € — €1 + €2, and for each A € k a map mu)\: kle] — k[e], sending € to Xe. With
respect to the identification of the fibre X (k[e]) X x ) {x} with the tangent space T, X of Lemma
[£:23, addition and multiplication by X € k are given by the maps

X (Kler]) % x ) X (Klea]) = X (kle, ea]) 5 X ([€]),

and X (k[e]) m—§> X (kle]).

The proof of this lemma is an easy exercise, provided that, we clarify the isomorphism X (k[e1]) x x ()
X (k[ea]) = X (K[e1, €2]). This amounts to the assertion that

Spec k —— Spec kez]

| J

Spec k[e1] — Spec ke, €3]

is a pushout diagram. More concretely, we have to identify the set X (k[ey, e2]) with the set of pairs
of tangent vectors, based at the same k-point X (k[e]) x x(x) X (k[e]).

Indeed, choosing a presentation of X as affine variety SpecZlti,...,tn]/(f1,..-, fm), as in
Lemma [£.23] we see by the same means as in the proof of Lemma [£:23] that a ring homomor-
phism Zl[t1, ..., tn]/(f1,- .., fm) = kle1, €2], corresponds to the choice of two elements in the kernel

of the Jacobi matrix (g{; ) (x), evaluated at the corresponding k-point.
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Remark 7.9. The object Spec k[e] — Speck is a co-k-vector space object in the category of mor-
phisms in Sh(Aff). In particular, for every F € Sh(Aff), and fized morphism Speck — F, the set
of commutative diagrams

Speck —— F

Spec kle]
1s naturally endowed with the structure of a vector space.

At least from the point of view of this course it is natural to ask what happens if we allow F
to be a stack. Evidently, the collection of commutative diagrams as above forms a groupoid in this
case. The structure on k[e] induces on this groupoid a ”vector space structure”. The right notion
in this case is given by strict Picard groupoids.

Definition 7.10. A k-vector space object P in the strict 1-category (obtained by discarding 2-
morphisms) of groupoids is called a strict Picard groupoid.

For the sake of clarity we unravel the definition of a Picard groupoid a bit more. We have an
addition map
+:PxP—P,

and for each \ € k a multiplication by A map
my: P — P,
such that the following diagrams are strictly commutative:

PxPx P Mpyp

(idPr'r)J l+

PxP—" . p

encoding associativity,

Px PP pyp

S

P,

corresponding to (strict) commutativity,

p i p

N

P

)
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as well as

Px P™™p oy p

idPxPl l-‘r

p—" ,p

tantamount to distributivity, and we also need the condition m; = idp; moreover we require an
object 0 € P, such that z — = 4 0 is the identity functor.

Example 7.11. Let C* = [V_; 4, Vo] be a length 2 cochain complex of vector spaces. There exists
a canonical Picard groupoid Pcs, with set of objects Vo, and Homp,, (x,y) being equivalent to the
set of v € V_q, such that y = z + f(v).

This is the linear analogue of the quotient groupoid construction of Example Indeed, we
may think of the vector space V_; as acting on the vector space Vj, by means of the linear map
f: V_i—W.

Lemma 7.12. FEvery strict Picard groupoid P is equivalent to Pce, for some cochain complex C*®.

A morphism of complexes C*® 1. D* induces an equivalence of groupoids Pce — Ppe, if and only
if f is a quasi-isomorphism, i.e., if H'(f) is an isomorphism for all i.

Proof. The strict nature of the definition of a strict Picard groupoid, implies that the set of objects
Obj P = Vj is endowed with the structure of a vector space. Similarly, one checks that V_; =

Autp(0) inherits the structure of a vector space. Let C* = [V_4 BN Vo], we then have a natural
functor Poe — P, which is the identity on objects. It is essentially surjective by construction,
and easily shown to be fully faithful, thus it is an equivalence of groupoids. This proves the first
assertion.

