
Lecture 1

Quantum Field Theories: An
introduction

The string theory is a specialcaseof a quantumfield theory(QFT). Any QFT deals
with smoothmaps ������� � of Riemannianmanifolds, the dimensionof � is
the dimensionof the theory. We also have an action function � definedon the set
Map	 ��
���
 of smoothmaps.A QFT studiesintegrals�

Map����� �����������! #"$�% 	'& 
)(+* &-, (1.1)

Here (+* &-, standsfor somemeasureon the spaceof paths, . is a parameter(usually
very small,Planck constant) and % � Map	 ��
/��
0�21 is an insertionfunction. The
number� �43 �657�98/: shouldbeinterpretedastheprobabilityamplitudeof thecontribution
of themap �;�<�=��� to theintegral. Theintegral>0?A@ �

Map���4� ��� � � �B�C $ED & (1.2)

is calledthe partition functionof the theory. In a relativistic QFT, the space� hasa
Lorentzianmetricof signature	GF 
#HI
KJKJ�J4
/H�
 . Thefirst coordinateis reservedfor time,
therestarefor space.In this case,theintegral (1.1) is replacedwith> � @ �

Map ���4� ��� �7L 3 �657�98/: % 	M& 
G(;* &N, J (1.3)

Let usstartwith a O -dimensionaltheory. In thiscase� is apoint,so & ���P��� is
apoint QSR � and � �<�T�U1 is ascalarfunction.TheMinkowski partitionfunction
of thetheoryis anintegral >V@ � � �7L 3 ��WB�98/: D Q J (1.4)

Following the Harvard lecturesof C. Vafa in 1999, let us considerthe following
example:
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Example1.1. Recalltheintegralexpressionfor the X -function:XY	'Z 
 @ �=[\^])_ �4`K���ba D ] @dc �e[\f]Gg/_ �4`K���baih D ] J (1.5)

This integral is convergentfor Re 	MZ 
kj O but canbemeromorphicallyextendedto the
wholeplanewith polesat ZlRSm�n \ . We haveXY	'Z HdoB
 @ ZBXY	MZ 
p
 XY	 oB
 @ o�
q
 Xr	 oc 
 @ts u J
By substituting] @ s v ]Gw in (1.5), weobtaintheGaussintegral:[�

� [ � �4x/aih D ] @ XY	 `g 
v ` 8 g @zy u v J (1.6)

Although in thesubstitutionabove
v

is a positive real number, onecanshow that
formula(1.6)make sense,asa Riemannintegral, for any complex

v
with Re 	 v 
0{ O .

When Re 	 v 
Ej O this is easyto seeusing the Hankel representationof XY	'Z 
 as a
contourintegral in thecomplex plane.When

v
is a pureimaginary, it is moredelicate

andwereferto [Kratzer-Franz],1.6.1.2.
Taking

v @|u
, we canuse D~}�� @ �~����aih D ]

to defineaprobabilitymeasureon 1 . It is calledtheGaussianmeasure. Let uscompute
theintegral > � 	9� 
 @ [�

� [ �7L�� WB� D�}��
@ [�
� [ � ��� W h)� L6� WB� D Q J

Here � @ o7� . We have> 	9� 
 @ [�
� [��p��� 	)F

u Q g 
 [���� \ 	i����Qb� 
 � ����� 
 D Q J
Obviously, [�

� [ Q g�� ��` � ��� W h D Q
@ O J

Also [�
� [ Q g�� � ��� W h D Q

@ XY	9� H oc 
�� u � ���h @ o��B���K��� 	 c ��F oB
	 c�u 
 � @
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#�u � c g�� � � @V  	 c � 
�� 	 c�u 
 � 

where   	 c � 
 @ 	 c � 
#�c � � � @ o� ��¡ c �c;¢ � ¡ c �£F cc ¢ ���K� ¡ cc7¢
is equalto thenumberof waysto arrange

c � objectsin pairs.Thisgivesus> 	M� 
 @ orH [���� ` 	GF o7
 � � g �   	M¤ �¥
�� 	 c �¥
#� 	 c�u 
 � � J (1.7)

Observe that to arrange¤ � objectsin pairsis thesameasto make a labelled3-valent
graphX with

c � verticesby connecting1-valentverticesof thefollowing disconnected
graph:
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Fig. 1
This graphcomeswith labelingof eachvertex andanorderingof the threeedges

emanatingfrom thevertex. Let X besucha graph, % 	9X 
 bethenumberof its vertices
and ¦§	MX 
 be the numberof its edges. We have � % 	9X 
 @¨c ¦§	MX 
 , so that % 	9X 
 @c ��
 ¦§	MX 
 @ �~� for some� . Let© 	9X 
 @ 	)F��ª� 
�« �!¬��% 	MX 
#� o	 c�u 
 ? �!¬�� J
Then > 	M� 
 @ orH � ¬ © 	MX 
p

wherethesumis takenoverthesetof labeledtrivalentgraphs.Let ­e	9® 
 bethenumber
of labelledtrivalentgraphswhich definethe sameunlabelledgraphwhenwe forget
aboutthelabelling.Wecanwrite ¯© 	M® 
 @ ­A	M® 
 © 	9X 
 , where­A	9® 
 is thenumberof
labellingof thesameunlabelled3-valentgraph ® . Thus> 	9� 
 @ o°H �p± ¯© 	9® 
#

wherethe sumis taken with respectto the setof all unlabelled3-valentgraphs.It is
easyto seethat ­A	9® 
 @ 	 c �¥
p� 	 �-�²
 g �³

Aut 	M® 
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sothat ¯© 	M® 
 @ 	GF���� 
 g � 	 c �¥
#� 	 �-�²
 g �	 c �¥
#� c�u 
 � � ³ Aut 	9® 
 @ 	)F�¤���� 
 « � ± �	 c�u 
 ? � ± � ³ Aut 	M® 
 J
Givenanunlabelled3-valentgraphwith

c � vertices,we assignto eachvertex a factor	GF�¤~� 
 , to eachedgea factor o7� c�u , then multiply all the factorsand divide by the
numberof symmetriesof the graph. This gives the Feynmanrules to computethe
contributionof this graphto thecoefficientat � g � . For example,thegraph

contributes 	)F�¤�� 
 g `� g � � � `` g @ F´�µ � � andthegraph

contributes 	)F�¤�� 
 g `� g � � � `µ @ F·¶`G¸�� � J The total coefficient at � g is F `)¹`G¸�� � . This

coincideswith thecoefficientat � g in
> 	9� 
 givenby theformula(1.7).

RecallthatthePrincipleof StationaryPhasesaysthatthemaincontributionsto the
integral �~º �7L6»B¼ ��WB� &½	iQ 
 D Q
when ¾ goesto infinity comesfrom integratingovertheunionof smallcomapctneigh-
borhoodsof critical pointsof ¿À	iQ 
 . Morepreciselywehave thefollowing lemma:

Lemma 1.1. Assume&½	9Q 
 hasa compactsupport % and ¿À	iQ 
 hasno critical points
on % . Then,for anynatural number� ,Á�Â6Ã»7Ä [ ¾ �

[�
� [ � L6»B¼ ��WB� &Å	9Q 
 D Q

@ O J
Proof. Weuseinductionon � . Theassertionis obviousfor � @ O . Integratingby parts,
weget�¾ [�

� [ � L6»B¼ ��WB�7Æ
&Å	9Q 
¿À	9Q 
 w#Ç w D Q @ �¾ Æ &½	iQ 
¿À	9Q 
 w/Ç � L�»7¼ ��WB��ÈÈÈ [ � [ H

[�
� [ � L6»B¼ ��WB� &Å	9Q 
 D Q

@
[�
� [ �BL6»7¼ �6W�� &½	iQ 
 D Q JMultiplying bothsidesby ¾ � �Å` , wegetÁ�Â6Ã»7Ä [ ¾ � �½`

[�
� [ � L6»B¼ ��WB� &Å	9Q 
 D Q

@ � Á6Â�Ã»BÄ [ ¾ �
[�
� [ � L�»7¼ ��W��7Æ &½	iQ 
��	iQ 
 w#Ç w D Q J

Applying theinductionto thefunction Æ 5���WB�¼ �6W��iÉ Ç w wegettheassertion.
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Thus if ¿À	iQ 
 hasfinitely many critical points Q ` 
KJ�JKJ4
 Q�Ê , we write our function¿À	9Q 
 asa sumof functions ¿ L 	9Q 
 with supporton a compactneighborhoodË L of Q Landa function ÌÍ	iQ 
 whichhasnocritical pointson thesupportof &½	iQ 
 andobtain,for
any �Îj O , [�

� [ �7L�¼ �6W��98/: &½	9Q 
 D Q
@ � L

�<Ï°Ð �7L6¼
Ð ��WB�98/: &½	iQ 
 D Q HeÑ 	M. � 
pJ

Now let usconsidera QFT in dimension1. Usuallywe write ( @ D HVo , where D
is thespace-dimension,and o is thetime-dimension.A QFT in dimensionO HVo is the
quantummechanics.In this case,we take � to beequalto 1 , Ò @ * O 
Ko , or � ` @ 1�� mparametrizedby ] . A map �Ó�<�Ô�Õ� is path in � (infinite, or finite, or a loop). The
actionis definedby ��	 � 	 ] 
)
 @ � �×Ö 	 � 	 ] 
#
�Ø� 	 ] 
)
 D ] 

where Ö ��Ù��f�Ú1 is a smoothfunctiondefinedon the tangentspaceof � (a La-
grangian). TheexpressionÖ 	 � 	 ] 
p
�Ø� 	 ] 
)
 D ] is a densityon � equalto thecomposition
of thedifferential D �;��ÙÛ�=�¨Ù�� and Ö .

For example,take � @ 1 � sothat Ù�� @ 1 �ÝÜ 1 � with coordinates	9Þ 
 ØÞ 
 . For
any Ö 	9Þ 
 ØÞ 
 anda map ß ��* v 
�à , �á1 � , Ö 	9ß°	 ] 
p
 ØßY	 ] 
)
 is obtainedby replacingÞ withß°	 ] 
 and ØÞ with ØßY	 ] 
 .

A critical point of thefunctional ��	iß°	 ] 
)
 satisfiestheEuler-Lagrangeequationâ Öâ�ã L 	iß°	 ] 
p
 ØßY	 ] 
)
 @
DD ] â Öâ Øã L 	9ß°	 ] 
#
 Øßr	 ] 
)
#J (1.8)

For example,let ustake theLagrangian��
L � ` Øã gL F % 	 ã ` 
KJ�JKJ�
 ã � 
 (1.9)

Thenwe getfrom (1.8) � D g QÅ	 ] 
D ] g @ F0ä % 	9QÅ	 ] 
�
#J
Thusa critical pathsatisfiesthe Newton Law; it givesthe major contribution to the
partitionfunction.

Fix Q 
 Q w R � and ] 
 ]Gw R � . Let åæ	 ] 
 Q¥ç ]Gw 
 Q w 
 be the spaceof smoothmaps�+���P��� suchthat � 	 ] 
 @ Q 
G� 	 ]Gw 
 @ Q w . TheintegralËe	 ] 
 Q¥ç ] w 
 Q w 
 @ ��è � a � W�é a É�� WBÉ!� � L 3 �!ê�� a �i�M8�: (;* � 	 ] 
 , (1.10)

canbeinterpretedasthe“probability amplitude”thata particlein theposition Q at the
momentof time ] movesto theposition Q w at thetime ]Gw .
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Let uscomputeit for theactiondefinedby theLagrangian(1.9)with � @ 1 . We
shallassumethatthepotentialfunction % is equalto zero.

The spaceåæ	 ] 
 QÅç ] w 
 Q w 
 is of courseinfinite-dimensionalandthe integrationover
sucha spacehasto be defined. Let us first restrictourselvesto somespecialfinite-
dimensionalsubspacesof åæ	 ] 
 QÅç ]Gw 
 Q w 
 . Fix a positive integer ­ andsubdivide the
time interval * ] 
 ]Gw , into ­ equalpartsof length � @ 	 ]Gw F ] 
�� ­ by insertinginter-
mediatepoints ] ` @ ] 
 ] g 
KJ�JKJ�
 ]Gë 
 ]Gë �Å` @ ]Gw . Let us choosesomepoints Q ` @Q 
 Q g 
KJKJ�J4
 Q ë 
 Q ë �Å` @ Q w in 1 � andconsiderthe path �ì�Û* ] 
 ]Gw , �q1 � suchthat
its restrictionto eachinterval * ] L 
 ] L �½` , is thelinearfunction� L 	 ] 
 @ Q L H Q L �Å` FEQ L] L �½` F ] L 	 ] F ] L 
#JIt is clearthat thesetof suchpathsis bijective with 	 1 � 
 ë ��` andsowe canintegrate
a function Ì � åæ	 ] 
 Q¥ç ]Gw 
 Q w 
l�í1 over this spaceto get a number î ë . Now we can
define(1.10)asthelimit of integrals î ë when ­ goesto infinity. However, this limit
may not exist. Oneof the reasonscould be that î ë containsa factor ï ë for some
constantï with ð ïÍð jño . Thenwe canget the limit by redefining î ë , replacingit
with ï � ë î ë . This really meansthatwe redefinethestandardmeasureon 	 1 � 
 ë �4`replacingthe measureD � Q on 1 � by ï �4` D � Q . This is exactly what we aregoing to
do. Also, whenwe restrictthefunctionalto thefinite-dimensionalspace	 1 � 
 ë ��` of

piecewiselinearpaths,weshallallow ourselvesto replacetheintegral ò a Éa Ö 	 �À
NØ��
 D ] by
its Riemannsum.Theresultof this approximationis by definitiontheright-handside
in (1.10).We shouldimmediatelywarnthereaderthatthedescribedmethodof giving
a valueto thepathintegral is not theonly possible.

We haveË=	 ] 
 Q¥ç ] w 
 Q w 
 @ Á�Â6Ãë Ä [
[�
� [ JKJKJ [�� [ �p��� *

�ª�c � ë�
L � ` 	iQ L FÎQ L �Å` 
 g ,óï � ë D Q g JKJKJ D Q ë J(1.11)

Here Q g 
KJKJ�J4
 Q ë arevectorsin 1 � and D Q L is thestandardmeasurein 1 � . Thenumberï shouldbechosento guaranteeconvergencein (1.11).Using(1.6)wehave[�
� [ ����x �6W � � W h � h#�4x ��W h � W � � h D Q g @ [�

� [ � � g x
Æ W h �kô �Gõ ô �h Ç h �köh ��W � � W � � h D Q g @@ � � ö h ��W � � W � � h [�� [ � � g x W h D Q

@ y uc v � � ö h ��W � � W � � h J
Next [�

� [£�p��� * F
v c 	9Q ` FÎQ � 
 g F v 	iQ � FÎQN÷ 
 g , D Q � @



7@ [�
� [ø�K��� * F

� vc Æ Q � F Q ` H Qb÷� Ç g F v � 	iQ ` FEQb÷ 
 g , D Q � @ y c�u� v � � ö � ��W � � W�ù�� h J
Thus [�

� [ú�K�<� * F
v 	iQ ` FÎQ g 
 g F v 	9Q g FEQ � 
 g F v 	iQ � FÎQ ÷ 
 g , D Q g @y uc v y c�u� v �K�<� * F v � 	iQ ` FEQb÷ 
 g , @ y u g� v g �p��� * F v � 	iQ ` FEQb÷ 
 g , J

Continuingin this way, wefind[�
� [��K��� * F

v ë� L � ` 	iQ L FÎQ L �Å` 
 g , D Q g J�JKJ D Q ë @
y u ë �4`­ v ë �4` �K�<� * F v­ 	9Q ` FÎQ ë �Å` 
 g , 


where
v @ � � c ��� J If we choosetheconstantï equalto ï @¨û �g � L6��ü �h 
 thenwe will

beableto rewrite (1.11)in theformË=	 ] 
 QÅç ] w 
 Q w 
 @ýû �c�u ��­+� ü �h ��þ
Ð
� ô Éiÿ ô " hh�� � @úû �c�u �#	 ] w F ] 
 ü �h � þ

Ð
� ô É9ÿ ô " hh � � É ÿ � " J (1.12)

We shall use Ëe	 ] 
 Q¥ç ]Gw 
 Q w 
 to definea certainHermitian operatorin the Hilbert
spaceÖ g 	 1�
 . Recall that for any manifold � with someLebesguemeasureD�} the
spaceÖ g 	 � 
 D�} 
 consistsof squareintegrablecomplex valuedfunctionsmodulofunc-
tions equalto zero on the complementof a measurezero set. The hermitianinner
productis definedby � ¿ 
���� @ � � ¯¿ � D~} J
Example1.2. An exampleof anoperatorin Ö g 	 � 
 D~} 
 is aHilbert-Schmidtoperator:Ù ¿À	iQ 
 @ � � Ëe	9Q 

	-
 ¿À	 	-
 D�} 

where Ë=	iQ 
�	-
 R Ö g 	 � Ü � 
 } Ü } 
 is thekernelof Ù . In this formulawe integrate
keeping Q fixed. By Fubini’s theorem,for almostall Q , the function 	d� Ë=	iQ 
�	-

is } -integrable. This implies that Ù 	M¿ 
 is well-defined. Using the Cauchy-Schwarz
inequality, onecaneasilychecksthatð6ð Ù ¿�ð�ð g @ � � ð Ù ¿�ð g D~}
� ð6ð ¿�ð�ð g � � � � ð Ëe	9Q 
�	�
 ð g D~}�D�} 




8 LECTURE1. QUANTUM FIELD THEORIES:AN INTRODUCTION

i.e., Ù is bounded,andð6ð Ù ð�ð g @���� �¼ �� \ ð6ð Ù ¿�ð�ð gð6ð ¿�ð6ð g � � � � � ð Ë=	iQ 
�	-
 ð g D�}�D~} J
We have	 ��
)Ù ¿ 
 @ � � û � � ¿À	 	-
 Ëe	iQ 

	-
 D�} ü � 	iQ 
 D�} @ � � � � Ë=	iQ 
�	-
 ¿À	 	-
 � 	9Q 
 D�}�D�} J
Thisshows thattheHilbert-Schmidtoperatoris self-adjointif andonly ifË=	iQ 

	-
 @ Ë=	 	�
 Q 

outsidea subsetof measurezeroin � Ü � .

In quantummechanicsoneoftendealswith unboundedoperatorswhicharedefined
only on a densesubspaceof a completeseparableHilbert space� . So let us extend
thenotionof a linearoperatorby admittinglinearmaps( � � where ( is a dense
linearsubspaceof � (notetheanalogywith rationalmapsin algebraicgeometry).For
suchoperatorsÙ we candefinetheadjointoperatorasfollows. Let ( 	 Ù�
 denotethe
domainof definitionof Ù . TheadjointoperatorÙ�� will bedefinedon theset( 	 Ù � 
 @�� 	 R�� � ��� �\ �� W����k����� ð � Ù 	iQ 
#
�	�� ðð6ð QÀð�ð � � ! J
Take 	 R ( 	 Ù���
 . Since ( 	 Ù�
 is densein � the linear functional Q � � Ù 	iQ 
#

	��
extendsto a uniqueboundedlinearfunctionalon � . Thusthereexistsa uniquevector" R#� suchthat

� Ù 	iQ 
#

	�� @ � Q 
$"%� . We take " for the valueof Ù�� at 	 . Note that( 	 Ù&�p
 is not necessarydensein � . We saythat Ù is self-adjointif ( 	 ÙÛ
 @ ( 	 Ù&�K

and Ù @ Ù�� . Weshallalwaysassumethat Ù cannotbeextendedto a linearoperatoron
a largersetthan ( 	 Ù�
 . Noticethat Ù cannotbeboundedon ( 	 ÙÛ
 sinceotherwisewe
canextendit to thewhole � by continuity. On theotherhand,a self-adjointoperatorÙú� � � � is alwaysbounded.For this reasonself-adjointlinear operatorsÙ with( 	 ÙÛ
('@ � arecalledunboundedlinearoperators.

Example1.3. Let usconsiderthespace� @ Ö g 	 1 
 D Q 
 anddefinetheoperatorÙ ¿ @ �G¿ w @ � D ¿D Q J
Obviously it is definedon thespaceof differentiablefunctionswith squareintegrable
derivative.Thisspacecontainsthesubspaceof smoothfunctionswith compactsupport
which is known to bedensein Ö g 	 1 
 D Q 
 . Let usshow thattheoperatorÙt�~(�� � is
self-adjoint.Let ¿;R ( 	 Ù�
 . Since ¿ w R Ö g 	 1k
 D Q 
 ,� a\ ¿ w 	9Q 
 ¿À	iQ 
 D Q @ ð ¿À	 ] 
 ð g F|ð ¿À	9O 
 ð g F � a\ ¿À	9Q 
 ¿ w 	9Q 
 D Q
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is definedfor all ] . Letting ] goto ) � , weseethat
Á6Â�Ã a Ä * [ ¿À	 ] 
 exists.Since ð ¿À	iQ 
 ð g

is integrableover 	GF � 
/H � 
 , this impliesthatthis limit is equalto zero.Now, for any¿ 

� R ( , we have	 Ù ¿ 

��
 @ Á�Â6Ãa Ä [ � a\ �G¿ w 	9Q 
 � 	9Q 
 D Q @ Á6Â�Ãa Ä [ û �G¿À	 ] 
 � 	9Q 
 ÈÈÈ � [� [ F
� a\ �G¿À	iQ 
 � w 	9Q 
 D Q ü @@ Á�Â6Ãa Ä [ � a\ ¿À	iQ 
 � � w 	iQ 
 D Q @ 	M¿ 
�Ù+��
pJ

This shows that (-,t( 	 Ù��K
 and Ù�� is equalto Ù on ( . Theproof that ( @ ( 	 Ù���

is moresubtleandweomit it.

Let . ` 
 . g betwo copiesof thespaceÖ g 	 � 
 D�} 
 . Let Ù a � a É betheHilbert-Schmidt
operator. ` � . g definedby akernel Ë=	 ] 
 Q¥ç ]Gw Q w 
 which has] 
 ]Gw asrealparameters:Ù a � a É 	'& 
 	iQ 
 @ � � Ë=	 ] 
 QÅç ] w 
 Q w 
 &½	iQ w 
 D~} � J

Supposeour kernelhasthefollowing properties:

(M) Ëe	 ] 
 QÅç ] w w 
 Q w²w 
 @ � a É Éa
� � Ë=	 ] 
 Q¥ç ] w 
 Q w 
 Ëe	 ] w 
 Q w ç ] w w 
 Q w w 
 D~} � D ] w 
 ] � ] w w ç

(N) � � ð Ë=	 ] 
 Q¥ç ] w 
 Q w 
 ð g D�} � @ o ç
(T) Ë=	 ] ` 
 Q¥ç ] w ` 
 Q w 
 @ Ë=	 ] g 
 Q¥ç ] wg 
 Q w 
 if ] wg F ] g @ ] w ` F ] ` ç
(C) for any & 

/ R Ö g 	 � 
 D~} 
 , thefunction] �10 	 ] 
 @ � � / 	9Q 
 Ëe	 ] 
 Q¥ç ] w 
 Q w 
 &½	9Q w 
 D�} � D~}32

is continuousfor ]Gw j ] and
Á6Â6Ã a É Ä ai� 0 	 ] 
 @ � /0
 & �pJWhen Ë is definedby thepathintegral,property(M) is takenasoneof theaxiomsof

QFT. It expressesthepropertythatany path �e�Å* ] 
 ]Gw w , �2� from Q to Q w w is equalto
a sumof paths� ` �¥* ] 
 ]Gw , � � from Q to Q w anda path � g �¥* ]Gw 
 ]Gw w , �2� from Q w toQ w w . Property(N) saysthatthetotal probabilityamplitudeof a particleto movefrom Q
to somewhereis equalto 1. Notice thatproperty(N) implies that theoperatorÙ a � a É is
unitary. In fact, � � Ù a � a É & �KÙ a � a É / D�} � @
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 QÅç ] w 
 Q w 
 &Å	9Q 
 D�} � ü û � � Ëe	 ] 
 Q¥ç ] w 
 Q w 
4/ 	iQ 
 D�} � ü D~} � @� � &½	9Q 
 û � � Ëe	 ] 
 QÅç ] w 
 Q w 
 Ëe	 ] 
 Q¥ç ] w 
 Q w 
 D�} � ü / 	iQ 
 D�} � @ � � &Å	9Q 
�/ 	9Q 
 D~} � J
Now weusethefollowing Stone-vonNeumann’sTheorem:

Theorem 1.1. Let 5 	 ] 
p
 ] R 176 \ bea family of unitary operators in a Hilbert space� . Assumethat

(i) for all 8 
�9 R:� , thefunction ] � ÌÍ	 ] 
 @ 	;8 
 5Í	 ] 
49�
 is continiousfor ] j O andÁ6Â�Ã a Ä \ � ÌÍ	 ] 
 @ 	;8 

9�
 ;(ii) for all ] 
 ]Gw R 1 6 \ 
 5 	 ] H ]Gw 
 @ 5 	 ] 
=< 5 	 ]Gw 
pJ
Then ( @>� 8SR�� � Á�Â6Ãa Ä \ � 5Í	 ] 
 FÓÒ] 8 exists

!
is densein � andtheoperator definedby.?8 @ � Á�Â6Ãa Ä \ � 5 	 ] 
 FÓÒ] 8
is self-adjoint.It satisfies 5 	 ] 
 @ �7L a @ 
 ] { O J

Applying this to oursituation,weobtainthatÙ a A � a @ ��� L � aª�ba A � @ 
 ] { ] \for somelinearoperator. . Theoperator. is calledtheHamiltonianoperator asso-
ciatedto Ëe	 ] 
 Q¥ç ]Gw 
 Q w 
 .

We would like to applytheaboveto our functionËe	 ] 
 QÅç ] w 
 Q w 
 @ýû �c�u �#	 ] w F ] 
 ü �h �p��� Æ �'�Ó	iQ w FÎQ 
 gc 	 ] w F ] 
 Ç J
Unfortunatelywe cannottake thefunction Ëe	 ] 
 Q¥ç ]Gw 
 Q w 
 to bethekernelof a Hilbert-
Schmidtoperator. Indeed,it doesnot belongto thespaceÖ g 	 1 g 
 D Q D Q w 
 . In particular
property(N) is not satisfied.Onecanshow that (M) is OK, (T) is obviously trueand
(C) is true if onerestrictsto functions & 
�/ from a certaindensesubspaceof Ö g 	 1�
 .Thewayaboutthis is asfollows(see[Rauch]).

