
Exerise 46We laim that it is enough to prove this for
ω = α v1 ∧ · · · ∧ vpand

µ = β vp+1 ∧ · · · ∧ vnwhere n = p+ q, and v1, . . . , vn form part of a basis of V . In general ω would bea linear ombination of elements of the form αvi1 ∧· · · vip
. Suppose ω = ω1+ω2,and the property that we have to prove holds for the pairs (ω1, µ) and (ω2, µ).Then it also holds for (ω, µ) as the following shows

ω ∧ µ = ω1 ∧ µ + ω2 ∧ µ

= (−1)pqµ ∧ ω1 + (−1)pqµ ∧ ω2

= (−1)pqµ ∧ (ω1 + ω2)

= (−1)pqµ ∧ ωTherefore it is enough to assume that ω is of the form αvi1 ∧ · · · vip
, andsimilarly for µ. We an also assume that they don't have any basis vetors inommon, sine then both sides of the desired equation would be 0, so it wouldbe true. This proves the laim.Finally,

ω ∧ µ = αβv1 ∧ · · · ∧ vp ∧ vp+1 ∧ · · · ∧ vn

= αβ(−1)pvp+1 ∧ v1 ∧ · · · ∧ vp ∧ vp+2 ∧ · · · ∧ vn

= αβ(−1)2pvp+1 ∧ vp+2 ∧ v1 ∧ · · · ∧ vp ∧ vp+3 ∧ · · · ∧ vn

= · · ·

= αβ(−1)qpvp+1 ∧ vp+2 ∧ · · · ∧ vn ∧ v1 ∧ v2 ∧ · · · ∧ vp

= (−1)pqµ ∧ ωas required. In the �rst step vp+1 is moved p steps to the left, and so on. Thetotal number of transpositions is pq, hene the expression for the sign.Exerise 47The pullbak map φ∗ an be de�ned to operate on funtions and 1-forms in theusual way. Sine the given three operations (multiplying by a funtion, additionand taking the wedge produt) generates all the di�erential forms starting withfuntions and 1-forms, the given three requirements are enough to de�ne φ∗forall di�erential forms. This shows that if suh a map exists, it is unique.The image of a di�erential form under the pullbak map is well-de�ned inall ases beause the three operations ommute in all the neessary ways. (Soyou ould de�ne the pullbak of a given di�erential form in many di�erent ways,but they are atually all the same.) Therefore suh a pullbak map exists.1



Exerise 48If (v1, v2, v3) is a right-handed basis, then v1 × v2 is parallel to v3 and points inthe same diretion. Applying φ to get (u1, u2, u3), we have u1×u2 = −v1×−v2 =
v1×v2 and u3 = −v3. So u1×u2 is still parallel to u3, but points in the oppositediretion, giving a left-handed basis. The onverse is similar.Here are the other two omputations:

φ∗(ωµdxµ) = −(ωµ ◦ φ)dxµ

φ∗(
1

2
ωµνdxµ ∧ dxν) =

1

2
(ωµν ◦ φ)dxµ ∧ dxνExerise 49This follows from the Leibniz law and the de�nition of the di�erential of afuntion.

d(ωµdxµ) = dωµ ∧ dxµ

= ∂νωµdxν ∧ dxµExerise 50Let {(Ui, φi)} be an atlas for S. Then {(R×Ui, idR ×φi)} is an atlas for R×S.Choose any hart (Ui, φi) and let xi be loal oordinates. Then together with tthey form loal oordinates for the orrsponding hart on R×S. It follows thatthe set of 2-forms dxi∧dt and dxi∧dxj with i < j form a basis for Ω2(Ui). Henethere exist unique αi and βij suh that the given 2-form F an be expressedloally as
αidxi ∧ dt + βijdxi ∧ dxj .(Again, we assume i < j.) So loally, F an be expressed as a sum of 2-forms in the desired form. Now it remains to be shown that these 2-forms anbe pathed together to give the global deomposition of F . This would followif we an show that the transition funtions respet the loal deomposition.Suppose (U ′

i , φ
′

i) is another hart on S with loal oordinates xi′ and t′. Thenthe transition funtion between the orresponding harts on R × S maps t to
t′. It follows from this the indued pullbak map on di�erential forms will map
αidxi ∧dt to something of the form α̃idxi′ ∧dt

′ and similarly for the other loal2-form. But due to the uniqueness of the loal deomposition of F , we musthave α̃i = α′

i, where α′

idxi′ ∧ dt′ is the �rst omponent of F on U ′

i . A similarstatement holds for the seond omponent. Thus the pullbak map respetsthe loal deomposition, and we an path things together to obtain a loaldeomposition as required: 2



