L ecturel

Quantum Field Theories. An
Introduction

The string theoryis a specialcaseof a quantumfield theory (QFT). Any QFT deals
with smoothmapsy : ¥ — M of Riemannianmanifolds,the dimensionof ¥ is
the dimensionof the theory We also have an action function S definedon the set
Map(X, M) of smoothmaps.A QFT studiesintegrals

/ e PV ($)Dlg) 1.1)
Map(X,M)

Here D[¢] standsfor somemeasureon the spaceof paths,i is a parameteusually
very small, Plandk constant andV : Map(2, M) — R is aninsertionfunction The
numbere—5(#)/% shouldbeinterpretedasthe probability amplitudeof the contritution
of themapy : ¥ — M totheintegral. Theintegral

zZE = / e~ m do (1.2)
Map(X, M)

is calledthe partition functionof the theory In arelativistic QFT, the spaceX hasa
Lorentzianmetricof signaturg —, +, . .. , +). Thefirst coordinatés resenedfor time,
therestarefor spaceln this casetheintegral (1.1)is replacedwith

M — eS@O/hy (¢)D[g]. (1.3)
Map(X,M)

Let usstartwith a0-dimensionatheory In thiscaseX is apoint,so¢ : ¥ — M is
apointz € M andS : M — R is ascalarfunction. The Minkowski partitionfunction
of thetheoryis anintegral

Z = / eS@)/h gy, (1.4)
M

Following the Harvard lecturesof C. Vafain 1999, let us considerthe following
example:
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Examplel.1. Recalltheintegral expressiorfor the'-function:

I'(s) =/ tHe*tdt=2/ 12 te P dt. (1.5)
0 0

Thisintegralis corvergentfor Re(s) > 0 but canbe meromorphicallyextendedo the
wholeplanewith polesats € Z<q. We have

(s +1)=sT(s), T()=1, ,I(z)=r

By substitutingt = 1/at’ in (1.5), we obtainthe Gaussintegral:

o0

/e*“tzdtz IG) _ g (1.6)

all?

— 00

Althoughin the substitutionabove a is a positive real number onecanshaw that
formula(1.6) make senseasa Riemannintegral, for ary complex a with Re (a) > 0.
WhenRe (a) > 0 this is easyto seeusingthe Hankel representatiorof I'(s) asa
contourintegralin the complex plane.Whena is a pureimaginary it is moredelicate
andwe referto [KratzerFranz],1.6.1.2.

Takinga = 7, we canuse

dug = e ™ dt

to defineaprobabilitymeasur@nRR. It is calledthe Gaussiarmeasue. Let uscompute
theintegral

o0 o0

2% = / ¢ dug = / e~ T g,
Heree = 1/h We have
Z(e) = / exp(—mz?) 3 (ie®)" /) d.

— o0 n=0

Olviously,
/ g2mlemm g = (.
Also
7m2me”2dx =T(m+ 1)/7#”*% _13-@m-1)
B 2 o (27T)m -

—00



(2m)!
Tm22mm)

o =28 42 (7))

is equalto the numberof waysto arrange2m objectsin pairs. This givesus

= P(2m)/(2m)™,

where

Z(e) =1+ i(—1)”62”P(6n)/(2n)!(27r)3". (1.7

Obsene thatto arrangen objectsin pairsis the sameasto make a labelled3-valent
graphr" with 2n verticesby connectingl-valentverticesof thefollowing disconnected
graph:

Fig. 1
This graphcomeswith labelingof eachvertex andan orderingof the threeedges
emanatingrom thevertex. Let " besucha graph,V (") bethe numberof its vertices
and E(T') be the numberof its edges. We have 3V (") = 2E(T), sothatV (') =
2n, E(T") = 3n for somen. Let

(—ie)V ™) 1
V(@) (@2m)FEO°

W(T) =

Then

Z(e) =1+ W(),
T

wherethesumis takenoverthesetof labeledtrivalentgraphs.Let N (A) bethenumber
of labelledtrivalentgraphswhich definethe sameunlabelledgraphwhenwe forget
aboutthelabelling. We canwrite W (A) = N(A)W (T'), whereN (A) is thenumberof
labelling of the sameunlabelled3-valentgraphA. Thus

Z(e) =1+ W(A),
A
wherethe sumis taken with respecto the setof all unlabelled3-valentgraphs.lt is
easyto seethat

(2n)1(31)2"

N =y
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sothat

W(A) = (=i€e)>"(2n)1(3)°" _ (—6ie)V M) ‘
(2n)127)3n#AuUt(A)  (2m)EA) #Aut(A)
Givenanunlabelled3-valentgraphwith 2n vertices,we assignto eachvertex afactor
(—61), to eachedgea factor 1/2x, then multiply all the factorsand divide by the
numberof symmetriesof the graph. This givesthe Feynmanrulesto computethe
contribution of this graphto the coeficientate2™. For example,thegraph

S

contritutes(—6i)* 175 15 = — 525 andthegraph
i N2 1 1 9 i i 15 i
contntutes(—ﬁz)z(zT)sg = —1a=3-. Thetotal coeficient at ¢? is —z25. This

coincideswith thecoeficientate? in Z(e) givenby theformula(1.7).

RecallthatthePrinciple of StationaryPhasesaysthatthe maincontributionsto the
integral

/ e @) g(z)dx
R

whenr goesto infinity comesfrom integratingover the unionof smallcomapcieigh-
borhoodsof critical pointsof f(z). More preciselywe have thefollowing lemma:

Lemma 1.1. Assumep(x) hasa compactsupportV and f(z) hasno critical points
onV. Thenfor anynatural numbern,

o0

lim 7" / e @) g (x)dx = 0.
T—>00

—00
Proof. We useinductiononn. Theassertioris obviousfor n = 0. Integratingby parts,
we get

i [ s (9@ 1 8@ g [ et _
7_4 e (f(a:)’) dz T(f(.’L')l)e . +_4 e ¢(z)dx

/ @ ¢(z)da.
Multiplying bothsidesby 71, we get

o o0

lim 7+t / ein(z)¢($)dx =4 lim 7™ / eirf(w)( o) )Idx'
T—00 T—00
— 00 -

Applying theinductionto thefunction (]‘Z’((j)), )' we gettheassertion. O



Thusif f(z) hasfinitely mary critical pointsz1, ... , zx, we write our function
f(x) asa sumof functions f;(x) with supporton a compactneighborhoodk’; of z;
andafunction F'(xz) which hasno critical pointson the supportof ¢(x) andobtain,for
aryn > 0,

o

/ e @/hp(x)dz = Z/ el @/ g(x)da + o(h™).

— 00

Now let usconsidera QFT in dimensionl. Usuallywe write D = d + 1, whered
is thespace-dimensiomgndl is thetime-dimensionA QFTin dimension) + 1 is the
quantummechanicsin this casewe take X to beequalto R, I = [0,1] or ST = R/Z
parametrizedby t. A map~y : ¥ — M is pathin M (infinite, or finite, or aloop). The
actionis definedby

whereL : TM — R is a smoothfunction definedon the tangentspaceof M (alLa-
grangian). TheexpressionL(y(t),¥(t))dt is a densityon X equalto the composition
of thedifferentialdy : T¥ — T'M andL.

For example,take M = R™ sothatT M = R™ x R" with coordinategq, q). For
ary L(q,q) andamapx : [a,b] — R™, L(x(t),%(t)) is obtainedby replacingq with
x(t) andq with %().

A critical point of thefunctional S(x(t)) satisfieshe EulerLagrangesquation

oL _d oL

6—%(X(t),k(t)) = Ea_q',-(x(t)’x(t))‘ (1.8)
For example,let ustake the Lagrangian
id? V(g qn) (1.9)
i=1
Thenwe getfrom (1.8)
m 28 _ Gy (40,

dt?
Thus a critical path satisfiesthe Newton Law; it givesthe major contribution to the
partitionfunction.
Fix z,2' € M andt,t' € X. Let P(t,z;t',z') be the spaceof smoothmaps
~v: ¥ — M suchthaty(t) = z,v(t') = 2'. Theintegral

Kt ') = / SO /Dy ()] (1.10)
P(t,z;t',z')

canbeinterpretedasthe“probability amplitude”thata particlein the positionz atthe
momentof time ¢ movesto thepositionz’ atthetimet'.
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Let uscomputeit for the actiondefinedby the Lagrangian(1.9) with M = R. We
shallassumehatthepotentialfunction V' is equalto zero.

ThespaceP (¢, z;t',z') is of courseinfinite-dimensionakndthe integrationover
sucha spacehasto be defined. Let us first restrictoursehesto somespecialfinite-
dimensionalsubspacesf P(t,z;t',z'). Fix a positve integer N and subdvide the
time interval [t,¢'] into N equalpartsof lengthe = (¢’ — ¢)/N by insertinginter
mediatepointst; = t,t2,...,tn,tny1 = t'. Let us choosesomepointsz; =
Z,Z2,...,ZN,ZN+1 = 2’ in R™ andconsiderthe path~ : [t,#'] — R™ suchthat
its restrictionto eachinterval [¢;, ¢;11] is thelinearfunction

Tit1 — T4 (

%i(t) = i + t—t).

tiv1 —t;
It is clearthatthe setof suchpathsis bijective with (R*)V ! andsowe canintegrate
afunction F' : P(t,z;t',z') — R overthis spaceto geta numberJy. Now we can
define(1.10)asthelimit of integrals.Jy whenN goesto infinity. However, this limit
may not exist. One of the reasonscould be that Jx containsa factor CV for some
constantC with |C| > 1. Thenwe cangetthe limit by redefiningJy, replacingit
with C~~ Jn. This really meanshatwe redefinethe standardneasureon (R )~ 1
replacingthe measurei”z on R® by C~1d"z. Thisis exactly whatwe aregoingto
do. Also, whenwe restrictthe functionalto the finite-dimensionabpace(R™ )V ! of

piecaviselinearpathswe shallallow oursehesto replacetheintegral fttl L(~y,4)dt by
its Riemannsum. Theresultof this approximationis by definitiontheright-handside
in (1.10). We shouldimmediatelywarnthe readerthatthe describednethodof giving
avalueto the pathintegral is notthe only possible.

We have
Y — T ... \21—N
K(t,z;t,2") = A}gnoo / / exp[2—€ 2(:1:1 Zit1) ]C™Vdzs .. . dzN.
—00 —00 i=1
(1.11)
Herexs, ...,z arevectorsin R® anddz; is thestandardneasurén R™. Thenumber

C shouldbe choserto guaranteeonvergencen (1.11). Using (1.6) we have

(o) o

2
2 2 z1+z3 a 2
/e—a(:m—wz) —a(z2—z3) dzy = /e—2a(z2—T) —4(z1—23) das =
—00 —00
00
— o 5(z1-ws)? e~202" gy — le_%(m_w3)2.
2a
—00

Next

/ exp[—g(ml — 3:3)2 —a(zs — m4)2]dm3 =



oo
3a itz a 2 —%(z,—x
= /exp[—?(w3— 13 4)2—§(w1—x4)2]dx3:1/£6 §(z1-24)”
—o0

Thus

o0

/ exp[—a(z; — 72)? — a(zs — 3)* — a(zz — 74)]dzs =

—0o0

\/%\/izc;exp[—g(xl —x4)°] = \/gexm—%(wl —4)’];

Continuingin this way, we find

i N N-1
[ a
/ exp[—a Z(w, —zi41)]dzs .. .dey = NaN=i exp[—N(xl —zn11)?],
i=1

—0o0

[N

wherea = m/2ie. If we choosethe constaniC' equalto C' = (2;’;6) , thenwe will
beableto rewrite (1.11)in theform
1 2

m 3 mi(e —o)2 m 1 miGe'—a)
K(t,z;t',a) = (2m’N<—:) e :(27ri(t’—t)) e 2= (112)

We shalluse K (¢, z; t', 2') to definea certainHermitian operatorin the Hilbert
spaceL?(R). Recallthatfor ary manifold M with someLebesguemeasurely the
spacel?(M, du) consistof squarentegrablecomplex valuedfunctionsmodulofunc-
tions equalto zero on the complementof a measurezero set. The hermitianinner
productis definedby

(f,9) = / fedp.
M
Examplel.2. An exampleof anoperatoiin L?(M, du) is aHilbert-Scdmidtoperator:
Tf(@) = [ K@)i@in,
M

whereK (z,y) € L2(M x M, u x p) is thekernelof T'. In this formulawe integrate
keepingz fixed. By Fubini’s theorem,for almostall z, the functiony — K(z,y)
is u-integrable. This impliesthat T'( f) is well-defined. Using the Cauchy-Schwrz
inequality onecaneasilychecksthat

i1 = [ it P [ [ KGoPduds,
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i.e.,T is boundedand

T 2
TP = “|| ffl'z' < /M /M|K(w,y)|2dudu_

We have

(9. Tf) = / / fW)K(z,y du g(z)dp = / / K(z,y)f(y)g(x)dpdpy.

This shavs thatthe Hilbert-Schmidtoperatoiis self-adjointif andonly if

K(z,y) = K(y,z)
outsidea subsebf measureeroin M x M.

In quantummechanic®neoftendealswith unboundedperatorsvhich aredefined
only on a densesubspacef a completeseparableéHilbert space#. Solet us extend
the notion of a linear operatorby admittinglinearmapsD — H whereD is adense
linearsubspacef H (notetheanalogywith rationalmapsin algebraicgeometry).For
suchoperatorsI” we candefinethe adjointoperatorasfollows. Let D(T') denotethe
domainof definitionof T'. TheadjointoperatorZ™ will bedefinedontheset

D(T*)={yeH: sup K@), y)l < oo}

0#£z€D(T) (||
Takey € D(T*). SinceD(T) is densein H the linear functionalz — (T'(z),y)
extendsto a uniqueboundedinearfunctionalon . Thusthereexistsa uniquevector
z € H suchthat(T'(z),y) = (z,z). We take z for thevalueof T* aty. Notethat
D(T*) is not necessarglensein H. We saythatT is self-adjointif D(T") = D(T*)
andT = T*. We shallalwaysassuméhatT cannotbeextendedo alinearoperatoron
alargersetthanD(T). NoticethatT cannotbe boundedbn D(T') sinceotherwisewe
canextendit to thewhole# by continuity. Onthe otherhand,a self-adjointoperator
T : H — H is alwaysbounded.For this reasonself-adjointlinear operatorsI” with
D(T) # H arecalledunboundedinearoperators.

Examplel.3. Letusconsidetthespaced = L%(R, dz) anddefinetheoperator

Tf:if’zi%.

Obviously it is definedon the spaceof differentiablefunctionswith squarentegrable
derivative. This spacecontainghe subspacef smoothfunctionswith compactsupport
whichis knownto bedensen L2(R, dz). Let usshaow thattheoperatorT : D — H is
self-adjoint.Let f € D(T). Sincef' € L*(R, dz),

t - t -
/ F'@)T@dz = B — £ O) / @) F@)de
0 0



is definedfor all t. Letting# goto +o00, weseethatlim;_, 1, f(t) exists. Since|f(z)|?
is integrableover (—oo, +00), thisimpliesthatthislimit is equalto zero.Now, for any
f,9 € D, wehave

t _ 4o t
(Tf,9)= Jim [ if @)g@@)ds = lim (ifg(@)| - / if (@)g @)ds) =
0 0

— o0

t—o00

= lim / ' f@ig@de = (/,T9).

ThisshavsthatD C D(T*) andT™* is equalto T' on D. TheproofthatD = D(T*)
is moresubtleandwe omit it.

Let H, H, betwo copiesof thespacel.?(M, du). LetT; » betheHilbert-Schmidt
operatorH; — H- definedby akernelK (¢, z;t'z") which hast, ' asrealparameters:

T, (9)(@) = /M K(t, 2, 2') (" dpar.

Supposeur kernelhasthe following properties:

(M)
K(t,m;t”,x”)z/t /MK(t,x;t',w')K(t',x';t”,m")d,uMdt', t <t
(N)
[ K it o) P = 1
M
(M)

K(ty,z;ty,2") = K(t2, x5 ty,2") if 1y —t2 =t —t1;
(C) for ary ¢,9 € L*(M,du), thefunction

£ B(t) = /M @K (1,238, 2 )p(a)dunedux

is continuoudor ¢’ > ¢ andlimy ¢4 ®(t) = (¢, ¢).

WhenK is definedby the pathintegral, property(M) is takenasoneof the axiomsof
QFT. It expresseshe propertythatary path-y : [¢,t"] = M from z to 2" is equalto
asumof pathsy, : [t,¢] = M from z to 2’ andapath~y, : [¢',t"] - M from 2’ to
z". Property(N) saysthatthe total probability amplitudeof a particleto move from x
to somevhereis equalto 1. Noticethatproperty(N) impliesthatthe operatorT; , is
unitary. In fact,

/ Ty - Typpdun =
M
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f, ([, Ry ([, K60 edar)ane =

/M qu(x)(/M K(t,m;t’,m’)K(t,x;t',x')duM x)dppyr = / d(x)h(x)dpns.

Now we usethefollowing Stone-wn Neumanns Theorem:
Theorem 1.1. LetU(t),t € R>o bea family of unitary operatorsin a Hilbert space
‘H. Assumehat
(i) forall u,v € H, thefunctiont — F(t) = (u,U(t)v) is continiousfor ¢ > 0 and
lim¢ 04 F(t) = (u,v);
(i) forallt,t’ € Ryo,U(t+1t') =U(t) o U(t).
Then

-1 .
D={ueH: lim &u exists}
t—0+ t

is densen ‘H andtheopemator definedoy

Hu=1% lim —~——u
t—0+ t

is self-adjoint.It satisfies
Ut)y=e™, t>o0.
Applying this to our situation,we obtainthat
Tioe =€ O 8 >t

for somelinear operatorH. The operatorH is calledthe Hamiltonianoperator asso-
ciatedto K (¢t,z;t',x').

We would like to applytheabove to our function

m im(z' — x) )

K(t,a:;t',m') = (m) ’ exp (W

Unfortunatelywe cannottake the function K (¢, z; ', 2') to bethe kernelof a Hilbert-
Schmidtoperator Indeed it doesnot belongto the spacel.?(R?, dzdz'). In particular
property(N) is not satisfied.One canshav that(M) is OK, (T) is obviously trueand
(C) is true if onerestrictsto functionse, ) from a certaindensesubspacef L2(R).
Theway aboutthis is asfollows (see[Rauch]).

First let us recall the notion of the Fourier transformin R. It is a linear operator
definedonthe SchwartzspaceS(R) C L2(R) of smoothfunctionswith all derivatives
tendto zerofasterthanary power of |z| asz — oo. It is givenby theformula

F(¢()) := o(& e 7 ¢(z)

Sk

Herearesomeof the propertieof this operator:



11

(i) F:S(R) — S(R) is anunitaryoperator;
(i) F~(¢(x)) = F(g(—2));
(i) F(p(x)) = i&(£));
(V) $(8) = F(—izd(x));
(V) F(¢ =) = V2rF(¢)F(¢), where

oo

b+ (z) = / 6(z — y)b(y)dy.