First let us recall the notion of the Fourier transformin 1 . It is a linear operator
definedon theSchwartzspaceBÛ	 1�
C, Ö g 	 1�
 of smoothfunctionswith all derivatives
tendto zerofasterthanany powerof ð Q½ð as Q � � . It is givenby theformulaD 	M&½	iQ 
)
�� @-E&À	GF 
 @ os c�u [�

� [ ��� L
H W &½	9Q 
 D Q J

Herearesomeof thepropertiesof this operator:
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(i)
D � B�	 1°
0� B�	 1°
 is anunitaryoperator;

(ii)
D ��` 	M&½	9Q 
)
 @�D 	M&½	)F�Q 
)
 ;

(iii)
D 	'&Å	9Q 
 w 
 @ ��F E&½	;F 
�
 ;

(iv)
E&À	;F 
 w @#D 	GF��ªQ�&½	9Q 
)
 ç

(v)
D 	'&JI /k
 @ s c�uKD 	M& 
 D 	 / 
 , where&LI / 	9Q 
 @ [�

� [ &½	iQ F 	-
4/ 	 	-
 D 	�J
Let usshow thatourfunction Ëe	 ] 
 Q¥ç ]Gw 
 Q w 
 is thepropagator for theSchrödingerequa-
tion � ââ ] H � c â gâ Q g 8½	 ] 
 Q 
k� @ ��8 a H � cM8 WBW @ O 
 8½	MO 
 Q 
 @ ¿À	9Q 
 R Ö g 	 1�
#J
We take for simplicity � @ o . Supose¿À	9Q 
 RNBÛ	 1°
 . Let us find the solution inB�	 1�
 using the Fourier transform. Using property(iii), we get E8 a @ F `g ��F g E8 (we
usetheFouriertransformonly in thevariable Q ). Integratingthis equationwith initial
condition E8À	9O 
 F 
 @OE¿À	GF 
 , we get E8½	 ] 
 F 
 @ � � L a H h 8 g E¿½	GF 
#JTakingtheinverseFouriertransform,weget

8½	 ] 
 Q 
 @#D �4` 	 � � L a H h 8 g E¿½	;F 
�
 @ os c�u [�
� [ � �k�h L a H h�� L W H E¿À	;F 
 D F J (1.13)

Clearly, 8À	9O 
 Q 
 @PD ��` D 	M¿ 
 @ ¿À	9Q 
pJ Of course,we have still to show theexistence
of a solution. We skip the checkthat formula (1.13)givesa solutionin B�	 1°
 . This
definesusa linearoperator(thepropagator)��	 ] 
k� BÛ	 1�
�� BÛ	 1°
#
 ¿À	iQ 
r� 8½	 ] 
 Q 
#J
We would like to show thatit is anintegral operatorandfind its kernel.Let Ë=	 ] 
 Q 
 @D �4` 	 `Q g � � � L a H h 8 g 
 . Then[�

� [ Ëe	 ] 
 QÍF 	�
 ¿À	 	-
 D 	 @ [�
� [

û [�
� [

os c�u � � L a H h 8 g � L ��W � R � H D F ü ¿À	 	�
 D 	 @[�
� [

û [�
� [

os c�u � � L R H ¿À	 	-
 D 	 ü � L W H � � L a H h 8 g D F @ D ��` 	 � � L a H h 8 g E¿À	;F 
)
 @ 8À	 ] 
 Q 
#J
Unfortunately, this computationis wrongsincethe function � � L a H h 8 g doesnot belong
to BÛ	 1°
 . A way aboutit is to considerthis function asa distribution andextendthe
Forier transformto distributions.
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Recallthata distribution is acontinuouslinearfunctionalon thespaceï [ 	 1�
 \ of
smoothfunctionswith compactsupport(testfunctions). Any function ¿ which canbe
integratedover any finite closedinterval (but not necessaryover thewhole 1 ) canbe
consideredasa distribution. Its valueat a testfunctionis equalto¿À	M& 
 @ [�

� [ ¿À	9Q 
 &½	9Q 
 D Q 
wherethebardenotesthecomplex conjugation.Sucha distribution is calleda regular
distribution or a tempereddistribution. Therestarecalledsingulardistributions. We
shalldenotethevalueof a distribution ¿ on a testfunction & by¿À	M& 
 @ [�

� [ &½	iQ 
 ¯¿�	9Q 
 D Q J
If ¿ is a regulardistributiondefinedby a function ¿À	iQ 
 from Ö g 	 1�
 , then¿À	M& 
 @ � ¿ 
 & �pJ
An exampleof asingulardistributionis thedelta-functionS�	iQ°F v 
 whosevalueatatest
function & is equalto &½	 v 
 . It is alsodenotedby S x . A linearoperatorÙ �~(�� Ö g 	 1�
with ï [ 	 1�
 \ ,=(NT ( 	 Ù&�p
 extendsto thespaceof distributionsby theformulaÙ ¿À	'& 
 @ ¿À	 Ù � & 
#J
If ¿;R Ö g 	 1�
 , viewedasa regulardistribution,we haveÙ ¿À	M& 
 @ � Ù � & 
 ¿ � @ � & 
)Ù ¿ �
sothetwo definitionsagree.

For examplelet Ù @VUU W bedefinedonthespaceof functionswith squareintegrable
derivative. We have Ù&� @ F Ù andfor any distribution ¿ , ¿ w 	M& 
 @ ¿À	)F0& 
 . If ¿ is a
tempereddistribution definedby anintegrabledifferentialfunction ¿ suchthat ¿ w also
definesa tempereddistribution,thentheformulaof integrationby partsshowsthatthis
definitionagreeswith theusualdefinitionof derivative.

Sincethe Fourier transformis an exampleof an operatordefinedon B�	 1°
 withD � @�D �4` , we candefinetheFouriertransformof a distribution ¿ byD 	'¿ 
 	M& 
 @ ¿À	 D �4` 	M& 
)
pJ
All theproperties(i)-(v) extendto distributions.In property(v) wedefinetheconvolu-
tion of a regulardistribution ¿ andanelement& of BÛ	 1°
 by theformula¿LI / 	M& 
 @ ¿À	 / Ik& 
pJ
Lemma 1.2. For any

v RXW with Re 	 v 
k{ O 
 v '@ O ,D 	 � ��x W h 
 @ os c v � � W h 8 ÷ x J
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Proof. Assumefirst thatRe 	 v 
Ij O . Thenthe function � ��x W h belongsto B�	 1°
 and,
usingtheGaussianintegral,we obtain

D 	 � ��x W h 
 @ os c�u [�
� [ � ��x W h � � L W

H D Q @ os c�u [�
� [ � �4x ��W �

Yh ö
Ð � h � � H h 8 ÷ x D Q @os c�u s us v � � H h 8 ÷ x @ os c v � � H h 8 ÷ x J

Therefore,for any &;R ï [ 	 1�
 \ ,
D 	 � �4x W h 
 	M& 
 @ os c v [�

� [ � �
H h 8 ÷[Zx &Å	GF 
 D F J

Considerthe both sidesas functionsof
v
. When Re 	 v 
Îj O eachside is a holo-

morphicfunction,and,for Re 	 v 
 { O 
 v '@ O , arecontinuousfunctions. Theunique
continuationprinciple for holomorphicfunctionsimplies that the two sidesareequal
for Re 	 v 
�{ O 
 v '@ O . This provesthelemma.

Now we canusethelemmato setË=	 ] 
 Q 
 @�D ��` 	 os c�u � � L a H h 8 g 
 @#D 	 os c�u � � L a � � H � h 8 g 
 @ os c�u � ] � L ô hh � J
Property(v) of Fouriertransformgivesus

��	 ] 
 ¿ @ Ëe	 ] 
 Q 
 Ik¿ @ [�
� [ Ëe	 ] 
 QÍF 	-
 ¿À	 	-
 D 	

@
[�
� [

os c�u � ] � L � ô ÿ�\ " hh � ¿À	 	-
 D 	 @ [�
� [ Ë=	 ] 
 Q 

	-
 ¿À	 	-
 D 	�J

Thusweseethattheintegraloperatorwith thekernel Ë=	 ] 
 Q 

	-
 @ Ë=	 ] 
 QIF 	-
p
 ] j O 

is well-definedasanoperator��	 ] 
 on thespaceB�	 1°
 . Now observethat] ��	 ] 
 ¿ ] @ ] 8À	 ] 
 Q 
 ] @ ] D ��` 	 � � L a H h 8 g E¿À	GF 
)
 ] @] � � L a H h 8 g E¿Å	GF 
 ] @ ] E¿À	GF 
 ] @ ] ¿ ] J
This shows that ��	 ] 
 is a unitaryoperator. In particular, ��	 ] 
 is boundedon B�	 1°
 (of
norm1) andhencecontinuous.It is known that B�	 1À
 is densein Ö g 	 1�
 . Thuswe can
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extend ��	 ] 
 by continuityto anunitaryoperatoron thewholespaceÖ g 	 1�
 . It satisfies
theproperty D 	'��	 ] 
 ¿ 
 @ ��� L a H h 8 g D 	M¿ 
pJ
Usingproperty(iii) we get ��	 ] 
 ¿ @ ��� L a @ ¿ 
 ] j O
where. @ F U hU W h J Thisjustifiestheclaimthat Ëe	 ] 
 QÅç ]Gw Q w 
 is thekernelof theoperator��	 ]Gw F ] 
 @ � � L � a É ��a � @ on Ö g 	 1°
 .

Finally let ustry to justify thefollowing formulafrom physicsbooks:Ë=	 ] 
 QÅç ] w Q w 
 @ � Q½ð � � L � a É �ba � @ ð Q w � (1.14)

First of all for any & 
�/ from a Hilbert space� , physicistsemploy thebra-ketnotation� &Àð /^�k� @ � & 

/^�#J
If Ù is a linearoperatorin � , then� &Àð Ù ð /_� � @ � & 
�Ù`/_�pJ
Let &ba beanormalizedeigenfunctionof anoperatorÙ with aneigenvalue c . Physicists
denoteit by ð c � (althoughit is definedonly up to a factorof absolutevalueone). To
simplify thenotationthey set � cÅð6ð Ù ð�ð } � @ � c½ð Ù ð } �#J
Consideranoperator(thepositionoperator)d � B�	 1�
Û� Ö g 	 1�
#
 ¿ � Q�¿ J
It is a self-adjointoperatorBÛ	 1�
 � Ö g 	 1�
 . Its eigenfunctionsdo not belongto the
spaceÖ g 	 1�
 but ratherto thespaceof distributions.

We have d S x 	'& 
 @ S x 	 d & 
 @ S x 	9Q�& 
 @ v &½	 v 
 @ v S x 	'& 
pJ
Thus S x canbeconsideredasaneigendistributionof

d
with eigenvalue

v
. Thusfor anyQ;R 1 we have,accordingto physicist’snotation, ð Q � @ S W . Now we have to compute� � L � a É ��a � S W . Recallthatwecanview it asanintegraloperatorwith kernel Ëe	 ] 
 QÅç ]Gw 
 Q w 


definedon theSchwartzspaceB�	 1°
 whichobviouslycontainsï [ 	 1�
 \ . We have[�
� [ Ë=	 ] 
 QÅç ] w 
 Q w 
 S�	iQ w F àp
 D Q w

@ Ë=	 ] 
 Q¥ç ] w 
�àK
#




15� S x ð � � L � a É �ba � ð Sfe � @ � Sfe7ð Ë=	 ] 
 Q¥ç ] w 
�àK

� � @ S x 	9Ëe	 ] 
 QÅç ] w 
 v 
)
 @ Ëe	 ] 
 v ç ] w 
�àp
pJ
Taking

v @ Q 
/à @ Q w wegetformula(1.14). We have to understandit asS W 	 � � L @ � a É �ba � S W É 
 @ Ëe	 ] 
 Q¥ç ] w 
 Q w 
#J
For any function % ��� � W andapoint ] R � onecanconsidera functionon the

setMap	 ��
���
 definedby % * ] ,ª	'& 
 @ % 	M&½	 ] 
�
#J
Let % ` 
KJKJ�J4
 % � befunctionson � and ] ` 
�JKJKJ¥
 ] � R � , onecanconsidertheintegral� % ` * ] ` , 
�JKJKJ¥
 % � * ] � , � � � @ �

Map�6�4� ��� % ` * ] ` ,ª	'& 
�JKJ�J % � * ] � ,ª	'& 
 � L 3 �657� ( & J
Theright-handsideis calledthepathintegralwith insertionfunctions% ` 
KJKJ�J4
 % � . The
left-hand-sideis calledthecorrelation � -function. In theexampleabove� S W * ] , 
 S WBÉ * ] w , � @ Ëe	 ] 
 Q¥ç ] w 
 Q w 
#J
Exercises

1.1 Find theFeynmanrulesto compute> 	9� 
 @ [�
� [ � � W h)� L�� W

ù D Q J
Computethecoefficientat � g .
1.2 Show that thedistribution gÍ	 ] 
 Q 

	-
 @ Ëe	MO 
 ] ç�Q 
�	�
 (definedto bezerofor ] � O )
is ageneralizedsolutionof theequation

8 a F ocb8 W�W @ S�	 ] 
 S�	iQæF 	-
#

(youhaveto give themeaningof theright-hand-side).

1.3 Show that, for any c { O , the function � L a W is a generalizedeigenfunctionof the
operator� UU W in Ö g 	 1�
 andany generalizedeigenfunctioncoincideswith oneof these
functions.

1.4 Find theFouriertransformandthederivativeof theDirac function S�	9Q§F v 
 .
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Lecture 2

Partition function as the trace of
an operator

Recallthat the traceTr 	 Ù�
 of anoperatorÙ in a finite dimensionalHilbert space� is
equalto thesumof thediagonalentriesof a matrix of Ù with respectto any basis.If
wechooseanorthonormalbasis 	 � ` 
KJ�JKJ4
 � � 
 , then

Tr 	 Ù�
 @ ��
L � ` � Ù � L 
 � L �pJ (2.1)

If Ù is anormaloperator(e.g.Hermitianor unitary),thenonecanchooseanorthonor-
malbasisof % consistingof eigenvectorsof Ù . In thiscase

Tr 	 Ù�
 @ �a � Sp���b� D 	hc 
 c 
 (2.2)

whereSp	 Ù�
 is the spectrumof Ù (the setof eigenvalues)and D 	ic 
 is equalto the
dimensionof theeigensubspacecorrespondingto theeigenvalue c . Noticethatj � k 	 Ù�
 @ la � Sp���b� c U � a � J
Thisgives

Tr 	 Ù�
 @ Á�m 	 j � k 	 � � 
)
pJ (2.3)

Thereareseveralapproachestogeneralizethenotionof thetracetooperatorsin infinite-
dimensionalHilbert spaces.We shall briefly discussthem. First assumethat Ù is a
boundedoperator. First we try to generalizethe definition of a traceby using(2.1).
Onechoosesa basis 	 � ` 
�JKJKJ4
 � � 
KJKJ�J�
 andsets

Tr 	 Ù�
 @ [�
L � ` � Ù � L 
 � L �p

17
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if the seriesconvergent. If the convergenceis absolute,thenthis definition doesnot
dependon the choiceof a basis. In this caseÙ is calleda trace-classoperator. For
example,onecanshow thatTr 	Gn(o 
 @ Tr 	hopn 
 if both n and o aretrace-class.An
exampleof atrace-classoperatorisaHilbert-Schmidtoperatorin thespaceÖ g 	 � ç D�} 
 .If Ëe	9Q 
�	�
 is its kernel,then

Tr 	 ÙÛ
 @ � � Ëe	9Q 
 Q 
 D�} J
When Ù is a self-adjointHilbert-Schmidtoperator, the two definitionscoincide.This
follows from theHilbert-SchmidtTheorem.

Example2.1. Let � be a finite set
� o~
�JKJKJ�
�� ! equippedwith the measureD�} 	Gn 
 @³ n . Then Ö g 	 � 
 D�} 
 @ 1 � with innerproduct� & 

/^� @ � � ¯& �q/ D~} @ ��

L � ` ¯v L à L 
where & @ 	 v ` 
KJKJ�J4
 v � 
#
�/ @ 	 à ` 
�JKJKJ4
/à � 
 . It is clearthat Ëe	9Q 

	-
 canbe identified
with a matrix Ë @ 	hr L s 
 and Ù &½	9� 
 @ ��s � ` r L s v s 

sothat Ù is a linearoperatordefinedby thematrix Ë . Thenits traceis equalto

Tr 	 Ù�
 @ ��s � ` r s4s J
Thisagreeswith definition(2.1)whenwetake thestandardorthonormalbasisof 1 � .

As we havealreadymentioned,in physicsonedealswith unboundedlinearopera-
tors in Ö g 	 � 
 D~} 
 like a differentialoperator. Onetries to generalizedefinition(2.3).
Noticethat Átm`j � k 	 ÙÛ
 @ ��

L � ` Á�m 	hc L 
 @ F
D 	�u �L � ` c � _L 
D Z ÈÈ _ � \ J

Now for any Ù suchthat � hasa basisof eigenvectorsof Ù onecandefinethe
zeta-functionof Ù asfollows. Let O � c ` � c g JKJ�J � c � � JKJ�J be the sequenceof
positiveeigenvaluesof Ù . Onesetsv � 	MZ 
 @ [��~� ` �

�c _� 

where � � is themultiplicity of c � , i.e. thedimensionof theeigensubspaceof eigen-
vectorswith eigenvalue c � . When � @ Ö g 	 � 
 D~} 
 , where � is a compactmanifold
of dimensionD and Ù is apositiveelliptic differentialoperatorof order w , onecanshow
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that
v � 	MZ 
 is ananalyticfunctionfor Re 	MZ 
�j D � w andit canbeanalyticallyextended

to anopensubsetcontainingO . In thiscasewe definej � k 	 Ù�
 @ � � x Éy � \ � J
This obviously agreeswith (2.3) when % is finite-dimensional.Also it is easyto see
thatfor any positivenumberc j � k 	hc Ù�
 @ c x y � \ � j � k 	 ÙÛ
#J (2.4)

Thisof courseagreeswith thefinite-dimensionalcasebecause
v � 	9O 
 @ j-Â�Ã % .

Example2.2. ConsidertheoperatorÙ @ F U hU W h whichactsonthespaceÖ g 	'� ` 
 , where� ` @ 1°� c�u w�m with the usualmeasureD Q descendedto the factor. Note that in this
measurethelengthof � ` is equalto

c�u w , i.e. � ` is thecircle of radiusw . ThemeasureD Q correspondsto the choiceof metric on the circle determinedby its radius. The
normalizedeigenvectorsof Ù are `Q g �{z � L � WB8 z 
)� R m . Thepositivepartof thespectrum

consistsof numbers	 �Å� w 
 g 
)� R mC| \ with � � @Vc . Thusv � 	'Z 
 @dc [���� ` 	 �Å� w 
 � g�_ @tc w g�_ v 	 c Z 
p
where
v 	MZ 
 is the Riemannzetafunction. It is known to be an analytic function for

Re 	MZ 
§j o7� c . This agreeswith the above since � ` is one-dimensionaland Ù is an
elliptic operatorof secondorder. We havev 	MO 
 @ F oc 
 v w 	MO 
 @ F oc Á�m c�u J
Thus v w� 	9O 
 @ F c Átm 	 c�u w 
#

and

detw 	GF D gD Q g 
 @ 	 c�u w 
 g J (2.5)

Example2.3. Letusconsiderthepathintegralwhen � @ 1°� c�u3} m and � @ 1°� c�u w7m .
We usetheaction ��	 ��
 @ oc � g � ~\ � w 	 ] 
 g D ] J
A map �;���P�á� extendsto amapof theuniversalcoverings ��E�~1|�á1 . It satisfies�� 	 ] 
 @ �� 	 ] H c�u3} 
rH c�u � w for someinteger � (equalto the degreeof the mapof
orientedmanifolds).Let Map	 ��
/��
 � bethesetof mapscorrespondingto thesame� .
It is clearthateach� R Map	 ��
/��
 � canbeuniquelywritten in theform� 	 ] 
 @ � w} ] HÓ� \ 	 ] 
 @ � � 	 ] 
ÅHÓ� \ 	 ] 
#
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where � \ 	 ] 
 satisfies� \ 	 ] H c�u3} 
 @ � \ 	 ] 
 , hencebelongsto Ö g 	 �k
 . Thevalueof �
on such� is equalto��	 �4
 @ oc � g � ~\ 	 � w\ 	 ] 
 g H c � w\ 	 ] 
�� w� 	 ] 
¥HÝ� w� 	 ] 
 g 
 D ] J
We have� g � ~\ � w\ 	 ] 
ª� w� 	 ] 
 D ] @ � w} � g � ~\ � w\ 	 ] 
 D ] @ � w}ì	 � \ 	 c�u3} 
 F � \ 	9O 
�
 @ O J
Thus ��	 ��
 @ u � g w g} H oc � g � ~\ � w\ 	 ] 
 g D ] J
TheMinkowski partitionfunctionis> � @ �

Map����� ��� �7L 3 �!ê�� ( � @ �� �{� � � L � h��ªh� �
Map����� º � �7L 3 �!ê�� ( �ÀJ

Observethatwe musthave�
Map�6�4� º � �7L 3 ��ê7� (Í� @ � � Ëe	MO 
 Q¥ç c�u3} 
 Q 
 D Q 


where Ëe	 ] 
 Q¥ç ] w Q w 
 @ o� c�u �#	 ] w F ] 
 � L ��W É � W�� h 8 g � a É �ba � 

to beconsistentwith thepreviouscomputationof thepathintegral.

This gives >d@ �� �{� � � L � h � h� oc�u s � } � � D Q @ ws � } �� �{� � � L � h � h� J
Now weapplythePoissonsummationformula�� �{� � ��� W � h @ os Q �� �{� � ��� � h 8�W J

Taking Q @ w g � � } , weget> 	;w 
 } 
 @ s Q �� �{� � ��� � h W @ �� �{� � ��� � h 8�W @ �� �{� � ��� L ~ � h 8 z�h J (2.6)

Let us computethe traceof the operator � � L g � ~K@ @ � � L ~:� h� � h . Its normalized
eigenfunctionsin Ö g 	 ��
 arethefunctions/ � @ `Q g �{z � L � W78 z . By (2.1), we have

Tr 	 � � L g � ~K@ 
 @ �� �{� � / � ð � � L ~ � h� � h / � � @ �� �{� � ��� L ~ � h 8 z�h J
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Comparingthis with (2.6), weseethat>d@
Tr 	 � � L g � ~K@ 
p


where. @ F `g U hU a h .Remark2.1. If werepeatthecomputationsfor theEuclideanpartitionfunction(replac-
ing � with �G� ) we get>�? 	 } 
 w 
 @ ws } �� �{� � ��� � h�z�h 8 ~ @ �� �{� � ��� � h ~ 8 z�h J
Thisshows that > ? 	 } 
 w 
 @ ws } > ? 	 } 
 } � w 
pJ
If wemodify thepartitionfunctionby insertingthefactor o�� s w , weget> ? 	 } 
 w 
 @ > ? 	 } 
 } � w 
pJ
This is thefirst glimpseof theT-duality.

Let � 	9¾ 
 @ �� �{� � � L � h » 
 ¾ R?5 @�� Q H � 	 R�W �{	æj O ! J
bethemodularform associatedto thequadraticform

d 	iQ 
 @ Q g ( equalto thevalueat
zeroof theRiemannthetafunctionin onevariable).It satisfiesthefunctionalequation� 	GF o�� ¾ 
 @ 	)F��ª¾ 
 �h

� 	i¾ 
pJ
(theproof usesthePoissonsummationformula).Observethat> ? 	 } 
 w 
 @ � 	9� } � w g 
#J
This is ourfirst encounterwith thetheoryof modularforms.

Thereis anotherway to computethepartitionfunctionfor theaction>d@ �
Map���4� º � �p��� û F oc � g � ~\ Q w 	 ] 
 g D ] ü ( Q½	 ] 
p


where � is thecircleof radius
}

. Noticethat� g � ~\ Q w 	 ] 
 g D ] @ QÅ	 ] 
 Q w 	 ] 
 ÈÈ g � ~\ F � g � ~\ Q½	 ] 
 Q w²w 	 ] 
 D ] @ F � QÅ	 ] 
p
 Q½	 ] 
 w!w �
� h � 3 � � J
Thus >�?Ý@ �

Map����� º � � � � W~� a �ª� @ W~� a �G� 
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where. @ F `g U hU a h . Theintegral� � � � W~� a �ª� ��W~� a �G� ( QÅ	 ] 
#

can be thoughtas a generalizationof the Gaussianintegral since

� QÅ	 ] 
#
�Ù QÅ	 ] 

� is a
quadraticform in % @ Ö g 	'� ` 
 . If % @ 1 � and Ù is a positive-definiteself-adjoint
operator, wecouldusetheorthogonalchangeof variablesto diagonalizeÙ andwrite� º � � � ��� � � � � D Q ` JKJ�J D Q � @ � º � � � a � W h � ������� � a � W h� D Q ` JKJKJ D Q � @�lL � `

[�
� [ � �

a Ð W h
Ð D Q L @ �lL � ` y

uc L @
u � 8 g� �L � ` s c L @

u � 8 g� j � k 	 Ù�
 @ j � k 	 ou Ù�
 ���h J
Hereweassumedthatall eigenvaluesc L arepositive,or equivalently, thatthequadratic
form

d @ � ß 
�Ù ß � is positive definite.To getrid of
u

let uschangethemeasureon 1
replacingD Q with `Q g � D Q sothat� º � � � ��� � � � � 	 s u 
 � � D Q ` J�JKJ D Q � @ j � k 	 Ù�
 � �h J
Now, for any normalpositive definiteoperatorÙø� � � � in a Hilbert space� , we
canwrite any element&eR�� asa sum u v � & � , where 	'& � 
 is anorthonormalbasis
of eigenvectorsof Ù . Thecoordinate

v � is ananalogof the Q L coordinatefrom above.
Thismotivatesthefollowing definitionï � « � � ��� � � � � (�9 @ detw 	 ou d 
 �4` 8 g J (2.7)

Herethemeasure(+* 9 , is definedup to somemultiplicativeconstantï . In factwewill
bedefiningthecorrelationfunctionsby theformula� % ` 	 ] ` 
#
�JKJ�J�
 % � 	 ] � 
�� @£ò % ` 	 ] ` 
����K� % � 	 ] � 
 � L 3 ��ê7� (;* � ,ò � L 3 �!ê�� (+* � , 

so the choiceof the constantwill not matter. We would like to appy this to the op-
erator . @ F U hU a h in Ö g 	 1Y� c�u3} 
 . However, not all of its eigenvaluesarepositive.
Constantfunctionsform the nullspaceof this operator. If we decomposeeachvector
asa sum u � v � / � of normalizedeigenvectors,thencoefficients

v � will be analogs
of the coordinatesin 1 � . So, we canwrite our spaceasthe productof the spaceof
constantfunctionsandfunctionswith

v \ @ O . Thecoefficientof theconstantfunctiono at / \ @ o�� s c�u3} is equalto
s c�u3}

. Thusthe integral over the spaceof constant
functionsis equalto ò g �{z\ s c�u3} 	 D Q � s c�u 
 @tc�u w s } J So,using(2.5), we obtain>d@ 	 c�u3} 
 �4` 	 c�u w s } 
 @ w � s } J
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This agreeswith the computationsin example2.3 if we switch from the Minkowski
partitionfunctionto theEuclideanone.