Similarly, given a cochain complex C*® = [V_; ER Vo], we easily see by definition by Autp(0) =
ker f = H~'(C*), while the set of isomorphism classes is given by H°(C*®) = coker f. This shows
that Poce — D® is fully faithful and essentially surjective (i.e., an equivalence) if and only if it
induces an isomorphism on H~' and H°. Since all other cohomology groups of a length 2 cochain
complex, concentrated in degrees [—1,0], are zero, this is the case if and only if C* — D*® is a
quasi-isomorphism. U

One way of interpreting this lemma is as saying that the 2-category of Picard groupoids is
equivalent to the 2-category of cochain complexes, supported in degrees [—1,0], localised in a 2-
categorical sense at quasi-isomorphisms. Recall that localising in the 1-categorical sense truncates
the crucial structures given by 2-morphisms in the 2-category of Picard groupoids. This is one
of the many reasons why the derived category is sometimes too crude for applications which is
sensitive to this higher data.

The nomenclature suggests that there is also a notion of Picard groupoids, without any strictness
assumptions. We will not go into the details of their definition, which only requires the axioms of
an abelian group to hold up to a coherent system of invertible 2-morphisms. However, we remark
that Lemma [7.12] can be generalised to the non-strict setting. The place of cochain complexes
concentrated in degrees [—1,0] is in this case taken by spectra F with homotopy groups m;(E)
concentrated in degrees [0, 1]. The ostensible difference in the support of the degrees corresponds
to the fact that spectra are really analogous to chain complexes, and not cochain complexes, and
is therefore just a consequence of the distinction between homological and cohomological gradings.
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Definition 7.13. Let F be an algebraic stack, and Speck = F a k-point. The cochain com-
plex (well-defined up to quasi-isomorphism) corresponding to the Picard groupoid of commutative
diagrams

Speck —— F

|~

Spec kle]
is called the tangent complex of F' at x, and will be denoted by (T, X)*.

We would like to construct a sheafy version of the tangent complex, i.e. a complex of sheaves on
F', which could be understood as the natural analogue of the sheaf of tangent vectors on a variety.
We have not yet discussed the how to define quasi-coherent sheaves on algebraic stacks. We will
therefore return to this interesting question at a later point.

Example 7.14. Let G be a smooth affine group k-scheme. We denote by BG the classifying stacks
of Definition[5.9. We denote the Lie algebra of G by g. Let X be a smooth scheme with an action
by G.

(a) For the k-point Speck 2y BG given by the standard atlas of BG, we have that T2BG 1is
quasi-isomorphic to the complex [g — 0].

(b) More generally, if x: Speck — X is a k-point of X, then we have the infinitesial action
g — T, X, given by deriving the action of G, at x € X. The complex Te[X/G] is quasi-
isomorphic to [g = T, X].

Proof. Exercise@ O

The description of the tangent complex Ts BG as [g — 0], allows us to take a glimpse at the
exciting and recent area of shifted symplectic structures [PTVV1I].

Remark 7.15. Let G be a reductive group scheme, k of characteristic zero, for example G = GL,,.
There exists a non-degenerate symmetric pairing b: g x g — k, which induces an equivalence g¥ = g.
In particular, we obtain an equivalence

g — 0]Y[-2] = [g — 0].

The dual of the tangent complex at x should be the cotangent at . This equivalence between tangent
complex and cotangent complex is actually the shadow of a much finer structure, which is a so-called
2-shifted symplectic structure on BG. See [PTVVII, p. 26] for details.

7.2.2 Kahler differentials and basic deformation theory

In this section we attempt to obtain a more conceptual understanding of formal smoothness for a
morphism of affine schemes. We will use this to obtain a cue for how the case of algebraic stacks
should be treated.

Let A — B be a square-zero extension, corresponding to the ideal I € A. Since we have I? = 0,
and B = A/I, there is a canonical B-module structure on I. Vice versa, given a B-module M, we

34Volunteers?
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have a square-zero extension B[M| — B, where B[M] = B @& M, where the ring structure on B[M]
is defined as (b,m) - (b',m’) = (bb/,b'm + bm’). Not every square-zero extension is of this shape,
consider for instance Z/p?Z — Z/pZ. The following lemma amounts to an easy computation.

Lemma 7.16. Let R — S be a ring homomorphism. Two dashed arrows as in the commutative
diagram
B+———S

Il
e
/
K
A+——R
differ by an R-linear derivation S — M = ker(A — B).