— 00

Letusshaow thatourfunction K (¢, z; t', ') is thepropagator for the Schrodinger equa-
tion

8 m O

g Mmoo — m. _ 2

5 + 5 6$2u(t,m). tu + 5 Uas 0, u(0,z)= f(z) € L*(R).
We take for simplicity m = 1. Suposef(z) € S(R). Let usfind the solutionin
S(R) usingthe Fourier transform. Using property (i), we getd; = —%ig%l (we

usethe Fouriertransformonly in thevariablez). Integratingthis equatiorwith initial
conditiona(0, &) = f(£), wegeta(t, £) = e~i€/2 f(¢).
TakingtheinverseFouriertransformwe get

u(t,z) = FH (e /2 f(¢)) = %Q_W / e~ HHE i f(6) de. (1.13)

Clearly u(0,z) = F~1F(f) = f(z). Of coursewe have still to shawv the existence
of a solution. We skip the checkthat formula (1.13) givesa solutionin S(R). This
definesusallinearoperator(the propagator)

St):S(R) - S(R), f(x) = ult,z).
We would like to shaw thatit is anintegral operatorandfind its kernel.Let K (¢, z) =
f‘l(\/;e—it52/2). Then

™

[ e —wswm= [ ([ et o =
7 ( ]0 \/%_We_iygf(y)dy) eizﬁe—it€2/2d§ _ }——1(6—#52/2};(8) = u(t, z).

Unfortunately this computationis wrong sincethe function e—#¢”/2 doesnot belong

to S(R). A way aboutit is to considerthis function asa distribution and extendthe
Forier transformto distributions.
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Recallthatadistributionis a continuoudinearfunctionalonthe spaceC' (R), of
smoothfunctionswith compactsupport(testfunctiong. Any function f which canbe
integratedover ary finite closedinterval (but not necessarypver the whole R) canbe
considerechsa distribution. Its valueat a testfunctionis equalto

wherethe bardenotegshe complex conjugation.Sucha distribution is calleda regular
distribution or a tempeed distribution. Therestarecalledsingular distributions We
shalldenotethe valueof a distribution f on atestfunction¢ by

f(6) = / o) (z)de.

If fisaregulardistributiondefinedby afunction f(z) from L?(R), then
f(¢) =}, 9)-

An exampleof asingulardistributionis thedelta-functiond(z — a) whosevalueatatest
function¢ is equalto ¢(a). It is alsodenoteddy §,. A linearoperatorT : D — L%(R)
with C*°(R)o C D N D(T*) extendsto the spaceof distributionsby theformula

Tf(¢) = f(T"9).
If f € L*(R), viewedasaregulardistribution,we have

Tf(¢) =(T"¢,f) = (¢, Tf)

sothetwo definitionsagree.

ForexampleletT = % bedefinedonthespaceof functionswith squarentegrable
derivative. We have T* = —T andfor ary distribution f, f'(¢) = f(—¢). If fisa
temperedlistribution definedby anintegrabledifferentialfunction f suchthat f' also
definesatemperedlistribution, thentheformulaof integrationby partsshowvs thatthis
definitionagreeswith the usualdefinition of derivative.

Sincethe Fourier transformis an example of an operatordefinedon S(R) with
F* = F~1, we candefinethe Fouriertransformof a distribution f by

F(H)(9) = F(FH(9))

All the propertiedi)-(v) extendto distributions.In property(v) we definethe corvolu-
tion of aregulardistribution f andanelementp of S(R) by theformula

fp(d) = f(¥x9).
Lemmal.2. Foranya € C withRe(a) > 0,a # 0,

2 1 2
f(e_“z ) — @ /4a_

V2a
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Proof Assumefirst thatRe (a) > 0. Thenthe functione—2*> belongsto S(R) and,
usingthe Gaussianntegral, we obtain

o0 00
1 2 . 1 €y2 g2
]_-(e—a,zz) _ e~ % e—zzgdx — e—a(z—}-m) e—{ /4ad.’L' —
V2r ous

]. ﬁ8_62/4a _ ]_ 52/40"

Var Va VIa©
Thereforefor ary ¢ € C*°(R)g,
Fle @) = o= [ e /oo

Considerthe both sidesas functionsof a. WhenRe (a) > 0 eachsideis a holo-
morphicfunction, and,for Re (a) > 0,a # 0, arecontinuousfunctions. The unique
continuationprinciple for holomorphicfunctionsimplies thatthe two sidesareequal
for Re(a) > 0,a # 0. This provesthelemma. O

Now we canusethelemmato set

1 1

)

1

K(t, —F-1 —ite2)2 =T —it(—€)%/2) _ %
(o) = P (e ) = P e )= Vit
Property(v) of Fouriertransformgivesus
SWf = K(t)«f = [ Kt - )iy =
7 e (O 7 K(t,2,3)f (y)d
\/m y y_ I ’y y y

Thuswe seethattheintegral operatowith thekernel K (¢, z,y) = K (t,z —y),t > 0,
is well-definedasan operatorS(t) onthespaceS(R). Now obsenethat

IS®F 1= lutt2) | = | F~ /2 (&) | =

le ™ 2fE@) =1 F©N=1£1I-

This shavs that S(t) is a unitary operator In particular S(¢) is boundedon S(R) (of
norm 1) andhencecontinuouslt is known thatS(R) is densen L?(R). Thuswe can
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extendS(t) by continuityto anunitary operatoron thewhole spaceL?(R). It satisfies
theproperty

F(S@)f) = e " F(§).
Usingproperty(iii) we get
St f=ef t>0
whereH = —%22. Thisjustifiestheclaimthat K (¢, x; t'z'") is thekernelof theoperator
S(t' —t) = e~ it'=DH on [2(R).
Finally let ustry to justify thefollowing formulafrom physicsbooks:
K(t,z;t'z") = (z|e” ' ~DH |z (1.14)
Firstof all for ary ¢, from a Hilbert spaceH, physicisteemploy thebra-ket notation

(BlY) = (4, 9).

If T is alinearoperatoiin #, then

(@IT¢) == (6, TY).

Let ¢y beanormalizeckigenfunctiorof anoperatofl” with aneigervalue). Physicists
denoteit by |A) (althoughit is definedonly up to a factorof absolutevalueone). To
simplify the notationthey set

AT} = AT | ).
Consideranoperator(the positionoperator)
Q:S(R) = L*(R), f — zf.

It is a self-adjointoperatorS(R) — L2(R). Its eigenfunctiongdo not belongto the
spacel?(R) but ratherto the spaceof distributions.
We have

Q&z(‘ﬁ) = 6a(Q¢) = 6a(m¢) = a¢(a) = aéa((ﬁ)'

Thusd, canbeconsideredsaneigendistrilutionof () with eigervaluea. Thusfor ary
z € R we have,accordingto physicists notation,|z) = 4,.. Now we have to compute
e~it'=1)§, . Recallthatwe canview it asanintegraloperatowith kernelK (¢, z; ¢, ')
definedon the SchwartzspaceS(R) which obviously containsC* (R),. We have

/ Kt z:1',2)8(z' — b)da' = K(t,:¢,b),

— 00
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(Sale " 118) = (G| K (t, 23 8',1)) = 8 (K (1, 251, 0)) = K (8, 051", D).
Takinga = z,b = z' we getformula(1.14) We haveto understandt as

So(e W05y = K(¢t,2;¢', ).

Forary functionV : M — C andapointt € ¥ onecanconsiderafunctiononthe
setMap(X, M) definedby

LetVi,...,V, befunctionson M andty, ... ,t, € ¥, onecanconsidertheintegral
Vilt1], ..., Valta)™ == / Vilt](8) . .. Valta](0)eS® Do.
Map(%,M)

Theright-handsideis calledthepathintegral with insertionfunctionsVs, ... , V,. The
left-hand-sidas calledthecorrelationn-function In the exampleabove

(0[t], 0,0 [t']) = K (¢, x;t', 2").

Exercises

1.1 Find the Feynmanrulesto compute
Z(e) = / e e gy
—00

Computethe coeficientat €.

1.2 Show thatthedistribution G(t, z,y) = K(0,t;z,y) (definedto be zerofor ¢ < 0)
is ageneralizedsolutionof theequation

Stiee = 5(03(z ),

U —
(you haveto give the meaningof theright-hand-side).

1.3 Shaw that, for ary A > 0, the functione** is a generalizeceigenfunctiorof the
operatori% in L?(R) andary generalizeckigenfunctioncoincideswith oneof these
functions.

1.4 Find the Fouriertransformandthe derivative of the Dirac functiond(z — a).
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L ecture 2

Partition function asthetrace of
an oper ator

RecallthatthetraceTr(T) of anoperatorT in afinite dimensionaHilbert spaceH is
equalto the sumof the diagonalentriesof a matrix of T with respecto ary basis. If
we chooseanorthonormabasis(es, . . . , e,), then

n

TH(T) =) (Te,e;). (2.1)

=1

If T is anormaloperator(e.g. Hermitianor unitary),thenonecanchooseanorthonor
mal basisof V' consistingof eigervectorsof T'. In this case

TH(T) = Y d)A, (2.2)

AESHT)

whereSp(T") is the spectrumof T' (the setof eigervalues)andd()) is equalto the
dimensionof the eigensubspaceorrespondingo theeigervalueA. Noticethat

det(T) = J[ M.
AESHT)
This gives
Tr(T) = In(det(e”)). (2.3)

Thereareseveralapproachet generalizehenotionof thetraceto operatorsn infinite-
dimensionaHilbert spaces.We shall briefly discussthem. First assumehatT is a
boundedoperator First we try to generalizethe definition of a traceby using(2.1).

Onechooses basis(ey, .. . ,en,,...) andsets
oo
TI’(T) = Z(Tei,ei),
i=1

17
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if the seriescorvergent. If the corvergenceis absolute thenthis definition doesnot
dependon the choiceof a basis. In this caseT is calleda trace-classoperator For
example,onecanshow thatTr(AB) = Tr(BA) if both A and B aretrace-classAn
exampleof atrace-classperatoiis aHilbert-Schmidioperatoin thespacel.?(M; dpu).
If K(z,y) isits kernel,then

TH(T) = /M K (z,)dp.

WhenT is aself-adjointHilbert-Schmidtoperatoy the two definitionscoincide. This
follows from the Hilbert-SchmidtTheorem.

Example2.1. Let M beafinite set{1,... ,n} equippedwith the measureiu(A) =
#A. ThenL?(M,du) = R™ with innerproduct

(6 16) = /M Fepdp=abs,
i=1

where¢ = (a1,...,a,),% = (b1,...,by). It isclearthat K (z,y) canbeidentified
with amatrix K = (k;;) and

TH(i) =Y _ kijaj,
7j=1

sothatT is alinearoperatordefinedby the matrix K. Thenits traceis equalto

n

This agreeswith definition(2.1) whenwe take the standardrthonormabasisof R”.

As we have alreadymentionedjn physicsonedealswith unboundedinearopera-
torsin L2(M,dy) like a differentialoperator Onetries to generalizedefinition (2.3).
Noticethat

- A, )
Indet(T) = In(X;) = —+|820.
i=1

Now for ary T' suchthat H hasa basisof eigervectorsof T' one candefinethe
zeta-functiorof 7" asfollows. Let0 < Ay < A2... < A, < ... bethesequenc®f
positive eigervaluesof T'. Onesets

s
n

wherem,, is the multiplicity of \,,, i.e. the dimensionof the eigensubspacef eigen-
vectorswith eigervalue\,,. WhenH = L?(M, du), whereM is acompactmanifold
of dimensiond andT' is a positive elliptic differentialoperatorof orderr, onecanshav
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that(r(s) is ananalyticfunctionfor Re(s) > d/r andit canbeanalyticallyextended
to anopensubsetontaining0. In this casewe define

det(T) = e <@,

This obviously agreeswith (2.3) whenV is finite-dimensional Also it is easyto see
thatfor ary positive numberi

det(AT) = X7(©) det(T). (2.4)

This of courseagreeswith thefinite-dimensionatasebecaus€r(0) = dim V.

Example2.2. Consideitheoperatofl’ = —% whichactsonthespacel.?(S!), where
St = R/2nrZ with the usualmeasurelz descendedo the factor Note thatin this
measurahe lengthof S! is equalto 27r, i.e. St is thecircle of radiusr. Themeasure
dz corresponddo the choice of metric on the circle determinedby its radius. The
normalizeceigervectorsof T are\/%?ei"z/’”,n € 7. Thepositive partof thespectrum

consistof numbergn/r)?,n € Zsq with m,, = 2. Thus
(r(s) =2 (n/r)7 = 2r*°((29),
n=1

where((s) is the Riemannzetafunction. It is known to be an analytic function for
Re (s) > 1/2. This agreeswith the above sinceS?! is one-dimensionaandT is an
elliptic operatorof secondorder We have

(©)= -3, ¢(0)=—gh2m
Thus
¢r(0) = —21n(27r),
and
2 .
def(~ =) = (2mr)°. (2.5)

Example2.3. Letusconsidethepathintegralwhen® = R/2xRZ andM = R/2xnrZ.
We usetheaction

2R
s=5 [ ver

A map~y : ¥ — M extendsto amapof theuniversalcoveringsy : R — R. It satisfies
() = F(t + 2wrR) + 2wnr for someinteger n (equalto the degreeof the map of
orientedmanifolds).Let Map(X, M),, bethe setof mapscorrespondingo the samen.
It is clearthateachy € Map(X, M),, canbeuniquelywrittenin theform

nr

v(t) = 7t Y0 (t) = n(t) +70(1),
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wherey, (t) satisfiesyy (t + 27 R) = vo(t), hencebelongsto L?(X). Thevalueof S
onsuchy is equalto

27R .
S =3[ b+ 2500+

We have

2mR nr 2mR
| oo =" [ i@t = T o) ~ ra(0) =0.
0 0

R
Thus
mner 1 [k
Sy =" g [ sz
The Minkowski partitionfunctionis
ZM = S Dy = Ze’” 2;%2‘/ e DA,

Map(E,M) nez Map(X,R)
Obsene thatwe musthave

/ eiS(V)D'y:/ K(0,z;2nR, x)dx,

Map(Z,R) M
where

. 1 (a2 2t
K(t,;t'7) = ———_gila'-)*/2t' 1),
2mi(t —t)

to beconsistentvith the previouscomputatiorof the pathintegral.
This gives

n2p2 r n2p2
Z = e R / —— ) "R .
Z 2tViR \/iRT;Z

neZ
Now WeapplythePoissonsummatiorformula
2
Ze—wzn — Z —mn? m
neZ nEZ
Takingz = r2 /iR, we get

— \/EZ e—7rn2w — Z e—7rn2/w — Z e—wiRnZ/rg_ (26)

nezZ neZ neEZ

. - d? .
Let us computethe trace of the operatore=27RH = ¢™R3>  |ts normalized

eigenfunctionsn L?(M) arethefunctionsy,, = mei"z/r. By (2.1), we have

.. . 2 .
Tr(eszWRH) — Z<¢n|en1R:—t2—¢n) — Z 67‘MR”2/T2_

neZ nEZL
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Comparingthis with (2.6), we seethat
7 = Tr(ef’iZFRH)J
14
2 dt2”
Remark?2.1. If werepeathecomputationgor theEuclidearpartitionfunction(replac-
ing S with ¢.S) we get

ZE(R, ’f') — % Z e—7T’I’L2T2/R — Z e—wnZR/r2_

neZ nez

whereH = —

This showns that

ZE(R,r) = %ZE(R, R/r).

If we modify the partitionfunctionby insertingthefactorl/+/r, we get
ZE(R,r) = Z¥(R,R/r).

Thisis thefirst glimpseof the T-duality.
Let

0(r) ZZGM"ZT, TeU={z+iye C:y>0}.
neEZ

bethemodularform associatedo thequadratidorm Q(z) = z? (equalto thevalueat
zeroof the Riemannthetafunctionin onevariable). It satisfieghefunctionalequation

8(—1/7) = (—it)76(7).
(theproof usesthe Poissorsummatiorformula). Obsene that
ZE(R,r) = 6(iR/r?).

Thisis ourfirst encountewith thetheoryof modularforms.

Thereis anothemway to computethe partitionfunctionfor theaction

1 27TR
Z =/ exp (- —/ #/(1)%dt) Da(e),
Map(Z,R) 2 Jo

whereX is thecircle of radiusR. Noticethat

2R onR 2R
/ o' (t)%dt = z(t)a' (t)|," — / z(t)z" (t)dt = —(x(t),z(t)") L2(s1)-
0 0

Thus

7B _ / = (@0, Ha(t)
Map(2,R)
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d2

whereH = —3 4. Theintegral

/ e~EOT2(0) D).

can be thoughtas a generalizatiorof the Gaussiarnintegral since(z(t), Tx(t)) is a
quadraticform in V. = L2(S!). If V = R™ andT is a positive-definiteself-adjoint
operatorwe could usethe orthogonakchangeof variablesto diagonalizel” andwrite

_ _ 2 _ 2
/ e <X’T")d$1...dwn:/ e MTIT T A Tn s de, =

N|=

n , n n/2 7Tn/2 1
efAizi d:li'z = l — :LT — = det(=T) .
il;[l / 11;[1 VAo TLovA /det(T) (77 )

Herewe assumedhatall eigervalues); arepositive, or equivalently; thatthequadratic
form @ = (x,Tx) is positive definite. To getrid of 7 let uschangethe measuren R
replacingdz with \/Lz_ﬂdm sothat

N

/ =T (/) " day ...z, = det(T) 2.

Now, for any normalpositive definiteoperatorT’ : H — H in a Hilbert spacet, we
canwrite ary elementp € H asasum)_ a,®,, where(¢,) is anorthonormabasis
of eigervectorsof T'. The coordinateu,, is ananalogof the z; coordinatefrom above.
This motivatesthe following definition

c/ e @Y Dy = def(lg)—lﬂ. (2.7)
Vv ™

HerethemeasureD[v] is definedup to somemultiplicative constantC'. In factwe will
bedefiningthe correlationfunctionsby theformula

_ f Vl (tl) ot Vn (tn)eiS(V)D[’Y]
- J e50D[] ’

so the choiceof the constantwill not matter We would like to appy this to the op-
eratorH = —5722 in L2(R/27R). However, not all of its eigervaluesare positive.
Constanffunctionsform the nullspaceof this operator If we decomposeachvector
asasumy_ . a,v, of normalizedeigervectors,then coeficientsa,, will be analogs
of the coordinatesn R™. So, we canwrite our spaceasthe productof the spaceof
constanfunctionsandfunctionswith ag = 0. The coeficient of the constanfunction
1atyo = 1//2xR is equalto v2xR. Thusthe integral over the spaceof constant

functionsis equalto f(fw V2rR(dz/\/27) = 2nrv/R. So,using(2.5), we obtain

Z = (2rR)"*(2rrVR) = r/VR.
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This agreeswith the computationsn example2.3if we switch from the Minkowski
partitionfunctionto the Euclideanone.

Hereis anotherapplicationof the Gaussiarintegral for quadratidunctionals.Con-
sidertheactionfunctional S(v) definedby someLagrangianL : TM — R. We know
thatits stationarypoints are classicalsolutions. Write y(t) = ~.(t) + dv(t), where
v.(t) is aclassicakolution. Then

14628

- 2 . .
257 ‘W:%(M) + termsof higherorderin  §7.

