
Exer
ise 80
E is 
losed:

dE =
1

x2 + y2
(dx ∧ dy − dy ∧ dx)

= 0To 
al
ulate the integrals, note that the path lies on a 1-dimensional spa
e whi
h
an be reparametrised with
x = cos θ

y = sin θThe 1-form then be
omes
cos θ cos θ − sin θ(− sin θ)

cos2 θ + sin2 θ
= 1and the integrals are:

ˆ

γ0

E =

ˆ 0

π

1dθ

= −πand
ˆ

γ1

E =

ˆ 0

−π

1dθ

= πExer
ise 81Let γ0 and γ1be two paths from p to q. De�ne the homotopy γ as
γ(s, t) = (1 − s)γ0(t) + sγ1(t)Then

γ(0, t) = γ0(t)and
γ(1, t) = γ1(t)Also

γ(s, 0) = (1 − s)p + sp = pand similarly γ(s, 1) = q. Finally, γ is smooth.1



Exer
ise 82Suppose the 1-form E is exa
t. Then there is a fun
tion φ on M su
h that
E = dφ. Let γ be any loop on M . Denote γ(0) = γ(1) by p ∈ M . Then

ˆ

γ

E =

ˆ

γ

dφ

= φ(γ(1)) − φ(γ(0))

= φ(p) − φ(p)

= 0Conversely, suppose ´
γ

E = 0 for all loops γ on M . This implies that
ˆ

γ0

E =

ˆ

γ1

Efor any two paths γ0 andγ1 both starting at p ∈ M and ending at q ∈ M :
ˆ

γ1

E −

ˆ

γ0

E =

ˆ

γ0γ
−1

1

E = 0sin
e γ0γ
−1

1 is a loop on M .But this means that we 
an follow the exa
t same steps as on p109 to 
on-stru
t a fun
tion φ on M su
h that E = −dφ, showing that E is exa
t.Exer
ise 83Parametrize S1 by θ ∈ [0, 1] ⊂ R su
h that θ(0) = θ(1). Choose any two 
harts,say V1 = (−0.1, 0.6) and V2 = (0.4, 1.1). Then 
onstru
t a 1-form on S1 whi
his dθ on either of the 
harts.If {Ui} is an atlas of 
harts on M , then {V1 ×Ui}∪ {V2 ×Ui} is an atlas for
S1 × M and on ea
h 
hart, dθ is still a 1-form. Integrating it around the loop
S1 × {m} gives a non-zero value.Exer
ise 84Consider the open subset U+

1 ⊂ Dn, where
U+

1
= {x ∈ Dn : x1 > 0}Let φ : U+

1 → R
n map (x1, . . . , xn) to

‖x‖

x1

(x1, . . . xn)The image of φ is
{x ∈ R

n : 0 < x1 ≤ 1}2



with points with norm 1 mapping to points with x1 = 1. We 
an 
ompose withanother mapping from R
n to itself that maps x1 to (1− x1). This gives a 
hartwhi
h maps U+

1 to H
n with the boundary points being exa
tly the ones withnorm 1.Finally, 
harts of the form U+

i and U−

i 
over Dn, hen
e forming an atlas.Exer
ise 85In 
hapter 3, tangent ve
tors at p ∈ M were de�ned as fun
tions from C∞(M)to R satisfying three properties. Let C∞

p (M) be the germ of smooth fun
tionsat p, and 
onsider the surje
tive mapping from C∞(M) to C∞

p (M). The ker-nel 
onsists of fun
tions de�ned on a neighbourhood of p that vanish on thisneighbourhood. From the se
ond property (vp(αf) = αvp(f)) it follows thattangent ve
tors vanish on this kernel. Hen
e we 
an 
onsider them as fun
tionson C∞

p (M), and 
ould also have de�ned them like that.Now let p be on the boundary of M . We 
an assume p ∈ H
n. Let H

n
ǫ bethe manifold without boundary de�ned like H

n but with xn > −ǫ instead of
xn ≥ 0. Then the tangent spa
e de�ned at p ∈ H

n
ǫ using C∞

p (Hn
ǫ ) is the usual

n-dimensional ve
tor spa
e. And the tangent spa
e at p ∈ H
n de�ned using

C∞

p (Hn) is the spa
e that we are interested in (for whi
h we must show thatthe dimension is also n).But again there is a surje
tive map from C∞

p (Hn
ǫ ) to C∞

p (Hn). The kernel
onsists of smooth fun
tions de�ned on a neighbourhood of p ∈ R
n that vanishfor xn ≥ 0. Su
h fun
tions do not ne
essarily vanish on a neighbourhood of p,but the tangent ve
tor does vanish on su
h fun
tions. This is essentially be
auseat least one side of any small straight line through p must lie in H
n.Therefore this last map indu
es a map between the two tangent spa
es whi
his an isomorphism.Exer
ise 86(I googled this and found p226 of 'Introdu
tion to manifolds' on Google bookswhi
h gave most of the proof.)Let {Uα} be the original atlas with {fα} the 
orresponding partition of unity.Let {Vβ} be another atlas where all the 
harts have the same orientation as inthe original atlas, with {gβ} a subordinate (i.e. support(gβ) ⊂ Vβ) partition ofunity. Then

∑

α

ˆ

Uα

fαω =
∑

α

ˆ

Uα

fα(
∑

β

gβω)

=
∑

α

∑

β

ˆ

Uα

fαgβω

=
∑

α

∑

β

ˆ

Uα∩Vβ

fαgβω3



By symmetry,
∑

β

ˆ

Vβ

gβωis equal to the same expression, and so the two di�erent ways of de�ning theintegral ´
M

ω give the same value. Inter
hanging the summation and integrationsigns above is allowed due to the se
ond property of partitions of unity, namelythat for any point p ∈ M there is a neighbourhood where only �nitely many ofthe partition fun
tions fα do not vanish.I think the orientations of the 
harts being the same is used impli
itely abovewhen writing integrals without 
oordinates.Exer
ise 87Using the same 
harts as de�ned in exer
ise 84, we saw that ∂Dn is pre
isely
{x ∈ Dn : ‖x‖ = 1}This is the same set of points as 
an be used to de�ne Sn−1.Exer
ise 88Let x be the implied lo
al 
oordinate on M . Then using Stokes theorem with

ω = f , a fun
tion, gives the required result. The di�erent signs follow from theindu
ed orientation on the boundary points, though I don't know how to makethis pre
ise.Perhaps by 
onsidering two maps: one from a neighbourhood of 0 to 0 ∈ H1,the other from 1 to 0 ∈ H1. In the latter 
ase the map would be orientation-reversing. This should imply that the signs of f(0) and f(1) are di�erent, butdoes not show why f(1) is the positive one.Exer
ise 89Let
f(x) = ex.Then

ˆ

∞

0

f ′(x)dx =

ˆ

∞

0

exdxis not de�ned, or is ∞. But if we had applied Stoke's theorem, it should beequal to
−f(0) = −1.

4