Hereis anotherapplicationof theGaussianintegral for quadraticfunctionals.Con-
sidertheactionfunctional ��	 ��
 definedby someLagrangianÖ ��Ù��Ú��1 . We know
that its stationarypointsareclassicalsolutions. Write � 	 ] 
 @ ��� 	 ] 
YH S � 	 ] 
 , where��� 	 ] 
 is aclassicalsolution.Then��	 ��
 @ ��	 � � 
¥H oc S g �S � g ÈÈÈ ê � êq� 	GS ��
 g H termsof higherorderin S �½J
Thisgivesasemi-classicalapproximation:� �p��� 	i�G��	 �4
�� . 
)(+* � ,�� �

classicalsolutions�p��� 	i�G��	 � � 
�� . 
p* oc�u � j � k 	 S g �S � g 
 ÈÈÈ ê � ê � , ���h J
Thisapproximationis exactwhentheactionis quadraticin � .

Example2.4. We take � @ 1°� c�u Ö and � @ 1 . TheLagrangianis

Ö 	 ã 
�Øã 
 @ oc 	 Øã g F�� g ã g 

andtheMinkowski partitionfunctionis> � @ � (+* � 	 ] 
 , �p��� û �c � � 	 Ø� 	 ] 
 g F�� g � g 	 ] 
 ü D ] J
It is called the path integral of the harmonicoscillator. The kernel of the operator� � L � aª��a A � @ is givenbyË=	 ] \ 

	 ç ] ` 
 Q 
 @ � ê�� a � � � Wê�� a A � �3R (;* � 	 ] 
 , �p��� û �c

� � 	 Ø� 	 ] 
 g F�� g � g 	 ] 
 ü D ] J
Choosea critical path � cl for theactiondefinedby our Lagrangiananddecompose

theactionin theTaylorexpansionat � cl.��	 � 	 ] 
)
 @ ��	 � cl

¥H oc S g �S � g ÈÈÈ ê � ê cl

	 � 	 ] 
 F � cl

#J (2.8)

Theclassicalpathis a solutionof theLagrangianequation:DD ] â Öâ Øã F â Öâ�ã @ � 	 ] 
 w w H � g � 	 ] 
 @ O J
Its solutionsatisfyingtheinitial condition � 	 ] \ 
 @ 	�
)� 	 ] ` 
 @ Q is�

cl 	 ] 
 @ 	 û � Âtm �0	 ] ` F ] 
� Â�m �0	 ] ` F ] \ 
 ü H Q û
� Âtm �0	 ] F ] \ 
� Âtm �0	 ] ` F ] \ 
 ü J
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Thevalueof theactionfunctionalon theclassicalsolutionis��	 � cl

 @ oc � a �a A Æ � cl 	 ] 
 w 
 g F�� g � cl 	 ] 
 g Ç D ] @ � û 	 	 g H Q g 
��[� � �0	 ] ` F ] \ 
 F c Q 	 üc�� Â�m �0	 ] ` F ] \ 
 J

Thesecondvariationof theactionfunctionalisS g �S � g 	 � 	 ] 
�
 @ � a �a A � 	 ] 
 	
D gD ] g H � g 
ª� 	 ] 
 D ] J

Thuswecanrewrite (2.8) in theformËe	 ] \ 
�	 ç ] ` 
 Q 
 @ �p��� 	i�G��	 � cl

)
 Ü� ê�� a � � � Wê�� a A � �3R (+* � 	 ] 
 , �K�<� û F �c

� a �a A 	 � 	 ] 
 F � cl 	 ] 
)
 	 D gD ] g H � g 
 	 � 	 ] 
 F � cl 	 ] 
)
 D ] ü J
Now let usmakethevariablechangereplacing� 	 ] 
 F � cl 	 ] 
 with � 	 ] 
 . Thelimits in the
pathintegral changeto � 	 ] \ 
 @ � 	 ] ` 
 @ O . Thepathswe integrateover areperiodic
with theperiod Ù @ ] ` F ] \ satisfying� 	 ] \ 
 @ � 	 ] ` 
 @ O . Usingthegeneralizationof
theGaussianintegral to functionalintegralswehave� ê�� a � � � \ê�� a A � � \ (+* � , �p��� û F �c

� a �a A � 	 ] 
 	
D gD ] g H � g 
�� 	 ] 
 D ] ü @�

Map����� º � (+* � , �p��� 	)F oc � �À
 � ( �3��� h ���N� 
 @ j � k 	 oc�u � (æ
 � �h 

where ( @ F D gD ] g F�� g J
Theeigenfunctionsof ( satisfyingthecondition � 	 ] \ 
 @ � 	 ] ` 
 @ O arethefunctions� Âtm 	 � u ] �7Ù�
 , where � Rtm&| \ and Ù @ ] ` F ] \ . The correspondingeigenvaluesare
equalto c � @ 	 � u ��Ù�
 g F�� g . We know thatj � k 	 oc�u � ( 
 @ [l��� `

oc�u � 	)	 u �Å�7Ù�
 g F�� g 
 @ [l�~� `
oc�u � 	 � u �7Ù�
 g [l��� ` 	 o F � g

Ù g� g u g 
#J
Of courseherewe usea “physicists’sargument”sincewe don’t havetheright to write
the productas the productof two infinite products, oneof which is divergent (see
the next remarkfor an attemptto justify the argument). Now we usethat the first
productcorrespondsto the actionwith � @ O . So to be consistentwith our previous
computationwemusthaveû [l��� `

oc�u � 	 � u �7Ù�
 g ü � �h @ Ëe	 ] \ 
 O-ç ] ` 
 O 
 @ os c�u � Ù J
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Note that if we computetheproductusingthezetafunctionof theoperatorF `g � L U hU W hon thesapceof functions&½	 ] 
 on * ] \ 
 ] ` , satisfying &½	 ] \ 
 @ &½	 ] ` 
 @ O we get[l�~� `
oc�u � 	 � u �7Ù�
 g @ 	 c�u � Ù�
 ï J

Thetwo computationsdisagree.Theway out of this contradictionis thechoiceof the
normalizingconstantï which we usedto definethe Gaussianintegral. It shows that
wehaveto chooseï @ s c�u . Now weusetheEulerinfinite productexpansionfor the
sinefunction: � Âtm 	;� Ù�
� Ù @ [l��� ` 	 o F � g

Ù g� g u g 
pJ
Fromthis we deducethatËe	 ] \ 

	 ç ] ` 
 Q 
 @ �p��� 	i�G��	 � cl


�
 j � k 	 oc�u � (æ
 ��` 8 g @
�p��� 	i�G��	 � cl


)
 	 �c�u � � Âtm 	 Ù � 
 
 ` 8 g @ Æ � u Ç �h � � L ���-8 gs o F � � g L ��� �p��� 	9�G��	 � cl

)
pJ

Let usrewrite ��	 � cl

 in thefollowing form��	 � cl 	 ] 
�
 @ �i�c û 	iQ g H 	 g 
 o H � � g L ���o F � � g L ��� F¢¡ Q 	 � � L �£�o F � � g L ��� ü @�i�c Æ 	iQ g H¤	 g 
 	 o H c [���� ` � � g L � ��� 
 F ¡ Q 	 � � L ��� 	 o H

[���� ` � � g L � ��� Ç @�h�c û F|	iQ g H¥	 g 
ÅH [���� \ 	 c Q g H c 	 g F ¡ Q 	 � � L ��� 
 � � g L � �£� ü J
Usingthiswe obtain

Ë=	 ] \ 

	 ç ] ` 
 Q 
 @ Æ � u Ç �h � � L �¦�-8 gs o F � � g L ��� Ü
�K�<� § F � c û F|	iQ g H¥	 g 
�H [���� \ 	 c Q g H c 	 g F ¡ Q 	 � � L ��� � � g L � ��� ü ¨ @[���� ` � � L ��� � � �h �i�G� n � 	iQ 
�	-
 @ � � L ���N8 g

� � � u � � ����W h)� R h �98 g HdJKJ�J4J
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Now recall that thekernelof a Hilbert-Schmidtunitaryoperatorcanbewritten in
theform gÍ	iQ 

	-
 @ �� �{� c � ¯/ � 	iQ 
4/ � 	 	�
p

where / � is the normalizedeigenfunctionwith the eigenvalue c � . In our case,the
eigenvaluesof � � L � @ must be equal to � � L �¥� � �Û�h �©� . Thus the eigenvaluesof the
Hamiltonian . are �0	 �ÎH `g 
 . We shall seein the lecturethat the eigenvectorsof. are / � 	iQ 
 @ 	©� � u 
 ` 8 ÷ . � 	 s �°Q 
 � � W h �-8 g 
 where . � aretheHermitepolynomials.
When � @ O , we get / \ 	9Q 
4/ \ 	 	-
 @ � � � u � � ����W hG� R h �98 g @ n \ 	iQ 

	-
#J This checksthe
first term.

Exercises

2.1 Let ® � O � c ` � c g � J�JKJ beanon-decreasingsequenceof positiverealnumbers.
Define

v ± 	MZ 
 @ u � 6 ` c � _� providedthat this sumconvergesfor Re 	MZ 
`ª O andhas
a meromorphiccontinuationto the whole complex planewith no pole at Z @ O . Set� [L � ` c L @ � � x É« � \ � J(i) Provethatfor any ­ {to , � [L � ` c L @ 	ic ` � c g �K�K� c ë 
 � [L � ë �Å` c L .(ii) Givea meaningto theequality � � @ s c�u .

2.2 Let Ù @ 1 � � X bea � -torus.Here X @ m+� ` HVJKJ�J m^� � and � ` 
�JKJ�J�
 � � arelinear
independentvectorsin 1 � .

(i) Computethetraceof theLaplaceoperatorÖ @ F�u �L � ` â gW
Ð

in Ö g 	 Ù0
 D�} 
 whereD�} is inducedby thestandardvolumeform on 1 � .

(ii) ComputetheEuclidianpartitionfunction
> ? 	 Ù�
 for themapsfrom � @ 1°� c�u3}

to Ù with theactiondefinedby ��	 ��
 @ `g ò � ð�ð¬�� w 	 ] 
 ð�ð g D ] , where �� is any lift of �
to asmoothmap 1|�U1 � .

(iii) Let X � @­� 	 R 1 � ��	 � QARÓm for all QARÝX ! . UsethePoissonsummation
formula �W���¬ ¿À	iQ 
 @ n �4` �R ��¬%® E¿½	 	�
p

where ¿+R:B�	 1 � 
 , E¿ is its Fouriertransformand n @ j � k * � ` 
KJ�JKJ�
 � � , , to relate
thepartitionfunctions

> ? 	 Ù�
 and
> ? 	 Ù��K
 .

2.3 Computethetermsn ` 	9Q 

	-
 and n g 	9Q 
�	�
 from Example2.4to find theeigenfunc-
tions / ` 	9Q 
 and / g 	9Q 
 .



Lecture 3

Quantum mechanics

Thequantummechanicsis a O Hdo dimensionQFT.
Let us recall the main postulatesof quantummechanics.A quantumstateof a

systemis a line in aseparableHilbert space� . It canberepresented(notuniquely)by
avector/ of norm1. To eachobservablequantity(likeposition,momentumor energy)
oneassociatesa self-adjointoperatorn in � (an observable). A measurementof an
observable n dependson thegivenstate/ andis not givenpreciselybut insteadthere
is a probability that the valuebelongsto a subset	GF � 
 c-, . This probability is equal
to ¯�° 	ic�ç / 
 @ ð6ð   °k	hc 
4/ ð6ð g , where

  °k	ic 
 is the spectralfunction of n , an operator-
valuedmeasureon 1 . In thecasewhen n is acompactoperator, � hasanorthonormal
basis 	 � � 
 of eigenvectorsof n with eigenvalue c � . Then

  ° 	ic 
 @ u a � n a  ²± � ,
where

 ²± � is the orthogonalprojectoroperatorto the subspaceW � � . Thus, for any
simpleeigenvalue c � of n , ð � /0
 � � � ð g canbe interpretedas the probablility that the
observable n takesvalue c � in thestate/ .

In physicsliteratureoneoften writes ð c � for a norm 1 eigenvector / a of n with
eigenvalue c andrewrites

� /0
 &ba � in theform
� / ð c � . Also onewrites

� cÅð } � insteadof��� c½ð�ð6ð } ��� .
Theprobability amplitude(a complex numberof absolutevalue � o ) is definedto

be
� /0
 c � . The function c � � /�
 c � is called the wavefunctionof the state / with

respectto n . The inner productof two states
� & 

/^� is interpretedasthe probability

amplitudethat the state & changesto the state/ . Its absolutevalueis the probablity
of this event. Note thatby Cauchy-Schwarzinequality, this numberis alwayslessor
equalto 1 andit is equalto 1 if andonly if the two statesareequal(as lines in the
Hilbert space).

Theexpectationvalueof n in thestate/ is definedto be� n ��³ @ � n /�

/_� @ �=[� [ Q D�} ° � ³�
 (3.1)

whereD~} ° � ³ is themeasureon 1 definedby D�} ° � ³ 	9¦ 
 @ �   ° 	M¦ 
4/�

/_� .
Example3.1. Let � @ Ö g 	 1r
 D Q 
 and n @ d is thepositionoperator corresponding
to the measurementof the coordinateQ . It is definedby

d 	M¿ 
 @ Q�¿ . This is an un-
boundedself-adjointlinearoperator. We know from Lecture1 that ð c � @ Sfa (although

27
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they do not belongto thespace� but ratherto thespaceof distributions).We have� / 	iQ 
#
 S´a � @ � / 	iQ 
 S´a D Q @ / 	ic 
pJ
The probability amplitudeof the value c of the observable

d
in a state/ is equalto/ 	ic 
 . So,in therealizationof � as Ö g 	 1 
 D Q 
 , a state/ 	iQ 
 is interpretedasthewave

functionof thestate/ with respectto theobservable
d

. Any / Rµ� canbewrittenas/ @ � / 	hc 
 S a D c J
Of coursethishastobeunderstoodastheequalityof distributions.Forany testfunction& we have [�

� [
û [�
� [ / 	hc 
 S´a D c ü &½	iQ 
 D Q

@ [�
� [ / 	ic 


û [�
� [ Sfa�&½	iQ 
 D Q ü D c

@
[�
� [ / 	hc 
 &½	hc 
 D c

@ / 	M& 
#J
Theexpectationvalueof

d
is equalto� d �
³ @ � º c½ð / 	hc 
 ð g D c J

Considerthedelta-functionS x asastate(althoughit doesnotbelongto Ö g 	 1 
 D Q 
�
 .Thentheprobabilityof
d

to takeavalue à in thestateS x is equalto
� S x 
 Sfe � . Theinner

productis of coursenot definedbut we cangive it the following meaning.We know
that S x is equalto thelimit of tempereddistributions `Q g ��a � � ��W ��x � h 8 g a when ] tendsto
zero.Thuswe canset� S x 
 S e �k� @ Á6Â�Ãa Ä \ S e 	 os c�u ] � � ��W ��x � h 8 g a 
 @ Á6Â6Ãa Ä \ os c�u ] � � � e ��x � h 8 g a J
When à @ Q is avariable,we get� S x 
 S W � @ Á6Â6Ãa Ä \ os c�u ] ��� ��W �4x � h 8 g a @ S x @ S�	9Q§F v 
pJ
Example3.2. Let � @ Ö g 	 1°� c�u3} 
 and n equalto the momentumoperator

 �@ � UU W .
Its eigenvectorsarethefunctions ¿ � @ `Q g � ~ � � L � WB8 ~ with eigenvalue � . We have

� / 	iQ 
p
 ¿ � � @ os c�u3} � g � ~\ ¯/ 	9Q 
 � � L � WB8 ~ D Q @ ¯v � 
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is the � -th Fouriercoefficientof ¯/ . So,thewave functionof / is thefunction �+� ¯v �
on m @ Sp	   
 . The probability that

 
takesvalue � at the state/ is equalto ð v � ð g .

Theexpectationvalueis equalto �   � ³ @ �� �{� � ð v � ð g J
Thedynamicsof a quantumsystemis definedby a choiceof a self-adjointopera-

tor . , calledtheHamiltonianoperator. In Schr̈odinger’s picturetheoperatorsdo not
changewith time,but thestatesevolveaccordingto thelaw/ a @ � �

Ð$ @ a /0J
Here . is a fixedconstant,thePlanck constant. Equivalently, / 	 ] 
 is a solutionof the
Schrödinger equation: �G. DD ] / a @ . �f/ 	 ] 
#J
In Heisenberg’spicture, thestatesdo not changewith time but theobservablesevolve
accordingto thelaw nI	 ] 
 @ � �

Ð$ @ a � n � �
Ð$ @ a J

We have theHamiltonianequation:DD ] n 	 ] 
 @ * n 	 ] 
#
 .S, : 
 (3.2)

where * n 
 ol, : @ �. 	Gn < o F
o < n 
#J
If / a is an eigenvectorof . , then / a @ � �

Ð$ a a / andhencethe correspondingstate
(equalto the line spannedby / ) doesnot changewith time, i.e. / 	iQ 
 describesa
stationarystate. Usuallyonemeasuresobservablesat thestationarystatesof . .

Therearetwo waysto defineaquantummechanicalsystem.One(dueto Feynman)
usesthe pathintegral approach.Herewe take � @ Ö g 	 � 
 D~} 
 asin Lecture1 and
definethe Hamiltonianby meansof the path integral. The choicehereis the action
functional. It is definedin sucha way that its stationarypathsdescribethe motions
of a classicalmechanicalsystem.Anotherapproachis via quantizationof a classical
mechanicalsystem.Recall that the latter is definedby a LagrangianÖ �ÅÙÛ� � 1
which, in its turn,definesanactionfunctionalon thespace

D @
Map	 * v 
/à , 
���
#J��	 ��
 @ � ex Ö 	 � 	 ] 
p
�Ø� 	 ] 
)
 D ] JA critical point of this functional definesa motion of the mechanicalsystem. The

equationsfor a critical point arecalledtheEuler-Lagrange equations. If onechooses
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local coordinates
ã @ 	 ã ` 
KJKJ�J4
 ã � 
 in � and the correspondinglocal coordinates	 ã 
ÅØã 
 @ 	 ã ` 
KJKJ�J4
 ã � ç Øã ` 
KJ�JKJ4
¥Øã � 
 in Ù�� (sothat Øã L 	L¶¶¸·i¹ 
 @ S L s 
 , theequationslook asâ Öâ�ã L F

DD ] â Öâ Øã L @ O 
 � @ o�
KJKJ�J4
)��J (3.3)

Herethe left-handsideis evaluatedat a path ] � 	 � 	 ] 
p
�Ø� 	 ] 
�
 in ÙÛ� givenby
ã L @ã L 	 ] 
p
�Øã L @ U ·

Ð � a �U a . For example,if we assumethat therestrictionof Ö to eachtangent
spaceÙ�� W is a positive-definitequadraticform, we canuseÖ to definea Riemannian
metric � on � . A critical pathbecomesa geodesic.

Anotherway to definetheclassicalmechanicsis via aHamiltonianfunctionwhich
is a functionon thecotangentbundle Ù��K� .

Recall that any non-degeneratequadraticform
d

on a vectorspace% definesa
quadraticform

d �4` on thedualspace% � . If weview aquadraticform asasymmetric
bilinearform, andhenceasa linearmap % � % � , then

d ��` is theinversemap.Let us
seethat,for any ºÝR % � , d �4` 	Gº 
 is equalto themaximum(if

d j O ) or theminimum
(if
d � O ) of thefunction Ì²» � % �U1 definedbyÌ » 	 9�
 @ º 	 9�
 F d 	 9�
#J

If we choosethecoordinatesso that % @ % � @ 1 � 
 and º 	 9�
 @ º �f9 , then
d 	 9�
 @`g 9 � n �%9 for somesymmetricmatrix n . Thus to find an extremumwe musthaveä�Ì²» @ º+F�n �q9 @ O , hence9 @ n �4` º andwe getÃ�¼ �� � « Ì²»¥	 9�
 @ º � n ��` º+F oc=º � n �4` º @ oc3º � n �4` º @ d �4` 	hº 
pJ

Using this onecangeneralizethe constructionof
d �4` for any function ¿ on % such

that its seconddifferentialis non-degenerate.This is calledtheLegendre transformof¿ . By definition,for any ºAR % � ,
Leg 	'¿ 
 	hº 
 @ º 	 9�
 FÓ¿À	 9<
p


where 9 is the implicit function of º definedby º @ D ¿ � , where D ¿ � � % �^1 is
the differential of ¿ at the point 9 R % . In order that this function be definedwe
have to satisfytheconditionsof theImplicit FunctionTheorem:

j � k 	 D g ¿À	 9�
)
p'@ O . In
general,theimplicit function 9 	Gº 
 is amultivaluedfunction,sotheLegendretransform
is definedonly locally in aneighborhoodof anextremumpointof thefunction º 	 9�
 F¿À	 9�
 .

We shall apply the Legendretransformto the Lagrangianfunction Ö . We denote
thelocal coordinatesin thecotangentbundle Ù��p� by	 ã 
 ¯ 
 @ 	 ã ` 
KJKJ�J4
 ã � çG¯ ` 
KJ�JKJ�
 ¯ � 
#
wherethe fibre coordinates	½¯ ` 
KJ�JKJ4
 ¯ � 
 are taken to be the dual of the coordinate
functions 	 Øã ` 
KJKJ�J�
�Øã � 
 in the tangentbundle Ù�� andcanbe identifiedwith a basis	�¶¶¸· � 
KJKJ�J4
 ¶¶¸· � 
 in Ù�� W . TheLegendretransformof Ö is equalto

.A	 ã 
 ¯ 
 @ ��
L � ` Øã L ¯ L F Ö 	 ã 
�Øã 
p
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where Øã L aretheimplicit functionsof 	½¯ ` 
KJ�JKJ4
 ¯ � 
 definedby theequation

¯ L @ â Öâ Øã L 	 ã 
ÅØã 
#
 � @ o~
�JKJ�J4
)�
Thefunction . ��Ù � �Ú�U1 is calledtheHamiltonianassociatedto theLagrangianÖ .
As we have explainedbefore,in orderit is definedtheLagrangianmustsatisfysome
conditions.

Using the Hamiltonianonecanrewrite the Euler-Lagrangeequationfor a critical
path � 	 ] 
 of theactiondefinedby theLagrangianin theform:Ø¯ L � @ D ¯ LD ] @ F â .A	 ã 
 ¯ 
â�ã L 
 Øã L � @ D ã LD ] @ â .A	 ã 
 ¯ 
â ¯ L J
Herea solutionis a path ��Î� Ò �UÙ&�K� 
 ] � �� 	 ] 
#
 which satisfiestheaboveequations
afterwe composeit with thecoordinatefunctions 	 ã 
 ¯ 
��<Ù��K� �Õ1 . Theprojection
of thepath �� to thebase� (i.e. thecompositionwith theprojectionmap Ù��K�Ú�á� )
is the path � 	 ] 
 describingthe equationof the motion. The differencebetweenthe
Euler-LagrangeequationsandHamilton’sequationsis thefollowing. Thefirst equation
is a secondorderordinarydifferentialequationon ÙÛ� andthe secondoneis a first
orderODEon Ù&�p� which hasa niceinterpretationin termsof vectorfields.