S(7) =8(r) +

This givesa semi-classicaapproximation

[episompbl~ X oSt/ )| 1

271'1' (5 2 =
classicakolutions 7=

[N

This approximatioris exactwhentheactionis quadratian +y.
Example2.4. Wetake X = R/2xL andM = R. ThelLagrangiaris

) 1 .
L(g,q) = 5((12 —w?q’)

andthe Minkowski partitionfunctionis

2" = [ Dlyvess (5 [ 607 - w*r20)ar

It is calledthe pathintegral of the harmonicoscillator. The kernel of the operator
e~ it=to)H s givenby

V(h)=a i . 2 2,2
Kloyitno)= [ Dhyolexs (5 [ (07 - w2 0) .
v(to)=y p)
Choosea critical path-y for theactiondefinedby our Lagrangiaranddecompose
theactionin the Taylor expansionat .
1628

SO®) =S0e) + 552 ‘FW

(v(#) = 7er)- (2.8)

Theclassicabathis a solutionof the Lagrangiarequation:

Its solutionsatisfyingtheinitial conditiony (o) = y,v(t1) = z is

() = <sinw(t1 —1) ) +w( sinw(t — tg) )

sinw(h — t()) sinw(t1 — t(])
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Thevalueof theactionfunctionalon the classicakolutionis

t w( (y? + 22) cosw(ty — to) — 2zy
e 0 ~2n)

S(ya) = ; 2sinw(ty — to)

The secondvariationof the actionfunctionalis
(525 t1 d2
200 = [ 20 +en
to

Thuswe canrewrite (2.8)in theform

K(t07 Y;t1, 'T) = exp(zS(’)/d)) X

y(t1)=z i t1 42
[ phies (-5 [ 00 - @) + 00 - ra®)).
v(to)=y to
Now letusmalke thevariablechangeaeplacingy(t) — ya(t) with y(¢). Thelimits in the
pathintegral changeto y(t9) = «(t1) = 0. The pathswe integrateover areperiodic
with theperiodT = t; — tq satisfyingy(to) = v(t1) = 0. Usingthegeneralizatiorof
the Gaussiarintegral to functionalintegralswe have

/j(tlizoDm exp(_ %'/ttl At )(j_; + w?)y (t)dt) =

(to)=0

D=

1 1 _
| Diylexs(-5 0 iDnsam) = det(; D),
Map(=,R) T

where

d2
D=—— —u°
az ~ Y
Theeigenfunction®f D satisfyingthe conditiony(tg) = «v(t1) = 0 arethefunctions
sin(nmt/T), wheren € Z-oandT = t; — to. The correspondingigervaluesare
equalto \,, = (nw/T)? — w?. We know that

1 o 1 2 2
det(2m 1;[2— (mn/T)* — w? sz (nm/T) H n27r2

Of courseherewe usea “physicistss agument’sincewe don't have theright to write
the productas the productof two infinite products, one of which is divergent (see
the next remarkfor an attemptto justify the agument). Now we usethat the first
productcorrespondso the actionwith w = 0. Soto be consistenwith our previous
computatiorwe musthave

1 H 1
(TH 27rz(mT/T)) :K(tO’O;tl’O):\/W'
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Notethatif we computethe productusingthe zetafunction of the operator— Qim (;‘—;

onthesapceof functionseg(t) on [tg, t1] satisfyingg(te) = ¢(t1) = 0 we get
1;[1 2i71_z,(7”L71'/T)2 = (2miT)C.

Thetwo computationglisagree The way out of this contradictionis the choiceof the
normalizingconstantC' which we usedto definethe Gaussiarnintegral. It shavs that
we have to chooseC' = /2. Now we usethe Eulerinfinite productexpansiorfor the
sinefunction:

sin(wT) ﬁ(l 3 w2T2)

wT n2m2’
n=1

Fromthis we deducehat

. 1
K (to, y51,2) = exp(iS (1) det (5= D) /> =

w wel efz'Tw/Q
exp(iS(%l))(m)l/ *=(2)? N exp (4.5 (Yar))-

Let usrewrite S(vq) in thefollowing form

iw 14 e 2T fgye=iwT
S(ya(t)) = D) ((-'172 + 3/2) 1_e2wl 11— e_2in) =

. o .
%w (> +y*)(1+2 Z e 2Ty _ 4pye=T (1 4+ Z e~2imT) =

n=1 n=1

% ( —(@®+y) + Z(2$2 +2y% — 4xye*"‘”T)e*2""“’T).

n=0

Usingthiswe obtain

o iTw/2
e — x
V1 — e 2wT

K(toay;thw) = (;)%

oo
exp [ - ;( — @ +y)+ ) (227 + 2 - 4xye_i°”Te_2i"“’T)] =

n=0

o

z e_i‘”(""'%))TAn(a:, y) = e~ wT/2 \/ume_“’(“vz"'?f)/2 + ...

n=1
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Now recallthatthe kernelof a Hilbert-Schmidtunitary operatorcanbe written in
theform

G(m,y) = Z )\nlzn(x)wn(y)a

neZ

where),, is the normalizedeigenfunctionwith the eigervalue \,,. In our case,the
eigervaluesof e~*TH mustbe equalto e~7(+2)v  Thus the eigervaluesof the
Hamiltonian H arew(n + ). We shall seein the lecturethat the eigervectorsof
H arey,(z) = (w/m)/*H,(y/wz)e=* /2 whereH, arethe Hermitepolynomials.
Whenn = 0, we getto(z)to (y) = v/w/me=w(@*+¥°)/2 = Ay(z,y). This checksthe
firstterm.

Exercises

21LetA:0 < A\ < A2 < ... beanon-decreasingequencef positiverealnumbers.
Defineda(s) = _,>; A, ° providedthatthis sumcorvergesfor Re (s) > 0 andhas
a meromorphiccontinuationto the whole complex planewith no poleats = 0. Set
12, N = e—SA(0)

(i) Provethatforany N > 1, T2, Ai = (A1 - A2 -~ An) [Tie vy A
(i) Giveameaningto theequalityoo! = v/27.

22 LetT = R* /T bean-torus.HereI' = Zw; + ...Zw, andwy, ... ,w, arelinear
independentectorsin R™.

(i) Computethetraceof theLaplaceoperatorL = — Y"1 | 82 in L*(T, du) where
dp is inducedby the standard/olumeform on R™.

(i) ComputetheEuclidianpartitionfunction ZE (T') for themapsfrom ¥ = R/27R
to T with theactiondefinedby S(v) = & [, |3/ ()|[>dt, where is ary lift of v
to asmoothmapR — R”.

(i) LetT* ={y e R* :y-x € Z forall z € I'}. UsethePoissorsummation

formula
Y r@) =AY ),
zel yer*
wheref € S(R™), f isits Fouriertransformand A = detwy, ... ,wy], torelate

the partitionfunctionsZ#(T) and ZF (T*).

2.3 ComputethetermsA; (z,y) and A»(z, y) from Example2.4to find the eigenfunc-
tionsy (z) andwya ().
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Quantum mechanics

Thequantummechanicss a0 + 1 dimensionQFT.

Let us recall the main postulatesof quantummechanics.A quantumstate of a
systemis aline in aseparabléilbert spacel. It canberepresente¢hotuniquely)by
avectory of norm1. To eachobsenablequantity(lik e position,momenturror enegy)
oneassociates self-adjointoperatorA in # (anobservablg A measurementf an
obsenable A depend®nthegivenstatey andis not givenpreciselybut insteadthere
is a probability that the value belongsto a subset(—oo, A]. This probability is equal
to pa(A;9) = [|Pa(\)||?, where P4 () is the spectralfunction of A, anoperator
valuedmeasurenR. In thecasewhen A is acompacbperatorH hasanorthonormal
basis(e,,) of eigervectorsof A with eigervalue A,. Then Po(A) = 7, ., P,
where P, is the orthogonalprojectoroperatorto the subspaceCe,,. Thus,for ary
simple eigervalue \,, of 4, (¢, e,)|? canbe interpretedasthe probablility that the
obsenable A takesvalue),, in thestatey.

In physicsliteratureone often writes |\) for a norm 1 eigervectory, of A with
eigervalue andrewrites (1, ¢, ) in theform (| \). Also onewrites (\|u) insteadof
(A1)

The probability amplitude(a complex numberof absolutevalue< 1) is definedto
be (1, A). Thefunction A — (i, A) is calledthe wavefunctionof the states) with
respectto A. Theinnerproductof two states(¢, ¢) is interpretedasthe probability
amplitudethatthe state¢ changego the statey. Its absolutevalueis the probablity
of this event. Note thatby Cauchy-Schwrzinequality this numberis alwayslessor
equalto 1 andit is equalto 1 if andonly if the two statesare equal(aslinesin the
Hilbert space).

The expectationvalueof A in thestatey is definedto be

oo

(A)y = (A, ) = / 2dpiay, (3.1)

wheredp 4,5 is themeasurenR definedby dpa 4 (E) = (Pa(E)y, ).

Example3.1. Let H = L2(R,dz) and A = @ is the positionoperator corresponding
to the measurementf the coordinatex. It is definedby Q(f) = zf. Thisis anun-
boundedself-adjointlinearoperator We know from Lecturel that|\) = d, (although

27
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they do notbelongto the spacef{ but ratherto the spaceof distributions).We have

wwﬁn=/w@&m=¢u>

The probability amplitudeof the value A of the obsenable( in a statey is equalto
1()). So,in therealizationof H asL?(R, dr), astatel(x) is interpretecasthe wave
functionof the statey with respecto theobsenable@. Any i) € H canbewrittenas

¢=/¢w&a.

Of coursehishasto beunderstoodstheequalityof distributions. For any testfunction
¢ we have

o0 o0 oo oo

/ ( / ¢(A)5xd)\)¢(m)da:: / w()\)( / 5>\¢(m)dx)d)\:
[ v0e0ir = v6)

The expectatiorvalueof @ is equalto

<@¢=AMMMWM

Considethedelta-functions,, asastate(althoughit doesnotbelongto L? (R, dz)).
Thentheprobabilityof @) to take avalueb in thestated, is equalto {(d,, ). Theinner
productis of coursenot definedbut we cangive it the following meaning.We know
thatd, is equalto thelimit of temperedjistritutionsﬁe*(z*aw” whent tendsto
zero.Thuswe canset

e~ (#=0)"/2t) — lim

e—(b—a)2/2t_
27t =0 /27t

((Sa, (51,) = %gr(l) 51,(

Whenb = z is avariable ,we get

(0a,0z) = lim ! em@ma)/2 — 5 0(z — a).

t—0 /27t

d

Example3.2. Let# = L*(R/2nR) andA equalto the momentunoperator P = i .

Its eigervectorsarethefunctionsf, = ﬁe—'m/’z with eigervaluen. We have

1

(W) fn) = o=

2rR )
/ O(z)e " Rdr = a,,
0
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is then-th Fouriercoeficient of 4. So,thewave functionof ¢ is thefunctionn — a,
onZ = Sp(P). The probabilitythat P takesvaluen atthe statey is equalto |a,|?.
The expectationvalueis equalto

(P)y =Y nlaa*.

neZ

The dynamicsof a quantumsystemis definedby a choiceof a self-adjointopera-
tor H, calledthe Hamiltonianoperator In Schibdingers picturethe operatorgdo not
changewith time, but the statesavolve accordingto the law

Yy = 6_1’;Ht¢-
Here# is afixed constantthe Pland constant Equivalently, ¢(¢) is a solutionof the
Sdrodinger equation

m%%:wa.

In Heisenbeg's picture, the statesdo not changewith time but the obsenablesevolve
accordingto thelaw

We have the Hamiltonianequation

d
FAW = [A@), Hs, (32)

where

[ABh:%MoB—BoM.
If 4, is an eigervectorof H, theny, = e—%*t'(p and hencethe correspondingstate
(equalto the line spannedby ) doesnot changewith time, i.e. 1 (z) describesa

stationarystate Usuallyonemeasuresbsenablesat the stationarystatesof H.

Therearetwo waysto defineaquantummechanicasystem.One(dueto Feynman)
usesthe pathintegral approach.Herewe take H = L?(M,du) asin Lecturel and
definethe Hamiltonianby meansof the pathintegral. The choicehereis the action
functional. It is definedin sucha way thatits stationarypathsdescribethe motions
of a classicalmechanicabystem.Anotherapproachs via quantizationof a classical
mechanicabystem. Recallthatthe latter is definedby a LagrangianL : TM — R
which, in its turn, definesanactionfunctionalon the space” = Map([a, b], M).

b
S(y) = / L(4(t), 4(t))dt.

A critical point of this functional definesa motion of the mechanicakystem. The
equationdor a critical point arecalledthe Euler-Lagrange equations If onechooses
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local coordinates; = (q1,...,¢n) in M and the correspondindocal coordinates
(,9) =(q1,... ,qn;G1,... ,4n) INTM (sothatqi(a%) = d;;), theequationdook as
0L d oL
— ———=—=0, i=1,...,n. 3.3

Herethe left-handsideis evaluatedat a patht — (y(t),4(¢)) in T M givenby ¢; =
qi(t),q; = dq;—t(t). For example,if we assumehattherestrictionof L to eachtangent
spacel’ M, is a positive-definitequadraticform, we canuseL to definea Riemannian
metricg on M. A critical pathbecomesa geodesic.

Anotherwayto definethe classicamechanicss via a Hamiltonianfunctionwhich
is afunctiononthe cotangenbundleT* M.

Recallthat arny non-degjeneratequadraticform ) on a vectorspacel’ definesa
quadratidorm Q! onthedualspacel/*. If we view a quadratidorm asa symmetric
bilinearform, andhenceasalinearmapV — V*, thenQ ! is theinversemap.Let us
seethat,for arny a € V*, Q~!(a) is equalto the maximum(if @ > 0) or theminimum
(if @ < 0) of thefunctionF,, : V — R definedby

Fa(v) = av) = Q(v).

If we choosethe coordinatesothatV = V* = R*, anda(v) = a - v, thenQ(v) =
%v - A - v for somesymmetricmatrix A. Thusto find an extremumwe musthave
VF,=a—A-v=0,hencev = A ' andwe get

1 1
___1___—1:__—1:—1
qulea‘acFa(v)—a A a 5¢ A a 5¢ A7 a=Q  (a).
Using this one cangeneralizethe constructionof Q! for ary function f on V' such
thatits secondlifferentialis non-deggenerateThis is calledthe Legendie transformof
f. By definition,for ary a € V*,

Leg(f)(a) = a(v) = f(v),

wherew is the implicit function of « definedby a = df,, wheredf, : V. — R is
the differential of f at the pointv € V. In orderthat this function be definedwe
have to satisfythe conditionsof the Implicit FunctionTheorem:det(d? f(v)) # 0. In
generaltheimplicit functionv(a) is amultivaluedfunction,sothe Legendreransform
is definedonly locally in aneighborhoodaf anextremumpoint of thefunctiona(v) —
).

We shall apply the Legendretransformto the Lagrangianfunction L. We denote
thelocal coordinatesn the cotangenbundleT™* M by

(qap) = (qli“‘ >qn5P1s - - - Jp")J

wherethe fibre coordinates(ps, . .. , p,) aretaken to be the dual of the coordinate
functions(qi, . .. ,§,) in thetangentbundleT' M and canbe identifiedwith a basis

(32 -+ » 5o=) in TM,. TheLegendretransformof L is equalto

n
i=1



31

whereg; aretheimplicit functionsof (p1, ... , p,) definedby theequation

oL
= Z(q.q), i=1,...
Di aqi(q,q), i=1,...,n

ThefunctionH : T*M — R is calledthe Hamiltonianassociatetb theLagrangianl.
As we have explainedbefore,in orderit is definedthe Lagrangianmustsatisfy some
conditions.

Using the Hamiltonianone canrewrite the EulerLagrangeequationfor a critical
path~(t) of theactiondefinedby the Lagrangiarin theform:

. _dp;  OH(q,p) . dgi 0OH(q,p)

b= = e 0 T w Api

Hereasolutionis apathy : I — T* M, t — 4(t), which satisfiegshe abose equations
afterwe composat with the coordinatefunctions(q, p) : T*M — R. Theprojection
of thepath#¥ to thebaseM (i.e. thecompositiorwith the projectionmap7*M — M)
is the pathy(¢) describingthe equationof the motion. The differencebetweenthe
EulerLagrangeequation@andHamilton’sequationss thefollowing. Thefirst equation
is a secondorder ordinary differentialequationon T M andthe secondoneis a first
orderODE onT*M which hasaniceinterpretatiorin termsof vectorfields.

Recallthata (smooth)vectorfield on a smoothmanifold X is a (smooth)section
¢ of its tangentbundle T X. Let C°°(T'X) denoteshe setof vectorfields. It hasan
obvious structureof a vectorspace.For eachsmoothfunction¢ € C*°(X) onecan
differentiatep alongé € C*°(T'X) by theformula

Dg(¢)(x) = 6—%&-,

i

wherez € X, (z1,...,z,) arelocal coordinatesn a neighborhoodf z, and¢; are
the coordinatef £(z) € T X,, with respecto thebasis(32-, ... , 32-) of TX,. We
alsohave

De(¢) = dg(¢),

wherewe considersmoothl-formsaslinear functionson vectorfields. This definesa
linearmap

D : C®(TX) — EndC>(X)).

It is easyto checkthat D¢ (¢1)) = D¢ (p)y+ D¢ (), sothattheimageof D liesin the
subspacef derivationsof thealgebraC*> (X). Givena smoothmap~y : [a,b] — X,
anda vectorfield £ we saythat~ satisfieghe differentialequationdefinedby ¢ (or is
anintegral curveof &) if

dy _ 9

Thevectorfield ontheright-hand-sidef Hamilton’s equationsasa niceinterpre-
tationin termsof the canonicakymplecticstructureon the manifold X = 7™ M.

) =&(y(a)) foralla € (a,b).
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Recallthata symplectidorm on a smoothmanifold X is a smoothclosed2-form
w € Q2(X) whichis anon-degyeneratdilinearform on eachT' (X),. If weview w, as
alinearmapTX, — (TX,)* = T*X,, thenits inversedefinesa linearisomorphism
1w (z) : T*X, — TX,. Varyingz we getanisomorphismof vectorbundlesT M —
T* M andby the pull-backof sectionsanisomorphisnof the spaceof sections

1o 2 QHX) = O®(T*X) —» C>°(TX).

Givena smoothfunction F : X — R, its differentialdF" is a 1-formon X, i.e., a
sectionof the cotangentundle 7*(X). Thus, applying:, we can definea section
1, (dF) of thetangentbundle,i.e., a vectorfield. It is calledthe Hamiltonianvector
field definedby thefunction F'. We applythis to thesituationwhenX = T* (M) with

coordinategq, p) and F' is the Hamiltonianfunction H(q, p). We usethe symplectic
form givenin local coordinatedy

w= qui/\dpi.

Forary v,w € T(X),

z d(h dpz Z dql dp i

In particular
o 9 o 0
wy(=—,=—)=0 foralli,j,
(8% 311,) (8pz~ apj) g
o 0 o 0
Wel\z—Hr 57— ) = —Wel3—5 73— :51
9059, T

Thisshawsthat, (dp;) = 2%,  w(dg;) = — 55, hence

w(dH) = Zw( P 8_qidqz " ; a_pidpi) - ;( 8% 6pz Z Ip; 8(1’

Sowe seethatthe ODE correspondindo the Hamiltonianvectorfield © (H) defined
by H is thevectorfrom theright-hand-sidef Hamilton’s equationsWe have

OH)(f) =1/, H}.
Let (X,w) bea symplecticmanifold. For ary two functionsf,g € C*(X) one
definesthe Poissonbradket
{f,9} = w((df), 1. (dg)).
By definitionof +,, we have w(1, (df), &) = df (€), sothat
{/,9} = df (u.(dg)) = 1,(dg)(f) = =1 (df)(9)-
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ThePoissorbraclet definesa structureof Lie algebraon C*°(X) satisfyingthe addi-
tional property:

{f,9h} = {f,9}h+ {f, h}g.
Onecanshaw (Darboux’s Theoem) thatit is alwayspossibleto choosdocal coor
dinates(q1, ... ,qn,p1,--- ,Pn) Suchthat

w = Zdﬂh A dp;.