There is an S-module leg /R receiving the universal R-linear derivation. I.e., there is a derivation
d: S — Q%,

which is R-linear, and satisfies that for every R-linear derivation S — M, there exists a unique map
of S-modules QY — M, such that the diagram

5 —4s 0l

N\

M

commutes. We call Q% the sheaf of Kdihler differentials. It is an easy exercise to construct the S-
module Q% as a quotient of S, by dividing by the submodule constructed by imposing the conditions
of an R-linear derivation.

Lemma can therefore be restated as saying that the set of these dashed arrows (if non-
empty) is a torsor over Homp (4 ®g B, M). Hence, it implies directly that Spec S — Spec R is
formally unramified, if and only if Hom(Qg/R ®s B, M) = 0 for all B-modules M. Particularly,
choosing B = S, we see that this implies Qé/R = 0 by Yoneda’s lemma.

This connects to our previous discussion of tangent spaces in the following way. The space of
dashed arrows

-

k S
Ve
s
s
K

kle] «—k

)

which corresponds to the fibre of (Spec S)(k[e]) — (Spec S)(k), at a chosen k-point = € (Spec S) (k).
By the discussion above we see that it is also equivalent to Homy(Qg/, ®s k, k) = (Q}g/k)v7 which
agrees with the expected picture that 25/, ®@g k is the fibre of the cotangent space at z, and its
k-linear dual is the tangent space at x.

7.2.3 The cotangent sheaf for smooth Deligne-Mumford stacks

In this subsection we fix a smooth Deligne-Mumford R-stack F', and define for every affine scheme

mapping into it Spec B = U ENyS , amodule, formally denoted by f *Q}w /R The constructed module
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will have the property that the set of dashed arrows in

SpecB —— F

||

Spec A—— Spec R

is equivalent to Homp(f*Qp g, M), where M = ker(A — B).

At this point it is not yet possible for us to define of Q}, R as a quasi-coherent sheaf on the
Deligne-Mumford stack F' itself, but we will see in the last section that the above collection of
pullbacks f *Q}y r amounts to exactly such an object

We choose an atlas p: X — F, such that p is an étale representable morphism, and X is a
scheme, given by a disjoint union of smooth affine R-schemes.

We assume that there exists an extension to a commutative diagram

)

Spec B f4>>( F

| |

Spec A —— Spec R,

which is étale locally on Spec B always the case. Since p is étale, we have a bijection between
dashed and dotted arrows in the above diagram. In particular, we may define f*QF /R in this case

as g*Qﬁ( /R One can then show that the latter is independent of the choice of g, and faithfully flat

descent theory yields a well-defined sheaf f *Q}: IR

7.2.4 Towards the cotangent complex for smooth algebraic stacks

In this last paragraph we remark on the ingredients of defining the cotangent complex for smooth
stacks. An excellent source to learn about are the notes of Sam Raskin in the aforementioned
seminar by Gaitsgory@

Deligne-Mumford stacks only have zero-dimensional stabilizer groups. Therefore we don’t expect
the cotangent sheaf to exhibit stacky phenomena. This is also visible from Example [7.14] where we
have seen that the tangent complex of BG was given by [g — 0]. Hence, a zero-dimensional smooth
group G will yield a zero tangent complex.

As in Example we expect the cotangent complex to be a length 2 complex, concentrated
in degrees 0 and 1. For every atlas p: U — F (hence p is a smooth map) of a smooth algebraic stack
F', we will construct a complex p*L$, R called the pullback of the cotangent compler. As in the
previous section, one could use a descent construction, to construct f*L%. . for every map U — F,
where U is affine. However, this is a finical procedure. The complexes will only be independent

35In line with the theme of this course this hints at the fact that we will resolve the problem of not having an
obvious notion of quasi-coherent sheaves on a stack, by turning the question into its answer. The above picture will
then turn into a complete tautology.