Recallthata (smooth)vectorfield on a smoothmanifold ¾ is a (smooth)sectionF of its tangentbundle Ù ¾ J Let ï [ 	 Ù ¾ 
 denotesthe setof vectorfields. It hasan
obviousstructureof a vectorspace.For eachsmoothfunction &dR|ï [ 	;¾ 
 onecan
differentiate& along F R ï [ 	 Ù ¾ 
 by theformula( H 	M& 
 	iQ 
 @ � L

â &â Q L F L 

where QdR¿¾ 
 	9Q ` 
KJKJ�J4
 Q � 
 arelocal coordinatesin a neighborhoodof Q , and F L are
thecoordinatesof F-	iQ 
 R Ù ¾ W with respectto thebasis 	 ¶¶ W � 
KJ�JKJ4
 ¶¶ W � 
 of Ù ¾ W . We
alsohave ( H 	M& 
 @ D &½	;F 
p

wherewe considersmooth1-formsaslinear functionson vectorfields. This definesa
linearmap (ý� ï [ 	 Ù ¾ 
�� End	Mï [ 	;¾ 
�
#J
It is easyto checkthat ( H 	M& / 
 @ ( H 	M& 
�/×H§( H 	 /k
 & , sothattheimageof ( lies in the
subspaceof derivationsof thealgebraï [ 	G¾ 
 . Givena smoothmap �e�Å* v 
�à , � ¾ ,
anda vectorfield F we saythat � satisfiesthedifferentialequationdefinedby F (or is
an integral curveof F ) ifD �D ] � @ 	 D ��
 »Å	 ââ ] 
 @ F-	 � 	hº 
�
 for all ºeRÎ	 v 
/àp
#J

Thevectorfield on theright-hand-sideof Hamilton’sequationshasaniceinterpre-
tationin termsof thecanonicalsymplecticstructureon themanifold ¾ @ Ù���� J
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Recallthata symplecticform on a smoothmanifold ¾ is a smoothclosed2-form�PRÁÀ g 	G¾ 
 which is anon-degeneratebilinearform oneachÙ 	;¾ 
 W . If weview � W as
a linearmap Ù ¾ W � 	 Ù ¾ W 
 � @ Ù � ¾ W , thenits inversedefinesa linear isomorphismÂ � 	iQ 
��-Ù�� ¾ W � Ù ¾ W . Varying Q we getan isomorphismof vectorbundlesÙÛ� �Ù��p� andby thepull-backof sectionsanisomorphismof thespaceof sectionsÂ � � À ` 	G¾ 
 @ ï [ 	 Ù � ¾ 
°� ï [ 	 Ù ¾ 
#J
Given a smoothfunction Ì � ¾ � 1 , its differential D Ì is a 1-form on ¾ , i.e., a
sectionof the cotangentbundle Ù�� 	;¾ 
 . Thus,applying Â � we can definea sectionÂ � 	 D Ì 
 of the tangentbundle,i.e., a vectorfield. It is calledthe Hamiltonianvector
field definedby thefunction Ì . We applythis to thesituationwhen ¾ @ Ù&� 	 ��
 with
coordinates	 ã 
 ¯ 
 and Ì is theHamiltonianfunction .A	 ã 
 ¯ 
 . We usethesymplectic
form givenin local coordinatesby� @ � L D ã L�Ã D ¯ L JFor any 9b
�Ä R Ù 	G¾ 
 W� W 	 9�

Ä�
 @ � L D ã L 	 9<
 D ¯ L 	 Ä�
 F

�
L D ã L 	 Ä�
 D ¯ L 	 9<
pJIn particular,

� W 	 ââ�ã L 

ââ�ã s 
 @ � W 	 ââ ¯ L 


ââ ¯ s 
 @ O for all � 
iÅN

� W 	 ââ�ã L 


ââ ¯ s 
 @ F^� W 	 ââ ¯ L 

ââ�ã s 
 @ S L s J

Thisshows that Â � 	 D ¯ L 
 @ ¶¶¸·
Ð 
VÂ � 	 D ã L 
 @ FÆ¶¶[Ç

Ð 
 henceÂ � 	 D . 
 @ Â � û � L
â .â�ã L D ã L H � L

â .â ¯ L D ¯ L ü @ � L 	GF
â .â�ã L 
 	

ââ ¯ L 
�H � L
â .â ¯ L

ââ�ã L J
Sowe seethat theODE correspondingto theHamiltonianvectorfield È�	G. 
 defined
by . is thevectorfrom theright-hand-sideof Hamilton’sequations.We haveÈ�	G. 
 	M¿ 
 @É� ¿ 
 . ! J

Let 	;¾ 
 � 
 be a symplecticmanifold. For any two functions ¿ 

� R|ï [ 	G¾ 
 one
definesthePoissonbracket � ¿ 
�� ! @ �0	 Â � 	 D ¿ 
p

Â � 	 D �-
)
pJ
By definitionof Â � we have �0	 Â � 	 D ¿ 
p
 F 
 @ D ¿À	;F 
 , sothat� ¿ 
�� ! @ D ¿À	 Â � 	 D �-
)
 @ Â � 	 D ��
 	M¿ 
 @ F Â � 	 D ¿ 
 	 ��
pJ
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ThePoissonbracket definesa structureof Lie algebraon ï [ 	G¾ 
 satisfyingtheaddi-
tionalproperty: � ¿ 
���Ê ! @�� ¿ 
�� ! Ê×H � ¿ 
ËÊ ! ��J

Onecanshow (Darboux’sTheorem) thatit is alwayspossibleto chooselocalcoor-
dinates	 ã ` 
KJKJ�J�
 ã � 
 ¯ ` 
KJ�JKJ4
 ¯ � 
 suchthat� @ � L D ã L¦Ã D ¯ L JIn thesecoordinates � ¿ 
�� ! @ � L 	

â ¿â�ã L
â �â ¯ L F

â ¿â ¯ L
â �â�ã L 
pJ

For example, � ¯ L 
 ¯ s ! @>� ã L 
 ã s ! @ O 
 � ã L 
 ¯ s ! @ S L s J (3.4)

Thecorrespondingdifferentialequation(= dynamicalsystem,flow) isD ¿D ] @�� ¿ 
 . ! J
A solutionof thisequationis a path �;�N* v 
�à , �á� suchthatD ¿À	 � 	 ] 
)
D ] @�� ¿ 
 . ! 	 � 	 ] 
)
pJ
Thisis calledtheHamiltoniandynamicalsystemon ¾ (with respectto theHamiltonian
function . ). If we take ¿ to becoordinatefunctions

ã L 
 ¯ L on ¾ @ Ù�� 	 ��
 , we obtain
Hamilton’sequationsfor thecritical path �;�N* v 
�à , �´� in � .

Theflow � a of thevectorfield ¿ � � ¿ 
 . ! is a one-parametergroupof operators5 a on Ìæ	 ��
 definedby theformula5 a 	M¿ 
 @ ¿ a 	iQ 
 @ ¿À	 � 	 ] 
)

where � 	 ] 
 is the integral curve of theHamiltonianvectorfield ¿ � � ¿ 
 . ! with the
initial condition� 	MO 
 @ Q , Theequationfor theHamiltoniandynamicalsystemdefined
by . is D ¿ aD ] @�� ¿ a 
 . ! J (3.5)

HereweusethePoissonbracketdefinedby thesymplecticform of � .
A quantizationof a mechanicalsystemis definedby assigningto any observable¿ARÝï [ 	;¾ 
 a self-adjointoperatorn ¼ R
� . This operatormaycontaina parameter. . Thisassignmentmustsatisfysomenaturalproperties.For example:n&Í ¼ � Î[Ï @ Á6Â6Ã: Ä \ * n ¼ 
 n Î , : (3.6)
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UnderthequantizationtheHamiltonianfunctionof themechanicalsystembecomesa
self-adjointoperator. , calledtheHamiltonianoperator of thequantizedsystem.We
have nÑÐ � @ � ¼ @ n�Í ¼ � @ Ï @ Á6Â6Ã: Ä \ * n ¼ 
 n @ , : @ Á�Â6Ã: Ä \ * n ¼ 
 . , : JThusthelinearmap n �T* n 
 . , : is interpretedasthequantizedactionof theHamil-
tonianvectorfield È�	h. 
 . Theanalogof thedynamicalsystem(3.5)is theHamiltonian
equationin quantummechanics(3.2).

Forexample,whenamechanicalsystemisgivenontheconfigurationspaceÙ 	 1 � 
��
with coordinatefunctions

ã L 
 ¯ L we needto assignsomeoperatorsto the coordinate
functions: d L @ n ·

Ð 
   L @ n Ç
Ð 
 � @ o�
KJ�JKJ4
)��J

By analogywith (3.4), we shouldhave*   L 
   s , : @ * d L 
 d s , : @ O 
 * d L 
   s , : @ S L s (3.7)

Sowe have to find anappropriateHilbert space% andoperators
  L 
 d L R��E	 % 
 satis-

fying (3.7). We take % @ Ö g 	 1 � 
 anddefined L � & � ã L & 
   L � & � ��. ââ�ã L & JRecallthattheseareunboundedself-adjointoperators.
Theoperator

d L (resp.
  L ) is calledtheposition(resp.momentum) operator.

Let usgiveanexampleof quantizationof aclassicalmechanicalsystemgivenby a
harmonicoscillator. It is givenby theLagrangianÖ 	 ã 
�Øã 
 @ oc�	i� Øã g FÎ�µ� g ã g 
)
p

where � is themassand � is thefrequency. ThecorrespondingHamiltonianfunction
is .A	 ã 
 ¯ 
 @ ¯ Øã F oc 	i� Øã g FE�:� g ã g 
 @ oc 	 ¯ g� H �:� g ã g 
#

wherewe usedthat ¯ @ ¶ �¶=Ò· @ � Øã to express Øã via ¯ . The function .e	½¯ 
 ã 
 canbe
viewedasthetotal energyof thesystem.

ThecorrespondingNewton equationisD g QD ] g @ F^� g Q J
Sothemotiondoesnot dependon themassbut thetotalenergy does.In thesequelwe
shallassumefor simplicity that � @ o . TheHamiltonianoperator. canbewritten in
theform . @ oc   g H � gc d g @ v<v�Ó F �r.c @ v�Ó/v H .Ô�c 
 (3.8)
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where v @ os c 	;� d H �   
#
 v�Ó @ os c 	©� d FÎ�   
 (3.9)

are the annihilation and the creationoperators.We shall seeshortly the reasonfor
thesenames.They areobviouslyadjointto eachother. Usingthecommutatorrelation* d 
   , @ F��G. , we obtain* v 
 v , @ * v Ó 
 v Ó , @ O 
q* v 
 v Ó , @ .Ô� 
 (3.10a)* . 
 v , @ F0.Ô� v 
q* . 
 v�Ó , @ .Ô� v�Ó J (3.10b)

This shows that the operatorso~
 . 
 v 
 v Ó form a Lie algebra� , called the extended
Heisenberg algebra.

Soweareinterestedin therepresentationof theLie algebra� in Ö g 	 1�
 .Supposewehaveaneigenvector/ of . with eigenvalue c andnorm1. Since
v Ó

is
adjointto

v
, wehave

c½ð�ð / ð6ð g @ � /0
 . /_� @ � /�
 v Ó v /^�¥H � /0
 .Ô�c /_� @ ð�ð v / ð6ð g H .Ô�c ð6ð / ð�ð g J
This impliesthatall eigenvaluesc arerealandsatisfytheinequality

c { .Ô�c J (3.11)

The equalityholdsif andonly if
v / @ O . Clearly any vectorannihilatedby

v
is an

eigenvectorof . with minimal possibleabsolutevalueof its eigenvalue. A vectorof
normonewith suchapropertyis calleda vacuumvector.

Denoteavacuumvectorby ð O � . Becauseof therelation * . 
 v , @ F0.Ô� v , we have. v / @ v . / FÓ.Ô� v / @ 	icÍFÝ.Ô� 
 v /0J
This shows that

v / is a new eigenvectorwith eigenvalue c FP.Ô� . Sinceeigenvalues
areboundedfrom below, we get that

v � �Å` / @ O for some�P{ O . Thus
v 	 v � / 
 @ O

and
v � / is a vacuumvector. Thuswe seethattheexistenceof oneeigenvalueof . is

equivalentto theexistenceof a vacuumvector.
Now if we startapplying 	 v Ó 
 � to thevacuumvector ð O � , we get,asabove,eigen-

vectorswith eigenvalue : g HÝ� .Ô� . Sowearegettingacountablesetof eigenvectors/ � @ v Ó � ð O �
with eigenvalues c � @ g � �Å`g .Ô� J It is easyto see,using induction on � that thatð6ð / � ð6ð g @ ��� 	'.Ô� 
 � J After renormalizationwe obtaina countablesetof orthonormal
eigenvectors ð �=� @ o� 	M.Ô� 
 � ��� 	 v�Ó 
 � ð O �#
 � @ O 
�o~
 c 
KJ�JKJ�J (3.12)
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Onecanshow that theclosureof thesubspaceof Ö g 	 1�
 spannedby thevectors ð �=� is
anirreduciblerepresentationof theLie algebra� .

Theexistenceof a vacuumvectoris provedby a directcomputation.We solve the
differentialequation s c v / @ 	©� d FE�   
�/ @ � ã /EH . D /D ã @ O
andget ð O � @ 	 � . 
 �ù � � � · h 8/: J (3.13)

In fact,wecanfind all theeigenvectorsð �=� @ Æ �. u Ç ` 8 ÷ . � 	 s � ã � s . 
p

where

. � 	9Q 
 @ os c � ��� Æ QÍF DD Q Ç � � � ô hh
is a Hermitepolynomialof degree � . It is known alsothat theorthonormalsystemof

functions. � 	iQ 
 � ÿ ô hh is complete,i.e.,formsanorthonormalbasisin theHilbert spaceÖ g 	 1�
 . Thuswe constructedan irreduciblerepresentationof � with uniquevacuum
vector ð O �pJ The vectors ð �=� are all orthonormaleigenvectorsof . with eigenvalues	 �§H `g 
 .Ô� .

The function (3.13) gives the probability amplitudethat a particle occupiesthe
position Q on thereal line in thevacuumstateof thesystem.

Accordingto Example3.1,thevalueof thefunction ð �=� at c is equalto theproba-
bility thattheobservable

d
takesvalue c at thestate ð �=� .

Finally letuscomputethepartitionfunctionof theHamiltonian. . Theeigenvalues
of . are c � @ 	 �ÍH `g 
 .Ô� andtheirmultiplicities areequalto 1. So

Tr 	 � L a @ 
 @ [���� \ � L a � � � �h �M:Õ� @ ã �ho F ã 
 (3.14)

where
ã @ � L a :Õ� J

Exercises

3.1 Considerthequantummechanicalsystemdefinedby theharmonicoscillator. Find
thewave functionof themomentoperator

 
ata state ð �=� .

3.2 Considerthe LagrangianÖ 	 ã 
ÅØã 
 @ `g 	i� Øã g F�5 	 ã 
)
 on Ù 	 1�
 , where 5 	 ã 
 @ O
for
ã R 	MO 
 v 
 and 5 	 ã 
 @ o otherwise.Quantizethis mechanicalsystem,solve the

Schr̈odingerequationandfind thestationarystatesof theHamiltonianoperator.
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3.3 ComputetheLegendretransformof thefunction ¿À	iQ 
 @ � W .
3.4 Let Ö 	hn 
 ³ @ � 	Gn�F � n � ³ id 
 g � ³ be the expectationvalueof the operator 	Gn F� n � ³ id 
 g (the dispersion of an observable n at the state / ). Prove the Heisenberg’s
UncertaintyPrinciple

Ö 	Gn 
�³ Ö 	Go 
�³Î{ oc°ð � * n 
 o×, �
³ ð J
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Lecture 4

The Dirichlet action

Now we shallmove to QFT of dimensionlarger than1, i.e.
j�Â6Ã �zjzo , for example,� @ Ù Ü ­ whereÙ�,P1 or � ` and ­ is a manifoldof positivedimensionwhich we

shallassumefor simplicity to beorientable.A map & �<�|��� is givenby a function&½	 ] 
 Q 
p
 ] R Ù0
 QÓRÝ­ . Note thatwhen ­ is O -dimensional,say ­ @×� o~
KJ�JKJ�
)� ! , we
canview &½	 ] 
 Q 
 asa vectorfunction 	M& ` 	 ] 
p
KJKJ�J�
 & � 	 ] 
)
���ÙÔ�´� � andgetthequan-
tummechanicson � � . For example,if ourQFTis aharmonicoscillator, passingfrom1 � 1 Ü � o�
KJKJ�J�
)� ! correspondsto considering� harmonicoscillators. Replacing� o~
KJ�JKJ�
)� ! by positive-dimensional­ meansthatwe considerthewholemanifoldof
harmonicoscillators!

Recallthatany QFT is definedby anactionfunctional � on thespaceof paths.In
aone-dimensionaltheorywe defined� by a LagrangianÖ ��Ù��T�á1 . Thepull-back
of Ö underthemap 	M& 
 D & 
k�~Ù��e�¨Ù�� is a function ÌÍ	M& 
 on ÙÛ� , sofor any densityD�} on � (i.e. a sectionof ® top 	 Ù����k
 ) we canmultiply ÌÍ	 ��
 D�} to geta densityon �
whichwecanintegrate.If

j�Â6Ã �dj o this is not trueanymoresince ÌÍ	M& 
 is a function
on ÙÛ� andadensityis a functionon ®7ØqÙ Ú � 	 ÙÛ�k
 . Sothedefinitionof theLagrangian
hasto be changed.We arenot going into a rigorousmathematicaldiscussionof this
definitionreferringto Deligne-Freed’s lecturesat theIAS.

Recall that the jet bundleof order r of a fiber bundle ¦ over a manifold ¾ is a
vectorbundle î Ê 	M¦ 
 whoselocal sectionsarelocal sectionsof ¦ togetherwith their
partialderivativesupto order r . Let 	 � ` 
�JKJ�J4
 � z 
 bealocal frameof ¦ and Q ` 
KJ�JKJ4
 Q �local coordinateson ¾ . A local frame of î Ê 	9¦ 
 is a set 	 �´Û 
 � L � ����� L¬ÜÛ 
 where O �� ` H�J�JKJ�H � Ê � r 
�o � � ` � J�JKJ � � Ê � � . Let 	 	 Û 

	 ÛL � ����� L Ü 
 be the corresponding
coordinatefunctions.Any local section&½	iQ 
 @ 	 Û � Û of ¦ canbeuniquelyextended
to a section �& of î Ê 	9¦ 
 suchthat

	 ÛL � ����� L Ü 	 �&À	iQ 
�
 @
â L � �Ý����� � L Ü & Ûâ Q L � JKJKJ â Q L Ü 	iQ 
#JLet

D
bethespaceof sectionsof î Ê 	9¦ 
 (fields,andtheirpartialderivatives).Roughly

speakingaLagrangianof order r is asmoothmapfrom î Ê 	9¦ 
 to thespaceof densities
on � . Wewill beusuallydealingwith Lagrangiansof thefirst order. Thenwecanwrite

39
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a Lagrangianas Þ @ Ö 	9Q L 

	 Û 

	 ÛL 
 ð D � QÀð JSo,theactionwill bedefinedby a formula��	M& 
 @ � � Þ 	9Q 
 & Û 
 â W Ð & Û 
#J
OnecangeneralizetheEuler-Lagrangeequationsto thehigher-dimensionalcase:â Þâ 	 Û F â L â

Þâ 	 	 ÛL 
 @ O 
 } @ o~
KJ�JKJ4
 j�Â�Ã � J (4.1)

Hereweassumethattheequalitytakesplacewhenweevaluatetheleft-handsideon & .
We alsoassumeherethat

Þ
is of thefirst order.

Let usconsideranexample,which will bevery muchrelevantto thestringtheory.
First, a little of linear algebra. Let % 
 © be two vector spacesequippedwith non-
degeneratebilinear forms Ê and � , respectively. We candefinea symmetricbilinear
form on thespaceof linearmapsLin 	 % 
 © 
 by� ¿ 
 & � @ Tr 	M¿ � < & 
#

where ¿ �I� © � % is theadjointmapwith respectto thebilinear forms Ê and � (i.e.� 	'¿À	 9�
#
�Ä�
 @ Ê 	 9b
 ¿ � 	 Ä�
)
 for any 9 R % , Ä R © ). Let us explain this definition.
Choosea basisF ` 
KJKJ�J4
 F � in % anda basisß ` 
�JKJ�J4
 ß � in

©
. Let . bethematrix ofÊ in thefirst basisand g bethematrix of � in thesecondbasis.Let n bethematrixof¿ with respectto thebases,and o is thesamefor & . Thenthematrix of ¿ � is equalton � @ . ��` n a g so � ¿ 
 & � @ Tr 	G. ��` n a gCo 
 @ Ê L s v _L à as � _ a 
 (4.2)

where n @ 	 v s L 
p
 o @ 	 à s L 
p
 . ��` @ 	 Ê L s 
#
 g @ 	 � L s 
 andwe employ the physics
summationnotation. Assumethat ¿ is themapdefinedby ¿À	 9�
 @ F L 	 9�
 ß s , where F Lis an elementof the dual basis 	;F ` 
KJ�JKJ�
 F � 
 . Then

v �� @ S � L S � s . Similarly, take &
definedby &½	 9<
 @ F L É 	 9<
 ß ws . Thenwe get

� ¿ 
 & � @ Ê L6L É � s4s É . If we identify Lin 	 % 
 © 

with % �áà © , we get ¿ @ F L à ß s 
 & @ F L É à ß s É and� F L à ß s 
 F L É à ß s É � @ Ê L6L É � s4s É J
Fromthis we deducethat thematrix of thebilinear form on % �+à © with respectto
thebasis 	;F L à ß s 
 is equalto theKroneckerproductof thematrices. �4` and g . The
matrix . �4` definesaninnerproducton % � . So,our innerproducton % � à © could
betakenasthedefinitionof thetensorproductof theinnerproducton % � andon

©
.

Now we arereadyto globalize. Let Ê bea metricon � and � be a metricon � .
DefinetheLagrangianÞ � 	'& 
 @ ð D &Àð g D�}32 @ Tr 	 D & � < D & 
 D�}32 J (4.3)
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Here D�}32 is the volumeform definedby the metric Ê and the adjoint D & � of D & is
definedwith respectto themetrics Ê and � .

Thecorrespondingaction � � 	M& 
 @ � � ð D &½ð g D~} � (4.4)

is calledtheDirichletaction.
If Ê is given in local coordinatesQ ` 
KJ�JKJ4
 Q U by the matrix 	 Ê »ãâ 
 and � is given

in local coordinates	 ` 
KJ�JKJ4
�	 � by thematrix 	 � Û{ä 
 then(4.4) canberewritten in the
form � � 	M& 
 @ � � ð j � k 	 Ê�
 ð �h Ê »ãâ â & Ûâ Q�» â & äâ Q�â � Û{ä D Q ` Ã J�JKJ Ã D Q U J (4.5)

This followsfrom (4.2)andthefactthat D~} 2 @ ð j � k 	 Ê�
 ð �h D Q ` Ã JKJ�J Ã D Q U . Recallthat
thevolumeform on a vectorspace% is equalto � ` Ã J�JKJ Ã � � , where � ` 
�JKJKJ¥
 � � is an
orthonormalbasis.

Observethefollowing propertiesof theDirichlet action:

(A1) (isometryinvariance)For any diffeomorphismº ���t�í� w preservingthemet-
rics, � � 	M& < º 
 @ � �bÉ 	M& 
 ç

(A2) (locality) if � is gluedtogetherfrom � ` and � g alongtheirboundaries,then� � 	M& 
 @ � � ��å � h 	'&Àð � ` æ � g 

(A3) (conformalscaling) if Ê w @ � � ��W�� Ê is a new metric on � , and � w� is the new

action,thentheactionfunctionaldoesnot changeif andonly if
j-Â�Ã � @tc J

Proof. Let & � % @ ÙÛ�=� ©
bealinearmapof innerproductspacesand º � % w � %

beanisometryof innerproductspaces.Then,for any 9 w R % w 
�Ä R © ,� &½	Gº 	 9 w 
)
p

Ä(�$ç @ � ºr	 9 w 
p
 & � 	 Ä�
�� « @ � 9 w 
 º �4` 	M& � 	 Ä�
�

� « É J
Thisshows that 	M& < º 
�� @ º �4` < & � , hence

Tr 	)	M& < º 
 � < 	'& < º 
)
 @ Tr 	hº ��` < 	M& � < & 
�< º 
 @ Tr 	M& � < & 
#J
Applying this to the casewhen & 
 º arethe mapsof the tangentspaces,this implies
that º � 	�ð6ð D &Àð�ð g D~} �bÉ 
 @ ð�ð D 	M& < º 
 ð6ð g D�} � J Property(A1) now follows from the stan-
dardpropertiesof integrationof differentialforms. Property(A2) is obviousfrom the
definitionof theaction.Property(A3) followseasilyfrom formula(4.5).

Example4.1. Let � @ 1 with a local coordinate] and � @ 1 � with metricdefined
by a matrix � L s 	9Q 
 in the canonicalbasisin Ù�� W @ 1 � . Definea metric on � by
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 . Let ¿ ��1 � 1 � bedefinedby thevectorfunction 	M¿ ` 	 ] 
#
�JKJ�J�
 ¿ � 	 ] 
)
 .Then ð�ð D ¿ x ð6ð g @ ¿ w 	 v 
 gÍ	M¿À	 v 
)
 ¿ w 	 v 
Ê 	 v 
 @ ð6ð ¿ w 	 v 
 ð6ð gð�ð o ð6ð g x J
So, if we take Ê�è£o~
 g @ `g 	GS Û{ä 
 , we obtaintheaction ��	 �4
 @ `g ò � Ø� 	 ] 
 g D ] which
weusedin thepreviouslectures.

If
j�Â6Ã �tj o , I do not know any geometricmeaningof theDirichlet action.How-

ever, let us seethat for a fixed metric � on � onecanalwayschoosea metric Ê on� suchthat the actionacquiresa very nice meaning. In fact, the metric Ê is chosen
to minimize the action. Let us considerthe Dirichlet actionasa function of Ê and
computeits variationin thedirection S Ê at Ê @ Ê \S��S Ê ÈÈÈÈ�é � é A @ 	'��	 Ê \ H �$S Ê�
 FÝ��	 Ê \ 
�
�� � 

where � g @ O . Note that, for any invertiblematrix n andany squarematrix o of the
samesize,wehave ð n H �Ëo ð @ ð nIð H � Tr 	Gn �4` o 
 ð nIð J
Thus ð n H �Ëo ð �h @ ð nIð �h 	 orH �c Tr 	Gn �4` o 
�
#J
Also 	hn H �$o 
 ��` @ n �4` FÓ�Ën �4` opn �4` J

Let � »{â @ â & Ûâ Q » â & äâ Q â � Û{ä
and � @ 	 � »{â 
 . Thematrix � is thematrixof themetric & � 	 ��
 . It canbeviewedasthe
metricon theimageof � underthemap & (calledtheworld-sheet). Then��	 ��
 @ � � ð Ê ð �h Tr 	 Ê �4` �4
 D~} � (4.6)

and � S��S Ê ÈÈÈÈ é � é A 	M& 
 @� � * ð Ê \ H �ËS Ê \ ð �h Tr 	 Ê \ H �ËS Êb
 �4` �4
 D~} � F � � ð Ê \ ð �h Tr 	 Ê �4`\ �4
 D~} � @



43@ � � ð Ê \ ð �h 	 oc Tr 	 Ê ��`\ S Ê�
 Tr 	 Ê ��`\ ��
 F Tr 	 Ê ��`\ S Ê�Ê ��`\ ��
)
 D~} � J
Set S�	 Ê ��` 
 @ F Ê �4`\ S Ê�Ê ��`\ . ThenS��S Ê ÈÈÈÈ é � é A 	M& 
 @ � � ð Ê \ ð �h û oc Tr 	 Ê \ 	 Ê �4`\ S Ê¦Ê �4`\ 
)
 Tr 	 Ê �4`\ ��
 F Tr 	 Ê �4`\ S Ê¦Ê �4`\ �4
 ü D~} � @� � ð Ê \ ð �h Tr

û S�	 Ê ��` 
 	 � F oc Ê \ Tr 	 Ê ��`\ ��
 ü D�} � J
Sincethismustbezerofor all possibleS Ê , this impliesthatacritical metric Ê \ satisfies� F oc Ê \ Tr 	 Ê ��`\ ��
 @ O J (4.7)

This implies ð � ð ` 8$� @ oc Tr 	 Ê �4`\ ��
 ð Ê ð ` 8$� 

where( @ j�Â6Ã � . Pluggingthis in formula(4.6)weget� � 	M&Åç Ê \ 
 @tc � � ð � ð ` 8$� ð Ê ð h ÿÔêh ê D�} � J
We get a wonderfulfact: if ( @£c

, andthe metric on � is chosento be critical, the
actionhasa simplegeometricmeaning.It is equalto the twice theareaof the world
sheet&Å	 �k
 in themetricinducedfrom themetricof � .