(3

In thesecoordinates

oy =Y (3L 20 21 20,

dq; Op; i Oqi

K3

For example,

{pi,pi} =1{4ai,4;} =0, {ai,p;} = dy;. (3.4)

Thecorrespondinglifferentialequation(= dynamicalsystemflow) is

df
= = H}.
o= A H)
A solutionof this equationis a path~ : [a,b] — M suchthat
df (v(t))

T — (£, 7Y 1),

Thisis calledtheHamiltoniandynamicalsystermon X (with respecto the Hamiltonian
function H). If wetake f to becoordinatefunctionsg;, p; on X = T*(M), we obtain
Hamilton’s equationdor thecritical path~ : [a,b] — M in M.

Theflow g of thevectorfield f — {f, H} is aone-parametegroupof operators
U; on O(M) definedby the formula

Ui(f) = fi(z) = f(r(}))

where~(t) is theintegral curve of the Hamiltonianvectorfield f — {f, H} with the
initial condition~y(0) = z, Theequatiorfor the Hamiltoniandynamicalsystendefined
by H is

df

dt ={f,H}. (3.5)

Herewe usethe Poissorbraclet definedby the symplecticform of M.

A quantizationof a mechanicabkystemis definedby assigningto ary observable
f € C*(X) aself-adjointoperatord; € H. This operatormay containa parameter
h. This assignmeninustsatisfysomenaturalpropertiesFor example:

Agrg) = lim[As, Ayl (3.6)
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Underthe quantizatiorthe Hamiltonianfunction of the mechanicabystembecomes
self-adjointoperatorH, calledthe Hamiltonianoperator of the quantizedsystem.We
have

Ao = Ay = lm[Ag, Anln = lim [Ag, H]p.

Thusthelinearmap A — [A, H]; is interpretedasthe quantizedactionof the Hamil-
tonianvectorfield © (H). Theanalogof thedynamicalsystem(3.5)is theHamiltonian
equationin quantummechanicg3.2).

For example whenamechanicasystenis givenontheconfiguratiorspacel’ (R™)*
with coordinatefunctionsg;, p; we needto assignsomeoperatorsto the coordinate
functions:

Qi:Aqia ‘P’i:APi7 i=1,...,n.
By analogywith (3.4), we shouldhave
[Pi, Piln = [Qi, Qjln = 0, [Qi, Pjln = dij (3.7)

Sowe have to find anappropriateHilbert spacel” andoperatorsP;, Q; € H (V) satis-
fying (3.7). Wetake V = L%(R") anddefine

Q0= aig, Piigihag
qi

Recallthattheseareunboundedelf-adjointoperators.
TheoperatorQ); (resp.F;) is calledthe position(resp.momentumoperator.

Let usgive anexampleof quantizatiorof a classicamechanicabystemgivenby a
harmonicoscillator. It is givenby the Lagrangian

1.
L(g,q) = §(mq2 — mw?q?)),

wherem is themassandw is thefrequeng. The correspondingdamiltonianfunction
is

1, . 1 p?
o — o — = 2 2.2y _ Z P 2 2
(@,p) = pd — 5(mg" —mw’q’) = S (- +mw),
wherewe usedthatp = %—5 = mgq to expressq via p. The function H(p, q) canbe

viewedasthetotal enegy of thesystem.
The correspondingNewton equationis

d’x 9

— = W XT.

dt?
Sothe motiondoesnot dependbn the massbut the total enegy does.In thesequelwe
shallassuméor simplicity thatm = 1. TheHamiltonianoperatorH canbewrittenin
theform

1

2
_lp e gt Y
H—2P+2Q—aa 2—aa+2, (3.8)
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where

1 1
a=—(wQ+iP), a'=-—(wQ-iP 3.9
ﬁ( Q ) ﬁ( Q ) (3.9)
are the annihilation and the creation operators. We shall seeshortly the reasonfor

thesenames.They areobviously adjointto eachother Usingthe commutatorelation
[Q, P] = —ih, we obtain

[a,a] = [a',a'] =0, [a,a!] = hw, (3.10a)
[H,a] = —hwa, [H,a'] = hwal. (3.10b)

This shaws that the operatorsl, H, a,a! form a Lie algebra?{, calledthe extended
Heisenbeg algebra.
Sowe areinterestedn therepresentationf theLie algebraH in L?(R).
Supposeave have aneigervectory of H with eigervalueX andnorm1. Sincea! is
adjointto a, we have

. hw 5 hw
NI = (ub, H) = (b, aawy) + (o5, ==0) = llagl* + [
Thisimpliesthatall eigervaluesA arerealandsatisfytheinequality

hw
A> -5 (3.11)
The equalityholdsif andonly if ayp = 0. Clearly ary vectorannihilatedby a is an
eigervectorof H with minimal possibleabsolutevalueof its eigervalue. A vectorof
normonewith suchapropertyis calleda vacuunmvector.
Denoteavacuumvectorby |0). Becausef therelation[H, a] = —hwa, we have

Hap = aHY — hwap = (N — hw)a.

This shaws thata is a new eigervectorwith eigervalue A — fw. Sinceeigervalues
areboundedrom belaw, we getthata™t1y = 0 for somen > 0. Thusa(a™y) = 0
anda™y is avacuumvector Thuswe seethatthe existenceof oneeigervalueof H is
equialentto the existenceof a vacuumvector

Now if we startapplying(a!)™ to the vacuumvector|0), we get,asabove, eigen-
vectorswith eigen/alueg + nhw. Sowe aregettinga countablesetof eigervectors

Vn = a’r"|0>

with eigervalues),, = 2"2—+lhw It is easyto see,using induction on n that that
|¢n]? = nl(Aw)™. After renormalizatiorwe obtaina countablesetof orthonormal
eigervectors

_ 1 tyn _
|n) = (hw)"n!(a) [0), n=0,1,2,.... (3.12)
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Onecanshaw thatthe closureof the subspacef L?(R) spannedy thevectors|n) is
anirreduciblerepresentationf the Lie algebra#.

The existenceof a vacuumvectoris provedby a directcomputation We solve the
differentialequation

V2a1) = (wQ — iP)y = wq¢+h% =0

andget

)ie=wi'/h, (3.13)

where

is a Hermitepolynomialof degreen. It is known alsothatthe orthonormalsystemof

functionan(:z:)e_Tm2 is completej.e.,formsanorthonormabasisin theHilbert space
L?(R). Thuswe constructedanirreduciblerepresentationf H with uniquevacuum
vector |0). The vectors|n) areall orthonormaleigervectorsof H with eigervalues
(n+ 3Hhw.

The function (3.13) gives the probability amplitudethat a particle occupiesthe
positionz ontherealline in thevacuumstateof the system.

Accordingto Example3.1,thevalueof thefunction|n) at A is equalto the proba-
bility thattheobsenable() takesvalue) atthestate|n).

Finally letuscomputethepartitionfunctionof theHamiltonianH . Theeigervalues
of H are), = (n + 1)Aw andtheir multiplicities areequalto 1. So

S

Tr(eitH) = 37 eittnthe — ¢ (3.14)
n=0

1-g¢

whereq = efthv,

Exercises

3.1 Considerthe quantummechanicabystemdefinedby the harmonicoscillator Find
thewave function of themomentoperatorP ata state|n).

3.2 Considerthe LagrangianL(g, §) = 3(mg¢® — U(q)) on T(R), whereU(q) = 0
for ¢ € (0,a) andU(g) = 1 otherwise.Quantizethis mechanicabkystem,solve the
Schibdingerequationandfind the stationarystatesof the Hamiltonianoperator
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3.3 Computethe Legendretransformof thefunction f(z) = e*.

34 Let A(A)y = ((A — (A)yid)?), bethe expectationvalueof the operator(A —
(A)yid)? (the dispesion of anobsenable A at the statey). Prove the Heisenbeg's
UncertaintyPrinciple

A(A)pA(B)y > 5[4, Bl)yl.
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L ecture 4

The Dirichlet action

Now we shallmove to QFT of dimensionlargerthanl, i.e. dim ¥ > 1, for example,
¥ =T x N whereT C R or S' andN is amanifold of positive dimensiorwhich we
shallassumdor simplicity to be orientable A map¢ : ¥ — M is givenby afunction
¢(t,z),t € T,z € N. NotethatwhenN is 0-dimensionalsayN = {1,... ,n}, we
canview ¢(t, z) asavectorfunction (¢'(t),... ,¢"(t)) : T — M™ andgetthequan-
tummechanice®n M™. For example,if our QFT is aharmonicoscillator passingrom
R — R x {1,...,n} correspondso consideringn harmonicoscillators. Replacing
{1,...,n} by positive-dimensionalV meanghatwe considerthe whole manifold of
harmonicoscillators!

Recallthatary QFT is definedby anactionfunctional S on the spaceof paths.In
aone-dimensionaheorywe definedS by aLagrangianL : TM — R. Thepull-back
of L underthemap(¢,d¢) : TY. — T M is afunction F'(¢) onT'X, sofor ary density
du onY (i.e. asectionof A™P(T*Y)) we canmultiply F(v)du to geta densityon &
whichwe canintegrate.If dim ¥ > 1 thisis nottruearymoresinceF'(¢) is afunction
onTY andadensityis afunctionon A4™*(T's). Sothedefinitionof the Lagrangian
hasto be changed.We are not going into a rigorousmathematicaliscussiorof this
definitionreferringto Deligne-Freed lecturesatthe IAS.

Recallthatthe jet bundle of orderk of a fiber bundle E over a manifold X is a
vectorbundle J*(E) whoselocal sectionsarelocal sectionsof E togetherwith their

partialderivativesupto orderk. Let (eq, ... , e,.) bealocalframeof E andz1, ... ,z,
local coordinateson X. A local frame of J*(E) is a set (e,,, el ) where0 <

ip+ .t < k1 <4 <Ll <dg <one Let (yH,y) ) bethe corresponding
coordinatefunctions. Any local sectiong(z) = y*e, of E canbe uniquelyextended
to asectiong of J*(E) suchthat

. oirt-+is hu
v G =5 )

Let F bethespaceof sectionsof J*(E) (fields,andtheir partial derivatives). Roughly
speakingaLagrangiarof orderk is asmoothmapfrom J* (E) to thespaceof densities

onX. Wewill beusuallydealingwith Lagrangian®f thefirst order Thenwe canwrite

39
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alagrangiaras
L = L(z;,y*,y!")|d"z|.

So,theactionwill bedefinedby aformula

5@) = [ Lle.0",0.0")
Onecangeneralizghe EulerLagrangeequationgo the higherdimensionatase:

oL oL .
By L1 =0, p=1,...,dimM. (4.2)
Herewe assumehattheequalitytakesplacewhenwe evaluatetheleft-handsideon ¢.
We alsoassuménerethat £ is of thefirst order
Let usconsideranexample,whichwill bevery muchrelevantto the stringtheory
First, a little of linear algebra. Let V, W be two vector spacesquippedwith non-
degeneratailinear forms h and g, respectrely. We candefinea symmetricbilinear
form onthe spaceof linearmapsLin(V, W) by

(£,0) =Tr(f" o 9),

wheref* : W — V is theadjointmapwith respecto the bilinearformsh andg (i.e.
9(f(v),w) = h(v, f*(w)) forary v € V, w € W). Let usexplain this definition.
Chooseabasisty, ... ,&, in V andabasisn,, ... ,n, in W. Let H bethe matrix of
h in thefirst basisandG bethe matrix of g in the secondbasis.Let A bethe matrix of
f with respecto thebasesand B is the samefor ¢. Thenthe matrix of f* is equalto
A* = H 1 A'G so

(f,¢) = Tr(H™' A'GB) = h¥ ajbjgs, (4.2)

whereA = (a}),B = (V),H ' = (h),G = (gi;) andwe employ the physics
summatiomotation. Assumethat f is the mapdefinedby f(v) = & (v)n;, where¢!
is an elementof the dual basis(¢?, ... ,£). Thena™ = §,,;0,;. Similarly, take ¢
definedby ¢(v) = & (v)n;. Thenwe get(f, ¢) = hi¥ g;; . If weidentify Lin(V, W)
with V* @ W,wegetf = & ®@n;,¢ = £ ®n; and

(€ ®n;, @np) = h" gjj.

From this we deducethat the matrix of the bilinearform on V* @ W with respecto
thebasis(¢? ® ;) is equalto the Kronecler productof the matricesH —* andG. The
matrix H ! definesaninnerproducton V*. So,ourinnerproducton V* ® W could
betakenasthedefinitionof thetensorproductof theinnerproducton V* andon W'.

Now we arereadyto globalize. Let h bea metricon ¥ andg be a metricon M.
DefinetheLagrangian

L5(9) = |dg[2dux = Tr(dg* o dg)dpix. (4.3)
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Heredux is the volume form definedby the metric h andthe adjointd¢* of d¢ is
definedwith respecto the metricsh andg.
Thecorrespondingction

S() = /E [ dps (4.4)

is calledthe Dirichletaction

If his givenin local coordinatese!,. ..,z by the matrix (hag) andg is given
in local coordinateg/!, ... ,y? by the matrix (g,,,) then(4.4) canberewrittenin the
form

509" 09"

——gud ... Adxg. 4.5
Oz, aa:gg” FLA .- A G (4.5)

Ss(@) = / | det(h)|#he

Thisfollowsfrom (4.2) andthefactthatdux = |det(h)|2dzy A ... A dz4. Recallthat
thevolumeform onavectorspacel’ is equalto el A ... A e, whereey, ... ,e, isan
orthonormabasis.

Obsene thefollowing propertiesof the Dirichlet action:

(A1) (isometryinvariance)For ary diffeomorphisno : ¥ — ¥’ preservinghe met-
rics,

Sz(¢oa) = Sy (¢);
(A2) (locality)if X is gluedtogetherfrom X; andX., alongtheir boundariesthen
Se(9) = Sz, 115, (8151 [[ 22)
(A3) (conformalscaling)if A’ = e“®)h is a new metricon %, and Sy, is the new

action,thentheactionfunctionaldoesnot changef andonly if dim ¥ = 2.

Proof. Let¢ : V = TY — W bealinearmapof innerproductspacesinda : V! — V
beanisometryof innerproductspacesThen,forary v' € V', w € W,

(#(a(v"), whw = (@), ¢ (w))v = (', a™ (¢" (w)))v'.

Thisshavsthat(¢ o a)* = a~! o ¢*, hence

Tr((poa) o (poa)) =Tr(a ' o(¢" 0 ¢)oa)=Tr(¢* 0 ¢).

Applying this to the casewhen ¢, o arethe mapsof the tangentspacesthis implies
thata*(||d¢||*dusy) = ||d(¢ o @)||*dus. Property(Al) now follows from the stan-
dardpropertiesof integrationof differentialforms. Property(A2) is obviousfrom the
definitionof the action.Property(A3) follows easilyfrom formula(4.5). O

Exampled.1. Let ¥ = R with alocal coordinatet andM = R™ with metricdefined
by a matrix g;;(z) in the canonicalbasisin TM, = R™. Definea metricon X by
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[[1]|2 = h(a). Let f : R — R™ bedefinedby thevectorfunction (f'(t),... , f*(t)).
Then

_ ['(@G(f(@)f'(a) _ |If'(a)]]?
Il = =) T
So,if wetake h = 1,G = 3(6,,), we obtaintheactionS(y) = £ [, ¥(t)%dt which

we usedin thepreviouslectures. ’

If dim ¥ > 1, 1 donotknow any geometricmeaningof the Dirichlet action. How-
ever, let us seethat for a fixed metricg on M onecanalwayschoosea metric h on
¥ suchthatthe actionacquiresa very nice meaning. In fact, the metric 4 is chosen
to minimize the action. Let us considerthe Dirichlet actionasa function of A and
computeits variationin thedirectiondh ath = hg

0S5

" (S(ho + €dh) — S(ho)) /e,

wheree? = 0. Notethat, for any invertible matrix A andary squarematrix B of the
samesize,we have

|A+ eB| = |A| + €Tr(A ' B)|A.

Thus
|A+eB|? = |A|7(1+ gTr(Ale)).
Also
(A+eB) t=A"1—eA™'BA™L.
Let

_ O¢" 0¢¥
Vo = 0z Oz Juuw

andy = (y43). Thematrix+y is thematrix of themetric¢*(g). It canbeviewedasthe
metricon theimageof ¥ underthemap¢ (calledtheworld-sheel. Then

S(y) = / | Tr(h ) dps (4.6)

and

3
oh

(¢) =

h=ho

/ [|ho + 66h0|%Tr(h0 + e8h) " ty)dus — / |h0|%Tr(halw)dug =
by by
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1
= /E |hol = (5 Tr(hg ' 6R)Tr(hg ') — Tr(hg ' 8hhg ') dps.

Set§(h~') = —hg 'Shhy . Then

ss
oh

171 _ _ _ _ -
@)= [ ol (5o ohhg ) et ) = T s ') ) =
=ho
1 -1 1 -1
/E|h0|2Tr(6(h )y = 5hoTr(hg fy))dug.
Sincethismustbezerofor all possibleyh, thisimpliesthata critical metrichg satisfies
1
— EhoTr(hO‘l'y) =0. (4.7)
Thisimplies
1 _
AP = STe(hg )],

whereD = dim X.. Pluggingthisin formula(4.6)we get

S ho) = 2 / Iy [ 1) 5 .
>

We geta wonderfulfact: if D = 2, andthe metricon X is chosento be critical, the
actionhasa simplegeometricmeaning.lt is equalto the twice the areaof the world
sheetp(X) in the metricinducedfrom the metricof M.

In physicsthelatteractionis calledthe Namhu-Gotoactionandthe Dirichlet action
is calledthe Brink-DiVecdia-Howe-Desse-Zuminaction, or the Polyakov action for
short.

Remarld.1. In the casewhenthe metric on X is Lorentzian,we have to replace|h|
with | —h|. Also physicistausethemetricto “lowertheindices”. If (g;;) is thematrix of

ametricg in abasis(ey, . . . ,e,) thenfor ary vectorSa‘e; thevectory_; (>, a‘gij)e;
is denoteddy >, a;e;. In this notationformula(4.5) canbe rewritten as
1 00% 0dp
S(d) = [ |hFRTEE_ZE8 g
@)= [ 130 S S

Remark4.2. Thetensor
1
T = (Tij)(¢) = (vij — §hijh"“7w)dmida;j.

is calledthe enegy-momentuntensor By (4.7)this tensoris equalto zeroif andonly
if h is acritical metricfor theactionS(¢; h). Obsenethat

. 1. 1. .. 1 D . ..
h”Ti]‘ = |h|7§(h”’yij — ih”hijhuu’y,,u)dmi N d.’L'j = |h|7§(1 — 5)h11’yijd1‘id$]‘.
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In particular T is trace-lessf D = 2.
AssumeX = RP, M = R" andthemetricsh, g arethestandardEuclidearmetrics.
Then

1
T = (vij — 5 Tr(7))dzidz;.

Let uswrite down the EulerLagrangeequationdor the Dirichlet actionin thecase
whenthemetricsh andg areflat (i.e. hos andg,, areconstanfunctions).We getthe
equations

62 ¢u

Y =0, pu=1,...,D. 4.8
gH 6£Ea8$ﬂ H ( )

In thecasewhenX® = R, M = R, andh,g thisis just the Laplaceequationwith
respectto the metric h. Whenh,g = d4, its solutionsare harmonicfunctions In
general,the EulerLagrangeequationfor the Lagrangian(4.3) can be written in an
invariantform:

Tr(Ddg) = 0,

whereD is the covariantderivative of a sectiond¢ of E = T}, ® ¢*Tx with respect
to the naturalRiemanniarconnectiordefinedon thebundle E.