36nttp://www.math.harvard.edu/~gaitsgde/grad_2009/SeminarNotes/Sept22 (Dmodstack1) . pdf

78


http://www.math.harvard.edu/~gaitsgde/grad_2009/SeminarNotes/Sept22(Dmodstack1).pdf

of the resulting choices up to quasi-isomorphism. In general it is impossible to glue objects in the
derived category of chain complexes, defined by crude localisation. Instead one needs to work with a
higher categorical enhancement. For length 2 complexes it suffices to work with 2-categories, in fact
the 2-category of Picard groupoids does the trick. Just like the glueing of vector bundles involves
checking cocycle conditions on triple fibre products X xy X xy X, glueing Picard groupoids makes
use of higher cocycle conditions on X xy X Xy X xy X.

Definition 7.17. (a) For an atlas p: X — F we define a quasi-coherent sheaf Q}(/F on X as
follows. Let Qﬁ(xpx/x be the cokernel of the natural map p™*Qy — Q% . One could then
show that this object descends along X xp X — X, but there’s a cheap trick to avoid this
verification: the diagonal Ax/p: X — X xp X is a section of the natural projection, we
simply define Qﬁ(/F as A}/FQ}(XFX/X,

(b) We define a length 2 complex (supported in degrees [0,1]) on X as follows
P Lr/r = [ = Qx/pl.

The motivation behind this definition is that for F' a scheme, the above complex is quasi-
isomorphic to ker(Qy — Qy/p) = Q.
The following statement is an interesting exercise@

Lemma 7.18. For a commutative diagram of atlases

X%

Y
N
P
F
we have a quasi-isomorphism f*q*Lp/r ~ p*Lp/R.

8 Quasi-coherent sheaves

8.1 Quasi-coherent sheaves on prestacks

We have already seen the cotangent sheaf QY of a Deligne-Mumford stack F' as a natural example
of a quasi-coherent sheaf on a stack. Since we were lacking the concept of a sheaf on a stack we
couldn’t define Q% itself, but only the pullbacks f*Q% for all morphisms f: U — F, where U is
an affine scheme. In this section we introduce quasi-coherent sheaves on an algebraic stack F' as
a compatible system of R-modules M, for each Spec R — F. Hence, in retrospect we obtain a
well-defined cotangent sheaf Q1. for any Deligne-Mumford stack F. This definition makes sense for
an arbitrary prestack F', and this extra generality turns out to be more than just an exercise in
abstraction, as demonstrated by the fact that the category quasi-coherent sheaves on so-called de
Rham spaces, which are not algebraic, are equivalent to categories of D-modules on varietieslﬁ

3TVolunteers?

38See http://www.math.harvard.edu/~gaitsgde/grad_2009/SeminarNotes/Nov17-19(Crystals) .pdf| for a proof
of this statement.
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8.1.1 A stacky definition of quasi-coherent sheaves

A quasi-coherent sheaf on an affine scheme Spec R is an R-module. In Definition [3.23] we introduced
a stack Mod: AffP — Gpd, which sends a ring R to a groupoid equivalent to the groupoid of R-
modules. In particular, we have that the groupoid of R-modules is up to equivalence given by the
groupoid of morphisms Spec R — Mod.

Definition 8.1 (Provisional definition). Let F' be a prestack, we define a quasi-coherent sheaf on
F to be a morphism F — Mod. The groupoid of such morphisms will be denoted by QCoh(F)*.

By virtue of the Yoneda Lemma a quasi-coherent sheaf on an affine scheme U = Spec R corre-
sponds indeed to an R-module. How should we imagine a quasi-coherent sheaf on a general prestack
F? The following lemma gives a tautological, but useful answer to this question.

Lemma 8.2. If F' € PrSt(Aff) is equivalent to a colimit of affine schemes colim;e; Spec R;, where
I is a category indexing the colimit, then

QCoh(F)* = lim Mod(R;).

In particular, a quasi-coherent sheaf on F' consists of a collection of R;-modules M; for each i € I,
as well as isomorphisms

¢ij: M; = M; ®p, Rj,

for each morphism j — i in I, such that we have that ¢)<i><: M; = M; ®r, R; is the canonical
K3 K3
isomorphism, and for each commuting triangle

k——j

N

i.
a cocycle identity expressed by the commutative square

Mj ®R]. Ry i} (]\42 ®R; Rj) ®Rj Ry

:J Jz

My ————— M; ®g, Ry

Proof. The first assertion follows from the universal property of colimits. For any prestack F' we
have that
HomPrSt(Aff)(C?gIIn Ui, F) = 11151 Homp,sy(asr) (Us, F).