In physicsthelatteractionis calledtheNambu-GotoactionandtheDirichlet action
is calledtheBrink-DiVecchia-Howe-Desse-Zuminoaction, or thePolyakov action for
short.

Remark4.1. In the casewhenthe metric on � is Lorentzian,we have to replace ð Ê ð
with ð�F Ê ð . Alsophysicistsusethemetricto “lowertheindices”. If 	 � L s 
 is thematrixof
ametric � in abasis	 � ` 
�JKJKJ¥
 � � 
 thenfor any vector � v L � L thevector u s 	 u L v L � L s 
 � sis denotedby u L v L � L . In this notationformula(4.5)canberewrittenas��	M& 
 @ � � ð Ê ð �h Ê L s â & »â Q L

â & ââ Q s D�} � J
Remark4.2. ThetensorÙ @ 	 Ù L s 
 	M& 
 @ 	 � L s F oc Ê L s Ê ä[Û � ä[Û 
 D Q L D Q s J
is calledtheenergy-momentumtensor. By (4.7) this tensoris equalto zeroif andonly
if Ê is acritical metricfor theaction ��	M&Åç Ê�
 . ObservethatÊ L s Ù L s @ ð Ê ð � �h 	 Ê L s � L s F oc Ê L s Ê L s Ê äqÛ � äqÛ 
 D Q L¦Ã D Q s @ ð Ê ð � �h 	 o F ( c 
�Ê L s � L s D Q L D Q s J
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In particular, Ù is trace-lessif ( @tc .
Assume� @ 1 � 
�� @ 1 � andthemetricsÊ¥
�� arethestandardEuclideanmetrics.

Then Ù @ 	 � L s F oc Tr 	 �4
�
 D Q L D Q s J
Let uswrite down theEuler-Lagrangeequationsfor theDirichlet actionin thecase

whenthemetrics Ê and � areflat (i.e. Ê »ãâ and � Û{ä areconstantfunctions).We getthe
equations Ê »{â � Û{ä â g & äâ Q » â Q â @ O 
 } @ o�
KJKJ�J4
�(SJ (4.8)

In the casewhen � @ 1 � 
/� @ 1 , and Ê »{â this is just the Laplaceequationwith
respectto the metric Ê . When Ê »ãâ @ S »{â , its solutionsareharmonicfunctions. In
general,the Euler-Lagrangeequationfor the Lagrangian(4.3) can be written in an
invariantform:

Tr 	 ( D & 
 @ O 

where ( is thecovariantderivative of a sectionD & of ¦ @ Ù&�� à & �pÙ 2 with respect
to thenaturalRiemannianconnectiondefinedon thebundle ¦ .

Considerthespecialcasewhen � @ 1 g , with coordinates	iQ ` 
 Q g 
 @ 	 ] 
 Q 
 , andÊ @ 	 Ê »{â 
 @ diag	 o~
 F o7
 . Take � @ 1 . ThentheLagrangiandensitybecomesÞ @ * 	 â &â ] 
 g FP	 â &â Q 
 g , D ] D Q J
TheEuler-Lagrangeequationis â g &â ] g F â g &â Q g @ O J
Noticetheanalogywith theLagrangianfor aharmonicoscillator(with � @ � @ o )Þ @ 	 D Q gD ] g FÎQ g 
 D ] J
We canview &Å	 ] 
 Q 
 asthedisplacementof theparticlelocatedat position Q at time ] .
TheEuler-Lagrangeequationfor thescalarfield &½	 ] 
 Q 
 canbethoughtasthemotion
equationfor infinitely many harmonicoscillatorsarrangedat eachpoint of thestraight
line.

If Ê is theflatLorentzianmetricin 1 � definedby thediagonalmatrixdiag* F o~
�o~
KJ�JKJ�
Ko ,
theEuler-Lagrangeequationfor a scalarfield with Dirichlet actionisë & @ 	 â ä â ä 
 & @ F â g &â ] g F ��

ä � g
â g &â Q g ä @ O J
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Theoperator
ë

is calledtheD’Alembertianoperator or relativisticLaplacian.
A little moregeneral,if we take theLagrangianÞ @ oc 	 â ä & â ä &§FÎ� g & g 
p


theEuler-Lagrangeequationis theKlein-Gordonequationë & H � g & @ O J
In many quantumfield theories� is a fibre bundleover � and & �r�£� � is

a section. When � is a g -bundlewith somestructuregroup g a map & is calleda
classicalfield, otherwise & is called a non-linear ì -field. For example,when � is
the trivial vectorbundleof rank o , a classicalfield is calleda scalar field. Of course
any map & ��� � � canbeconsidereda sectionof a fibre bundle,the trivial bundle� Ü � �á� .

Example4.2. An exampleof a classicalfield is a gauge field or a connectionon a
principal g -bundleover � . It is definedby a 1-form u n L D Q L on � with valuesin the
adjointaffinebundleAd 	hg 
 . In otherwords,it is asectionof thebundle Ù��:à Ad 	Gg 
 .
For examplewhen g @ GL 	 �¥
 , a gaugefield is a mapof vectorbundlesn �bÙÛ���
End	9¦ 
p
 where¦ is a smoothvectorbundleof rank w over � . It satisfiesn 	;F 
 	M¿4Z 
 @ F-	M¿ 
 Z H ¿bn 	GF 
 	MZ 
p

where ¿ is a local smoothfunction and Z is a local sectionof ¦ . It is clearthat the
differenceof two connectionsis a morphismof vectorbundlesandthusa connection
is a sectionof anaffine bundle.Eachconnectionn definestheLie 	Gg 
 -valued2-form,
thecurvature form, Ì ° @ D n H oc * n 
 n�, @ � Ì L s D Q L¦Ã D Q s J
Here Ì L s is a local function on ¾ with valuesin Lie 	hg 
 . We definethe Lagrangian
densityon í 2 by setting Þ 	hn 
 @ Ì ° Ã I�Ì ° J
Here I is the star-operatoron the spaceof differential forms with valuesin a vector
bundle¦ equippedwith ametric � . It is determinedby thepropertyº Ã I{º @ � º 
�î�� D�} 
where

� 
Ë� is a naturalbilinear form on the spaceof suchforms (determinedby the
Riemannianmetricon Ù�� andthemetricon ¦ ) and D�} is thevolumeform definedby
themetricon � .

TheEuler-Lagrangeequationfor thegaugefieldsis theYang-Mills equation:U�
L � ` 	

â Ì L sâ Q L HV* n s 
 Ì L s , 
 @ O 
ïÅ @ o~
�JKJ�J4
 D J (4.9)
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Thereare two approachesto quantizationin higher-dimensionalQFT. First uses
functionalintegralswhichgeneralizethepathintegrals.

Consideraspaceof fields
D � @ Map	 ��
/��
 ona ( -dimensionalmanifold � . We

assumethat � @ Ù Ü � w , where
j�Â6Ã Ù @ o ( a“time factor”). Foreach] R Ù wedenote

by & a therestrictionof afield &;R D � to � a @>� ] ! Ü � w . Let
D � � bethespaceof fields

on � a obtainedby restrictionsof fields from
D � . Fix two fields ¿ L R D � �

Ð 
 � @ o~
 c J
Consideranaction � � D � �U1 andset} 	M¿ ` 
 ¿ g 
 @ � ¼ h¼ � � L 3 �657� (+* &-, 
 (4.10)

wherewe integrateover the spaceof fields & on � suchthat & a
Ð @ ¿ L . We usesome

measure(+* &N, on
D � .

Observe the obvious analogywith our previous definition wherewe take � w @�
point

!
and
D � is thesetof maps�=��� .

Now if we considersomeHilbert space� a of functionson
D � � , theintegral oper-

atorwith kernel(4.10)definesa linearmapÙ a � a h � � a � � � a h 
 Ù a � a h 	ið 
 	M¿ 
 @ � Map��� É � ��� } 	M¿ 

��
 ð�	 �-
G(+* � ,
It alsodefinesaself-adjointHamiltonianoperator. � � \ � � \ suchthatÙ a � a h @ � � L � a h �ba � � @which canbeusedto defineaHermitianmap � a � Ü � a h � W ,� ð g 
 ð ` � @ � ð g ð � � L � a h �ba � � @ ð ` �4ñ � h J

Thekernel
} ¼ � � ¼ h hasspecialmeaningfor ¿ ` @ ¿ g . Theintegral

Tr 	 � � L � a h ��a � � @ 
 @ � Map��� É � ��� > ¼ � ¼ (+* ¿b,
is thetraceof theoperator� L � a h �ba � � @ . It is calledthepartition functionof thetheory.

More generally, let ò L 	   L 
#
 � @ o~
�JKJ�J4
)��
 bea local quantumfield at a point
  L on� (a local field is a functionalon

D � which dependsonly on &Å	   
 andderivativesof& at
 

). An exampleof a local field is thefunctional & �ôó 	'&½	   
)
 , where óÀ�<�Ú�á1
is a functionon � . We set> ¼ � � ¼ h 	iò L 	   L 
 ç �k
 @ � ¼ h¼ � � L 3 �657� l L ò L 	   L 
 	M& 
G(;* &N, (4.11)

This leadsto thecorrelationfunction� ò ` 	   ` 
�JKJ�J ò � 	   � 

� @ > ¼ � � ¼ h 	hò L 	   L 
 ç �k
> ¼ � � ¼ h 	 �k
 J (4.12)
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We canuse(4.11)to definea Hermitianform on thespace� of functionson
D �bÉ @

Map	 � w 
���
} 	hò 	   
 ç ] ` 
 ] g 
 	 / g 

/ ` 
 @ �%õKö � h
/ g 	M¿ g 
 � �£õbö � � / ` 	M¿ ` 


> ¼ � � ¼ h 	iò 	   
 ç �k
G(+* ¿ ` , (+* ¿ g , J
This is still linear in / ` andhalf-linearin / g . Thusit definesa linearoperator ÷ò 	   

suchthat } 	hò 	   
 ç ] ` 
 ] g 
 	 / g 

/ ` 
 @ � / g ð � � L � a h ��a � � @ ÷ò 	   
 � L � a h �ba � � @ / ` � ñ J
We cangetrid of theparameter] @ ] g F ] ` by letting it go to infinity, i.e. defineÁ�Â6Ãa Ä [ } 	hò 	   
 ç / g 

/ ` 
 @ Á6Â�Ãa Ä [ � / g ð � � L a @ ÷ò 	   
 �7L a @ / ` �pJ
In this waywe geta localoperator ÷òÍ	   
 in theHilbert space� . It is calledthevertex
operator associatedto a functional ò 	   
 .

Anotherapproachto quantizationgeneralizesthe onewe usedfor the harmonic
oscillator. Again weassumethat � @ Ù Ü � w . For any field & �<�=��� wedenotebyâ \ thepartialderivative in thetime variable.By analogywith classicalmechanicswe
introducetheconjugatemomentumfieldu 	 ] 
 Q 
 @ S ÞS â \ 	M& 
pJ
For example,when

Þ 	'& 
 @ `g 	)	 ¶ 5¶ a 
 g Fz	 ¶ 5¶ W 
 g 
 we obtain
uú@ ¶ 5¶ a . We can also

introducetheHamiltonianfunctional:.A	'& 
 @ oc � � É 	 u Ø& F Þ 
 D Q J
ThentheEuler-Lagrangeequationis equivalentto theHamiltonianequationsfor fieldsØ&½	 ] 
 Q 
 @ Sã.S u 	 ] 
 Q 
 
 Øu 	 ] 
 Q 
 @ F Sã.S�&½	 ] 
 Q 
 

wherethedot meansthederivativewith respectto thetimevariable.Herewe consideru

and & asindependentvariablesin thefunctional . andusethepartialderivativesof. J
To quantizethefields & and

u
we have to reinterpretthemasHermitianoperators

in someHilbert space� which satisfythecommutatorrelations(rememberingthat &
is ananalogof

ã
and

u
is ananalogof Øã ).* 0 	 ] 
 Q 
p
�ø 	 ] 

	-
 , @ �. S�	iQ§F 	-
#
 (4.13)*�0 	 ] 
 Q 
#
Õ0 	 ] 

	-
 , @ * ø 	 ] 
 Q 
#
$ø 	 ] 
�	-
 , @ O J (4.14)
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Herewehaveto consider0�
�ø asoperatorvalueddistributions,i.e. acontinuouslinear
functionalson the spaceof test functionson � equippedwith somemeasure} with
valuesin thespaceof operatorsin a Hilbert space� . Any functionon � with values
in thespaceof operatorsin � which is integrablewith respectto someoperator-valued
measureD�}3ù definesadistribution& � � � Ù 	iQ 
 &½	iQ 
 D�}3ù J
Thecommutatorof two operatorvalueddistributionsis abilinearform on thespaceof
testfunctions: 	'& 
�/ 
Y� * Ù ` 	'& 
#
)Ù g 	 / 
 , J
Thusthemeaningof (4.13)is*�0 	M& 
#
$ø 	 / 
 , @ � � &½	iQ 
�/ 	9Q 
 D�} J
Example4.3. Assumethat � w @ 1 and

Þ
is theKlein-GordonLagrangian¶ h 5¶ a h F ¶ h 5¶ W h F� g & g . A solutionof theKlein-GordonequationcanbewrittenasaFourierintegral0 	 ] 
 Q 
 @ os c�u � º v 	ir 
 � L � Ê W � �%ú a � H v 	hr 
 � L � � Ê W � �%ú a � D r 


where � gÊ @ r g H � g J
Similarly wehavea Fourierintegral for ø 	 ] 
 Q 
 :ø 	 ] 
 Q 
 @ �s c�u � º � Ê 	)F � L Ê´û W v 	ir 
 ��� L � ú a H ��� L Ê´û W v 	ir 
 � L � ú a 
 D r J
To quantizewereplace

v 	ir 
 with anoperator
v Ê and

v 	hr 
 with theadjointoperator
v ÓÊ

andconsidertheaboveexpansionsasoperatorintegrals.This impliesthattheoperatorsð�	 ] 
 Q 
 and ø 	 ] 
 Q 
 areHermitian.Thecommutatorrelations(4.13)will besatisfiedif
werequirethecommutatorrelations* v Ê 
 v ÓÊ É , @ S�	irIF�r w 
p
* v Ê 
 v Ê É , @ * v ÓÊ 
 v ÓÊ É , @ O J
This is in completeanalogywith the caseof the harmonicoscillator, wherewe had
only onepair of operators

v 
 v Ó satisfying * v 
 v Ó , @ o�
�* v 
 v , @ * v Ó 
 v Ó , @ O (or �
operators

v L 
 v ÓL satisfying * v L 
 v Ós , @ S L � s 
�* v L 
 v s , @ * v ÓL 
 v Ós , @ O ). Thereis a big

differencehowever. In our casethe Heisenberg Lie algebrageneratedby o�
 v Ê 
 v ÓÊ is
infinite-dimensional.
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Exercises

4.1 Let

Þ @ Þ 	'& 
 D & 
 be a Lagrangianon � with a metric Ê definedon thespaceof
maps�P�U1 � . Definetheenergy-momentumtensorbyÙ »{â 	M& 
 @ � Û Ê â ä â » S

Þ
S�	 â ä 
 	M& 
 F Ê »ãâ

Þ 	M& 

(i) Show thatthis definitionagreeswith theonegivenfor theDirichlet action;

(ii) Provethat u ¶ �ãüqý���57�¶ W ý @ O if & satisfiestheEuler-Lagrangeequations.

4.2 Considera systemof ­ harmonicoscillatorsviewed as a finite set of masses
arrangedon a segment * v 
�à , , eachconnectedto the next one via springsof length� . Write theLagrangianÖ 	M� 
 describingthissystem.Show thatthelimit of Ö 	M� 
 when� goesto zerois equalto� e

x þ ` 	
â &½	 ] 
 Q 
â ] 
 g F þ g 	 â &½	 ] 
 Q 
â Q 
 g , D Q J

whereþ ` 
�þ g aresomepositiveconstantsand &½	 ] 
 Q 
 is thefunctionwhichmeasuresthe
displacementof theparticlelocatedat position Q at time ] .
4.3 Let 	G¾ 
��-
 be a Riemannianmanifold of dimension� and ¦ be a vectorbundle
over ¾ equippedwith a Riemannianmetric. Show that thereexists a uniquelinear
isomorphism I � ® Ê 	 Ù�� ¾ 
+à ¦ � ® � � Ê 	 Ù&� ¾ 
+à ¦ such that, for any º 

î RXr	;¾ 
 ® Ê 	 Ù�� ¾ 
(à ¦ 
p
 one has º Ã I î @ � ��` 	Gº 

î½
 } vol. Here º Ã î is defined
locally by extendingvia linearity the product 	 v à � 
 Ã 	 àMà � w 
 @ 	 � 
 � w 
 v Ã à .Also � ��` is the inversemetricon Ù�� 	G¾ 
 extendedto ® Ê 	 Ù�� ¾ 
Ýà ¦ by the formula� �4` 	 v à � 
�à�à � w 
 @ à 	 � 
 � w 
 Ã Ê 	 � �4` 
 	 v 
�àK
#J4.4 Using the star-operatordefinedin the previous problemshow that the Dirichlet
actioncanberewriten in theform��	'& 
 @ � � D & Ã I D & 

whereD & is consideredasa sectionof thebundlle Ù��K��à & � 	 ÙÛ��
 .
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Lecture 5

Bosonic strings

Fromnow onwestickwith dimension( @dc of ourQFT. This is wherestringsappear.
Our manifold � will be a smooth2-manifoldwith a pseudo-Riemannianmetric Ê . It
couldbe theplane 1 g or a cylinder � ` Ü 1 , or a torus � ` Ü � ` , or a sphere� g , or a
compactRiemannsurface � Î of genus�Sj o . Of courseeachtime we shouldspecify
ametricon � .

We shall begin with the casewhen � is a cylinder � ` Ü 1 (closedstrings) or� @ 1 Ü * O 

î , (anopenstring).We usethecoordinate

�
in thecircledirectionandthe

coordinate] (time) in the 1 -direction.A map &½	 ] 
 � 
����|��� canbeconsideredasa
map �&À	 ] 
 �~1|� Þ 	 ��
p
 ] � 	 � � &½	 ] 
 � 
�
#

where

Þ 	 ��
 is theloopspaceof � , i.e. thespaceof smoothmapsfrom acircle to � .
In thecaseof openstrings

Þ 	 ��
 mustbereplacedwith thespaceåæ	 ��
 of pathsin � .
Weshallconsideronly closedstrings,howeveroccasionallywestatethecorresponding
resultsfor openstrings.

Weshallalsoassumein thebeginningthat � @ 1 � with theLorentzianflat metric� @ 	 � Û{ä 
 @ 	Gß Û{ä 
 , where ß Û{ä @ diag	GF o�
Ko�
KJKJ�J�
KoB
 . We will write vectorsin �
as 	9Q ` 
KJKJ�J4
 Q � 
 and denoteby 	iQ ` 
�JKJ�J�
 Q � 
 the vector 	)F�Q ` 
 Q g 
KJ�JKJ4
 Q � 
 equalto	9Q ä � ä ` 
�JKJKJ4
 Q ä � ä � 
 . Later on we will of courseconsidermoregeneraltargetspaces� . We considertheDirichlet action��	'&Åç Ê�
 @ Ù c � � ð D &½ð g D~} � @ Ù c � � � ð Ê ð Ê »ãâ â » & Û â â & ä D�} � J (5.1)

Here Ù is a certainparameterof a string(thestring tension). It is equalto o7� c�u º w for
openstrings,where º w is a certainotherconstantcalledthe Regge slope. For closed
strings Ù @ o7� u º w . We usethesubscriptÊ to emphasizethedependenceof theaction
on Ê . ��	hº < &Åç�º � 	 Ê�
)
 @ ��	M&Åç Êb
p
 (5.2)
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whereº is adiffeomorphismof � . Thismeansthattheactionis invariantwith respect
to smoothreparametrizationsof themaps.Also, for any ¿;RSï [ 	 �k
 , we have��	M&Åç � ¼ Ê�
 @ ��	'&Åç Ê�
#J (5.3)

Thismeansthattheactionis conformallyinvariant.
It is known (see,for example, [Modern Geometry]by Dubrovin, Fomenko and

Novikov) thatthereexistsauniquediffeomeorphismº suchthat º � 	 Êb
 @ � ¼ Ê \ , where¿ is a smoothfunction and Ê \ is a flat metric given locally by the diagonalmatrix
diag	)F o~
�oB
 . By (5.2)and(5.3)��	M&Åç Ê�
 @ ��	Gº < &¥ç Ê \ 
#
 (5.4)

We shall fix the metricon � by equipping 1 with the metric F D Q g andtaking � ` @1°� c�u w�m with the metric inducedby the standardmetric D ] g on 1 . Then we have
two constraintson & . One comesfrom the Euler-Lagrangeequationfor the action� é A andanothercomesfrom thevanishingof theenergy-momentumtensor. Sincethe
Lagrangianfunctionfor theaction � é A is equaltoÞ @ Ù c 	 â a & Û â a & Û F â W & Û â W & Û 
 (5.5)

theEuler-Lagrangeequationfor theaction � é A is	 â ga F â gW 
 & Û @ O 
 } @ o�
KJKJ�J4
�(SJ (5.6)

Soour field 	'& Û 
 satisfiestheKlein-Gordonmasslessequation.
Thevalueof theenergy-momentumtensorÙ »ãâ at Ê \ is equaltoÙ ` \ @ Ù \ ` @ â a & Û â W & Û @ ONç Ù \�\ @ Ù `�` @ oc 	 â a & Û â a & Û H â W & Û â W & Û 
 @ O J(5.7)

To solve thewaveequation(5.6)we introducethe light-conecoordinatesì � @ ] H Q 
 ì � @ ] FÎQ J
Let

â � 
 â � denotethepartialderivativeswith respectto thesecoordinates.We haveâ � @ ocY	 â W H â a 
p
 â � @ oc�	 â a F â W 
#J
Thuswecanrewrite (5.6) in theformâ � â � & Û @ O J
Thiseasilyimpliesthata generalsolutionof (??)EQ) canbewrittenasassum& Û @ & Û� 	Gì � 
¥H & Û~ 	Gì � 
pJ
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Usingtheboundaryconditions,weseethat,in thecaseof aclosedstring,thefunctions& Û� H & Û~ , ¶ 5¸ÿ �¶ � õ and ¶ 5¸ÿ�¶ � ÿ areperiodicwith period
c�u w , so thatwe canusetheFourier

expansionto write& � 	 ] 
 Q 
 Û @ oc4Q Û H¤ó º Û\ ì � H � ó w �� �� \ o� º Û� � � L � � õ 8 z 
 (5.8a)& ~ 	 ] 
 Q 
 Û @ oc Q Û H¤ó �º Û\ ì � H � ó w �� �� \ o� �º Û� � � L � � ÿ 8 z 
 (5.8b)

where ó @ `Q g �{z � and º Û\ @ �º Û\ . We shallseein a momenta reasonfor thechoiceof
theconstantó . Also, sincewewant & Û to bereal,º Û� @ º Û � � 
 �º Û� @ �º Û � � J

The field & � 	 ] 
 Q 
 Û (resp. & ~ 	 ] 
 Q 
 Û 
 describesthe “left-moving” modes(resp.
“right-moving” modes) of aclosedstring.

Notethat â � & � 	 ] 
 Q 
 Û @ ó �� �{� º Û� � � L � � õ 8 z 
 (5.9a)â � & ~ 	 ] 
 Q 
 Û @ ó �� �{� �º Û� � � L � � ÿ 8 z J (5.9b)

It is clearthat Q Û @ � g �{z\ & Û 	9O 
 Q 
 D Q 
 } @ o~
�JKJ�J4
�(
andcanbeinterpretedasthecenter-of-masscoordinates.

By analogywith ( @ o QFTthemomentumfield is definedto be  Û @ â Þâ 	 â a & Û 
 @ Ù â a & Û JTheexpression

¯ Û @ Ù � g �{z\ D & Û 	MO 
 Q 
D ] D Q @tc�u w Ù 	 c ó º Û\ 
 @ c ó º Û\ J (5.10)

is the total momentumcoordinate of the string at ] @ O . Now we can rewrite the
equations(5.11)in theform& � 	 ] 
 Q 
 Û @ oc�Q Û H oc ó g ¯ Û ì � H � ó w �� �� \ o� º Û� � � L � � õ 8 z 
 (5.11a)& ~ 	 ] 
 Q 
 Û @ oc Q Û H oc ó g ¯ Û ì � H � ó w �� �� \ o� �º Û� � � L � � ÿ 8 z 
 (5.11b)
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Remark5.1. If wechoosetheRiemannianmetricon � insteadof pseudo-Riemannian,
wewill beableto identify thecylinder � @ 1 Ü � ` with thepuncturedcomplex planeW � @ W � � O ! by meansof thetransformation	 ] 
 Q 
Y�ô" @ � � �bai� L WB�98 z J
TheEuler-Lagrangeequation(3.7)givesâ��Bâ Z� ¾=	 "b
 ¯"~
 @ O
Theequationof a stringbecomes& � 	 "<
 Û @ oc4Q Û H oc4� ó g ¯ Û Á�m "ÛH � ó w �Ê �� \ or º Û Ê " Ê 
 (5.12a)& ~ 	 ¯"<
 Û @ oc Q Û H oc � ó g ¯ Û Átm ¯"�H � ó w �Ê �� \ or �º Û Ê ¯" Ê (5.12b)

Thestress-tensor	 Ù »{â 
 canberewritten in thenew coordinatestoo. We haveÙ ��� @ â�� & Û â�� & Û @ �� �{� Ö � " � � g 
 Ù Z� Z� @ â Z� & Û â Z� & Û @ �� �{� �Ö � ¯" � � g J
This is a familiarexpressionfrom theconformalfield theory.