Considerthe specialcasewhen® = R?, with coordinategz;, z») = (t,z), and
h = (hqap) = diag(1, —1). Take M = R. Thenthe Lagrangiardensitybecomes

0p\o _ 091s

L=1(3,)" - (3,

)2)dtdz.

The EulerLagrangesquations

¢ _ ¢ _
o2 9x2
Noticetheanalogywith the Lagrangiarfor aharmonicoscillator(with m = w = 1)

dz?

£=Ge

— z%)dt.
We canview ¢(t, z) asthe displacementf the particlelocatedat positionz attime¢.
The EulerLagrangesquationfor the scalarfield ¢(t,z) canbe thoughtasthe motion
equationfor infinitely mary harmonicoscillatorsarrangedat eachpoint of the straight
line.

If histheflat Lorentzianmetricin R definedby thediagonamatrixdiag—1,1,... ,1]
the EulerLagrangesquationfor a scalarfield with Dirichlet actionis

0%¢

O¢ = (8,8")¢ Z‘W‘ 6m2—
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Theoperatoi] is calledthe D’Alembertianopetator or relativistic Laplacian
A little moregeneraljf we take the Lagrangian

1
£=5(0,60"¢ —m*¢?),
the EulerLagrangesquationis the Klein-Gordonequation

O¢ +m?¢ = 0.

In mary quantumfield theoriesM is a fibre bundleover X and¢ : ¥ — M is
a section. When M is a G-bundlewith somestructuregroupG a map ¢ is calleda
classicalfield, otherwise¢ is called a non-linearo-field. For example,when M is
thetrivial vectorbundleof rank 1, a classicaffield is calleda scalar field. Of course
arny map¢ : ¥ — M canbe considereda sectionof afibre bundle,the trivial bundle
Yx M3,

Example4.2. An exampleof a classicalfield is a gaug field or a connectionon a
principalG-bundleover X. It is definedby a 1-form > A;dz; on ¥ with valuesin the
adjointaffine bundleAd(G). In otherwords,it is asectionof thebundleTY ® Ad(G).
For examplewhenG = GL(n), agaugefield is a mapof vectorbundles4 : TS —
End E), whereFE is asmoothvectorbundleof rankr over X. It satisfies

A(&)(fs) = &(F)s + FA(E) (),

where f is alocal smoothfunction ands is a local sectionof E. It is clearthatthe
differenceof two connectionss a morphismof vectorbundlesandthusa connection
is asectionof anaffine bundle. Eachconnectiond definesthe Lie(G)-valued2-form,
thecurvature form,

1
Fa=dA+[A A] = > Fijdx; A da;.

Here F}; is alocal function on X with valuesin Lie(G). We definethe Lagrangian
densityon Ax by setting

,C(A) = F4 N*Fy.

Here x is the staroperatoron the spaceof differentialforms with valuesin a vector
bundleE equippedvith ametricg. It is determinedy thepropertyaAxa = {(a, B)dpu,
where(,) is a naturalbilinear form on the spaceof suchforms (determinedby the
RiemanniammetriconT'M andthemetricon E) anddy is thevolumeform definedby
themetricon M.

The EulerLagrangesquationfor the gaugefieldsis the Yang-Mills equation

d

OF; :
Z( 3_,L..J +[Aj,Fij]):05 i=1,...,d. (4.9)
i=1 ¢
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Therearetwo approaches$o quantizationin higherdimensionalQFT. First uses
functionalintegrals which generalizehe pathintegrals.

Consideraspaceof fields Fs. = Map(XZ, M) ona D-dimensionamanifoldX. We
assumehaty = T'x ¥', wheredim T' = 1 (a“time factor”). Foreacht € T wedenote
by ¢, therestrictionof afield ¢ € Fx to¥; = {t} x ¥'. Let Fx, bethespaceof fields
on X; obtainedoy restrictionsof fields from Fy.. Fix two fields f; € Fs, i = 1,2.
Consideranaction$ : s — R andset

fa
R(fi, fo) = / ¢5®) D[g], (4.10)

wherewe integrateover the spaceof fields ¢ on ¥ suchthat¢;, = f;. We usesome
measureD[¢] on Fx.

Obsene the obvious analogywith our previous definition wherewe take ¥/ =
{point} andFy; is thesetof mapst — M.

Now if we considersomeHilbert spacet; of functionson Fs;,, theintegral oper
atorwith kernel(4.10)definesalinearmap

Tonta : His = Hens  Taa(@)(f) = / RO
ap(X’,

It alsodefinesa self-adjointHamiltonianoperatorH : H, — H, suchthat
Tt1t2 = eii(mitl)H
which canbeusedto definea Hermitianmap#;, x H¢, — C,

<1I'2, \I'1> = <\I’2|€_i(t27t1)H11’1>7{t2 .
ThekernelRy, s, hasspecialmeaningfor f; = f». Theintegral

Tr(e~it2—t)H)y = / Z; ;D[]

Map(’, M)
is thetraceof the operatorei(t>—t1)H |t js calledthe partition functionof thetheory

More generallylet O;(F;),i = 1,... ,n, bealocal quantunfield ata point P; on
¥, (alocalfield is a functionalon Fx. which dependonly on ¢(P) andderiativesof
¢ at P). An exampleof alocalfield is thefunctional¢ — I(¢(P)), wherel : M — R
is afunctionon M. We set

fa o
2 n(01R);D) = [ 7@ TL0P) @Dl (441

This leadsto the correlationfunction

— thfz (Oz(Pz)7 E) )

(O1(Py)...0n(Py)) Zf1 12 ()

(4.12)
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We canuse(4.11)to definea Hermitianform on the spaceH of functionson Fxy =
Map(X', M)

R(O(P);t1,t2) (2, ¢1) = Y2 (f2)" V1(f1)Z,,7,(O(P); ) D[ f1]D[f2]-

Fzy, Fsy,

Thisis still linearin «; andhalf-linearin 1. Thusit definesa linear operatorO(P)
suchthat

R(O(P);t1,t2)(th2, 1) = (thole” 27WHO(P)eilta=t)Hypy )y

We cangetrid of theparametet = t, — ¢; by letting it goto infinity, i.e. define
: . . H —itH A itH
lim R(O(P);tbz,¢1) = lim (e O(P)e™ 4py).

In this way we getalocal operatorO(P) in the Hilbert spaceH. It is calledthe vertex
operator associatedo a functional O(P).

Anotherapproachto quantizationgeneralizeghe one we usedfor the harmonic
oscillator Againwe assuméhaty = T x X', For ary field ¢ : ¥ — M we denoteby
0y the partial derivative in thetime variable. By analogywith classicalmechanicave
introducethe conjugatemomentuniield

0L

7I'(t, .’L') = E

()
For example,when £(¢) = $((57)” — (52)*) we obtainm = 2. We canalso
introducethe Hamiltonianfunctional:

1

H(g) = / ( — L)de.

ThentheEulerLagrangesquations equivalentto the Hamiltonianequationdor fields

0H (¢, 2) 0H
=—, 7tr)=—c7—
on(t,z)’ ’ do(t,x)’

wherethe dot meanghederivative with respecto thetime variable.Herewe consider
7 and¢ asindependentariablesin the functional H andusethe partial derivativesof
H.

To quantizethefields ¢ andw we have to reinterprethemasHermitianoperators
in someHilbert spaceH which satisfythe commutatorelations(rememberinghat ¢
is ananalogof ¢ andw is ananalogof ¢).

o(t, )

[2(4,2),1(t,9)] = 13— v), @13)

[®(t,x), ®(t,y)] = [ILI(¢,z),(t,y)] = 0. (4.14)
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Herewe haveto consider®, IT asoperatowvalueddistributions,i.e. acontinuoudinear
functionalson the spaceof testfunctionson ¥ equippedwith somemeasurey with

valuesin the spaceof operatorsn a Hilbert space?{. Any functionon ¥ with values
in thespaceof operatorsn ‘H whichis integrablewith respecto someoperatofvalued
measureluo definesadistribution

¢+LT@amwo

Thecommutatoiof two operatovalueddistributionsis a bilinearform onthe spaceof
testfunctions:

Thusthemeaningof (4.13)is

[ﬂ@ﬂ@ﬂ=éﬂ@%@@-

Example4.3. AssumethatY’ = R and£ isthe Klein-G0rdonLagrangian‘%gé — %‘g -

m2¢2. A solutionof the Klein-Gordonequationcanbewritten asa Fourierintegral

1 . )
B(t,z) = \/_2_71- Aa(k)ez(kz—wkt) + a(k)el(_kz+wkt)dk,

where
wi = k* +m>
Similarly we have a Fourierintegral for I1(¢, z):

1(t, z) = \/% /R wi(—ehTa(k)e—rt 4 c—hTGlRY R

To quantizewe replacea(k) with anoperatora;, anda(k) with theadjointoperatora}c

andconsidettheabove expansiong@soperatoiintegrals. Thisimpliesthattheoperators
¥ (t,z) andIl(¢, ) areHermitian. Thecommutatorelations(4.13)will be satisfiedf
we requirethe commutatorelations

lak,al,] = 8(k — k'),

[ak,ar] = [az,az,] =0.

This is in completeanalogywith the caseof the harmonicoscillator, wherewe had

only one pair of operatorsa, a! satisfying[a,a'] = 1,[a,a] = [af,a’] = 0 (orn
operatorsa;,a} satisfyinga;,al] = 4 ;,[ai,a;] = [a],al] = 0). Thereis a big

differencehowever. In our casethe Heisenbeg Lie algebrageneratedy l,ak,a;‘c is
infinite-dimensional.
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Exercises

4.1 Let £L = L(¢,d¢) bealLagrangianon ¥ with a metric h definedon the spaceof
mapsY — R" . Definethe enegy-momentuntensorby

Tus() =Y hgyaa%w — hagL(9)

(i) Shaw thatthis definitionagreeswith the onegivenfor the Dirichlet action;
(i) Provethat)’ BT(;‘TBE(@ = 0if ¢ satisfieghe EulerLagrangesquations.

4.2 Considera systemof N harmonicoscillatorsviewed as a finite set of masses
arrangedon a sggment|a, b], eachconnectedo the next one via springsof length
e. Write the LagrangianL(e) describingthis system.Shaw thatthelimit of L(e) when
€ goesto zerois equalto

/b c1(6¢(t, -73) )2 _ 02(6¢(t7 Z.) )2]d.'L'

ot ox

wherec; , ¢, aresomepositive constantande(t, =) is thefunctionwhichmeasurethe
displacementf the particlelocatedat positionz attime ¢.

4.3 Let (X, g) be a Riemanniamrmanifold of dimensionn and E be a vectorbundle
over X equippedwith a Riemannianmetric. Showv that thereexists a uniquelinear
isomorphisms : A¥(T*X) ® E — A" *(T*X) ® E suchthat, for ary o, 3 €
[(X,A*(T*X) ® E), onehasa A *8 = g~ '(a,B)mo- Herea A 3 is defined
locally by extendingvia linearity the product(a ® €) A (b ® €') = (e,e')a A b.
Also g~ is theinversemetricon T*(X) extendedto A*(T*X) ® E by the formula
g 'a®eboe) =blee) A (g7')(a,b).

4.4 Using the staroperatordefinedin the previous problemshow that the Dirichlet
actioncanberewritenin theform

S(¢) = /E dé A dg,

whered¢ is considereasa sectionof thebundlleT*Y ® ¢*(T'M).
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LECTURE4. THE DIRICHLET ACTION



L ectureb

Bosonic strings

Fromnow onwe stickwith dimensionD = 2 of our QFT. Thisis wherestringsappear
Our manifold ¥ will be a smooth2-manifoldwith a pseudo-Riemanniametric h. It
couldbetheplaneR? or acylinder S* x R, or atorusS* x S, or asphereS?, or a
compactRiemannsurfaceX, of genusg > 1. Of courseeachtime we shouldspecify
ametricon X.

We shall begin with the casewhen X is a cylinder S* x R (closedstrings or
¥ =R x [0, 8] (anopenstring). We usethe coordinatd in thecircle directionandthe
coordinatet (time) in the R-direction. A map¢(t,6) : ¥ — M canbeconsideredisa
map

o) : R — L(M), t— (60— ¢(t,0)),

whereL(M) is theloop spaceof M, i.e. thespaceof smoothmapsfrom acircleto M.
In thecaseof openstringsL (M) mustbereplacedvith thespaceP (M) of pathsin M.
We shallconsidemnly closedstrings,howeveroccasionallywe statethe corresponding
resultsfor openstrings.

We shallalsoassumen thebeginningthat M = R™ with theLorentzianflat metric
9 = (9uv) = (Muv), Wheren,,, = diag(—1,1,...,1). We will write vectorsin M
as(z!,...,z") anddenoteby (z1,...,z,) the vector (—z!,z2,... ,z") equalto
(¥gu1,- .. ,2"gun). Lateronwe will of courseconsidemmore generaltargetspaces
M. We considetthe Dirichlet action

S@i) =5 [ aePdus =5 [ VW00 000t (5)

HereT is a certainparametenf a string (the string tensior). It is equalto 1/2wa’ for
openstrings,whereq’ is a certainotherconstantcalledthe Regge slope For closed
stringsT = 1/ma’. We usethe subscripth to emphasizeéhe dependencef theaction
onh.

S(ao¢;a*(h)) = S(¢;h), (5.2)

51
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whereq is adiffeomorphisnof X. This meanghattheactionis invariantwith respect
to smoothreparametrizationsf themaps.Also, for ary f € C*°(X), we have

S(g;elh) = S(¢3 h). (5.3)

This meanghatthe actionis conformallyinvariant.

It is known (see,for example,[Modern Geometry]by Dubrovin, Fomenlo and
Novikov) thatthereexistsa uniquediffeomeorphisna suchthata* (k) = ef ho, where
f is a smoothfunction and hy is a flat metric given locally by the diagonalmatrix
diag(—1,1). By (5.2)and(5.3)

S(¢;h) = S(a o ¢; ho), (5.4)
We shallfix the metricon X by equippingR with the metric —dz? andtaking S' =
R/2nrZ with the metric inducedby the standardmetric d¢* on R. Thenwe have
two constraintson ¢. One comesfrom the EulerLagrangeequationfor the action

Sh, andanothercomesfrom the vanishingof the enegy-momentuntensor Sincethe
Lagrangiarfunctionfor theactionSy, is equalto

T
L= 5(8t¢u8t¢u - 8w¢u8r¢u) (55)
the EulerLagrangesquationfor theactionSy, is
(0} =92¢" =0, p=1,...,D. (5.6)

Soourfield (¢*) satisfiegheKlein-Gordonmasslesgquation.
Thevalueof theenegy-momentumensorT,g ath is equalto

1
Tio = Tor = 049" 02y = 0; Too =Ti1 = §(at¢“6t¢p + 090" 0,¢,) = 0.
(5.7)

To solve thewaveequation(5.6) we introducethelight-conecoordinates
ot =t4+z, o =t—=.
Letd,,0_ denotethe partialderivativeswith respecto thesecoordinatesWe have
Oy = 20, +8), 0 =2(0-0,).
2 2
Thuswe canrewrite (5.6)in theform
0+0_¢* = 0.
This easilyimpliesthata generakolutionof (??)EQ) canbewritten asassum

¢ =7 (0") + P(o7).
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Usingtheboundaryconditions,we seethat,in the caseof a closedstring,thefunctions

Iz ©
o + ¢, gfi and g‘%’j areperiodicwith period2zr, sothatwe canusethe Fourier
expansionto write

1 1 )
or(t,z)* = Ex" +lakot +ilr Z Eaﬁe_"“#/”, (5.8a)
n#0
1 1 I
oR(t o) = Sat + lafo™ +ilry —fe " Ir, (5.8b)
n#0

R B =l ; .
wherel = wered an(-joz0 = &y . We shallseein amomenta reasorfor the choiceof
theconstant. Also, sincewe want¢* to bereal,

The field ¢ (t,z)* (resp. ¢r(t,z)*) describeshe “left-moving” modes(resp.
“right-moving” mode} of aclosedstring.

Notethat
Oyt a) =1 ake o /r, (5.9a)
NneEZ
O_¢r(t,a) =1 ake ™M /", (5.9b)
neL
It is clearthat
2nr
zt = o*(0,z)dx, p=1,...,D

0

andcanbeinterpretedasthe centerof-masscoordinates.
By analogywith D = 1 QFT themomentunfield is definedto be

oL

PH = = TOop*.
@)
Theexpression
27r "
pH = T/ de =2mrT(2lal) = %aﬁ. (5.10)
0

is the total momentuntoorinate of the stringat¢ = 0. Now we canrewrite the
equationg5.11)in theform

1 1 1 )
or(t, )" = 5.%'“ + Elzp”a"' + ilr Z Eaﬁe_”“ﬁ/r, (5.11a)
n#0
1 1 2 — : 1. —ino” /7
or(t,z)* = 53;” 4 5l pto™ +ilr z ﬁage , (5.11b)

n#0
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Remarks.1. If we chooseghe Riemanniammetricon Y insteadof pseudo-Riemannian,
wewill beableto identify thecylinder = = R x S' with thepunctureccomplex plane
C* = C\ {0} by meansof thetransformation

(t,z) — z = eltH2)/T
The EulerLagrangesquation(3.7) gives
6262X(Z, 2) =0

The equationof a stringbecomes

1 1 1
orL(z)* = 5:z:” + §il2p” Inz + dlr Z Eaﬁzk, (5.12a)
k#0
1 1 1
r(z)" = g2 + 5iﬂpﬂ Inz+ilry E@;;zk (5.12b)
k#0

Thestress-tensofI,z) canberewrittenin thenew coordinategoo. \We have

Ter = 0:010:0u = ) Lm2™ %, Tez = 0:010:0u = ) Lmz™ %

mEZ MEZL

Thisis afamiliar expressiorfrom the conformalfield theory
The Hamiltonianof our theoryis equalto

27T 27r
H= / (0,6 P, — L)dz = = / (000" Oy + D" Dy )dz.  (5.13)
0 0

2
Obsenre that it vanisheson a string which satisfiesthe constraintthat the enegy-
momentumtensorvanishes.Pluggingin the expressiondor ¢* in termsof o, a#,
we obtain

1 -
H=3 > (@ oy + 6 dny) (5.14)

nez
Now it is cleartheintroductionof the constant. It madeour formulasnot dependon
T. Obsenethatwe couldsimplify the sumby gettingrid of % but wedon't doit, since

in amomentthe coeficientsa,,, &, will becomeoperators.
Usingthenew coordinatesve canalsorewrite theconstraintg5.7)in theform

1
049"04 ¢y = §(Too + To1) =0,

0_¢"0_¢, = 5(Too — To1) = 0.