The second assertion is a restatement of the explicit model for limits in 2-categories, which we
discussed in 77. O

As a direct consequence, one obtains the following statement.
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Corollary 8.3. Let X be a scheme, and (Spec R;);er a Zariski open covering of X be affine
schemes, for each tuple of indices (ig,...,ix—1), we let (Spec Rio,...,ikfl,i%elio, . be a Zariski
open covering of affine schemes of the intersection Spec R;, N --- N Spec Ry_1. Then the datum of
a quasi-coherent sheaf on X is equivalent to giving a compatible system of R;,.. i, -modules for each
tuple of indices.

We demonstrate the computational value of this principle with an example of a prestack which
we will take up again in Paragraph in a more general context. At first we have to introduce
some notation.

Definition 8.4. An abstract group G induces a group-valued sheaf ngG Spec R on Affg, which

we denote by the same letter. We denote by BG'™™ the prestack which assigns to every U € Affg
the full subgroupoid of trivial G-torsors of BG(U).

It turns out that the natural map BG*"® — BG realises BG as the stackification o_f BGt™ | as
we will discuss in Paragraph We will now use Lemma [8.2 to compute QCoh(BG'"™).

Lemma 8.5. For an abstract group G, and a ring R we denote by BG™™: AffY — Gpd the
prestack of Definition . Let RepG(R) be the category of G-representations on R-modules. Then
we have an equivalence QCoh(BG')* = Rep(R)*.

We will deduce this from the following lemma.

Lemma 8.6. Consider the category I = [8/G|. We claim that
BGtv =~ collim Spec R,

where each g € G is sent to the identity idspec r-

Proof. As a groupoid we have that BG"*(Spec S) = [(Spec R)(S)/G], where G acts trivially. We
have to show that BG'"" satisfies the universal property of the colimit for the I-indexed constant
system (Spec R);cs. Indeed, if (F);c; is another constant [-indexed system of prestacks, and

(Spec R) ;e (f’)—761> (F)iecr is a natural transformation between them, this amounts to choosing
r € F(R), as well as an isomorphism 1, € Autpgy(z) for every g € G, such that g, = Vgip.
This defines a natural map [Spec R(S)/G] — F(S), by composing a given Spec S — Spec R with
x: Spec R — F, and sending the isomorphism of [Spec R(S)/G] corresponding to g € G, to the
automorphism of the composition Spec S — Spec R — F', induced by . O

Proof of Lemma[8.5 We have seen in Lemmathat BG'™ can be written as a colimit colim; Spec R.
According to Lemma this implies that QCoh(BG!*¥)* is equivalent to the category of pairs

(M, (¢g)gec), where M is an R-module, and for each g € G we have an isomorphism ¢,: M —
M ®pr R, such that ¢; = idy;, and for each identity gh = k we have a commutative square

M®RRL>(M®RR)®RR

- |

M—2" s MeiR

Composing the isomorphism corresponding to g with the canonical equivalence of R-modules given
by M ®r R =» M, we obtain a G-action on M. O
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Every prestack can be expressed as a colimit in a tautological manner.

Lemma 8.7. For a prestack F': Aff — Gpd we denote by Aff /F' the category of morphisms U — F,
where U is an affine scheme. The Yoneda Lemma, and the universal property of colimits yields a
canonical map
colim U — F,
UEeAff /F

which is an equivalence of prestacks.
Proof. Exercise@ O

Hence we obtain the following corollary of Lemma [8.2] which will be the model for the definition
of category of quasi-coherent sheaves on a prestack.

Corollary 8.8. The groupoid of quasi-coherent sheaves on a prestack F is equivalent to

QCoh(F)* = lim  Mod(R).
Spec Re (Aff /F)op

8.1.2 The category of quasi-coherent sheaves as a limit

The downside of the treatment of the last section is that it only describes quasi-coherent sheaves,
and isomorphisms between quasi-coherent sheaves. In order to include general morphisms, we give
the following definition.