TheHamiltonianof our theoryis equalto

. @ � g ��z\ 	 â a & Û   Û F
Þ 
 D Q @ Ù c � g �{z\ 	 â a & Û â a & Û H â W & Û â W & Û 
 D Q J (5.13)

Observe that it vanisheson a string which satisfiesthe constraintthat the energy-
momentumtensorvanishes.Pluggingin the expressionsfor & Û in termsof º Û� 
 �º Û� ,
weobtain . @ oc �� �{� 	hº Û � � º � Û H �º Û � � �º � Û 
 (5.14)

Now it is cleartheintroductionof theconstantó . It madeour formulasnot dependonÙ . Observethatwecouldsimplify thesumby gettingrid of `g but wedon’t do it, since
in a momentthecoefficients º � 
 �º � will becomeoperators.

Usingthenew coordinateswe canalsorewrite theconstraints(5.7) in theformâ � & Û â � & Û @ oc 	 Ù \�\ HAÙ \ ` 
 @ O 
â � & Û â � & Û @ oc 	 Ù \�\ F Ù \ ` 
 @ O J
This immediatelygivesâ a 	M& ~ 
 Û â a 	M& ~ 
 Û @ â a 	'& � 
 Û â a 	M& � 
 Û @ O J
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Thiscanberestatedin termsof theFouriercoefficientsasfollows:Ö � @ Ù c � �\ 	 â a 	'& ~ 
 Û â a 	M& ~ 
 Û�� � g L � W D Q @ oc �� �{� º Û� � � º � Û @ O (5.15a)

�Ö � @ Ù c � �\ 	 â a 	M& � 
 Û â a 	M& � 
 Û � � g L � W D Q @ oc �� �{� �º Û� � � �º � Û @ O J (5.15b)

Observethat . @ Ö \ H �Ö \ (5.16)

Now we quantize & Û as in the previous lectureby taking º Û� as operatorsin some

Hilbert space.Sincewewant & Û to beHermitianwe requireº Û � � @ 	Gº Û� 
 Ó 
 �º Û � � @ 	¸�º Û� 
 Ó JWe need *   Û 	 ] 
 Q 
#
 ¾ ä 	 ] 
 Q w 
 , @ F��4S�	iQÍFÎQ w 
 ß äqÛ 

Pluggingin themodeexpansions,we seethat this is equivalentto thefollowing com-
mutatorrelations * Q Û 
 ¯ ä , @ ��ß Û{ä (5.17a)* º Û� 
 º ä� , @ * �º Û� 
 �º ä� , @ �XS � � � � \ ß Û{ä 
 (5.17b)

all othercommutatorsbetween,Q Û 
 º Û� 
 �º Û� areequalto zero.
We canalsoquantizethe expressionsfor . 
 Ö � 
 �Ö � . In order they make sense

asoperatorsin someHilbert spaceswe will require(by analogywith the harmonic
oscillator)thatin our representationº � kills any stateprovidedthat � is largeenough.
Thusthesum u � | \ º � � � º � makessense.Let usset,for any operatorsn L 
 n s with
indicesin anorderedset Ò ,� n L n s � @�� n L n s 
 if � {�Å ;n s n L otherwise.

(5.18)

It is calledthenormalorder for thecompositionof operators.Since * º � � � 
 º � , @ O ,wecanrewrite Ö � 
 � '@ O 
 in theform

Ö � @ oc �� �{� � º Û� � � º � Û �
Thesituationwith Ö \ is morecomplicatedsinceº Û � � � º Û� do notcommute.Of course
weknow that º Û� � º Û � � @ �§H º Û� � º Û � � sowecanwrite

Ö \ @ ocKº Û\ º \ ä H �� | \ º Û � � � º � Û H ocY	 ( F c 
 �� 6 ` �
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Herewe get ( F c becausewhenwe sumwith respectto } , thecontributionscorre-
spondingto } @ O 
�o canceleachother. We shalldealwith thelastsumlater. Now we
define Ö \ and �Ö \ by droppingout theinfinite sum.

Similarly we definetheoperators�Ö � . TheoperatorsÖ � 
 �Ö � arecalledtheVira-
soro operators. Notice that Ö � and Ö � � (resp. �Ö � and �Ö � � ) areadjoint of each
other.

Theexpressionof theHamiltonianoperatoris now straightforward:

. @ Ö \ H �Ö \ H 	 ( F c 
 [���� ` ��J (5.19)

Sincethelastsumobviouslydoesnotmakesense,we regularizeit by setting[���� ` � @ v 	)F oB
 @ F
oo c J

So,finally we get

. @ Ö \ H �Ö \ F ( F co c 
 (5.20)

Fromnow on Ö \ @ oc º Û\ º \ Û H �� 6 ` º Û � � º � Û�Ö \ @ oc �º Û\ �º \ Û H �� 6 ` �º Û � � �º � Û J
Let us find the commutatorrelationsbetweenthe operatorsÖ � . First we usethe

following well-known identity:* nÑo 
 ï ( , @ n * o 
 ï�, (zH n�ï * o 
�( , HV* n 
 ï�, ( o H ï * n 
�( ,¬o J
Thisgives* º � � Ê � º Ê 
 º � �	� º � , @ º � � Ê �~* º Ê 
 º � �	� ,¬º � H º � � Ê º � �	� * º Ê 
 º � , H* º � � Ê 
 º � �	� ,¬º � º Ê H º � �	� * º � � Ê º � ,¬º Ê @ r�S Ê � �ó� � º � � Ê º � H r�S Ê � �
� º � � Ê º � �	� H	i�úF�r 
 S � � Ê � �ó� � º � º Ê , HV* 	9�£F¥r 
 S � � Ê � �
� º � �	� º Ê J
Herewe skip theupperindex } . This easilyimplies* Ö � 
 Ö � , @ oc � Ê 	hr�º Û� � Ê º � � Ê � Û H 	9��F�r 
 º Û� � Ê � � º Ê Û 
pJ
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Changingr to rIF � in thefirst sumweobtainfor � HA�¤'@ O* Ö � 
 Ö � , @ 	i�£F �¥
 Ö � � � 
 if � HÝ� '@ O J
For � H�� @ O wehaveaproblemsinceu Ê �{� º Û � Ê ºÀÊ Û isnotdefined.Since * º Û � Ê 
 º Û Ê , @FÑr , we seethatthedifference* Ö � 
 Ö � � , @tc � Ö \ H n 	i� 
 id
for somescalarn 	9� 
 . UsingtheJacobiidentity, wefind that,for r HÝ�§H � @ O ,	 � FÎ� 
 n 	ir 
¥H 	i�úF�r 
 n 	 �¥
¥H 	ir�F �¥
 n 	9� 
 @ O J
Setting r @ o and � @ F � F o gives

n 	 �ÍHVo7
 @ 	 �æH c 
 n 	 �¥
 F|	 c �æHÔo7
 n 	 oB
� F o J
Thisshows that nI	i� 
 @ v � � H=à � for someconstants

v 
/à . We will fix theconstants
whenwe considertherepresentationof theLie algebrageneratedby

v Û� 
 �v Û� in some
Hilbert space.

Exercises

5.1 Let Vect	M� ` 
 betheLie algebraof complex vectorfieldson thecircle. Eachfield
is givenby a convergentseriesu � �{� v � � L ��� UU � , where

v � RXW . Let Ö � @ � L ��� UU � .
(i) Show that * Ö � 
 Ö � , @ �#	i�£F �¥
 Ö � � � .

(ii) Let Vir
@

Vect	M� ` 
�
 W . Set* 	GF 
 v 
#
 	;ß 
�àK
 , @ 	 * F 
 ß�, 
 oæ	GF 
 ß 
)
p

where o is a bilinear form on Vect	M� ` 
 . Show that this definesa structureof a
Lie algebraonVir if andonly if o satisfiesoæ	 * F 
 ß�, 
 v 
ÅH oæ	 * ß 
 v , 
 F 
ÅH oæ	 * v 
 F7, 
 ß 
 @ O J

(iii) Let oæ	 ��
 � 
 @ oæ	 Ö � 
 Ö � 
 . Show that o 	 ��
 � 
 @ O unless�+H � @ O andn 	 ��
 F �¥
 @ v � � H=à/� for some
v 
�à RXW .

(iv) Prove that two bilinear forms o and o w defineisomorphicLie algebrasif and
only if oæ	 ��
 F �¥
 F
o w 	 ��
 F �¥
 is a linearfunctionin � .

5.2 Let W * ] 
 ] �4` , bethealgebraof Laurentpolynomialsin onevariable.For any
  	 ] 
 @u Ê v Ê ] Ê RÉW * ] 
 ] �4` , let Res	   	 ] 
)
 @ v �4` . Definea bilinear form on W * ] 
 ] �4` , by&½	   	 ] 
#
 d 	 ] 
�
 @ Res	 d U��U a 
#J
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(i) Show that & is skew-symmetricandsatisfies&Å	   d 
 } 
�H &½	 d } 
   
ÅH &½	 }�  
 d 
 @ O J
(ii) Let � @

Der	hW * ] 
 ] ��` , 
 @ W * ] 
 ] ��` , UU a be the Lie algebraof derivationsofW * ] 
 ] ��` , . Show that � 
 W is aLie algebrawith respectto theLie bracket* 	   D  D ] 
 v 
#
 	 d D  D ] 
�àp
 , @ 	 *   D  D ] 
 d D  D ] , 
 &½	   
 d 
�
#J
(iii) Let Ö � @ 	GF ] � �Å` UU a 
 O 
p
�þ @ 	MO 
Ko7
 . Show that* Ö � 
 Ö � , @ 	i�£F �¥
 Ö � � � H oo c 	i� � FÎ� 
 S � � � � þ�J
(iv) Show thatany centralextensionof theLie algebraVect	M� ` 
 with one-dimensional

centeris isomorphicto theLie algebradefinedby thecommutatorrelationsasin
(iii).



Lecture 6

Fock space

Let � beaLie algebraoverafield Ì with theLie bracket * v 
�à , . Recalltheconstruction
of theenveloppingalgebra��	�� 
 . It is anassociative algebraover Ì which is universal
with respectto homomorphisms¿ � � � n of associativealgebrassuchthat ¿À	 * v 
�à , 
 @¿À	 v 
 ¿À	 àp
 FÝ¿À	 àK
 ¿À	 v 
 . It is constructedasthequotientof thetensoralgebra�Û	�� 
 @ Ù 	�� 
�� Ò @ 	 
 [�~� \ Ù � 	�� 
)
�� Ò 

where Ò is the ideal generatedby elements

v à à F à`à v F * v 
/à , , where
v 
�à R�� .

For example,if � is a commutativeLie algebra(i.e. * v 
/à , @ O for all
v 
/à R�� ) ��	�� 
 is

isomorphicto thesymmetricalgebraSym	�� ), i.e. afreecommutativealgebragenerated
by thevectorspace� ( isomorphicto thepolynomialalgebrain variablesindexedby a
basisof � ). In general,�Û	�� 
 hasabasisconsistingof orderedproducts� s � J�JKJ � s ú 
iÅ ` �J�JKJ � Å Ê 
 where 	 � L 
 L ��� is anorderedbasisof thevectorspace� .

Recallthata linear representationof � in a vectorspace% is a homomorphismof
theLie algebras� � � � End	 % 
 , wherethelatteris equippedwith astructureof aLie
algebraby setting * n 
 ol, @ n < oPFµo < n . Wesaythat % is a � -module.By definition
of theenveloppingalgebra,this is equivalentto equipping% with a structureof a left
moduleover ��	�� 
 . This allows usto extendtheterminologyof thetheoryof modules
overassociative ringsto modulesoverLie algebras.

An exampleof a linear representationis the adjoint representationad� � � �
End	�� 
 definedby ad��	 v 
 	iQ 
 @ * Q 
 v , . Thefactthatit is a linearrepresentationfollows
from theJacobiidentity * Q 
�* 	�
�" ,�, HV* 	�
B* "b
 QN,�, Hd* "N
B* Q 

	 ,6, @ O .

An ideal � in a Lie algebra� is a linear subspacesuchthat * v 
/à ,�R�� for any
v R� and any à R�� , or, equivalently, a submodulein the adjoiont representation.An

exampleof an ideal in � is thecommutatorideal * � 
 �~, generatedby thecommutators* v 
�à , 
 v 
�à R�� . A noncommutative Lie algebrawithout non-trivial idealsis calleda
simpleLie algebra.

We will be mostly dealingwith infinite-dimensionalLie algebras. An example
of suchan algebrais a Heisenberg algebra. It is characterisedby the conditionthat
its center(the set of elementscommutingwith all elementsin the algebra)is one-
dimensionalandcoincideswith thecommutator. Let � bea Heisenberg algebraandlet

59



60 LECTURE6. FOCKSPACE" bea basisof its center� w . We definea bilinearalternatingform 	 
/
 on � by* v 
�à , @ 	 v 
�àK
�"bJ
Its kernelis equalto � w , andtheinducedbilinearform on ¯ � @ � � � w is nondegenerate.For
example,if � is finite-dimensional,

j�Â6Ã � ¯ � @dc r and̄ � hasabasis	 � ` 
KJKJ�J4
 � Ê<ç � ��` 
�JKJKJ4
 � � Ê 
suchthat 	 � L 
 � � s 
 @ S L s 
 	 � L 
 � s 
 @ 	 � � L 
 � � s 
 @ O 
 o � � 
iÅ � r J
Thus � is completelydeterminedby thecommutatorrelations* � L 
 � � s , @ S L � s "NJ (6.1)

Soall Heisenberg Lie algebrasof thesamedimensionareisomorphic.
If � is infinite-dimensional,weassumeadditionallythat � is m -graded, i.e.� @ 
 � �{� � � 


whereeachlinearsubspace� � is finite-dimensional,and� \ @ � w 
f* � � 
 � � , , � � � � J
Let � � @ 
 � | \ � � 
 � � @ 
 ��! \ � � J
It follows that * � � 
 � � , @ * � � 
 � � , @ O
and the bilinear form on ¯ � restrictsto a non-degeneratealternatingbilinear form on
each � � 
 � � � . Thuswe canchoosea basis 	 � L 
 L �{� õ in � � anda basis 	 � � L 
 L �{� ÿ in� � suchthat � is determinedby the commutatorrelationsas in (6.1). Togetherwith* "b
 � L , @ * "N
 � � L , @ * "N
$" , @ O thesearecalledtheHeisenberg commutatorrelations.

Noticethat " * @ � \ 
 � *
aremaximalabelianLie subalgebrasof � . Considera linearrepresentationof

"
� in the

one-dimensionallinearspaceÌ definedby� x 	 "<
 	 oB
 @ v 
 � x 	#� � 
 	 oB
 @ O J
Here

v RtÌ is a fixed parameterof the representation.Now we candefinea linear
representationof thewholeLie algebra� by takingthe inducedrepresentation:% 	 v 
 @ Ind $% õ 	�� x 
k� @ ��	&� 
=à(' � % õ � Ì JRecall that for any left module � over an associative Ì -algebrao the extensionof
scalarsof � to a o -algebran is aleft n -modulen à*)�� definedasthequotientlinear
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spacen àÝ�d�7Ù , whereÙ is thelinearsubspacespannedby tensors
v à=à � F v àÓà �

with à R�o 
 v RXn 
 � R � andmultiplication
v � 	 v w à � HÝÙ�
 @ v<v w à � HÝÙ .

We can identify �Û	 " � 
 with the algebraof polynomials Ì * ] \ 
 ] ` 
 ] g 
KJKJ�J , in vari-
ables] L correspondingto thebasis	 "b
 � ` 
�JKJKJ¥
 � � 
KJKJ�J�
 of

"
. Similarly we identify �Û	#� 


(asalinearspace)with thelinearspaceof LaurentpolynomialsÌ *!J�JKJ�
 ] �4` 
 ] \ 
 ] ` 
�JKJKJ , JHowever themultiplicationis different:] L ] � L @ ] � L ] L H ] \ 
 � j O 
 (6.2)

andany otherpairof variablescommutes.The Ì * ] \ 
 ] ` 
 ] g 
KJKJ�J , -modulecorresponding
to the representation� x is the quotientalgebraof Ì * ] \ 
 ] ` 
 ] g 
KJ�JKJ , modulo the ideal
generatedby ] \ F v 
 ] ` 
 ] g 
KJKJ�J . Let us first describethe inducedmodule % 	 v 
 asa
linear space. A monomial ] s � �K��� ] s ú of degree r in Ì *!J�JKJ�
 ] �4` 
 ] \ 
 ] ` 
KJ�JKJ , is called
normallyordered if Å ` � Å g � J�JKJ � Å Ê . For any monomial] L � ���K� ] L ú write� ] L � �K��� ] L ú � @ ] s � �K��� ] s ú 
whereÅ ` � Å g � J�JKJ � Å Ê and 	i� ` 
�JKJ�J�
 �GÊ 
 @ 	 Å � � ` � 
KJ�JKJ�
�Å � � Ê � 
 for somepermutationìER �¥Ê . Usingtherelations(6.2), we canwrite] L � ���K� ] L ú @ � ] L � �K�K� ] L ú ��H normallyorderedmonomialsof degreelessthan r J
We call theabove thenormalorderingdecompositionof themonomial ] L � ���K� ] L ú and
write it asn.o.d	 ] L � ���K� ] L ú 
 . Forexample,thenormalorderingdecompositionof ] � g ] ` ] ��`is equalto ] � g ] ` ] �4` @ ] � g ] ��` ] ` H ] � g ] \ @ � ] � g ] ` ] ��` �<H ] � g ] \ JObservenow thatif in anormallyorderedmonomial] L � �K��� ] L ú theindex �GÊ is positive,
thecosetof ] L � �K��� ] L ú àto in the inducedmodule % 	 v 
 is equalto ] L � ���K� ] L ú à ] L ú �<oandhenceis zero. If the monomialis equalto ] L � �K�K� ] L ú ] \ then ] L � ���K� ] L ú ] \ àìo @v ] L � �K�K� ] L ú à o . This shows that % 	 v 
 hasa basisconsistingof elementso(à o and] L � �K��� ] L ú à+o , where� ` � J�JKJ � �GÊ � O . Thisallowsusto identify % 	 v 
 with thelinear
spaceÌ * ] �4` 
 ] � g 
KJ�JKJ , . We haveanisomorphismof linearspaces% 	 v 
 @ Sym	&� � 
#J (6.3)

Thevector ð O � � @ o7àdo
is calledthevacuumvector. Thestructureof a ��	&� 
 -moduleon % 	 v 
 is givenby] s � ���K� ] s ú � 	 ] � L � �K��� ] � L ú àÔo7
 @ n.o.d	 ] s � ���K� ] s ú � ] � L � ���K� ] � L ú 
=àÔo @

n.o.d	 ] s � �K�K� ] s ú � ] � L � ���K� ] L ÿ ú 
 ð O �#JNotethat % 	 v 
 carriesa naturalgradingdefinedbyj �,+ 	 ó L � ���K�
ó L ú 
 @ � ` HdJKJ�J7H �GÊ 
whereó L R-� � L and
j �,+ ð O � @ O .
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Remark6.1. More explicitly therepresentation% 	 v 
 of � canbedescribedasfollows.
We identify % 	 v 
 with the polynomial algebra W * Q ` 
 Q g 
KJ�JKJ , and assignto � L 
 � jO 
 the operator ¶¶ W Ð , to � � L 
 � j O 
 the operatorQ L � ¯Å	9Q 
 � Q L ¯½	iQ 
 , and to " the

scalaroperator
v
id. Then * ¶¶ W Ð 
 Q s , @ id andhencewe geta representationobvioulsy

isomorphicto % 	 v 
 .
Thereis aninnerproductonthespace% 	 v 
 definedasfollows. Let ¦ beany linear

spaceover a field of characteristic0 equippedwith a symmetricbilinear form � . First
wedefinethebilinearform in Ù � 	9¦ 
 by�/. � 	 9 ` àÔJ�JKJ´à 9 � 

Ä ` àdJKJ�J¸à Ä � 
 @ � 	 9 ` 

Ä ` 
����K�
� 	 9 � 

Ä � 

and then extend it to the whole Ù 	9¦ 
 @ 
 � Ù � 	M¦ 
 by requiring that Ù � 	9¦ 
 andÙ � 	M¦ 
 aremutually orthogonal.Using the polarizationprocess,we identify � � 	9¦ 

with � � 	9¦ �K
$� equalto thesubspaceof symmetrictensorsin Ù � 	M¦ 
 @ ¦ . � andthen
restrict � . � to � � 	M¦ �K
$� to getasymmetricbilinearform sym

� 	 ��
 . Onecanshow that
this innerproductis non-degenerateif � is non-degenerate.Recallingthepolarization
isomorphismwe seethat

sym
� 	 ��
 	 � L � JKJ�J � L � 
 � s � JKJ�J � s � 
 @ o��� � � � 	 � L � 
 � � � s � � 
�J�JKJ
� 	 � L � 
 � � � s � � 
#
 (6.4)

wherethesumis takenwith respectto all permutationsof � letters.Herewe identify
Sym	M¦ 
 with thespaceof polynomialsin a basis 	 � L 
 of ¦ . This definesa symmetric
bilinear form sym	 �-
 on Sym	9¦ 
 . Following thephysicsagreementwe shalldrop `�10in this formula.A similarconstructioncanbegivenfor any hermitianbilinearform. In
fact, if we choosea positive definitehermitianform on ¦ we cancompletethetensor
algebraÙ 	M¦ 
 with respectto thecorrespondingnormandobtainaHilbert space

EÙ 	M¦ 
 .
This spaceis calledtheFock spaceassociatedto theunitaryspace¦ . Thecompletion
of the subspaceSym	9¦ 
 is calledthe bosonicFock space. Similarly we canrestrict
ourselveswith the exterior algebra®Û	9¦ 
 identifiedwith the subspaceof alternating
tensorsin Ù 	9¦ 
 . Its completionis calledthe fermionicFock space. We will dealwith
it later.

We apply theconstructionof theFock spaceto theHeisenberg algebraover W by
taking ¦ @ � � , where � � is equippedwith a structureof aunitaryspace.

Let usconsiderthe Lie algebra� with a linearbasis o~
 º Û� 
)� R=m 
 } @ o�
KJ�JKJ4
�(
with Lie bracketdefinedby commutatorrelations(5.17b):* º Û� 
 º ä� , @ �XS � � Ê � \ ß Û{ä 
 (6.5)

Let � be the gradedHeisenberg algebraover W with
j�Â6Ã � � @ ( for all � '@ O . Let	 � Û� 
#
 } @ o~
�JKJ�J4
�(S
 beabasisin � � suchthat,for any �;j O ,* � Û� 
 � ä� , @ S � � � ß Û{ä "bJ

Considerthe direct sumof Lie algebras� � @ � 
�2 , where 2 @ 1 � is viewed asan
abelianLie algebra.Let 	 � Û\ 
 bea basisof 2 . I claim that � is isomorphicto � � . To see
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thiswe definethelinearmap ¿ � � � � � asfollows.

¿À	 � Û� 
 @4356 57 LQ � º
\ � if �¤'@ O ;`Q � º Û� if �¤'@ O 
 } '@ O ;º Û\ if � @ O , (6.6)

and ¿À	 "�
 @ o . It is clearthat this is an isomorphismof Lie algebras.We call � � the
oscillator algebra of 1 � . Let % 	 v 
 be the linear representationof the subalgebra�
generatedby "b
 � L 
 � '@ O describedabove. We canextend the representationto the
whole � � by setting ��	 � Û\ 
 ð O � @ c Û ð O �
for some c Û R 1 . Since � Û\ belongto the center, it definesthe representation.We
denotetheobtainedrepresentationby % 	 v çËc 
 , where c @ 	ic ` 
KJ�JKJ�
 c � 
 R 1 � . It is
morenaturalto considerc asa linearfunctionontheideal 2 of � � generatedby � Û\ ’sso
that c Û @ c¥	 � Û\ 
 . We will beinterestedonly in representationscorrespondingto

v @ o
sothatwe set % 	ic 
 @ % 	 o ç$c 
 . Its vacuumstateis denotedby ð c � . Recallthatwe can
write any elementof % 	ic 
 asð �7	hc 

�k� @ � Ê � � ����� � Ê �Û � � ����� � Û � º Û �� Ê � JKJ�J º Û �� Ê � ð c �p
where � @ 	9� Û � � ����� � Û � 	ir ` 
KJ�JKJ�
 r � 
�
 is a tensorsymmetricin lower andupperindices
defininga linearmap � � 	#� � 
k� � � 	 1 � 
 with finite-dimensionalsupport.It is called
aLorentzpolarizationtensor. Fix 8 @ 	hr ` 
�JKJKJ4
 r � 
 R mM| \ andsetð �7	hc¥ç#8 
�� @ �B	ic�çËr ` 
KJ�JKJ4
 r � 
 @ �

` n Û � n ����� n Û � � � �
Ê � � ����� � Ê �Û � � ����� � Û � º Û �� Ê � JKJ�J º Û �� Ê � ð c �pJ

Let us definethe inner productin % 	hc 
 . We may assumethat ð c � is of norm 1.
Recallthatwewanttheoperatorsº ÛL and º Û � L to beadjointto eachother. Then� º Û � L ð c �#
 º ä � s ð c �
� @ � º äs º Û � L ð c �p
 ð c ��� @ � 	Gº Û � L º äs H�Å S L s:9 Û{ä 
 ð c �p
 ð c ��� @ Å S L s:9 Û{ä J
Soweseethat `Q � º Û � � ð c � form anothonormalbasisin Minkowski sense.In particular,

the vectorsº \ � � ð c � have squarednorm equalto F � . Following the discussionabove
wecanextendtheinnerproductto thewhole % 	hc 
 . Two differentmonomialsin º Û � L ’sareorthogonaland ð�ð º Û �� Ê � JKJ�J º Û �� Ê � ð c � ð�ð @ r ` JKJ�J r � 
if all r ` 
KJKJ�J�
 r � aredistinct.We leaveto thereaderto dealwith thegeneralcase.Note
that,for any r§RSm&| \ , and � @ 	M� ` 
KJ�JKJ�
 � � 
 R 1 � ,ð�ð6ð �B	ic�çËr � ð6ð @ r�ð6ð ��ð6ð @ � Û � Û J (6.7)
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Remark6.2. OnecandefinetheLie algebra� � andtheFockspace% 	ic 
 in acoordinate-
freeway. Let ¦ beavectorspaceovera field Ë equippedwith anon-degeneratesym-
metric bilinear form 	iQ 
�	-
 . An elementof ��	9¦ 
 @ Ë * ] , à ¦ canbe interpretedasa
finite linearcombinationof tensors9 � à ] � 
�9 � R+¦ 
)� R;m . ConsidertheLie algebra
with generators9 � à ] � 
$" , where" is central,satisfyingthecommutatorrelations* 9 � à ] � 

9 � à ] � , @ �Ó	 9 � 

9 � 
 S � � � � "NJ (6.8)

If ¦ @ 1 � is theEuclideanvectorspace,by choosinganorthonormalbasisin ¦ , we
seethat ��	9¦ 
 �@ � � . Onedefinesthe Fock space

D 	9¦ 
 @ Sym	 ] �4` Ë * ] �4` à ¦ 
 . Its
elementsarefinite linearcombinationsof tensors9 � � � JKJ�J�9 � � ú à ] � � 
)� ` HSJKJ�JMH � Ê @�Ej O 
�9 � � � J�JKJ
9 � � ú R SymÊ 	9¦ 
 . Theinnerproducton

D 	M¦ 
 is definedby extending
thebilinearform 	 9 � à ] � 
�9 � à ] � 
 @ 	 9 � 
�9 � 
 on ] �4` Ë * ] �4` à ¦ to thesymmetric
product.TheLie algebra��	9¦ 
 hasarepresentationin

D 	9¦ 
 by defining 9 � à ] � to be
theadjointof 9 � � à ] � � for � j O andletting 9 � � à ] � � actby multiplication:9 � � à ] � � 	 9 � � � JKJ�J
9 � � ú à ] � � 
 @ 9 � � 9 � � � JKJ�J�9 � � ú à ] � � � JAlso we let 9 \ àÔo actby9 \ àÔo 	 9 � � � JKJ�J
9 � � ú à ] � � 
 @ cÅ	 9 \ 
#
wherec � ¦ � Ë is a fixedlinearform. It is easyto seethat,in thecase¦ @ 1 � , we
geta representationisomorphicto % 	ic 
 .