N =

Thisimmediatelygives

0t (dR)" 0 (PR)y = Oe(PL)"O(dL) = 0.
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This canberestatedn termsof the Fourier coeficientsasfollows:

T [ . 1
Ly = 5/ (8 (¢r)" B (PR)ue > ™ dz = 2 > Oy =0 (5.15a)
0 neEZ

- T [™ . 1
Em = [ (06r)0dr)ue ™ ds = 5 3"l 1 =0. (5.15b)
0 nezZ

Obsenrethat
H = Lo+ Lo (5.16)

Now we quantize¢* asin the previous lectureby taking a# asoperatorsin some

Hilbert space Sincewe want¢* to be Hermitianwe require

o, = (M, at, = (am)l

We need
[Pﬂ(t7 x)7XV(t7 ml)] = _7’6(3: - wl)nyua

Pluggingin the modeexpansionswe seethatthis is equivalentto the following com-
mutatorrelations

[z, p"] = in"” (5.17a)
[a¢n7 a;] = [dfru 6‘;] = m6m+n,0nm/7 (5.17b)

all othercommutatorbetweeng?, a¥, a# areequalto zero.

We can also quantizethe expressiongor H, L,,, L.,. In orderthey make sense
asoperatorsin someHilbert spaceswve will require (by analogywith the harmonic
oscillator)thatin ourrepresentation,, kills ary stateprovidedthatn is largeenough.
Thusthesum}_, ., am na, MmakessenselLet usset,for any operatorsd;, A; with
indicesin anorderedset/,

A, e i T2 (5.18)
v A;A;  otherwise. '

It is calledthe normal order for the compositionof operators Since[a., —n, a,] = 0,
we canrewrite L,,, m # 0, in theform

1
L, = 3 Z rab oy
NEZL

Thesituationwith L, is morecomplicatedsincea” ,, - a# do notcommute.Of course
weknow thate - o, =n + ok - o, sowecanwrite

—n

1 1
Ly = iagag,, + Za’in “Qpy + i(D —2)Zn
n>0 n>1
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Herewe get D — 2 becausavhenwe sumwith respecto p, the contritutionscorre-
spondingto 1 = 0, 1 canceleachother We shalldealwith the lastsumlater Now we
defineLo and L, by droppingouttheinfinite sum.

Similarly we definethe operatorsL,,,. Theoperatorsl,,, L., arecalledthe Vira-
som operators. Notice that L,, and L_,, (resp. L,, and L_,,) areadjoint of each
other

The expressiorof the Hamiltonianoperatoiis now straightforvard:

H:L0+i0+(D—2)in. (5.19)

n=1
Sincethelastsumobviously doesnot make sensewe regularizeit by setting

> 1

n=1
So,finally we get
H=Ly+ Lo — %, (5.20)

Fromnow on

1
_ u u
Lo = anaoﬂ + E o, 0ny
n>1

_ lapx §:~u ~
Lo = Qg oy + Qa_,Qny-

n>1

N =

Let usfind the commutatorelationsbetweenthe operatorsl,,. First we usethe
following well-known identity:

[AB,CD] = A[B,C]|D + AC[B,D]+ [A,C|DB + C[A, D]B.
This gives

[Om—k - Ak Qn_1oq] = Qi - [0k, Op—g] @ + Qm— O —g[tg, ]+
[Qm—k; Qn—1]ogouy + Qp_g[otm—kayloag = kbgj—nOm-_roq + kbg,—10tm k01 +

(m — k)&m,k,l,nalak] -+ [(m — k)ém,k,,lan,lak.
Herewe skip theupperindex u. This easilyimplies

1

[Lim, Ln] = 3 Z(ka’,;_kan_,_k,u +(m = k)og, i 0ku)-
k
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Changingk to k — n in thefirst sumwe obtainfor m +n # 0
(L, Ln] = (m —=n)Lyyq, if m+n#0.

Form+n = 0 wehaveaproblemsince}_, ., o/ oy, isnotdefined.Since[a” |, af] =
—k, we seethatthedifference

[Lm, L—m] = 2mLo + A(m)id
for somescalarA(m). Usingthe Jacobiidentity, we find that,for £ +n + m = 0,
(n —m)A(k) + (m — k)A(n) + (k—n)A(m) = 0.
Settingk = 1 andm = —n — 1 gives

(n+2)A(n) — (2n + 1)A(1)
n—1 )

Aln+1) =

Thisshavsthat A(m) = am® + bm for someconstants:, b. We will fix the constants
whenwe considerthe representationf the Lie algebrageneratedy a¥,, a#, in some
Hilbert space.

Exercises

5.1 Let Vect(S') bethe Lie algebraof complex vectorfields on the circle. Eachfield
is givenby a corvergentseries_,, ., ane™® L wherea, € C. Let L, = e’ L.

(i) Shawthat[L,,, L,;] = i(m —n)Lpim.

(ii) LetVir = Vect(S') @ C. Set

[(§;a), (n,D)] = (& nl, B(&,;m),

whereB is a bilinearform on Vect(S'). Shaw thatthis definesa structureof a
Lie algebraon Vir if andonly if B satisfies

B([¢,],¢) + B([n,¢],€) + B((¢, &l:m) = 0.

(i) Let B(n,m) = B(Ly,L,,). Shav that B(n,m) = 0 unlessn + m = 0 and
A(n, —n) = an® + bn for somea, b € C.

(iv) Prove thattwo bilinearforms B and B’ defineisomorphicLie algebradf and
only if B(n,—n) — B'(n, —n) is alinearfunctionin n.

5.2 LetC[t,t ] bethealgebreaof Laurentpolynomialsin onevariable.Forary P(t) =
Sopawt® € Clt,t7 1] let Re§P(t)) = a—_;. Definea bilinear form on C[t,¢ ] by
#(P(1),Q(t)) = RegQ%7).
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(i) Shaw that¢ is skew-symmetricandsatisfies
¢(PQ,R) + ¢(QR, P) + ¢(RP,Q) = 0.

(i) Let D = Der(C[t,t71]) = Clt,t"']Z be the Lie algebraof derivationsof
C[t,t']. Shav thatD & C is aLie algebrawith respecto the Lie braclet

dP dP

[(PEJGL (Qﬁa )]

dP _dP

(i) LetL,, = (—t™+14 0),c=(0,1). Shov that

1
[Lim, Ly] = (m —n)Lyyn + E(m3 — )0, —nC.

(iv) Shawthatary centralextensiorof theLie algebravectS*) with one-dimensional
centeris isomorphicto the Lie algebradefinedby thecommutatorelationsasin

(i)



L ecture 6

Fock space

Let g bealLie algebraoverafield F' with theLie braclet[a, b]. Recallthe construction
of the erveloppingalgebraii(g). It is anassociatie algebraover F' whichis universal
with respecto homomorphismg : g — A of associatiealgebrasuchthat f([a, b]) =

f(a)f(b) — f(b)f(a). It is constructedhsthe quotientof thetensoralgebra

U(g) = T(9)/1 = (BT (9))/1,

wherel is the ideal generatedy elementsa ® b — b ® a — [a, b], wherea,b € g.
For example,if g is acommutatve Lie algebra(i.e. [a,b] = 0 for all a,b € g) $(g) is
isomorphicto thesymmetricalgebraSym(g), i.e. afreecommutatvealgebragenerated
by thevectorspaceg ( isomorphicto the polynomialalgebrain variablesindexedby a
basisof g). In generalil(g) hasabasisconsistingof orderedproductsey, ... ej, ,j1 <
... < jr, Where(e;);c1 is anorderedbasisof thevectorspacey.

Recallthata linear representatiorof g in avectorspacel is ahomomorphisnof
theLie algebrag : g — EndV), wherethelatteris equippedvith astructureof aLie
algebraby setting[A, B] = Ao B — Bo A. WesaythatV is ag-module.By definition
of the erveloppingalgebrajthis is equivalentto equippingV” with a structureof aleft
moduleover $4(g). This allows usto extendthe terminologyof the theoryof modules
overassociatie ringsto modulesover Lie algebras.

An exampleof a linear representatioris the adjoint representationad, : g —
End(g) definedby ad, (a)(z) = [z, a]. Thefactthatit is alinearrepresentatiofollows
from the Jacobiidentity [z, [y, 2]] + [y, [2, z]] + [2, [z, y]] = 0.

An ideal [ in a Lie algebrag is alinear subspaceuchthat|a,b] € [ for ary a €
g andary b € [, or, equialently, a submodulein the adjoiont representation.An
exampleof anidealin g is the commutatoiideal [g, g] generatedy the commutators
[a,b],a,b € g. A noncommutatie Lie algebrawithout non-trivial idealsis calleda
simpleLie algebra.

We will be mostly dealingwith infinite-dimensionalLie algebras. An example
of suchan algebrais a Heisenbeg algebra. It is characterisedby the conditionthat
its center(the set of elementscommutingwith all elementsin the algebra)is one-
dimensionabndcoincideswith the commutatorLet [ bea Heisenbey algebraandlet
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z beabasisof its centerl’. We definea bilinearalternatingform (, ) on[ by

[a,b] = (a,b)z.
Its kernelis equalto I', andtheinducedbilinearform onl = [/I' is nondegenerateFor
example,if lisfinite-dimensionaldim [ = 2k andl hasabasis(es, ... ,ex;e—_1,... ,e_g)
suchthat

(eise—j) = dsj, (eir€5) = (e—i,e—;) =0, 1<4,j<k.
Thusl is completelydeterminedy thecommutatorelations
[ei,e_]-] = 5i7jz. (61)

Soall Heisenbeg Lie algebraof the samedimensionareisomorphic.
If [is infinite-dimensionalye assumedditionallythat( is Z-graded i.e.

[ = @nEZ[ny
whereeachlinearsubspacé, is finite-dimensionaland
o=V, [l Clutm.

Let

[+ = @n>0[n; L= 63n<0[n-

It followsthat

[, ] =[,0]=0

andthe bilinear form on [ restrictsto a non-deyeneratealternatingbilinear form on

eachl, @ [_,. Thuswe canchoosea basis(e;)icz, in [4 andabasis(e_;)icz_ in

[_ suchthat! is determinedby the commutatomrelationsasin (6.1). Togetherwith

[2,ei] = [2,e—;] = [#,2] = 0 thesearecalledthe Heisenbeg commutatorelations
Noticethat

by =l ®Il¢

aremaximalabelianLie subalgebrasf [. Consideralinearrepresentatioof b, in the
one-dimensiondinearspaceF’ definedby

pa(2)(1) = a, pa(l4)(1) =0.

Herea € F is afixed parametenof the representationNow we candefinea linear
representationf thewholeLie algebral by takingtheinducedrepresentation

V(a) = |nd£+ (pa) = Ll([) ®Ll(b+) F.

Recallthat for any left module M over an associatie F-algebraB the extensionof
scalarof M toaB-algebrad isaleft A-moduleA® g M definedasthequotientlinear
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spaced ® M /T, whereT is thelinearsubspacspannedy tensorszb ® m — a ® bm
withb € B,a € A,m € M andmultiplicationa - (¢’ ® m+7T) =aa' @ m+T.

We canidentify (b ) with the algebraof polynomialsF[to, t1,t2,...] in vari-
ablest; correspondindo thebasis(z, e1, . .. , en, . ..) of b. Similarly we identify $4(I)
(asalinearspace)with thelinearspaceof LaurentpolynomialsF. .. ,t_1,to, t1,---]-
Howeverthemultiplicationis different;

tit_; =t_;t;i+to, 1>0, (6.2)

andary otherpair of variablescommutesThe F'[to, t1, t2, . . . |-modulecorresponding
to the representatiom, is the quotientalgebraof F[to, t1,t2,...] modulotheideal
generatedy ¢y — a,t1,t2,.... Letusfirst describethe inducedmoduleV (a) asa
linear space. A monomialt;, ---t;, of degreek in F[...,t_y,to,t1,...] is called
normallyorderedif j; < ja < ... < ji. Forany monomialt;, -- - t;, write

Pip ety = tjl "'tjka

wherej; < jo < ... < g and(iy, ... ,ix) = (Jo@), - - - »Jo(k)) fOr somepermutation
o € Sk. Usingtherelations(6.2), we canwrite

ti - ti, =1t -+t : + normallyorderedmonomialsof degreelessthank.

We call the above the normal ordering decompositiorof the monomialt;, - - - ¢;, and
writeit asn.o.dt;, - - - t;, ). Forexample thenormalorderingdecompositiomf ¢ _a¢1¢_1
is equalto

t_ot1t_1 =1t _ot_1t1 +t_otg =: t_ot1t_1 : +t_otp-

Obsenrenow thatif in anormallyorderedmonomialt;, - - - t;, theindex iy is positive,
the cosetof ¢;, - - - t;, ® 1 in theinducedmoduleV (a) is equalto ¢;, - - - t;, ® t;, - 1
andhenceis zero. If the monomialis equalto t;, - - -t;, to thent;, ---t;, to ® 1 =
at;, ---t;, ® 1. This shavs that V' (a) hasa basisconsistingof elementsl ® 1 and
ti, -+~ ti, ®1, wherei; < ... <14, < 0. Thisallowsusto identify V'(a) with thelinear
spaceF[t_i,t_a,...]. We have anisomorphisnof linearspaces

V(a) = Sym(l_). (6.3)
Thevector
0y:=1®1
is calledthevacuumvector Thestructureof asi(f)-moduleonV (a) is givenby

27T (t—il ety ® 1) = n'o'dtjl 7T A "'t—ik) ®1l=

n.o.dtj, -t -t_s ---ti_,)|0).
NotethatV (a) carriesa naturalgradingdefinedby
deg(l;, -+ 1;,) =d1 + ... +ig,
wherel; € [_; anddeg |0) = 0.
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Remark6.1. More explicitly therepresentatio (a) of [ canbedescribedasfollows.
We identify V' (a) with the polynomial algebraClz; ,z2,...] andassignto e;,i >
0, the operatora%i, toe_;, 7 > 0, theoperatorz; : p(z) — z;p(z), andto z the
scalaroperatoraid. Then[aizi,mj] = id andhencewe getarepresentationbvioulsy
isomorphicto V (a).

Thereis aninnerproductonthespacéd/ (a) definedasfollows. Let E beary linear
spaceover afield of characteristi® equippedwith a symmetricbilinearform g. First
we definethebilinearform in T"(E) by

9" (1 ® ... Q Uy, w1 ® ... wy) = g(vi,w1) - - g(Vp, wy)

andthen extendit to the whole T(E) = @,T™(E) by requiring that T"(E) and
T™(E) aremutually orthogonal. Using the polarizationprocesswe identify S™(E)

with S (E*)* equalto the subspacef symmetrictensorsn T"(E) = E®" andthen
restrictg®” to S™(E*)* to getasymmetricbilinearform synf*(g). Onecanshaw that
this innerproductis non-deyeneratéf g is non-degyenerate Recallingthe polarization
isomorphismwe seethat

1
Syrrp(g)(en -+ €4y €4y -t 'ejn) = E Zg(eiueo'(jl)) .- 'g(einaea(jn))a (64)
o

wherethe sumis takenwith respecto all permutationf n letters. Herewe identify
Sym(E) with the spaceof polynomialsin abasis(e;) of E. This definesa symmetric
bilinearform sym(g) on Sym(E). Following the physicsagreementve shalldrop %
in thisformula. A similar constructiorcanbe givenfor any hermitianbilinearform. In
fact,if we choosea positive definitehermitianform on E we cancompletethetensor
algebral'(E) with respecto thecorrespondingiormandobtaina Hilbert spacel'(E).
This spaceds calledthe Fock spaceassociatedo the unitary spaceE. The completion
of the subspace&Sym(E) is calledthe bosonicFock space Similarly we canrestrict
ourseheswith the exterior algebraA(E) identified with the subspacef alternating
tensorsn T'(E). Its completionis calledthe fermionicFodk space We will dealwith
it later

We apply the constructionof the Fock spaceto the Heisenbeg algebraover C by
taking E = [_, wherel_ is equippedwith astructureof aunitary space.

Let usconsiderthe Lie algebrag with alinearbasisl,a®,n € Z,u=1,...,D
with Lie braclketdefinedby commutatorelations(5.17b):

[af; 0] = Mbmyk 0™, (6.5)

Let [ be the gradedHeisenbeg algebraover C with dim [, = D for all n # 0. Let
(e#),p=1,...,D, beabasisin [,, suchthat,for ary n > 0,

[eh, em] = Om,nn™" 2.

Considerthe direct sumof Lie algebrag? = [ & a, wherea = R” is viewed asan
abelianLie algebraLet (ef) beabasisof a. | claimthatg is isomorphicto [P. To see
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thiswe definethelinearmap f : [° — g asfollows.

ol ifn#0;
Fet) =4 Lot ifn#0,u#to0; (6.6)
ab if n=0,

and f(z) = 1. It is clearthatthis is anisomorphismof Lie algebras.We call [” the
oscillator algebra of RP. Let V' (a) be the linear representatiomf the subalgebrd
generatedy z,e;,¢ # 0 describedabore. We can extendthe representatiorno the
wholel[? by setting

p(€5)10) = Aul0)

for somel* € R. Sinceel| belongto the center it definesthe representationWe
denotethe obtainedrepresentatioiy V (a; A), whereX = (Aq,... ,Ap) € RP. Itis
morenaturalto consider\ asalinearfunctionontheideala of [” generatedby ef’s so
that), = A(ef)). Wewill beinterestednly in representationsorrespondingo a = 1
sothatwe setV(A) = V(1; A). Its vacuumstateis denotedby |A\). Recallthatwe can
write ary elementof V(\) as

le(A)) := eﬁll’,’,’f;; o/fkl ...a’“_”"kn [A),
wheree = (ey,,... u. (k1,... ,kn)) is atensorsymmetricin lower andupperindices
definingalinearmapS™(I_) — S™(R?) with finite-dimensionakupport.It is called
alLorentzpolarizationtensor Fix k = (ki,... ,k,) € Z<o andset
le(X k) = e(Askay ... L kp) = Z eﬁi:'.'.'.:ﬁjl a‘ilkl ...a’i"kn [A).

1<pi<...Spa=D

Let us definethe inner productin V()). We may assumehat |} is of norm 1.
Recallthatwe wantthe operatorsy)’ anda” ; to beadjointto eachother Then

(@ IN), a2 |A)) = (afak ;I\, [A) = ((@2;af + joizv"")|N), |N) = joivh”.

Sowe seethat%ﬁaﬁ"p\) form anothonormabasisin Minkowski senseln particular
the vectorsa® ,,|\) have squarechorm equalto —n. Following the discussionabove

we canextendtheinnerproductto thewhole V(). Two differentmonomialsn o ;’s
areorthogonaknd

[y, - o [N = Ei... kn,
if all k1, ..., k, aredistinct. We leave to thereadetto dealwith thegenerakase Note
that,for ary k € Z, ande = (e1,... ,ep) € R,

lle(Xs BM | = Elle]| = e (6.7)
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Remark6.2. OnecandefinetheLie algebra? andtheFockspacé/ () in acoordinate-
freeway. Let E beavectorspaceoverafield K equippedvith anon-dgyeneratesym-
metric bilinearform (z,y). An elementof [(E) = K[t] ® E canbeinterpretedasa
finite linear combinationof tensorsy,, ® t", v, € E,n € Z. ConsidertheLie algebra
with generators,, ® t", z, wherez is central,satisfyingthe commutatorelations

[Vm ® ™, v R 7] = M(Vn, U )Om,—n 2. (6.8)

If E = RP is the Euclideanvectorspacepy choosingan orthonormabasisin E, we
seethat[(E) = IP. Onedefinesthe Fock spaceF (E) = Symt K[t~ ! ® E). Its
elementsrefinite linearcombination®f tensory_,,, ... v_p, @t ", N1 +...+np =
n>0,0_p, ...V_n, €Symt(E). Theinnerproducton F(E) is definedoy extending
thebilinearform (v, ® t™, v, ® t™) = (vn,vy) ONt LK[t~! ® E to the symmetric
product.ThelLie algebra(E) hasarepresentatiom F(E) by definingv,, ® t™ to be
theadjointof v_,,, ® t—™ for m > 0 andlettingv_,,, ® t—™ actby multiplication:

Vo @t (Vg o Uy, @) =V Uy - - Vg, @ T
Alsoweletvy ® 1 acthy
Vo ®1(V_py - Vp,, @ ™) = A(vo),

where) : E — K is afixedlinearform. It is easyto seethat,in thecaseE = R”, we
getarepresentatiorsomorphicto V().

