
Exerise 11We just have to show that (ρ ⊕ ρ′) is assoiative using that ρ and ρ′ are asso-iative.Let g1, g2 ∈ G. Then for all v ∈ V , v′ ∈ V ′,
(ρ ⊕ ρ′)(g1g2)(v, v′) = (ρ(g1g2)v, ρ′(g1g2)v

′)

= (ρ(g1)vρ(g2)v, ρ′(g1)v
′ρ′(g2)v

′)

= (ρ(g1)v, ρ′(g1)v
′)(ρ(g2)v, ρ′(g2)v

′)

= (ρ ⊕ ρ′)(g1)(v, v′)(ρ ⊕ ρ′)(g2)(v, v′)so
(ρ ⊕ ρ′)(g1g2) = (ρ ⊕ ρ′)(g1)(ρ ⊕ ρ′)(g2)Exerise 12Pik a basis {ei} for V and {e′j} for V ′ as in the text. Then de�ne F from

V ⊗ V ′ to W by requiring that
F (ei ⊗ e′j) = f(ei, e

′

j)and extending to the entire V ⊗ V ′ through linearity. This is possible and doesnot require any assumptions on f(ei, e
′

j) sine {ei ⊗ e′j} forms a basis. But thenthe following holds:
F (ν ⊗ ν′) = F (νiν′jei ⊗ e′j)

= νiν′jF (ei ⊗ e′j)

= νiν′jf(ei, e
′

j)

= f(νiei, ν
′je′j)

= f(ν, ν′)Sine the funtion f is �xed, it shows that F is unique.Exerise 13Well-de�nedness follows from the following
ρ(g)ν ⊗ ρ′(g)ν′ = ρ(g)νiei ⊗ ρ′(g)ν′je′j

= νiν′jρ(g)ei ⊗ ρ′(g)e′jsine every element of V ⊗V ′an be uniquely expressed as νiν′jei⊗e′j. The imageof g is also learly linear. And the fat that ρ ⊗ ρ′ is a group homomorphisman also be shown using that ρ and ρ′are homomorphisms.1



Exerise 14Identify V with the subspae {ν ⊕ 0 : ν ∈ V } of V ⊕V ′. Then V is an invariantsubspae of the representation ρ ⊕ ρ′ of G on V ⊕ V ′:
(ρ ⊕ ρ′)g(ν ⊕ 0) = ρ(g)ν ⊕ ρ′(g)0

= ρ(g)ν ⊕ 0Thus we an de�ne a subrepresentation of ρ⊕ ρ′ on V by letting g ∈ G map tothe transformation of V taking ν ⊕ 0 to ρ(g)ν ⊕ 0. But under the identi�ationof V , this is just the original representation ρ.The laim for ρ′ follows by symmetry.Exerise 15For any θ ∈ R, eınθ is just a omplex number, and multiplying by a �xedomplex number is a linearly transformation of C. The following shows that themap from U(1) to GL(C) is a group homomorphism:
ρn(eıθ1eıθ2)ν = ρn(eı(θ1+θ2))ν

= eın(θ1+θ2)ν

= ρn(eıθ1)ρn(eıθ2)νExerise 16Let ρ : U(1) → C∗ be a one-dimensional representation of U(1). Consider theset ρ−1(1). We laim that this set is either the entire U(1), or it is disrete,and hene �nite (sine U(1) is ompat). If it is not disrete, then we an �nd
θ ∈ R with |θ| arbitrarily small, but not 0, suh that ρ(eıθ) = 1. But sine ρis a homomorphism this implies that the set of points in U(1) mapping to theidentity is dense in U(1), and sine ρ is ontinuous, it is the entire U(1).So assume that ρ is not the trivial representation, and hoose x suh that
|x| is as small as possible but not 0, suh that eı2πx ∈ ρ−1(1). There should betwo possible hoies for x (x or −x).We laim that x is rational. Otherwise the set {eı2πxn|n ∈ Z} has in�niteardinality and lies in ρ−1(1), whih ontradits the fat that the latter set is�nite.Next, let x = p

q . We an assume the fration is irreduible, and proper.Thus the gd of p and q is 1, so we an �nd m and n suh that
pm + qn = 1or equivalently
pm

q
+ n =

1

q2



But then
ρ(eı2π/q) = ρ(eı2πp/q)mρ(eı2π)n

= 1And sine 1
q ≤ p

q , x must be of the form 1
q .Now we want to show that ρ maps eıθ to multipliation by ±eıqθ. We knowthat

ρ(eı2π/q) = 1This implies that
ρ(eı2π/2q) = −1(it has to be a square root of 1, but annot be 1 sine 1

2q < x). Next
ρ(eı2π/4q) = ±ıBoth signs are ompatible with what we're trying to prove. So suppose it's ı(the proof would just go slightly di�erent otherwise). But now

ρ(eı2π/8q)must be a primitive 8-th root of unity, and using the ontinuity of ρ we andetermine whih one. Namely, if it does not lie between 1 and ı, then theremust be some 0 < k < 1 suh that
ρ(eı2πk/4q) = ıand thus
ρ(eı2πk/q) = 1but k

q < x gives the ontradition. Atually, the seond-last equation ould alsoequal −1 instead of ı, it depends if we go lokwise or anti-lokwise from 1 to
ı. But we would get a similar ontradition.So

ρ(eı2π/8q) = eı2π/8We ould ontinue in the same manner to show that
ρ(eı2π/(2k)q) = eı2π/(2k)for all k > 0.This shows that ρ agrees with the representation that maps eıθ to multipli-ation by eıqθ on a sequene of points onverging to 1 ∈ SU(1). This is enoughto show that they agree on a dense set, and by ontinuity, on the whole set.Thus ρ is equivalent to one of the desired representations.
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Exerise 20Applying the de�nitions gives the desribed 2x2 matrix as
(

(a − ıd) (−c − ıb)
(c − ıb) (a + ıd)

)Call it U . Calulating the determinant gives 1. And multiplying by the onju-gate transpose, assuming a, b, c and d are real, gives the identity.
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