Definition 8.9. The category of quasi-coherent sheaves QCoh(F) is defined to be the limit

lim  Mod(R),
Spec REAff /F

in the 2-category of categories (here we employ the stricitfication procedure of Definition 27, to get
a well-defined limit).

Using the explicit model for limits in 2-categories we see that the datum of a quasi-coherent
sheaf on F amounts to an R;-module M; for every morphism Spec R; — F, such that for a diagram

Spec R{ — Spec Ry

N

F,

we have an equivalence ¢g1: My ®pg, R1 = M, such that for idgr,: Ry — Ry the isomorphism ¢
is the tautological one, and for a commutative diagram

Spec Ry — Spec Ry — Spec Ry

L7

F
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we have a commutative square

M, ®p, Ry —— (My ®g, R1) ®g, R

zl lz

Moy - = My ®r, Ra.

We want the category of quasi-coherent sheaves on Spec R to be equivalent to the category of
R-modules.

Lemma 8.10. We have an equivalence of categories QCoh(Spec R) = Mod(R).

Proof. The indexing category (Aff /Spec R) has a final object Spec R — Spec R, hence the limit is
equivalent to QCoh(Spec R). O

8.1.3 Stackification and quasi-coherent sheaves

Let (C,7) be a site. A morphism of presheaves F' — F¥ is called a sheafification, if it is injective,
and surjective in the sense of sheaves, i.e., for every x € F¥(U) there exists an {U; — U}ser, such
that z|p, lies in the image of F(U;) — F*#(U;). If this is the case, one has for an arbitrary sheaf G
that Hom(F*, G) & Hom(F,G). By virtue of the Yoneda Lemma we have that F*¥ is unique up to
a unique isomorphism. Just like presheaves can be sheafified, stacks can be stackified.

Definition 8.11. A morphism of prestacks F — F* on a site (C,T) is called a stackification, if F*
is a stack, and for each U € C the morphism of groupoids F(U) — F#(U) is surjective in the sense
of stacks, i.e. for each x € F*(U), there exists an {U; — U}ier, such that x|y, lies in the essential
image of F(U;) — F¥(U;), and for each pair of objects x,y € F(U) we have that the induced map
of presheaves of isomorphisms on C/U Homp(x,y) — Homp:(z,y) is a sheafification.

An example of a stackification is given by the map BG'"" — BG.
Lemma 8.12. The map BG'"™ — BG is a stackification.
The stackfication satisfies a universal property.

Lemma 8.13. If F — F*% is a stackification then for any stack G € St7(C) we have a canonical
equivalence Hom(F*, G) = Hom(F, G).

In particular we see from the Yoneda Lemma that a stackification is unique in a 2-categorical
manner. Since we have a stack of quasi-coherent sheaves, i.e. Mod, we see directly that the groupoid
of quasi-coherent sheaves is not affected by stackification.

Corollary 8.14. If F — F* is a stackification then QCoh(F*)* = QCoh(F)*.
Proof. The equivalence Hom(F*, I\W&j) =~ Hom(F, l\ﬁ\&j) implies that QCoh(F*) = QCoh(F). O
This suggests that the same statement should be true for categories of quasi-coherent sheaves.

Lemma 8.15. For a stackification F — F* of a prestack F we have an equivalence QCoh(F*) =
QCoh(F), given by pullback along the map F — F*.
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Proof. Exercise[™] O

Since the map BG!*™ — BG is a stackification, we see obtain an explicit description of the
category of quasi-coherent sheaves on the stack BG.

Corollary 8.16. For an abstract group G, and a ring R we denote by BG: AffY — Gpd the
prestack of Definition . Let Rep(R) be the category of G-representations on R-modules. Then
we have an equivalence QCoh(BG)* = Rep(R)*.

8.2 BG and (G-representations

We will refine the previous example of a category of quasi-coherent sheaves. Recall from the
discussion around Definition that for an affine group R-scheme G, the ring of regular functions
I'(G) has the structure of a Hopf R-algebra, i.e., we have a comultplication map mf: I'(G) —
I'(G) ®g T'(G) satisfying the categorical analogues of the comonoid axioms (also have a co-unit
map, and co-inverse map). A regular G-representation is a I'(G)-comodule M, i.e. an R-module
together with a comultiplication map

a*: M — M@ T(G),

such that the diagram

M——" MepI(G)

aul J/id]yj (8’!71’i
#

a*®idr(g)

M @pT(G) —— M @r T'(G) ®@r I'(G)

commutes. There is also the so-called co-unit axiom, corresponding to commutativity of

M- MeT(G)
|
ldM
M

We denote the category of regular G-representations by Repg.