Thereis one moreimportantrequirementon the spacesl/ (). The Lie algebra
of the Poincae group P of the Minkowski spaceV = R“P~! musthave a linear
representationn thesespaces.Recallthat P is the semi-productof the translation
group V' andthe orhogonalgroupO(D — 1,1). The Lie algebraof P is the direct
productof the abelianalgebral’ = RP andthe algebraof matricesA = (a*¥) €
Mp(R) satisfyingn,,a”” + a”*n,, = 0. It hasasetof generatorg;,i = 1,...,D
ande;;,1 < i < j < D, satisfyingthecommutatorelations

[61',6]'] =0,4,5=1,...,D, (693.)
[ejk, €] = njiex — Nri€; (6.9b)
[eij, ekl] = Njk€il — Nik€j1 — Nji€it + Nir€jk (6.9¢)

Heree;; correspondso thematricesEl;; — eE;;, wheree = 1if ¢ #1and—-1if ¢ = 1.
Definethe operators

o0

1
JW = ghp’ —g'p* — iy (o o —a¥, ot 6.10
zhp” — z¥p ln§:1n(a7nan a?,an) (6.10)

Thenonechecksthat

[p*, J"P] = —ig"Vp? + intPp”
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[JIW7 Jp/\] — —in””J"’\ + inupjvk 4 in”‘J”” _ mu/\JVp_

This shows thatthe correspondence, — p*,e,, — J*¥ is arepresentationf the
PoincaéLie algebran theFockspaced/ () (onehasonly to replacehecommutators
[,] with i[,]).

Heretheoperatorse*p” — z¥p#* correspondo thematricese;; in thenaturallinear
representationf so( — 1,1) in the spaceof vectorfieldsin R? asthe vectorfields
MY = gt 8‘9V —z 3 Wecanwew astatele(\; k)) € V(\) asapolynomialfunction
on Syn*(I_) with valuesin Synf*(R?) so thatthe vectorfield £#¥ actsnaturallyon
suchstates.The translationpart of the Lie algebraof the Poincaé groupactsvia the
operatorp*.

Remark6.3. Recallthatanirreduciblelinearrepresentatio’” of the Poincagé groupis
describedvy thefollowing data.First onerestrictsthe representatioto thetranslation
subgrougdl’. Sincethelatteris anabeliangroupthelinearspaced/ decomposemto the
directsumof eigensubspacés,, x € T*, whereV, = {v e V : ¢t-v = x(¢t)v,Vt €
T}. The LorentzgroupG = SO(n — 1,1) actson T*. It is easyto seethat the
set{x € T* : V,, # {0}} isanorbit O of G. Let H betheisotropy subgroupof
somey, € O. Thentherestrictionof the representationo H definesanirreducible
representationf H in V,,. Now thenaturalactionof G onO = G/ H lifts to anaction
onthevectorbundleE = G x? V,, = G x V,,/H, whereH actson the productby
h-(g,v) = (gh, h~'v). Thereis anaturalactionof G onthe spacel'(E) of sections
of this bundleandthe representatioft’ is realizedasanirreduciblesubrepresentation
of T'(E).

For example,considerthe irreduciblerepresentatio’ which containsa vacuum
vector|\). ThetranslationgroupT actsvia the operatorsy). This shawvs that|)) is
aneigervectorcorrespondingo the charactet\ € (R”)*. This shows thatthe fibres
of the vectorbundle E areone-dimensionaandthe groupH = SO(n — 1,1), acts
identicallyonthefibreover A € O = SO(n — 1,1) - A. Thusthe datadescribingthe
representatioronsistsof the orbit of A determinedby ||A||? (if the normis positive
thenthegroupSQ(n — 1,1), = SO(n — 1) is compactjandthetrivial representation
of SO(n — 1,1). Physicistsaythat|\) transformdike a scalar

We candefinethe similar spacel’ (\) correspondindo right movers. Its vacuum
stateis denotedy | \) . Thenwe considetthetensomproductl’ (A\)@V (\). Its vacuum
stateis |A\) L ® |A)g.

Its vectorslook like this

k1, kn;h,...,lm
Hl, sHn V150 sVm

a‘ilkl OL k |)‘)L ® afsl . dli";m |)‘)R7

wherek, <k, 1 <...<k;ands,, <s, 1 <...< s andthepolarizationtensor

€ = (e s )

is symmetricin ¢ andv (resp.in k; andl;) separately
Onedefinesthe normon V() similar to thenormon V'()) andthengetsa non-
degeneraténner producton V' (\) ® V(). Finally we completethis spaceto getthe
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Fodk spaceof the closedbosonicstringtheory

F closed = V ®V
AERP

Finally, let usseethe representatioof the Virasoroalgebrageneratedby the oper
atorsL,, (resp.L,,) in thespaceV (\) (resp.V (X)). Recallthat

1 ~ 1 ~
Lo = 50{50[()” + J\f7 Lo = §Oég(lou + N,

where

— iz V — Iz
N = E o ony, N= g ol  any.

n>1 n>1

_ iz T iz
Lm_z b O, Lm—E o0y, m#EQ

n>1 n>1

TheoperatorsV and N arecalledlevel operators. It is easyto checkthat
N - alil/h .. .CKL_L"kn |)\>L = (k’l +...+ k’n)a‘ilkl .. -Oélf;gnl/\)L

andasimilar formulaholdsfor N.

Recallthat[Ly,, L,] = (m — n)Lyn + A(m)id. We have to find the constant
A(m) = am? + bm.

Oneapplies[L,,, L_,,] to somegroundstateso computetheseconstantsNotice
that

L |\ = Zal 0N =0, m>0 (6.11)
neEZ
1, 1,
Lo|A) = 5 agaou|A) = SIAITIA) (6.12)

Also

LX) = ZO‘ 1—nCnp|A) = ( fraou +aga—1,)|A) = Aualy|A).
nEZ

Herewe usedthattheoperators.,,, andL_,,, areadjointto eachother Thus
1
(AIL1L_1|A)) = (L-1]A), L1 |A) = le%fizozo”IA)II2 = A N2 = [IA1%,

andwe obtain

(Al[L-1, La]IA) = A[Loa Ly X) = [|A]? =
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(Al(2Lo + A(D)id)|X) = [IA]*(1 + A(1)?).

ThisgivesA(1) =a + b= 0. Also

1
AL2Lo|A) = [[L2M)[* = 711202 00, + 02 ja 1, V) =

1 1
lla 300, MI* + 71l s a1 WP = 2|IAII” + 5D
Herewe used(6.7)and

llo a1, MI* = (ewaf e am,|A) = (o, (o + 7*)a1u|A) =

A aapa_1y + arpa o a1, [Ny = (A2nuuoapa1,]A) = 2n,,m** = 2D.
Thus
(Al[L2, L-2]|A) = (A[L2L—2|A) = (A|4Lo + A(2)id[)) =

1
2" + A2) = 2|\[[* + 5 D-

This gives A(2) = 8a + 2b = 6a = 3D, hencea = D/12. Finally we obtainthat
for all m,n € Z,wehavethefollowing commutatorelationfor the Virasorooperators
actingin thespaceV/ (\).

1
[Lin, Ly) = (m = n) Lyt + ED(m3 —M)0m,—n- (6.13)

Exercises

6.1 Let[ = @,l, be agradedHeisenbeg Lie algebra. Let Sp(l) be the symplectic
groupof linear automorphism®f [ which presere the alternatingfrom (z, y). Con-
structalinearprojective representaioof Sp(I) in thespaceP(V (a)) whichis compat-
ible with therepresentatioof [ in V (a).

6.2 Computethe normof the stateLs| ).
6.3 Computethenormof ary stateo/jlk1 ... O‘Tkn [A).

6.4 Let p(n) denotethe dimensionof the spaceof eigervectorsof thelevel operatorN
with eigervaluen. ComputethegeneratingunctionTr(¢™V) = Y7, p(n)¢™. Explain
thenotation.
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L ecture 7/

Physical statesfor bosonic string

The expressionfor the Hamiltonianprovidesthe mass-squard formula. Recallthat
in the specialrelativity theorythe massis definedasthe negative of the norm of the
momentvectorin the Minkowski space-time Let us explain it. We usethe metricin
thespace-tim&* with coordinateszo, z1, z2,73) = (zo,x) definedoy dz? — dz? —
dz3 — dz3. Herexo = ct, wheret istime andc is aconstanequalto the speedf light.
To describehe motionwe usethe Lagrangiandensity

2
L =-mey/c®— [x/?dt = mc®y[1 - Z—zdt,

wherex’ = %,x = (z1, 2, 23) andm is aconstantalledthe mass Theenegy and

themomentfor this Lagrangiarareequalto

. 0L 9 v?
¥ =mc”/ 1—0—2,

i=1,2,3,

v2

—-

E =p'e; — L = mc?/ 1—c

We have
E? — 2|p|? = m2ct,
soif we set
P = (E/c,p'[c,p*[c,p’[c),
we obtainthat
m? = —|[P|?,

wherewe usethe Minkowski normdefinedby the matrixdiag—1, 1,1, 1]. Thevector
P is calledthe total momentunvector. In our situationP = (p', ... ,p”) sowe can
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definethe quantummass-squaropetator by

4 o~
M? = —pp,®1—-1@plp, = —l—2(aga(m ®1+1®dfag,).

We shallscalethemasseso assumehat/? = 8 sothat
M?=(-Ly+N)®1+1® (—Lo + N).
Thusthe mass-squaref thegroundstate|A) ® |\) g is equalto
—AP =22 A5 4. =)

Recallthatin the pre-quantizedheorywe hadVirasoroconstraintd,g = 0. It follows

from (5.15) thatthe analogsof theseconstraintdn the quantumstring theoryarethe

conditionsthat L,,1p = 0 for ary elementy of the Fock space. However, because
[Lp,L_p] = 2nLgy + cid, this would imply thaty = 0. Thuswe have to require
that L,,vb = 0 only for positve m and Loy = a3y for some), andsimilarly for the

operatorsL,,. We set

ForysA) = { € F(N) : Lpp =0, m > 0,(Lo — a)p =0} (7.1a)
ForysA) ={ € FN) : Lpp =0, m >0, (Lo — a)yp = 0} (7.1b)
‘}-Sﬁilssed: G9)\6(]1217)*]:phys(/\) b2y ﬁphys()\)- (7.1C)

A statesatisfyingtheseconditionsis called physical Also for ary state¢ anda
physicalstateg, we have

<¢|L—nX> = <Ln(¢)|x> =0, n>0

Thustheintersectiorof Fpnys With the sumFspur = ®n>o0L_,(F) belongsto thenull-
spaceof Fonys Theelementsof this spacearecalledspuriousstates TheHilbert space
which we wantwill bethe quotient

closed __ closed closed
FE= Fonys / FspurN Fonys -

Note thatthe operators/#¥ definedin (6.9) commutewith Virasorooperatorssothat
thePoincak Lie algebraactsin the space®f physicalstates.

Remark7.1. An abstract_ie algebrais calleda Virasomo algebra if it canbe defined
by generators, I,,, n € Z with commutatorelations

3
[y In] = (M — 1)y + — = =
It canbe shavn thatary ary Lie algebraobtainedas a centralextensionwith one-
dimensionakenterof the algebraof vectorfields on a circle is isomorphicto a Vira-
soroalgebra.A representationf the Virasoroalgebrain a vectorspaceV is calleda
representatiomvith highestweighta andchagec if z actsasa scalaroperatorc idy
andthereexistsavectorv (calleda highestweightvector) suchthat

Om,—n2, [2,ln] =0.

lnvg =0,m >0, logvg = avg.



71

A universalrepresentatiomith this propertyis calleda Vermamoduleandis denoted
by V (a, ¢). It canbeconstructedy usinga similar constructiorasthe representations
V' (a) we constructedor a Heisenbeg algebra. One considersthe subalgebraVir ;.
generatedy the operatorsl,,, m > 0, thendefinesa one-dimensionalepresentation
by Ly-1 = a, L,,,-1 = 0,m > 0 andfinally takestheinducedrepresentatiofl(Vir) Qvir
C. Its elementsarelinearcombinationf monomialsL_,,, ... L_,, vo With positve
n;'S. Any irreduciblerepresentatiomwith highestweighta andchagec is isomorphic
to a quotientof V(a,c). So, we seethat eachnonzeroy) € Fpnys(A) generatesa
representatiorspaceV, for the Virasoroalgebrawith highestweight a and chage
¢ = D. lts highestweightvectoris 1. As we have seenbeforeary physicalstateé
belongsto V;".

Sinceall physicalstatesare eigervaluesof Ly with eigervaluea, we obtainthe
mass-formuldor physicalstates:

M? = —(2Lg — 2N) = 2N - 2a. (7.2)
Let usseewhich groundstatesn F¢°s¢darephysical.Since
1
NN =0, Lp-|A)=0, m>0, Lo\ = §|A|2,

and the sameis true for the right mode operatorsL,,, we seethat the ground state
[A) = |\ ® |A) g is physicalif andonly if

|/\|2 = 2a. (7.3)
For this vacuumstate
M?|\) = —2a

We shallseefrom the next discussiorthata mustbeequalto 1. Thusthevacuumvec-
torshave negative mass.Suchstatesarecalledtachyons(they travel fasterthanlight!).
The existenceof suchstateswill force usto abandorbosonicstringsandconsidersu-
perstrings.

Let uslook for ¢ € Fonys(A) of level 1. Eachsuchy hastheform e,a”; |\). We
have

Loy =a 1000 =€, A, Lpyp=0,m>1, Ly= (%|)\|2 +1)
Thusy is physicalif andonly if
e =0, [N?=2a-2. (7.4)
If a > 1, we maychoose\ = (0,1,0,...,0), andthene = (1,0,...,0) satisfies
(7.4)but ||| = |e|* = —1. This meansthatwe have ghosts i.e. statesof negative

norm. This shouldbe avoidedsincethethe quantunmechanicslealsonly with Hilbert
spacesvith unitaryinnerproduct.Thisforcesusto takea < 1.
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If a < 1, wemaytake A = (1,0,...,0) ande = (0,€1,... ,ep) SOwe have
D — 1-dimensionalspaceof physicalstatesof positve norm and no statesof non-
positive norm.

If a = 1, wemaytake A = (1,—1,0,...,0) andhenceey = ¢;. This shows that
we havea (D — 2)-dimensionabkpaceof statef positive normanda one-dimensional
spaceof statesof norm0. ThestateL_;|\) = A\, a", is spuriousandis physicalif
A2 = A M = 0. Thus,if a = 1, Fpnys(A) containsa one-dimensionaspaceof
spuriousstatef normO0. Factoringthis spaceoutwe geta (D — 2)-dimensionakpace
Fonys(A)/ Fspul A) N Fpnys(A), eachelementof which canbe representedhy a stateof
positive norm. Sofar, wefind thata < 1 andnorestrictionon D appears.

Letx = >, ¥ ® ¥; € Fphys(A) ® Fphys(A), wherey; € Fonys(A), 95 € Fphys(A).
Applying Ly ® 1 we seethat Lyy); = a andapplyingl ® L, we seethat Lye; = a.
Thisimpliesthat N4; = N1);. Hence

Hlyeee sPhniVyees s Vim 41 Hn

— ~V1 ~Vn
X = €y ke ol el A cLalm (),

wherek; + ...+ kn = 81 + ... + ;. Letuslook atthe physicalstatesn Fg2seq\)
of level 1,i.e. Ni) = Ny = 4. They areof theform

) = el &74|N).
We have
Ly = afayu(epat 1@ |N) = €A @ (|A), Ly =0,m> 1. (7.5)
Similarly,
Liyp = € X" | |N), Ly =0,m> 1. (7.6)
Also Loy = Lty = (3|2 + 1)3, sothat
[A? = 2a — 2. (7.7)
In view of (7.5)and(7.6), we get
€A =€, A =0.
Thenormof the statey is equalto
N = eueiin™n?” = € €.

If A = 0, we have norestrictionon ¢, andhencewe have physicalstatesof negative
norm. SoA # 0. If a < 1, we mayassumehat\ = (1,0,...,0) sothategg = 0
guaranteeshat) is physical. But if we takee;; = 0 for 4, j # 0, we geta stateof
negative norm,aghost.So

a=1.

If X # 0, we mayassumehat\ = (1,—1,0,...,0), andthenthe conditionis €;o =
€i1,€0; = €14, = 0,...,D — 1 sothatthenormis equalto Eu »>9 efw. We seethat
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all physicalstatesareof nonngative norm. The statesof zeronormsatisfye,, = 0 if
w,v > 2.

Notethatthestatesl je,G” ;|\ = A, e,0f @ |\ andL_ym,a®  [A) = Ae,a” @A)
are spurious. Since|A\|? = 2a — 2 = 0, thesestatesare also physical because
A2 3, €u = [A? X2, mu = 0. It is easyto seenow thatary physicalstateof norm0
is spuriousandwe canfactorit out. Thuswe obtainthatfor ary non-zerdight-like A
thespace?—'c"’sed()\ is of dimensionD? — 2D — 2D = D(D — 4) andall its elements
canbe representedy physicalstatesof positive norm.

For ary A of norm 0, the spaceof solutionse = (e, ) of (7.5) and(7.6) is the
directsumof one-dimensionapaceof matriceswith nonzerarace the1 D(D — 1) —
1-dimensionalspaceof trace-lesssymmetricmatricesand £ D(D — 3)-dimensional
spacenf antisymmetrianatrices. Thecorrespondinghysicalstatesarecalleddilatons
gravitonsandanti-symmetri¢ensos. Thesearemasslesparticles(i.e. M2y = 0).

Let usgo to the secondevel, i.e. considerthe physicalstatesin Fpnys(A) of the
form

1/} = euyalilalill)\) + nua‘izl)‘%
wheree;; = €;;. We have

Ly - w (O‘Oalp + « 1a2u)¢ = 2(6pu/\y + T’u)alil|/\) =0,

1
Ly - |e,A) = (abas, + 2(1{‘(11”)1& ( +2X,m")a” |\ =0,

1 .. 1
Loy = §|/\|2¢ +2= (§|)\|2 +2)y.
Thisimplies

€A’ +m, =0, €, +2\,n" =0, (7.8)

A =2a—4=-2.

