
Exerise 72For F+:
F+ =

1

2
(F + ⋆F )

⋆F+ =
1

2
(⋆F + ⋆2F )

=
1

2
(⋆F + F )

= F+and F− is similar:
F− =

1

2
(F − ⋆F )

⋆F− =
1

2
(⋆F − ⋆2F )

=
1

2
(⋆F − F )

= −F−Exerise 73Trial and error shows that if we de�ne F+ as
F+ =

1

2
(F − ı ⋆ F )then

⋆F+ =
1

2
(⋆F + ıF )

= ıF+and de�ning F− as
F− =

1

2
(F + ı ⋆ F )gives

⋆F− =
1

2
(⋆F − ıF )

= −ıF−and
F = F+ + F−.1



Exerise 74In the �rst equation, ⋆SE = ıB:
⋆SE = E1dx2

∧ dx3 + E2dx3
∧ dx1 + E3dx1

∧ dx2

ıB = ı(B1dx2
∧ dx3 + B2dx3

∧ dx1 + B3dx1
∧ dx2)So equating oe�ients gives

ıBi = Eior
Bi = −ıEiwhih is equivalent to the given equations.In the seond equation, ⋆SB = −ıE:

⋆SB = B1dx1 + B2dx2 + B3dx3

−ıE = −ı(E1dx1 + E2dx2 + E3dx3)So equating oe�ients again gives
Bi = ıEishowing that the seond equation is equivalent to the �rst and to the givenequations.Exerise 75Using

B = Beıkµxµand
E = Eeıkµxµgives

∂tB + dSE = Bık0e
ıkµxµ

+ dSeıkµxµ

∧ E

= ıeıkµxµ

k0B + ıeıkµxµ 3k ∧ E

= (ıeıkµxµ

)(k0B + 3k ∧ E)So
∂tB + dSE = 0is equivalent to

k0B + 3k ∧ E = 0or
3k ∧ E = −k0BWhih is what we're supposed to get, exept for the sign.2



Exerise 76Expanding both sides gives
3k ∧ E = kµdxµ

∧ Eνdxν

= (k2E3 − k3E2)dx2
∧ dx3 +

(k3E1 − k1E3)dx3
∧ dx1 +

(k1E2 − k2E1)dx1
∧ dx2and

−ık0 ⋆S E = −ık0(E1dx2
∧ dx3 + E2dx3

∧ dx1 + E3dx1
∧ dx2)Setting oe�ients equal, and writing it all as a matrix, gives

A ·





E1

E2

E3



 = 0where
A =





ık0 −k3 k2

k3 ık0 −k1

−k2 k1 ık0



Sine A is skew-symmetri and has odd dimension, its determinant is 0. Calu-lating the determinant, and setting it to 0 gives
−k2

0 + k2
1 + k2

2 + k2
3 = 0whih is the same as

kµkµ = 0.Exerise 77Firstly,
k = t − x = kµxµThen, E = dy − ıdz written in the old notation is

(0, 1,−ı)and
B = −ı ⋆S E

= −ı(dz ∧ dx − ıdx ∧ dy)

= −ıdz ∧ dx − dx ∧ dywhih is
(0,−ı,−1)3



in the old notation. Thus
E = eıkµxµ

E

= eı(t−x)(0, 1,−ı)

= (0, eı(t−x),−ıeı(t−x))and similarly for B.Exerise 78I get stuk with the following approah: onsider the real part of the 1-form Eat a single point as a funtion of time. This an be seen as a vetor rotating ina plane ontaining the point. Using just E, �nd the normal to this plane, and�nd a diretion of the normal desribing the rotation. The ross produt of thevetor with its derivative should give suh a normal vetor. But its hard to �ndthe general expression for this vetor.If this ould be done, then the rest should follow somehow using the equationjust above exerise 76.Exerise 79It was shown previously that F = B + E ∧ dt is self-dual if either (and heneboth) of the following hold:
⋆SE = ıB

⋆SB = −ıESimilarly, from ⋆F = −ıF it follows that F is anti-self-dual if
⋆SE = −ıB

⋆SB = ıENow
P ∗F = P ∗B + (P ∗E) ∧ dtso we must show that if (B, E) satis�es the �rst pair of equations, then (P ∗B, P ∗E)satis�es the seond pair. The onverse follows from P ◦P = id. In other words,assume F is self-dual. Then

⋆SP ∗B = ⋆SB

= −ıE

= ıP ∗Eand
⋆SP ∗E = − ⋆S E

= −ıB

= −ıP ∗Bshows that P ∗F is anti-self-dual. 4