Lemma 8.17. The category QCoh(BG) is equivalent to the category Reps of reqular G-representations,
i.e., the category of T'(G)-comodules.

We will give a proof in the next paragraph, after having discussed a theorem in category theory.

8.2.1 The Barr-Beck Theorem

We fix a category C, a comonad on C is an endofunctor T: C — C, together with a natural
transformation u*: T — idc (co-umit), and m#: T — ToT (comultiplication). Moreover we stipulate
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that the following diagrams commute:

T L Ter

muJ( Ju”oidT
idp out

ToT X2 T,

and
mt
T —ToT

mul lmnoidT
#t

idp om

ToTl ——ToToT.
This is equivalent to the following definition.
Definition 8.18. For a category C we have a monoidal category of endofunctors Fun(C,C), with

monoidal structure given by composition of functors. A comonad in C is a coalgebra object in this
category.

A comodule for a comonad consists of an object M € C, and a map a: M — TM, such that
the diagrams

M—" TN

#

M,
and

b
M—25TM

d

T™M ——T*M
commute. In the literature, comodules over a comonad T are referred to as T-algebras. We will

not apply this nomenclature. Equivalently, we may define comodules for a comonad in categorical
jargon as follows.

Definition 8.19. The category Fun(C, C) acts on C (by applying a functor F to an object X € C).
A comodule in C of a co-algebra object T in Fun(C, C) (hence a comand) is called a comodule of T'.
We denote the category of T-comodules by Mody(C).

The definition of comonads and comodules is reminiscent of Hopf algebras and comodules.

Example 8.20. Let G be an affine group R-scheme, i.e., T'(G) is a Hopf R-algebra. Then the
functor — @ T'(G): Mod(R) — Mod(R) has the structure of a comonad. We have an equivalence
Mod_g .r(c)(Mod(R)) = Rep.

Coming from the abstract side of things, pairs of adjoint functors are a source for comonads
(and the dual concept, so-called cocomonadﬂ.

41Often also abbreviated as monads
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Lemma 8.21. Let L: D — C be a functor which has a right adjoint R: C — D. Then, the
composition LR € Fun(C, C) has the structure of a comonad, induced by the co-unit of the adjunction
LR — idc¢ (coming from the identity map R — R by adjunction), and the map LR = L(idc)R —
L(RL)R = LRLR, using the unit idc — RL (derived from the identity map L — L wvia the
adjunction).

Proof. Exercise@ O
Adjunctions are not only the source of comonads, but also of comodules.

Lemma 8.22. Let L and R be the functors of Lemma then for every X € D, the image
LX € C has the structure of an LR-comodule. The map a*: LX — LRLX is induced by the unit
idc = RL. Hence, we have a natural factorisation

D—X ¢

N

MOdLR(C).

Proof. Exercise@ O

The functor L: D — Mod rr(C) can be shown to be an equivalence, if a few technical conditions
are satisfied.

Theorem 8.23 (Easy Barr-Beck). The functori: D — Mody,r(C) is an equivalence if the following
conditions hold:

- the categories C and D have equalizers,

- the functor L preserves equalizers,

- the functors L and R are conservative, i.e. a morphism X LY inDis an isomorphism if
and only if R(f) is an isomorphism.

Proof. Using the assumptions we will define an inverse functor R: Modz(C) — D. This relies on
an observation, which we will establish in Lemma [8:24] below. Namely that for every M € D we
have an equalizer diagram

M — RLM = RLRLM.