F = B + E ∧ dtThe global deomposition is unique due to the uniqueness of all the loalones.(An aside: the oe�ients Bij are only unique if we add a ondition suh as
Bij = −Bji.)Exerise 51This is similar to the previous exerise. It follows from the de�nition of theexterior derivative that this deomposition is possible loally. It is also loallyunique sine there are no hoies involved. As in the previous exerise, the fatthat the transition funtions maps t to t′ implies that the indued pullbak mappreserves the deomposition. Thus the loal di�erential forms an be pathedtogether to form global ones giving the required deomposition.Exerise 52Denote the map from V to V ∗ by φ. Let v ∈ kerφ. This means that g(v, w) =
0 ∀w ∈ V . Sine g is nondegenerate, this implies that v = 0, so φ is one-to-one.Sine the dimensions of V and V ∗ are equal, φ must be an isomorphism.Note that V should be �nite dimensional for this result to hold (from peekingat omments to other people's answers...).Exerise 53To show that the two 1-forms are the same, it is enough to apply eah of them toa basis vetor �eld, eλ. First, applying the 1-form orresponding to the vetor
v under the metri g gives:

g(v, eλ) = g(vµeµ, eλ)

= vµg(eµ, eλ)

= vµgµλThen, applying the given 1-form vνfν gives:
(vνfν)(eλ) = (gµνvµfν)(eλ)

= gµλvµ

= vµgµλwhih is the same.
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Exerise 54The question is to show that under the metri g, the 1-form ω = ωµfµ orre-sponds to the given vetor �eld. Sine the orrspondene goes both ways, wean start with the vetor �eld and show that it orresponds to the given 1-form.Using the result from the previous exerise, the vetor �eld ωνeνorresponds tothe 1-form gνλωνfλ. But
gνλωνfλ = gνλgµνωµfλ

= δ
µ
λωµfλ

= ωµfµwhere the �rst step uses the given de�nition of the vetor �eld ωνeν , and theseond step uses the fat that the two matries are inverses of eah other.Exerise 55From the de�nition of the Minkowski metri
η(v, w) = −v0w0 + v1w1 + v2w2 + v3w3it follows that η(ei, ej) is 0 if i 6= j, −1 if i = j = 0, and 1 if i = j, and i 6= 0.This is the ontent of the given matrix ηµν .Exerise 56Lowering the index µ, gives

gνµ = gµλgλ
νwhih implies that

gλ
ν = gµλgνµ

= δλ
νas desired.Exerise 57Firstly, we should onsider only p-fold wedge produts

ei1 ∧ · · · ∧ eipwith stritly inreasing indies (i1 < · · · < ip). It was shown in an earlier exerisethat these wedge produts form a basis for the p-forms. To show that the basisis orthonormal, �rst onsider the inner produt of two distint elements:
〈ei1 ∧ · · · ∧ eip , ei′i ∧ · · · ∧ ei′p〉 = det[g(eij , ei′k)]4



But sine the elements are distint, there must be some j suh that ij 6= i′kfor all k. This means that the j'th row of the matrix will onsist only of 0's(sine (e1, . . . , en) is an orthonormal basis), and hene the determinant will be
0. Now onsider the inner produt of an element with itself:

〈ei1 ∧ · · · ∧ eip , eii ∧ · · · ∧ eip〉 = det[g(eij , eik)]

=
∏

j

g(eij , eij )

=
∏

j

ǫ(ij)

= ǫ(i1) · · · ǫ(ip)as laimed, and whih has absolute value 1. Hene the p-fold wedge produtsform an orthonormal basis of p-forms.To see that this implies that the inner produt of p-forms is nondegenerate,onsider an aribrary non-zero p-form
ω = αei1 ∧ · · · ∧ eip + · · ·with α 6= 0. Then

〈ω, ei1 ∧ · · · ∧ eip〉 = ±α

6= 0Exerise 58For the Eulidean metri, the omponent matrix of the metri is the identitymatrix. So it's inverse is also the identity, and hene the inner produt on1-forms is still just the dot produt. This gives the �rst part
〈E, E〉 = E2

x + E2
y + E2

zFor the seond part, we an write Bydz ∧ dx as −Bydx ∧ dz and use theresults of the previous exerise to derive the required result:
〈B, B〉 = B2

x + B2
y + B2

zExerise 59
F = B + E ∧ dt

= B − E ∧ dt5



〈F, F 〉 = 〈B, B〉 + 〈−dt ∧ E,−dt ∧ E〉

= 〈B, B〉 + 〈dt ∧ E, dt ∧ E〉

= 〈B, B〉 + 〈dt ∧ dt〉〈E, E〉

= 〈B, B〉 − 〈E, E〉- 1
2
〈F,F〉 =

1

2
(〈E, E〉 − 〈B, B〉)whih is the Lagrangian.
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