Thereis one more importantrequirementon the spaces% 	hc 
 . The Lie algebra
of the Poincar̀e group å of the Minkowski space% @ 1 ` � � �4` must have a linear
representationin thesespaces.Recall that å is the semi-productof the translation
group % and the orhogonalgroup ò 	 ( F o~
�oB
 . The Lie algebraof å is the direct
productof the abelianalgebra % �@ 1 � and the algebraof matricesn @ 	 v Û{ä 
 R� � 	 1�
 satisfying ß Û{ä v ä » H v ä[Û ß ä » @ O . It hasa setof generators� L 
 � @ o�
KJ�JKJ4
�(and � L s 
�o � � � Å � (S
 satisfyingthecommutatorrelations* � L 
 � s , @ O 
 � 
iÅ @ o�
KJKJ�J4
�(S
 (6.9a)* � s Ê 
 � L , @ ß s L � Ê�F�ß�Ê L � s (6.9b)* � L s 
 � Ê � , @ ß s Ê � L � F
ß L Ê � s � F
ß s � � L � H ß L � � s Ê (6.9c)

Here � L s correspondsto thematrices¦ L s F � ¦ L s , where� @ o if � '@ o and F o if � @ o .
Definetheoperatorsî Û{ä @ Q Û ¯ ä FEQ ä ¯ Û FÎ� [��~� `

o� 	Gº Û � � º ä� F
º ä � � º Û� 
 (6.10)

Thenonechecksthat * ¯ Û 
 î ä<; , @ F��iß Û{ä ¯ ; H ��ß Û=; ¯ ä



65* î Û{ä 
 î ; a , @ F���ß ä,; î Û a H ��ß Û=; î ä a H ��ß ä a î Û=; FÎ�iß Û a î ä<; J
This shows that the correspondence�¸Û � ¯ Û 
 �¸Û{ä � î Û{ä is a representationof the
PoincaŕeLie algebrain theFockspaces% 	hc 
 (onehasonly to replacethecommutators*�
 , with � *�
 , ).

HeretheoperatorsQ Û ¯ ä F Q ä ¯ Û correspondto thematrices� L s in thenaturallinear
representationof >@?�	 ( F o~
�oB
 in the spaceof vectorfields in 1 U asthe vectorfieldsF Û{ä @ Q Û ¶¶ WBA F×Q ä ¶¶ W ÿ . Wecanview astateð �7	ic�çC8 

� R % 	ic 
 asapolynomialfunction
on Sym

� 	&� � 
 with valuesin Sym
� 	 1 U 
 so that the vectorfield F Û{ä actsnaturallyon

suchstates.The translationpartof theLie algebraof thePoincaŕe groupactsvia the
operators̄ Û .
Remark6.3. Recallthatanirreduciblelinearrepresentation% of thePoincaŕegroupis
describedby thefollowing data.First onerestrictstherepresentationto thetranslation
subgroupÙ . Sincethelatteris anabeliangroupthelinearspace% decomposesinto the
directsumof eigensubspaces%ED 
#F R Ù���
 , where %	D @ � 9 R % � ] �´9 @ F 	 ] 
49�
HG ] RÙ ! J The Lorentz group g @

SO	 � F o~
�oB
 actson Ù�� . It is easyto seethat the
set
� F R Ù��;� %	D '@ � O !�! is an orbit Ì of g . Let . be the isotropy subgroupof

someF \ R�Ì . Thenthe restrictionof the representationto . definesan irreducible
representationof . in % D A . Now thenaturalactionof g on Ì @ g � . lifts to anaction
on thevectorbundle ¦ @ g Ü @ % D A @ g Ü % D A � . , where . actson theproductbyÊæ� 	 ��
�9<
 @ 	 ��Ê�
ËÊ ��` 9�
 . Thereis a naturalactionof g on thespaceXY	M¦ 
 of sections
of this bundleandtherepresentation% is realizedasan irreduciblesubrepresentation
of XY	M¦ 
 .

For example,considerthe irreduciblerepresentation% which containsa vacuum
vector ð c � . The translationgroup Ù actsvia theoperatorsº Û\ . This shows that ð c � is
aneigenvectorcorrespondingto the characterc=RV	 1 � 
�� . This shows that thefibres
of the vectorbundle ¦ areone-dimensionalandthe group . @ �áò 	 � F o~
�oB
 a acts
identicallyon thefibre over cÓR�Ì @ � ò 	 � F o�
Ko7
�� c . Thusthedatadescribingthe
representationconsistsof the orbit of c determinedby ð6ð c½ð6ð g (if the norm is positive
thenthegroupSO	 � F o~
�oB
 a �@ SO	 � F oB
 is compact)andthetrivial representation
of SO	 � F o~
�oB
 . Physicistssaythat ð c � transformslike a scalar.

We candefinethesimilar space �% 	hc 
 correspondingto right movers. Its vacuum
stateis denotedby ð c � ~ . Thenweconsiderthetensorproduct% 	ic 
[à �% 	ic 
 . Its vacuum
stateis ð c � � à ð c � ~ .

Its vectorslook like this� Ê � � ����� � Ê � é � � � ����� � � þÛ � � ����� � Û � é ä � � ����� � ä þ º Û �� Ê � JKJKJ º Û �� Ê � ð c � � à �º ä �� _ � JKJ�J �º ä þ� _ þ ð c � ~ 
where r � � r � ��` � J�JKJ � r ` and Z � � Z � �4` � JKJ�J � Z ` andthepolarizationtensor� @ 	9� Ê � � ����� � Ê � é � � � ����� � � þÛ � � ����� � Û � é ä � � ����� � ä þ 
is symmetricin } and 9 (resp.in r L and ó s ) separately.
Onedefinesthe norm on �% 	ic 
 similar to thenorm on % 	hc 
 andthengetsa non-

degenerateinnerproducton % 	hc 
�à �% 	ic 
 . Finally we completethis spaceto get the
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Fock spaceof theclosedbosonicstringtheoryD
closed

@JIa � º ê E% 	ic 
 Eà E�% 	ic 
pJ
Finally, let usseetherepresentationof theVirasoroalgebrageneratedby theoper-

atorsÖ � (resp. �Ö � ) in thespace% 	hc 
 (resp. �% 	ic 
 ). Recallthat

Ö \ @ oc3º Û\ º \ Û H ­ 
 �Ö \ @ oc3º Û\ º \ Û H �­ 

where ­ @ �� 6 ` º Û � � º � Û 
 �­ @ �� 6 ` º Û � � º � Û JÖ � @ �� 6 ` º Û� � � º � Û 
 �Ö � @ �� 6 ` º Û� � � º � Û 
 � '@ O
Theoperators­ and �­ arecalledleveloperators. It is easyto checkthat­ � º Û �� Ê � JKJKJ º Û �� Ê � ð c � � @ 	hr ` HÔJ�JKJBH r � 
 º Û �� Ê � J�JKJ º Û �� Ê � ð c � �andasimilar formulaholdsfor �­ .

Recall that * Ö � 
 Ö � , @ 	i�ñF �¥
 Ö � � � H n 	i� 
 id. We have to find the constantn 	9� 
 @ v � � H=à � .
Oneapplies * Ö � 
 Ö � � , to somegroundstatesto computetheseconstants.Notice

that Ö � ð c � @ oc°	 �� �{� º Û `/� � º � Û 
 ð c � @ O 
 � j O (6.11)

Ö \ ð c � @ oc º Û\ º \ Û ð c � @ oc ð6ð cÅð6ð g ð c � (6.12)

Also Ö �4` ð c � @ oc �� �{� º Û �4`#� � º � Û ð c � @ oc 	Gº Û �4` º \ Û H º Û\ º ��` Û 
 ð c � @ c Û º Û �4` ð c �#J
Herewe usedthattheoperatorsÖ � and Ö � � areadjointto eachother. Thus� cÅð Ö ` Ö ��` ð c ��� @ � Ö ��` ð c �p
 Ö ��` ð c � @ o

¡ ð6ð c º Û � g º \ Û ð c � ð6ð g @ ð6ð c Û º Û ��` ð c � ð6ð g @ ð�ð c½ð�ð g 

andweobtain � cÅð * Ö �4` 
 Ö ` ,�ð c � @ � cÅð Ö ��` Ö ` c � @ ð6ð c½ð6ð g @
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 id 
 ð c � @ ð6ð cÅð6ð g 	 orH n 	 oB
 g 
pJ
Thisgives nI	 oB
 @ v Heà @ O . Also� c½ð Ö g Ö � g ð c � @ ð6ð Ö � g ð c � ð6ð g @ o

¡ ð6ð c º Û � g º \ Û H º Û ��` º �4` Û ð c � ð6ð g @ð6ð º Û � g º \ Û ð c � ð�ð g H o¡ ð6ð º Û �4` º ��` Û ð c � ð�ð g @Vc ð6ð c½ð�ð g H oc (SJ
Hereweused(6.7)andð6ð º Û �4` º ��` Û ð c � ð�ð g @ � c½ð º ` Û º Û ` º Û �4` º ��` Û ð c � @ � cÅð º ` Û 	hº Û ��` º Û ` H ß ÛãÛ 
 º �4` Û ð c � @� c½ð ß ÛãÛ º ` Û º �4` Û H º ` Û º Û �4` º Û ` º �4` Û ð c � @ � c½ð c ß ÛãÛ º ` Û º �4` Û ð c � @tc ß ÛãÛ ß ÛãÛ @Vc (SJ
Thus � cÅð * Ö g 
 Ö � g ,�ð c � @ � cÅð Ö g Ö � g ð c � @ � c½ð ¡ Ö \ H n 	 c 
 id ð c � @c ð6ð cÅð6ð g H n 	 c 
 @Vc ð6ð c½ð6ð g H oc (+J
This gives n 	 c 
 @LK v H c à @ ¤ v @ `g ( , hence

v @ ( �<o c . Finally we obtainthat
for all � 
�� R m ,wehavethefollowing commutatorrelationfor theVirasorooperators
actingin thespace% 	hc 
 .* Ö � 
 Ö � , @ 	i�úF �¥
 Ö � � � H oo c ( 	9� � FÎ� 
 S � � � � J (6.13)

Exercises

6.1 Let � @ 
 � � � be a gradedHeisenberg Lie algebra. Let Sp	#� 
 be the symplectic
groupof linear automorphismsof � which preserve the alternatingfrom 	iQ 

	-
 . Con-
structa linearprojectiverepresentaionof Sp	&� 
 in thespaceMr	 % 	 v 
)
 which is compat-
ible with therepresentationof � in % 	 v 
 .
6.2 Computethenormof thestateÖ � ð c � .
6.3 Computethenormof any stateº Û �� Ê � J�JKJ º Û �� Ê � ð c � .6.4 Let ¯½	 �¥
 denotethedimensionof thespaceof eigenvectorsof thelevel operator­
with eigenvalue� . ComputethegeneratingfunctionTr 	 ã ë 
 @ u [�~� \ ¯Å	 �¥
 ã � . Explain
thenotation.
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Lecture 7

Physical states for bosonic string

The expressionfor the Hamiltonianprovidesthe mass-squared formula . Recall that
in the specialrelativity theorythe massis definedasthe negative of the norm of the
momentvectorin theMinkowski space-time.Let usexplain it. We usethemetric in
thespace-time1 ÷ with coordinates	iQ \ 
 Q ` 
 Q g 
 Q � 
 @ 	iQ \ 
 ß 
 definedby D Q g\ F D Q g ` FD Q gg F D Q g� . Here Q \ @ þ ] , where] is timeand þ is aconstantequalto thespeedof light.
To describethemotionweusetheLagrangiandensityÞ @ F�� þ � þ g F|ð ß w ð g D ] @ � þ g y o F 9 gþ g D ] 

whereß w @ U �U a 
 ß @ 	9Q ` 
 Q g 
 Q � 
 and � is a constantcalledthemass. Theenergy and
themomentfor this Lagrangianareequalto

¯ L @ â Þâ ØQ L @ � þ g � y o F 9 gþ g 
 � @ o�
 c 
��-

¦ @ ¯ L ØQ L F Ö @ � þ g � y o F 9 gþ g J

We have ¦ g F þ g ð Nkð g @ � g þ ÷ 

soif weset O @ 	M¦ �ãþ g 
 ¯ ` �ãþ�
 ¯ g �ãþ�
 ¯ � �{þK
#

weobtainthat � g @ F ð6ð O ð�ð g 

wherewe usetheMinkowski normdefinedby thematrix diag* F o~
Ko�
Ko�
Ko , . Thevector
O

is calledthe total momentumvector. In our situation

O @ 	½¯ ` 
�JKJKJ4
 ¯ � 
 sowe can

69
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definethequantummass-squareoperator by� g @ F�¯ Û ¯ Û àdo F o7à ¯ Û ¯ Û @ F ¡ó g 	hº Û\ º \ Û àdorHÔo7à �º Û\ �º \ Û 
#J
We shallscalethemassesto assumethat ó g @�K sothat� g @ 	GF Ö \ H ­ 
3àÔorHdo7à 	)F �Ö \ H �­ 
#J
Thusthemass-squareof thegroundstate ð c � � à ð c � ~ is equaltoF ð cÅð g @ c g ` F¥c gg HÔJ�JKJ F¥c g� JRecallthatin thepre-quantizedtheorywehadVirasoroconstraintsÙ »{â @ O . It follows
from (5.15) that the analogsof theseconstraintsin the quantumstring theoryarethe
conditionsthat Ö � / @ O for any element/ of the Fock space.However, because* Ö � 
 Ö � � , @�c � Ö \ H>þ id, this would imply that / @ O . Thus we have to require
that Ö � / @ O only for positive � and Ö \ / @ v / for some/0
 andsimilarly for the
operators�Ö � . We setD

phys	hc 
 @É� / R D 	ic 
�� Ö � / @ O 
 � j O 
 	 Ö \ F v 
�/ @ O ! (7.1a)�D
phys	hc 
 @�� / R �D 	hc 
k� �Ö � / @ O 
 � j O 
 	 �Ö \ F v 
4/ @ O ! (7.1b)D closed

phys
@ 
 a ��� º ê �h® D phys	hc 
=à �D phys	ic 
pJ (7.1c)

A statesatisfyingtheseconditionsis calledphysical. Also for any state F anda
physicalstate& , wehave� &Àð Ö � � F²� @ � Ö � 	'& 
 ð F²� @ O 
 �Îj O
Thustheintersectionof

D
phys with thesum

D
spur

@ 
 � | \ Ö � � 	 D 
 belongsto thenull-
spaceof

D
phys. Theelementsof thisspacearecalledspuriousstates. TheHilbert space

which wewantwill bethequotientD closed� @�D closed
phys

� D
spur
T D closed

phys
J

Notethat theoperatorsî Û{ä definedin (6.9) commutewith Virasorooperators,sothat
thePoincaŕeLie algebraactsin thespacesof physicalstates.

Remark7.1. An abstractLie algebrais calleda Virasoro algebra if it canbe defined
by generators"N
$ó � 
)� R m with commutatorrelations* ó � 
$ó � , @ 	9�£F �¥
�ó � � � H � � FÎ�o c S � � � � "N
q* "N
$ó � , @ O J
It can be shown that any any Lie algebraobtainedas a centralextensionwith one-
dimensionalcenterof the algebraof vectorfields on a circle is isomorphicto a Vira-
soroalgebra.A representationof theVirasoroalgebrain a vectorspace% is calleda
representationwith highestweight

v
andcharge þ if " actsasa scalaroperatorþ id «

andthereexistsavector 9 \ (calleda highestweightvector) suchtható � 9 \ @ O 
 � j O 
Vó \ 9 \ @ v 9 \ J
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A universalrepresentationwith this propertyis calleda Vermamoduleandis denoted
by % 	 v 
$þK
 . It canbeconstructedby usinga similar constructionastherepresentations% 	 v 
 we constructedfor a Heisenberg algebra. One considersthe subalgebraVir �generatedby theoperatorsÖ � 
 � { O , thendefinesa one-dimensionalrepresentation
by Ö \ ��o @ v 
 Ö � ��o @ O 
 � j O andfinally takestheinducedrepresentation�Û	 Vir 
$à VirW . Its elementsarelinearcombinationsof monomialsÖ � � � JKJKJ Ö � � ú 9 \ with positive� L ’s. Any irreduciblerepresentationwith highestweight

v
andcharge þ is isomorphic

to a quotientof % 	 v 
$þK
 . So, we seethat eachnonzero / R D phys	ic 
 generatesa
representationspace% ³ for the Virasoroalgebrawith highestweight

v
and chargeþ @ ( . Its highestweight vectoris / . As we have seenbeforeany physicalstate F

belongsto %QP³ .

Sinceall physicalstatesareeigenvaluesof Ö \ with eigenvalue
v
, we obtain the

mass-formulafor physicalstates:� g @ F×	 c Ö \ F c ­ 
 @tc ­ýF c v J (7.2)

Let usseewhich groundstatesin
D closedarephysical.Since­eð c � @ O 
 Ö � � ð c � @ O 
 � j O 
 Ö \ ð c � @ oc ð cÅð g 


and the sameis true for the right modeoperators �Ö � , we seethat the groundstateð c � @ ð c � � à ð c � ~ is physicalif andonly ifð c½ð g @tc v J (7.3)

For this vacuumstate � g ð c � @ F c v
We shallseefrom thenext discussionthat

v
mustbeequalto o . Thusthevacuumvec-

torshavenegativemass.Suchstatesarecalledtachyons(they travel fasterthanlight!).
Theexistenceof suchstateswill forceusto abandonbosonicstringsandconsidersu-
perstrings.

Let us look for / R D phys	ic 
 of level 1. Eachsuch / hastheform � Û º Û �4` ð c � . We
have

Ö ��` / @ º ��` º \ / @ � Û c Û /0
 Ö � / @ O 
 � jVo�
 Ö \ / @ 	 oc ð c½ð g HÔo7

Thus / is physicalif andonly if� Û c Û @ O 
 ð c½ð g @tc v F c J (7.4)

If
v j o , we may choosec @ 	9O 
�o~
 O 
KJ�JKJ�
 O 
 , andthen � @ 	 o�
 O 
�JKJ�J4
 O 
 satisfies

(7.4) but ð6ð / ð�ð @ ð ��ð g @ F o . This meansthat we have ghosts, i.e. statesof negative
norm.Thisshouldbeavoidedsincethethequantummechanicsdealsonly with Hilbert
spaceswith unitaryinnerproduct.This forcesusto take

v � o .
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If
v � o , we may take c @ 	 o~
 O 
KJ�JKJ�
 O 
 and � @ 	MO 
 � ` 
KJKJ�J�
 � � 
 so we have( F o -dimensionalspaceof physicalstatesof positive norm and no statesof non-

positivenorm.
If
v @ o , we maytake c @ 	 o�
 F o�
 O 
�JKJ�J�
 O 
 andhence� \ @ � ` . This shows that

wehavea 	 ( F c 
 -dimensionalspaceof statesof positivenormandaone-dimensional
spaceof statesof norm 0. The state Ö �4` ð c � @ c Û º Û ��` is spuriousandis physicalifð c½ð g @ c Û c Û @ O . Thus, if

v @ o , D phys	hc 
 containsa one-dimensionalspaceof
spuriousstatesof norm0. Factoringthisspaceoutwegeta 	 ( F c 
 -dimensionalspaceD

phys	ic 
�� D spur	ic 
²T D phys	ic 
 , eachelementof which canberepresentedby a stateof
positivenorm.Sofar, we find that

v � o andno restrictionon ( appears.
Let F @ u L / L à �/ L R D phys	ic 
²à �D phys	hc 
#
 where/ L R D phys	hc 
#
 �/ L R �D phys	ic 
pJ

Applying Ö \ à o we seethat Ö \ / L @ v andapplying o+à �Ö \ we seethat �Ö \ �/ L @ v .This impliesthat ­ / L @ �­ �/ L . HenceF @ � Û � � ����� � Û � é ä � � ����� � ä þÊ � � ����� � Ê � é _ � � ����� � _ þ º Û �� Ê � JKJ�J º Û �� Ê � �º ä �� _ � J�JKJ �º ä �� _ � ð c �#
where r ` HdJ�JKJBH r � @ Z ` HÔJ�JKJ�H Z � . Let uslook at thephysicalstatesin
D closed

phys 	hc 

of level 1, i.e. ­ / @ �­ / @ / . They areof theform/ @ � Û{ä º Û �4` �º ä ��` ð c �pJWe haveÖ ` / @ º Û\ º ` Û 	9� Û{ä º Û �4` �º Û ��` ð c ��
 @ � Û{ä c Û �º ä �4` ð c �#
 Ö � / @ O 
 � jto�J (7.5)

Similarly, �Ö ` / @ � Û{ä c ä º Û ��` ð c �#
 �Ö � / @ O 
 � j o~J (7.6)

Also Ö \ / @ �Ö / @ 	 `g ð c½ð g HÔo7
4/0
 sothatð c½ð g @Vc v F c J (7.7)

In view of (7.5)and(7.6), weget� Û{ä c Û @ � Û{ä c ä @ O J
Thenormof thestate/ is equaltoR @ � Û{ä � L s ß L Û ß s ä @ � Û{ä � Û{ä J
If c @ O , we have no restrictionon � Û{ä andhencewe have physicalstatesof negative
norm. So c '@ O . If

v � o , we may assumethat c @ 	 o~
 O 
�JKJKJ�
 O 
 so that � \�\ @ O
guaranteesthat / is physical. But if we take � L s @ O for � 
iÅ '@ O , we get a stateof
negativenorm,aghost.So v @ o�J
If c '@ O , we mayassumethat c @ 	 o�
 F o�
 O 
�JKJ�J�
 O 
 , andthentheconditionis � L \ @� L ` 
 � \ L @ � ` L 
 � @ O 
KJ�JKJ4
�( F o sothat thenormis equalto u Û � ä 6 g � gÛ{ä . We seethat
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all physicalstatesareof nonnegativenorm. Thestatesof zeronormsatisfy � Û{ä @ O if} 
 9 { c .
NotethatthestatesÖ ��` � ä �º ä �4` ð c � @ c Û � ä º Û �4` �º Û ��` ð c � and �Ö ��` ß Û º Û �4` ð c � @ c ä � Û º Û �4` �º Û ��` ð c �are spurious. Since ð c½ð g @ c v F c @ O , thesestatesare also physical becauseð cÅð g u Û � Û @ ð c½ð g u Û ß Û @ O . It is easyto seenow thatany physicalstateof norm0

is spuriousandwe canfactorit out. Thuswe obtainthat for any non-zerolight-like c
thespace

D closed
phys 	hc 
 is of dimension( g F c ( F c ( @ ( 	 ( F ¡ 
 andall its elements

canberepresentedby physicalstatesof positivenorm.
For any c of norm 0, the spaceof solutions � @ 	9� Û{ä 
 of (7.5) and (7.6) is the

directsumof one-dimensionalspaceof matriceswith nonzerotrace,the `g ( 	 ( F oB
 Fo -dimensionalspaceof trace-lesssymmetricmatricesand `g ( 	 ( F ��
 -dimensional
spaceof antisymmetricmatrices.Thecorrespondingphysicalstatesarecalleddilatons,
gravitonsandanti-symmetrictensors. Thesearemasslessparticles(i.e. � g / @ O ).

Let us go to the secondlevel, i.e. considerthe physicalstatesin
D

phys	ic 
 of the
form / @ � Û{ä º Û �4` º ä ��` ð c �½H ß Û º Û � g ð c �p

where� L s @ � s L . We haveÖ ` �q/ @ 	hº Û\ º ` Û H º Û ��` º g Û 
�/ @dc 	9� Û{ä c ä H ß Û 
 º Û ��` ð c � @ O 
Ö g � ð � 
 c � @ 	hº Û\ º g Û H oc º Û ` º ` Û 
4/ @ 	9� ÛÛ H c c Û ß Û 
 º Û �4` ð c � @ O 


Ö \ / @ oc°ð c½ð g /ÎH c�@ 	 ocrð c½ð g H c 
4/�J
This implies � Û{ä c ä H ß Û @ O 
 � ÛÛ H c c Û ß Û @ O 
 (7.8)

ð c½ð g @tc v F ¡ @ F c J
Thenormof this stateis equalto

c R
, whereR @ � Û{ä � Û{ä H ß Û ß Û @ � g\�\ F c �ä | \ � g\ ä H �

Û � ä | \ � gÛ{ä F�ß g\ H �Û | \ ß gÛ J
Choosea systemof coordinatesin 1 � suchthat c @ 	 þ�
 O 
KJKJ�J4
 O 
#
�þ g @zc . Using

(7.8)we caneliminateß L ’s and � \�\ sothatR @ F oc�S û � ��`� L � ` � L6L ü g H
� �4`�L � s � ` � gL s J (7.9)
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Applying theCauchy-Schwarzinequality, we obtainR { g ¹�L � s � ` � gL s F
( F oc�S � ��`� L � ` � gL6L @ g ¹�L � s � ` � L �� s � gL s F

( F c ¤c�S � �4`�
L � ` � gL6L J (7.10)

Thus,if ( � c ¤ , all statesareof non-negativenorm. If (ýj c ¤ , thestate/ with � L6L @o~
 � {to and � L s @ O 
 � 
iÅ�'@ O 
 � '@ Å hasthenormequalto 	 ( F o7
 	GF (VH c ¤ 
�� c�S � O .
Now if we take a physicalstate �/ from �D

phys	hc 
 of level 2 andof positive norm,then/�à �/ is anelementof
D closed

phys 	hc 
 of negativenorm. Sowe have ghosts.If ( @�c ¤ , a
stateof zeronormmustsatisfy � L s @ O 
 � 
�Å { o~
 � '@ Å . Thestates

Ö �4` 	9� Û º Û ��` ð6ð c �)
½H þ Ö � g ð c � @ 	9� Û c ä H þc3S Û{ä 
 º Û �4` º ä ��` ð6ð c �¥H¤þ c Û º Û � g ð c �
arespurious. It is easyto seethat any norm 0 physicalstateis equalto a physical
spuriousstate.Sowe canfactorthemout andobtainonly thespacewith only postive
norms.Thuswehaveshown that ( � c ¤ .