Thenormof this stateis equalto 2\, where

N = e +nm' =€ =2 €, + > €, —m+ Y

v>0 w,v>0 n>0

Choosea systemof coordinatesn R” suchthat\ = (c,0,... ,0),c? = 2. Using
(7.8)we caneliminaten;’s andegg sothat

NZ_i(ZCii)z‘*‘ . 612]" (7.9)
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Applying the Cauchy-Schwrzinequality we obtain

25 D_]-Dfl 25 D_26D71 )
i,j=1 =1 i,j=1,i#j =1

Thus,if D < 26, all statesareof non-ngativenorm.If D > 26, thestatey with ¢;; =
1, > lande;; = 0,4,j # 0,7 # j hasthenormequalto (D — 1)(—D + 26)/25 < 0.
Now if we take a physicalstatey from ﬁphys()\) of level 2 andof positive norm, then
¥ @ ¢ is anelementof F59{\) of negative norm. Sowe have ghosts.If D = 26, a
stateof zeronormmustsatisfye;; = 0,4,7 > 1,¢ # j. Thestates

c
Lfl(eua’hll)\)) +cL 5|A) = (e + §5W)O‘lilalil||)‘> + c/\Ma’12|/\)

are spurious. It is easyto seethat any norm 0 physicalstateis equalto a physical
spuriousstate.Sowe canfactorthemout andobtainonly the spacewith only postive
norms.Thuswe have shavnthatD < 26.

The proofthat D = 26 consistsof analyzingstatesof the next level. We skip it.
Theresultthat]-"gﬁi,sse"doesnot containghostsif andonly if a = 1, D = 26 is called
theNo GhostTheoem It wasprovenby R. Brower, P. GoddardandC. Thorn.

Obserethata = 1 andD = 26 agreeswith the definition of the Hamiltonian
operatotH = Lo+ Lo — % usingtheregularizationof thesumy_ > | n. Sophysical
statessatisfy Hy = 0.

Remark7.2. One canshow that one canchoosea subspacén fg}]‘if'sed invariantwith

respecto SO(24) suchthatits stategepresentll statesof positve normmodulospu-
riousstates.Thisis achiezedby a “light-cone gauge”which consistsf fixing thefirst
andthelastcoordinatep* of thestring. ThegroupSQ(1, 25) actsin thespacen Fcosed
viaits inducedrepresentationThusffr'ose"definesa linearrepresentatioof thegroup
S0O(24). It alsoleavesthe homogeneoupartsinvariantandhencedefinesa finite di-

mensionakepresentation eachspaceof givenlevel. Elementsof this spacewhich
belongto anirreduciblecomponentireinterpretecaselementarparticles For exam-
ple, the anti-symmetridensorsof level 1 definethe adjointrepresentationf SO(24).

The dilatonsdefinethe trivial representatiomnd gravitons definethe standardepre-
sentatiorof SO(4) onthespaceS?(R?**).

Exercises

7.1 Find physicalstatesof level 2 in the Fock spaceof a closedbosonicstring.

7.2 By analyzingphysicalstatesof level 3 in F()) finish the proof of the No Ghost
Theorem.



L ecture 8

BRST-cohomology

We shalldiscussanothermpproachio definingphysicalstatesvhichis calledthe BRST
quantization In this approachoneintroducesan operator@ in a Fock spaceF of a
givenstringtheorysuchthat@? = 0 and

FPe = Ker(Q)/Im(Q) (8.1)

We shall start with reminding the definition of the cohomologygroup of a Lie
algebrag with coeficientsin its linear representatiorV. Let F = A(g*) ® V be
the tensorproductof the exterior algebraof the spaceg* andthe spaceV. This will
be an analogof our Fock space.If g = Lie(G) for someLie groupG, thenF can
beidentifiedwith the spaceQ of left-invariantsmoothdifferentialforms on G with
valuesin thetrivial vectorbundledefinedby the spacel. Let (e;) beabasisof g and
(fi) bethedualbasisof g*. LetC™(g, V) = A™(g*) ® V sothatF = &2 ,C"(g,V).
Elementf C™(g, V) arelinearcombinationf the decomposableensors

fu N .ANfi,®v, 11 <...<i@, vVEV
Let usassignto f; the operatora® = f;A andto e! the contractionoperatora; =
suchthateei (fiy A .- A fi, ®v) = (=) fiy Ao fio o A fi, @ vif i =iy, for
somek and0 otherwise.If g = Lie(G) the operatora’ is the exterior productwith

the differentialdz; anda; = a%,-- Herez,... ,z4im 4 arelocal coordinateson G
correspondingo thebasis(b;). We have

{a',a;} = 6;j, {ai,a;} ={a',a’} =0.
Here,for any associatie algebrad andz,y € A,
{z,y} =2y +yz

It is calledthe anti-commutatoor the Poissonbradket
Thestructureof g is determinedy theconstants:fj suchthat

[e:, ex] = cfjek.

75
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Let K; = p(e;). Definethe BRSToperatorin F by
) 1 o
Q= Za’ ® K; — 3 Z cfja’a]ak ®1eEndF V).
i i3,k
Lemma8.1.
Q*=0

Proof LetA; = a' ® K;, Ay = cfja"ajak ® 1, wherewe skip the summatiorsign.
We have

A} =d'd @ K;K; +a'a" ® K;K; =
Zaiaj ® (KIKJ — KJKZ) = Z ata’ ® ijKs.
i<j i<j
Also
1 . . . .
A1As + A A; = —§(a’a7akat + a’akata’) ® cz-kK,-.

Usingtheanti-commutatorelationswe seethata’a’ a*a; +a’a*fasa’ = 0 unlesgt = i.
In thelattercasea’a’a*a; + a’a*a;a = a’a*(a'a; + a;at) = a’a* sothat

1 . , , ) .
A1 As + A A = —i(c;-kajak + ckjaka]) QK; =— Za’ak ® c;-kKi.
i<j

Herewe usedthatcfj = —c;?i anda’a*® = —a*a?. Thisshavsthat A2 + 4; Ay +
Az A; = 0. It remainsto shav that A2 = 0. We have

4A2 = fz'k;' Matalagatala, @1 = fz'k;' M (a'd’ apa’atany, + a’alanmatalay) ® 1.
If k& # s,t,m # 1, j, theexpressionin thebracletis equalto zero.So

) o o
443 = fz.’g.f,?tl(a’ajakakatam +d*atanata’ar) ® 1+

k rm k

o X o
i fsk(@'d’ara’a”am + a’a”apa’a’ay) ® 1+

—}—f,'ﬁljfs’? (a™a’ara’ala,, + a’alama™alay) ® 1+

t

k gm¢_i_m st s i m
m -
fimfat(@'a™ara’a’am + a’a’ama’a™ag) ® 1

Usingthe Jacobyidentity
I35 Fmi + i fomi + i fn = 0,

it is easyto seethateachof thefour sumsis equalto zero. O
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Applying the previouslemmawe candefinethe cohomologyof the Lie algebrag
with coeficientsin V' asfollows:

H*(g,V) = Ker(@Q)/Im(Q).

ExampleB.1. Let g beanabelianLie algebraof dimensiomn. Its linearrepresentation
is a moduleover 4(g) = Cley,...,e,]. LetV = C*°(R"™) with the actionof g
definedby p(e;) = K; : f — g—fi. ThenC" (g, V') canbeidentifiedwith the spaceQ™
of smoothdifferentialforms of degreen

W= fiy..i, (@)dzy, Ao Adxy, .

TheBRSToperator
7

coincideswith the exterior derivative d. We know thatd? = 0 and

ExampleB8.2. Letg = Lie(G). AssumethatG is a complex semi-simplegroupandlet
V = C beits trivial representationiThen

H™(g,C) = H*(G,C),

whereG is considerechsa smoothmanifold.

In our situationwe wantto take for g the VirasoroalgebraVir andV its represen-
tationin the Fock spaceF of bosonicstring. The spaceA(g*) is calledthe spaceof
ghostfields

Wewill bedealingwith aversionof theBRSTcomplex whichuseghesemi-infinite
cohomology Insteadof differentialforms f;, A ... A fi, we considersemi-infinite
forms. Let I = (ig,11,--..) beary strictly decreasingequencef integerssuchthat
thesetsI N Z>¢ andZ o \ (I N Z<o) arefinite. A semi-infiniteform is a formal
expressiorof theform

wlzfio/\fh/\""

ThenumberN = #INZso— #Z<o \ (I N Z<o) is calledthe degreeof ;.
Let

YN = Yr,

wherel = (N, N —1,...). Its degreeis equalto N. We extendthe operators:* and
ay to semi-definiteformsin the obvious manner Notethatany form of degree N can
beobtainedfrom ¢ x by applyingoperators:*a,,. Also obsere that

akw =0, k> deg wv
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a*p =0, k< —degy.

Let Vir bethe abstractvirasoroalgebrawith generators,,. We wantto constructthe
representaioof Vir onthespaceof semi-infiniteformsQ>/2 (V') of degreeN . Letad
be the coadjointrepresentationf g on g*. It is definedby ad (z)(f)(y) = f([z,]).
Let usidentify ( ;) with thedualbasis(l;) of Vir. We have

ad(l,)(fi)(Im) = fi([lm> 1n]) = fil(m = n)lnym) =

(m - n)fi(ln-i-m) = (m - n)ai,n-i-m = (m - n)(sm,i—n-
Thisshowvsthat
ad(ln)(fi) = (i = 2n) fi—n (8.2)

If n # 0, we canset

p)fig AMfis A= fig Ao Apln)(fi) A .. =

k>0

> fio Ao A fiy A= 20)(fiy—n) A figpr A -

k>0

Obsene thatthe sumis finite because # 0. Howeverit is notdefinedfor n = 0. We
easilycheckthat,for n,m,n + m # 0,

[o(In), p(lm)] = (0 — m) p(lngm)-

Soour problemis to definep(ly) suchthatall Virasorocommutatoravork. Next ob-
senethat

p(ln) = Z(i - 2n)ai_"ai = Z(k - n)akan-i-k = Z(” - k)an-i-kak-

i1€EZL kEZ kEZ

We usethis formulato set

p(lo) = Z k:dfay :

kEZL

Here: &, ... ®; : denotegshe normalorder of a compositionof operatordefinedby

putting on the right the operatorannihilatingthe vectoryy andinsertingthe sign of

the permutationwhich hasbeenmade. If no suchoperatoroccursamongthe factors

we do nothing.Notethat—aa* = a*a; — 1 sochanginga®ay, to —aa* differsfrom

theusualproduct.lt is easyto seenow thateachp(l,,) is well-defined.
Letuscomputelp(l,), p(l,)]. We have

[o(n), p(lm)] = (n = D) (m = J)lan+ia’, amj0’].
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Assumen,m # 0,4 # m + 5,7 # n +i. Then,its is easyto seethat[: a,;;a® :,:
am+ja’ ;] = 0. Assumen,m # 0,i =m + j,j # n+4. Then

. i.. i1 — i g j i_
[ ntia’ :,: g @ ] = apyia’a;a’ — a;0’ angia’ =

(a*a; + a;a*)anyia’ = anyia’.
Similarly we get
[t antia’ ) Qg0 )] = —amja’

if n,m #0,j =n+1,i#m+ j. Notethatj = n +14,i = m + j impliesm = —n.
Thus,if m # —n, we get

[o(In); p(Im)] = Z(n —m = §)(m = j)anymija’ =

Z(m —n = i)amniia’ = (n— m)an+m+jaj = (n —m)p(lm-+n)-
i
Assumen,m # 0 andn = —m > 0. Then
[p(l2), p(I—n)] = (2n — j)(—n — J)([: aja_n+j He afn+jaj ).
Now, for ary i, j suchthati > N, j < N we have
[aid?,a;07] = a;(1 — aja’)a* — a;j(1 — a;a’)a’ = a;a’ —aja’ = 1+ : a;a’ : — : aja’.

Similarly, if ¢ < N,j > N, we have

[aia?,a;a’] = =1+ : a;a’ : — : a;a’.
Now
[o(ln), pUm)] = Y (2n—j)(—n—j)(1+:a;07 : —:a " Ha " =
N<j<n+N
13n? ) n
2np(ly) — —(N* =N+ E)
Finally

[p(ln)ap(lm)] = (TL - m)p(ln+m) + _%ng + (N2 + N+ %)6n,—m- (8-3)

If wefix thevacuumstatey; (i.e.take N = 1) thecentralchageis equalto % Also,

p(lo)|¥—1 = ¢_1. Recallthattherepresentationf Vir in F hasthechage £ andthe
vacuumvector|\) is theeigervectorof Ly with eigervaluea = 1.

We definethe BRSToperator (Bechi-Rouet-Storasfutin) on Q>/2(N) @ F(\) by

1
Q=a"®L, - E(n —m):a"a"apirm : QL.
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Theorem 8.1. If D = 26, thenQ? = 0.
Proof. Letp(l,,) = M,. We have

1
Ag = Z Z(an nakMk + akMka”Mn).
k<n

We usethat
Mpa* = (n — m)a™anpma® = af M, — (2n — k)aF~".
Usingthiswe get
a"Mpa* My, + aF Mya™M,, = a"ak[Mn, Ml - (2n— k)a"a* " Mj,.
Changingtheindex k to k + n in thesecondsum,andapplying(8.3), we get,

a"Mpa* My, + a* Ma™M,, = a"a* ([M,,, M}] — (n — k)M, 4p) =

26 3 n,—n
12( n® +n)a"a".

Ontheotherhand,

1
A2=a"®L,0a™ ® Ly, — iamam ® [Ln, L] =

1 D
E(n —m)a"a™ & Lpgm + —(n® —n)a™a_,.

24
Finally,
k—m n k_m k_m n
AjAs + As A = — 5 (a”:a”a™apsm : QL+ a"a™agym a" @ L+
k—m k—m
5 (a" : a™a*apym : @Lp+ : a™aFapim 1" ® Ly, = —— & Lgtm-
SO(Al + A2)2 =0if D = 26. O

Let A>®/2(n) bethelinear spaceof semi-infiniteforms of degreen. It is clearthat
Q mapsA®>/2(n) ® F to A%/ (n +1) ® F. Let H™(Vir; F) = Ker(Q,)/Im (Qn_1),
whereQ,, = Q|A>/%(n) ® F. We setH?(Vir; F), bethe subspacef H™(Vir; F)
generatedby the cosetf formswhich do not containf, andwhich areannihilatedoy
plo) ®1+1® L.

For ary gradedvectorspacel’ = @52 ,V,, with dim V;, < co we set

cha(V)(g) = ) _ dim Vog™.
n=0
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If T:V — V suchthatV,, = {v € V : T'(v) = nw}, thendim V,, = Tr(T'|V,,) and
cha(V)(q) = Tr(¢").

We shallapplythisto thecasewhenV = F(\) andT = L,. Recallthat

—ni —Nk

Loa™, ...a", |\) = %|/\|2 + (n1 + ... +ng).
Soit is easyto seethat
cha(F (X)) := Tr(g"®) = ¢ ¢(q) .
where
¢(g) = [T -
k>0

We have alreadynoticedthatthe representationf Vir in F(A) is reducible.Let ustry
to decomposé into irreduciblemodules First we write

F) =F\) @ F\),

wherel = (Ar, ... ,A21), A" = X\g. Letusassumehat\’ # 0, A" # 0. Let M (h,c)

denotethe Vermamodulefor therepresentationf Vir with centralchaigec andcharac-
ter h (seethepreviousLecture). TheVermamoduleM (h, ¢) hastheuniversalproperty
with respectto all representationsf Vir with centralchaige ¢ and characterh. Any

suchrepresentations a quotientof the Vermamodule. Onecanshow that M (h, ¢)

is spannedy theelementsl_,,, ... L_,,|0), n; > 0. Thegradingof M (h, c) is de-
finedby taking M (h, ¢),, to bethe subspacspannedy the monomialsasabove with

ni +...+n; =n. Wehave

chai(M (h,c)) = ¢(a) ™"

It is known thatthe VermamoduleM (h, 1) is irreducibleif A < 0 andirreducibleand
unitaryfor ¢ > 1, h > 1. ConsideringF(\") asarepresentatioof Vir with character
h= —%A”Z andcentralchagec = 1. Comparingthe characterswe find that

1
FO") = M(=5 X', ).

The chage a of therepresentatiot (\') is equalto 25 andthe characteiis equalto
LIN[2. We have

cha(F(X)) = g2 "¢ 2.

Thecharacteof theirreduciblemoduleM (L [X'|> + &, 25) is equalto g2 X "+ ¢ (g) 1.
This shavsthat

1
cha(F(\)) = o) (B)M (=N + k,25),
(F(A)) g)p(m() (2| | )
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where
Zp(d) (n)g" = ¢(q) "
We concludethat
1
FO) = M(=5 A" 1) @ l§p@4) |A’|2 +k, 25).

Let vy bethevacuumvectorof M (—3|\"[?,1). Set

1
T = ®p>0pea) (k) {u®vo 1 u € M(§|)\’|2 + k,25), Ly(u) = 0,n > 0.

We have thefollowing resultdueto I. Frenlel, Garland,andZuckerman:
Theorem 8.2. Assume\ # 0. ThenH7,(Vir, F(\)) = 0forn # 0 and

1,..
dlerel(\Araj:()‘)) = p(2a)(1 — §|/\|2)

if 1 — 1|\|? is aninteger andzeo otherwise

Definethemaps : Fpnys(A) — CO(Vir, F(X) by s(v) = 91 ® v, wherey_; =
faANfaN... . Wehave L,(v) = 0,n > 0,a"(¥_1) = 0,n <0, apnym®_1 =
0,n +m > 0. Thus: a"a™ap+m : Y—1 = 0unlessn + m < 0 andn orm > 0.
Assumen > 0. Thenm < 0 Ifm<0,:a"amaptm : Y1 = —Apyma™a™_1 = 0.
So,m = n = 0 and: a®a®ag : Y_1 = ap(—apa’® + 1)1)_1 = ag_1. Thereforewe
obtain

Q-1 Qv) = apP— 1®LOU—2l a’a®ag : Y_1 @ v =agy @ (Lv —v) = 0.

This definesamapfrom Fpnys = HY,(Vir, F(X)). If s(v) € Im (Q), thenv € FPU'n
Fonysandwe getaninjective map

Hphys = HI%l(Vira F(N)-

On the other hand, dim Fpnys N T = praay(k)(1 — 3[A[%) and T N rad Fpnys) =
0. Thus FynysN T is mappedsomorphicallyto HZ,(Vir, (X)) and henceHpnys =
I—Irel(vIr -7:( ))

Exercises

8.1 Show thatthe equivalentdefinitionof the cohomologyof a Lie algebrag with coef-
ficientsin alinearrepresentatiop : g — V canbegivenasfollows. Let C"(g; V') be
the spaceof anti-symmetricn-multilinear mapsfrom g with coeficientsin V. Define
thecoboundarymapd : C™(g; V) — C™(g; V) by theformula

(6f)(.’L'1, ;$n+1) = Z(—l)i+jf([1‘i,$j],$1,... a:ﬁia--' azfja'-- :mn+1)+

i<j
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n+1

DU @) (f (@1 B s Bnga)).

i=1
Checkthatd? = 0 andsetH™(g; V) = Ker(d|C™(g; V))/Im(d|C"1(g; V)).
8.2 Considerthetrivial representaioof g in avectorspaceV. Shav that H%(g; V) =
V,H'(g; V) = Hom(g/[g, 0], V).
8.3 A centralextensionof a Lie algebrag with helpof avectorspacé/ is alLie algebra
g’ containingl” asa centralabeliansubalgebrauchthatg’/V = g. Shaw thatsuch

centralextensioncscanbe classifiedoy the spaceH2(g; V), whereg actstrivially on
V.

8.4 ProvethatH?(Vir; R) = R.

8.5 Let ) bethe BRSToperatordefinedfor the Virasoroalgebrawith coeficientsin a
representatiorF (1), A € RP. Shaw thattheexistsaconstant suchthat(Q+a)? = 0.