Taking this statement for granted, we define E(M ) as the equalizer of RM = RLRM. Since L
preserves equalizers, and assuming that M = LN we obtain an equalizer diagram

RLN — RLN = RLRLN,

the universal property of equalizers yields therefore a natural equivalence RLN = N.
Vice versa, we see that LRM is equal to the equalizer (since L preserves equalizers)

LRM — LRM = LRLRM,

42Volunteers?
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and it suffices to show that M — LRM = LRLRM is also an equalizer diagram. We apply R to
this diagram and obtain
RM — RL(RM) = RLRL(RM),

which is an equalizer as mentioned above. Since R is a right adjoint, it preserves limits, hence
M — LRM = LRLRM is an equalizer diagram too, since we assumed R to be conservative. [

It remains to prove the lemma which was used in the proof of the Barr-Beck Theorem.

Lemma 8.24. If L and R are functors satisfying the same assumptions as in Theorem [8.25, then
we have for every M € D that
M — RLM = RLRLM

is an equalizer diagram.

Proof. Let us denote the equalizer of RLM = RLRLM by M’. The universal property of equalizers

yields a canonical map M — M’ we will verify that it is an isomorphism. In fact, we will show that

LM — LM’ is an isomorphism. Since L is conservative, this is sufficient to deduce the assertion.
Applying the functor L to the above equalizer diagram we obtain an equalizer diagram

LM’ — LRLM = LRLRLM,
since L preserves limits. We claim that
LM — LRLM = LRLRLM

is also an equalizer diagram, which then shows that the natural map LM — LM’ is an isomorphism,
and hence concludes the proof by the discussion above. To see that this assertion holds, we observe
that the unit LR — id¢ gives rise to a splitting of the fork-shaped diagram

LM == LRLM &=t LRLRLM.

However, every split fork is an equalizer diagram, since the splitting can be used to verify the
universal property. O

A direct comparison of the proofs of Theorem [8.23] with Theorem [2.25] shows that the Barr-Beck
Theorem functions as an abstract descent result. We invite the reader to further contemplate this
analogy and to deduce faithfully flat descent from the Barr-Beck Theorem.

8.2.2 Quasi-coherent sheaves on BG: the proof

It remains to prove that QCoh(BG) = Repg,, for a faithfully flat group R-scheme G. In order to do
this, we will construct a right adjoint functor p, for the pullback p*: QCoh(BG) — QCoh(Spec R)
Mod(R), where p: Spec R — BG is the canonical map. We will then show that the conditions of
the Barr-Beck Theorem are satisfied, and conclude the proof by verifying that the comonad
given by the adjunction is equivalent to — ® g T'(G), which we studied in Example Since
Mod_g,.r(¢)(Mod(R)), this concludes the proof that QCoh(BG) = Repg.

Lemma 8.25. Let p: FF — G be an affine and flat morphism of prestacks, then the functor
p*: QCoh(G) — QCoh(F) has a right adjoint p.: QCoh(F) — QCoh(G), which is conservative.
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Sketch. We will deduce this from the base change identity for flat morphisms of affine schemes. At
first we construct the functor p,.. For every M € QCoh(F'), corresponding to a compatible system
of pullbacks f*M, given for every f: V — F we have to define g*p.M, for every g: U — G. Since
p: F'— G is an affine morphism of prestacks we can form the fibre product

V— F

1]

U—Q>G,

and define g*p. M as (py)«f*M. For U' — U, we obtain two pullback squares

Vi—sV ——F

U’g—>U—g>G,

hence base change for the first square yields a natural isomorphism

(9" (pu)«(f*M) = (pu)u(f o f))* M.

Since pushforward along maps of affine schemes is a conservative functor (it corresponds to restric-
tion of scalars along a ring homomorphism R — S), we see that p, is conservative as well. O

The next lemma is only a restatement of the definition of a faithfully flat morphism.

Lemma 8.26. If p: F — G is a representable and faithfully flat morphism of prestacks, then the
functor p* preserves equalizers and is conservative.

The only assertion left to check is that p*p, is equivalent to — ®g I'(G). The definition of the
functor p, reveals that for every f: U — Spec R, we send f*M to w.n*M, where 7: [7~—> U is the
canonical projection of the fibre product U xgg U — U. We have seen however that U = U x G,
since a map U — BG, factoring through Spec R — BG classifies the trivial torsor on U. Hence,
T M is equivalent to M @ I'(G).
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