The proof that ( @�c ¤ consistsof analyzingstatesof the next level. We skip it.
Theresultthat

D closed
phys doesnot containghostsif andonly if

v @ o~
�( @ c ¤ is called
theNo GhostTheorem. It wasprovenby R. Brower, P. GoddardandC. Thorn.

Observe that
v @ o and ( @Uc ¤ agreeswith the definition of the Hamiltonian

operator. @ Ö \ H �Ö \ F � � gg ÷ usingtheregularizationof thesum u [��� ` � . Sophysical
statessatisfy . / @ O .
Remark7.2. Onecanshow that onecanchoosea subspacein

D closed
phys invariantwith

respectto SO	 c ¡ 
 suchthatits statesrepresentall statesof positivenormmodulospu-
riousstates.This is achievedby a “light-conegauge”which consistsof fixing thefirst
andthelastcoordinate& Û of thestring.ThegroupSO	 o�
 c�S 
 actsin thespacein

D closed

via its inducedrepresentation.Thus
D closed� definesa linearrepresentationof thegroup� ò 	 c ¡ 
 . It alsoleavesthehomogeneouspartsinvariantandhencedefinesa finite di-

mensionalrepresentationin eachspaceof given level. Elementsof this spacewhich
belongto anirreduciblecomponentareinterpretedaselementaryparticles. For exam-
ple, theanti-symmetrictensorsof level 1 definetheadjoint representationof SO	 c ¡ 
 .The dilatonsdefinethe trivial representationandgravitons definethe standardrepre-
sentationof SO	 ¡ 
 on thespace� g 	 1 g ÷ 
 .
Exercises

7.1 Findphysicalstatesof level 2 in theFock spaceof a closedbosonicstring.

7.2 By analyzingphysicalstatesof level 3 in
D 	ic 
 finish the proof of the No Ghost

Theorem.



Lecture 8

BRST-cohomology

Weshalldiscussanotherapproachto definingphysicalstateswhich is calledtheBRST-
quantization. In this approachoneintroducesan operator

d
in a Fock space

D
of a

givenstringtheorysuchthat
d g @ O andD phys @ Ker	 d 
�� Im 	 d 
 (8.1)

We shall start with remindingthe definition of the cohomologygroup of a Lie
algebra� with coefficients in its linear representation% . Let

D @ ®�	�� ��
+à % be
the tensorproductof the exterior algebraof the space� � andthe space% . This will
be an analogof our Fock space.If � @ Lie 	Gg 
 for someLie group g , then

D
can

beidentifiedwith thespaceÀ inv� of left-invariantsmoothdifferentialformson g with
valuesin thetrivial vectorbundledefinedby thespace% . Let 	 � L 
 bea basisof � and	'¿ L 
 bethedualbasisof � � . Let ï � 	�� 
 % 
 @ ® � 	�� �B
£à % sothat

D @ 
 [��� \ ï � 	�� 
 % 
 .
Elementsof ï � 	�� 
 % 
 arelinearcombinationsof thedecomposabletensors¿ L � Ã JKJ�J Ã ¿ L � à 9�
 � ` � JKJ�J � � Ê 
 9 R %
Let usassignto ¿ L theoperator

v L @ ¿ LiÃ andto � L thecontractionoperator
v L @UT ±

Ð
suchthat

T ± Ð 	M¿ L � Ã J�JKJ Ã ¿ L � à#9�
 @ 	GF o7
 Ê �Å` ¿ L � Ã JKJ�J E¿ L JKJKJ Ã ¿ L � à¿9 if � @ ��Ê for
some r and O otherwise. If � @ Lie 	hg 
 the operator

v L is the exterior productwith
the differential D Q L and

v L @ ¶¶ W Ð . Here Q ` 
KJ�JKJ�
 Q ØfÙ Ú � are local coordinateson g
correspondingto thebasis 	 à L 
 . We have� v L 
 v s ! @ S L s 
 � v L 
 v s ! @É� v L 
 v s ! @ O J
Here,for any associativealgebran and Q 

	 RXn ,� Q 

	 ! @ Q 	�H 	 Q
It is calledtheanti-commutatoror thePoissonbracket.

Thestructureof � is determinedby theconstantsþ ÊL s suchthat* � L 
 � Ê�, @ þ ÊL s � Ê J
75
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Let Ë L @ ��	 � L 
 . DefinetheBRST-operatorin
D

byd @ � L v L à Ë L F
oc �L � s � Ê þ ÊL s v L v

s v Ê àÔo R End	 D à % 
pJ
Lemma 8.1. d g @ O
Proof. Let n ` @ v L à Ë L , n g @ þ ÊL s v L v s v Ê àto , wherewe skip thesummationsign.
We have n g ` @ v L v s à Ë L Ë s H v s v L à Ë s Ë L @�

L ! s v L v
s à 	MË L Ë s FÓË s Ë L 
 @ � L ! s v L v

s à þ _L s Ë _ J
Also n ` n g H n g n ` @ F oc 	 v L v s v Ê v a H v s v Ê v a v L 
=à þ as Ê Ë L J
Usingtheanti-commutatorrelationsweseethat

v L v s v Ê v a H v s v Ê v a v L @ O unless] @ � .
In thelattercase

v L v s v Ê v L H v s v Ê v L v L @ v s v Ê 	 v L v L H v L v L 
 @ v s v Ê sothat

n ` n g H n g n ` @ F oc 	 þ Ls Ê v s v Ê H þ Ê s v Ê v s 
=à Ë L @ F � L ! s v
s v Ê à¤þ Ls Ê Ë L J

Herewe usedthat þ ÊL s @ F þ Ês L and
v s v Ê @ F v Ê v s . This shows that n g ` H n ` n g Hn g n ` @ O . It remainsto show that n gg @ O . We have

¡ n gg @ ¿ ÊL s ¿ �_ a v L v s v Ê v _ v a v � àdo @ ¿ ÊL s ¿ �_ a 	 v L v s v Ê v _ v a v � H v _ v a v � v L v s v Ê 
=àdo~JIf r '@ Z 
 ] 
 � '@ � 
�Å , theexpressionin thebracket is equalto zero.So

¡ n gg @ ¿ ÊL s ¿ �Ê a 	 v L v s v Ê v Ê v a v � H v Ê v a v � v L v s v Ê 
3àdo7H¿ ÊL s ¿ �_ Ê 	 v L v s v Ê v _ v Ê v � H v _ v Ê v � v L v s v Ê 
=àdo7HH ¿ Ê� s ¿ �_ a 	 v � v s v Ê v _ v a v � H v _ v a v � v � v s v Ê 
=àdo7H¿ ÊL � ¿ �_ a 	 v L v � v Ê v _ v a v � H v _ v a v � v L v � v Ê 
=àdo~JUsingtheJacobyidentity ¿ �L s ¿ �� Ê H ¿ �s Ê ¿ �� L H ¿ �Ê L ¿ �� s @ O 
it is easyto seethateachof thefour sumsis equalto zero.
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Applying theprevious lemmawe candefinethecohomologyof theLie algebra�
with coefficientsin % asfollows:. � 	�� 
 % 
 @ Ker	 d 
�� Im 	 d 
#J
Example8.1. Let � beanabelianLie algebraof dimension� . Its linearrepresentation
is a moduleover ��	�� 
 �@ W * � ` 
�JKJ�J�
 � � , . Let % @ ï [ 	 1 � 
 with the action of �
definedby ��	 � L 
 @ Ë L � ¿ � ¶ ¼¶ a

Ð
. Then ï � 	�� 
 % 
 canbeidentifiedwith thespaceÀ �

of smoothdifferentialformsof degree�� @ ¿ L � ����� L � 	iQ 
 D Q L � Ã JKJ�J Ã D Q L � JTheBRST-operator d @ � L v L à Ë L
coincideswith theexteriorderivative D . We know that D g @ O and. � 	�� 
 % 
 @ . �DR 	 1 � 
 @ O 
��;j O J
Example8.2. Let � @ Lie 	hg 
 . Assumethat g is acomplex semi-simplegroupandlet% @ W beits trivial representation.Then. � 	�� 
 W 
 �@ . � 	hg 
 W 
#

whereg is consideredasasmoothmanifold.

In our situationwe wantto take for � theVirasoroalgebraVir and % its represen-
tation in the Fock space

D
of bosonicstring. The space®�	�� ��
 is calledthe spaceof

ghostfields.
Wewill bedealingwith aversionof theBRSTcomplex whichusesthesemi-infinite

cohomology. Insteadof differential forms ¿ L A Ã JKJKJ Ã ¿ L ú we considersemi-infinite
forms. Let Ò @ 	9� \ 
 � ` 
�JKJ�J�
 beany strictly decreasingsequenceof integerssuchthat
the sets Ò T m 6 \ and m ! \ � 	MÒ T m ! \ 
 are finite. A semi-infiniteform is a formal
expressionof theform / � @ ¿ L A Ã ¿ L � Ã JKJKJ¥JThenumber­ @ ³ Ò T m&| \ F ³ m n \ � 	9Ò T m n \ 
 is calledthedegreeof / � .

Let / ë @ / � 

where Ò @ 	9­ 
 ­ F o~
�JKJKJ�
#J Its degreeis equalto ­ . We extendtheoperators

v Ê andv Ê to semi-definiteformsin theobviousmanner. Notethatany form of degree ­ can
beobtainedfrom / ë by applyingoperators

v Ê v � . Also observethatv Ê / @ O 
 r j j �,+ /0
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 r � F j �V+ /0J
Let Vir be theabstractVirasoroalgebrawith generatorsó � . We want to constructthe
representaionof Vir onthespaceof semi-infiniteforms À [ 8 g 	9­ 
 of degree­ . Let adw
be thecoadjointrepresentationof � on � � . It is definedby adw 	iQ 
 	'¿ 
 	 	-
 @ ¿À	 * Q 
�	 , 
 .
Let usidentify 	M¿ L 
 with thedualbasis 	 ó L 
 of Vir. We have

adw 	 ó � 
 	M¿ L 
 	 ó � 
 @ ¿ L 	 * ó � 
$ó � , 
 @ ¿ L 	)	i�úF �¥

ó � � � 
 @	i��F �¥
 ¿ L 	 ó � � � 
 @ 	9��F �¥
 S L � � � � @ 	i�úF �¥
 S � � L � � J
Thisshows that

adw 	 ó � 
 	M¿ L 
 @ 	9�ÅF c �¥
 ¿ L � � (8.2)

If � '@ O , we canset��	 ó � 
 ¿ L A Ã ¿ L � Ã JKJKJ @ �Ê 6 \ ¿ L A Ã JKJ�J Ã ��	 ó � 
 	'¿ L ú 
 Ã J�JKJ @�Ê 6 \ ¿ L A Ã JKJKJ Ã ¿ L ú ÿ � Ã 	9�¥F c �¥
 	M¿ L ú � � 
 Ã ¿ L ú õ � Ã JKJ�J�J
Observe thatthesumis finite because�¿'@ O . However it is not definedfor � @ O . We
easilycheckthat,for ��
 � 
��ÍH � '@ O ,* ��	 ó � 
p
 ��	 ó � 
 , @ 	 � FÎ� 
 ��	 ó � � � 
#J
Soour problemis to define ��	 ó \ 
 suchthatall Virasorocommutatorswork. Next ob-
serve that��	 ó � 
 @ � L �{� 	i�½F c �¥
 v L � � v L @

�Ê �{� 	ir�F �¥
 v Ê v � � Ê @ �Ê �{� 	 � F¥r 
 v � � Ê v Ê J
We usethis formulato set ��	 ó \ 
 @ �Ê �{� r � v Ê v Ê �
Here ��0 ` JKJ�JË0 Ê � denotesthenormalorder of a compositionof operatorsdefinedby
putting on the right the operatorannihilatingthe vector / ë andinsertingthe sign of
thepermutationwhich hasbeenmade.If no suchoperatorsoccursamongthefactors
wedonothing.Notethat F v Ê v Ê @ v Ê v Ê�F o sochanging

v Ê v Ê to F v Ê v Ê differsfrom
theusualproduct.It is easyto seenow thateach��	 ó � 
 is well-defined.

Let uscompute* ��	 ó � 
#
 ��	 ó � 
 , . We have* ��	 ó � 
#
 ��	 ó � 
 , @ 	 � FE� 
 	i�£F Å<
p* v � � L v L 
 v � � s v s , J
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Assume��
 � '@ O , � '@ � H Å�
�Å '@ � H � . Then,its is easyto seethat *!� v � � L v L �6
K�v � � s v s � , @ O . Assume��
 � '@ O , � @ � H�Å�
iÅ?'@ �§H � . Then*�� v � � L v L �6
K� v � � s v s � , @ v � � L v L v L v s F v L v s v � � L v L @	 v L v L H v L v L 
 v � � L v s @ v � � L v s JSimilarly we get *�� v � � L v L �6
K� v � � s v s � , @ F v � � s v Lif ��
 � '@ O 
iÅ @ �æH � 
 � '@ � H�Å . Notethat Å @ �æH � 
 � @ � H�Å implies � @ F � .
Thus,if � '@ F � , we get* ��	 ó � 
p
 ��	 ó � 
 , @ � s 	 � FÎ��F Å�
 	i�úF Å<
 v � � � � s v s F�

L 	9�£F � FÎ� 
 v � � � � L v L @ 	 � FÎ� 
 v � � � � s v
s @ 	 � FÎ� 
 ��	 ó � � � 
#J

Assume��
 � '@ O and � @ F�� j O . Then* ��	 ó � 
#
 ��	 ó � � 
 , @ 	 c � F Å<
 	GF � F Å<
 	 *�� v s v � � � s ��
�� v � � � s v s � , JNow, for any � 
�Å suchthat � j ­ 
�Å � ­ wehave* v L v s 
 v s v s , @ v L 	 o F v s v s 
 v L F v s 	 o F v L v L 
 v s @ v L v L F v s v s @ o7H�� v L v L � F � v s v s JSimilarly, if � � ­ 
iÅÍj ­ , wehave* v L v s 
 v s v s , @ F o7H�� v L v L � F � v s v s JNow* ��	 ó � 
#
 ��	 ó � 
 , @ �ë ! s n � � ë 	 c � F Å�
 	GF � F Å<
 	 o7H � v s v
s � F � v � � � s v � � � s � @c � ��	 ó \ 
 F o��~� �¤ F|	9­ g FÎ­ H � ¤ 
#J

Finally* ��	 ó � 
#
 ��	 ó � 
 , @ 	 � FE� 
 ��	 ó � � � 
�H F oB�¤ � � H 	M­ g H ­ H � ¤ 
 S � � � � J (8.3)

If wefix thevacuumstate/ ` (i.e. take ­ @ o ) thecentralchargeis equalto g ¸` g . Also,��	 ó \ 
 ð / ��` @ / ��` . Recallthattherepresentationof Vir in
D

hasthecharge �` g andthe
vacuumvector ð c � is theeigenvectorof Ö \ with eigenvalue

v @ o .
WedefinetheBRSToperator (Bechi-Rouet-Stora-Tyutin)on À [ 8 g 	9­ 
�à D 	hc 
 byd @ v � à Ö � F oc 	 � FE� 
k� v � v � v � � � �%àIo~J
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Theorem 8.1. If ( @dc ¤ , then
d g @ O .

Proof. Let ��	 ó � 
 @ � � . We have

n gg @ o
¡ �Ê !�� 	 v � � � v Ê � Ê H v Ê � Ê v � � � 
#J

We usethat � � v Ê @ 	 � FE� 
 v � v � � � v Ê @ v Ê � � FP	 c � F�r 
 v Ê � � J
Usingthis wegetv � � � v Ê � Ê H v Ê � Ê v � � � @ v � v Ê * � � 
/� Ê ,bF|	 c � F¥r 
 v � v Ê � � � Ê J
Changingtheindex r to r HA� in thesecondsum,andapplying(8.3), weget,v � � � v Ê � Ê H v Ê � Ê v � � � @ v � v Ê 	 * � � 
/� Ê�,NF|	 � F¥r 
)� � � Ê 
 @c ¤o c 	)F � � HA�¥
 v � v � � J

On theotherhand,n g ` @ v � à Ö � < v � à Ö � F oc v � v � àV* Ö � 
 Ö � , @oc 	 � FE� 
 v � v � à Ö � � � H (c ¡ 	 � � F �¥
 v � v � � J
Finally,

n ` n g H n g n ` @ F r FE�c 	 v � � v Ê v � v Ê � � �%à Ö � H�� v Ê v � v Ê � � � v � à Ö � Hr�FÎ�c 	 v � � v � v Ê v Ê � � �%à Ö � H�� v � v Ê v Ê � � � v � à Ö � @ F rIFE�c à Ö Ê � � J
So 	hn ` H n g 
 g @ O if ( @Vc ¤ .

Let ® [ 8 g 	 �¥
 bethelinearspaceof semi-infiniteformsof degree� . It is clearthatd
maps® [ 8 g 	 �¥
�à D to ® [ 8 g 	 �×HÝo7
�à D . Let . � 	 Vir ç D 
 @ Ker	 d � 
�� Im 	 d � ��` 
 ,where
d � @ d ð ® [ 8 g 	 �¥
�à D . We set . �rel 	 Vir ç D 
 \ be thesubspaceof . � 	 Vir ç D 


generatedby thecosetsof formswhichdonotcontain ¿ \ andwhichareannihilatedby��	 ó \ 
=àdorHdo7à Ö \ .
For any gradedvectorspace% @ 
 [��� \ % � with

j�Â6Ã % � ��� weset

char	 % 
 	 ã 
 @ [���� \ j�Â�Ã % � ã � J
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If Ù � % � % suchthat % � @�� 9 R % ��Ù 	 9�
 @ �K9 ! , then
j�Â�Ã % � @ Tr 	 Ù ð % � 
 and

char	 % 
 	 ã 
 @ Tr 	 ã � 
#J
We shallapplythis to thecasewhen % @ D 	ic 
 and Ù @ Ö \ . Recallthat

Ö \ v Û �� � � J�JKJ v Û ú� � ú ð c � @ oc ð cÅð g H 	 � ` HdJKJ�JBHA� Ê 
#J
Soit is easyto seethat

char	 D 	ic 
�
k� @ Tr 	 ã � A 
 @ ã �h1W a W h &½	 ã 
 � � J
where &½	 ã 
 @ lÊ´| \ 	 o F ã Ê 
pJ
We have alreadynoticedthattherepresentationof Vir in

D 	hc 
 is reducible.Let ustry
to decomposeit into irreduciblemodules.First we writeD 	hc 
 @#D 	hc w 
=à D 	ic w²w 
#

where c @ 	ic ` 
KJ�JKJ�
 c g ÷ 
p
 c w²w @ c \ . Let usassumethat c w '@ O 
 c w w '@ O . Let � 	 Ê¥
�þ�

denotetheVermamodulefor therepresentationof Vir with centralcharge þ andcharac-
ter Ê (seethepreviousLecture).TheVermamodule� 	 Ê¥
�þK
 hastheuniversalproperty
with respectto all representationsof Vir with centralcharge þ andcharacterÊ . Any
suchrepresentationsis a quotientof the Vermamodule. Onecanshow that � 	 Ê¥
�þ�

is spannedby theelementsÖ � � � JKJ�J Ö � � ú ð O � , � L j O . Thegradingof � 	 Ê�
$þK
 is de-
finedby taking � 	 Ê¥
�þK
 � to bethesubspacespannedby themonomialsasabovewith� ` HdJKJ�JBHÝ� Ê @ � . We have

char	 � 	 Ê¥
�þK
�
 @ &½	 ã 
 �4` J
It is known thattheVermamodule � 	 Ê¥
Ko7
 is irreducibleif Ê � O andirreducibleand
unitaryfor þlj�o�
$Ê+j o . Considering

D 	hc w²w 
 asa representationof Vir with characterÊ @ F `g c w w g andcentralcharge þ @ o . Comparingthecharacters,wefind thatD 	ic w²w 
 �@ � 	)F oc°ð c w w ð g 
Ko7
#J
The charge

v
of the representation

D 	hc w 
 is equalto
c�S

andthe characteris equalto`g ð c w ð g . We have

char	 D 	hc w 
)
 @ ã �h@W a É W h & � g ¹ J
Thecharacterof theirreduciblemodule� 	 `g ð c w ð g H r 
 c�S 
 is equalto

ã �h@W a É W h�� Ê &½	 ã 
 �4` .Thisshows that

char	 D 	hc w 
)
 @ �Ê 6 \ ¯ � g ÷ � 	hr 
�� 	 ocYð c w ð g H r 
 c1S 
#
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where � � ¯ � U � 	 �¥
 ã � @ &½	 ã 
 � U J
We concludethatD 	ic 
 @ � 	GF oc ð c w²w ð g 
�oB
=à �Ê 6 \ ¯ � g ÷ � 	hr 
�� 	 oc ð c w ð g H r 
 c1S 
#J
Let 9 \ bethevacuumvectorof � 	GF `g ð c w w ð g 
�oB
 . SetÙ @ 
 Ê 6 \ ¯ � g ÷ � 	hr 
 � 8 à 9 \ � 8+R � 	 ocrð c w ð g H r 
 c�S 
p
 Ö � 	G8 
 @ O 
��;j O J

We havethefollowing resultdueto I. Frenkel, Garland,andZuckerman:

Theorem 8.2. Assumec '@ O . Then. �rel 	 Vir 
 D 	hc 
)
 @ O for �¤'@ O andj�Â�Ã . \rel 	 Vir 
 D 	hc 
)
 @ ¯ � g ÷ � 	 o F ocYð cÅð g 

if o F `g ð c½ð g is an integer andzero otherwise.

Definethemap Z � D phys	hc 
0� ï \ 	 Vir 
 D 	ic 
 by Z�	 9�
 @ / ��` à 9 , where / ��` @¿ �4` Ã ¿ � g Ã JKJ�J�J We have Ö � 	 9<
 @ O 
)� j O , v � 	 / �4` 
 @ O 
)� � O , v � � � / ��` @O 
�� H � { O . Thus � v � v � v � � � �3/ �4` @ O unless�+H � � O and � or � { O .
Assume�E{ O . Then � � O . If � � O , � v � v � v � � � �Ô/ �4` @ F v � � � v � v � / ��` @ O .So, � @ � @ O and � v \ v \ v \ ��/ ��` @ v \ 	)F v \ v \ Hto7
4/ �4` @ v \ / �4` J Therefore,we
obtaind 	 / �4` à 9<
 @ v \ / �4` à Ö \ 9 F c oc � v \ v \ v \ �{/ �4` à 9 @ v \ /
à 	 Ö 9 F 9�
 @ O J
Thisdefinesamapfrom

D
phys

� . \rel 	 Vir 
 D 	hc 
)
#J If Z�	 9�
 R Im 	 d 
 , then 9 R D spur TD
phys andwegetaninjectivemap� phys

�@ . \rel 	 Vir 
 D 	hc 
)
#J
On the other hand,

j�Â6Ã D
phys
T=Ù @ ¯ � g ÷ � 	ir 
 	 o F `g ð cÅð g 
 and ÙÉT rad	 D phys


 @O . Thus
D

phys
TEÙ is mappedisomorphicallyto . \rel 	 Vir 
 D 	ic 
�
 andhence� phys

�@. \rel 	 Vir 
 D 	ic 
�
 .
Exercises

8.1 Show thattheequivalentdefinitionof thecohomologyof aLie algebra� with coef-
ficientsin a linearrepresentation� � � � % canbegivenasfollows. Let ï � 	��bç % 
 be
thespaceof anti-symmetric� -multilinearmapsfrom � with coefficientsin % . Define
thecoboundarymap S � ï � 	��bç % 
°� ï � 	��bç % 
 by theformula	hS�¿ 
 	iQ ` 
KJKJ�J4
 Q � �Å` 
 @ � L ! s 	GF o7
 L �

s ¿À	 * Q L 
 Q s , 
 Q ` 
KJ�JKJ4
 EQ L 
KJKJ�J4
 EQ s 
KJ�JKJ4
 Q � �Å` 
�H



83� �Å`� L � ` 	GF o7
 L �Å` ��	9Q L 
 	M¿À	9Q ` 
KJ�JKJ�
 EQ L 
KJKJ�J4
 Q � �Å` 
)
#J
Checkthat D g @ O andset . � 	��bç % 
 @ Ker	 D ð ï � 	���ç % 
�
�� Im 	 D ð ï � �4` 	���ç % 
�
#J8.2 Considerthetrivial representaionof � in a vectorspace% . Show that . \ 	��bç % 
 @% 
 . ` 	���ç % 
 @ . Ñ �Ó	�� ��* � 
 �~, 
 % 
 .8.3 A centralextensionof aLie algebra� with helpof avectorspace% is aLie algebra� w containing % asa centralabeliansubalgebrasuchthat � w � % �@ � . Show that such
centralextensioncscanbeclassifiedby thespace. g 	��bç % 
 , where � actstrivially on% .

8.4 Provethat . g 	 Vir ç 1�
 �@ 1 .

8.5 Let
d

betheBRST-operatordefinedfor theVirasoroalgebrawith coefficientsin a
representation

D 	ic 
p
 cSR 1 � . Show thattheexistsaconstant
v

suchthat 	 d H v 
 g @ O .


