Exercise 100

We know that
*dz = dx N\ dy

Given that

2 = a2 4

it follows that
2rdr = 2xdx + 2ydy

and hence
1
2rdr Ndf = m@:ﬂdz A dy 4 2y*dx A dy)
= 2dz Ady
Thus
*dz = rdr N\ df

which implies the desired result.

Exercise 101
Starting with the left side:
1

1
= ﬁ(:cdz Adx —ydy A dz)

and to calculate the right side:

2rdz Ndr = dz A (2rdr)
dz A (2zdx + 2ydy)
= 2xdz Ndx —2ydy N dz

thus the right side is

1dz ANdr = %(zdz ANdx —ydy A dz)
r r
= *df
Exercise 102
The left side is
dxB = dg(r)df
= Org(r)dr NdO + 0,g(r)dz A db
g'(r)dr A db



since ¢ is independent of z.
The right side is

*j = rf(r)drAdf
Thus d x B = %j if and only if

g'(r)=rf(r)

Exercise 103

Firstly, according to the errata, this exercise is not so relevant. But otherwise,
the hint describes how to calculate the 1-forms df;, and all that remains is to
show that they are closed but not exact.

They are closed because the 1-form df is closed on S'. They are exact
because we can integrate df; along a loop

%(s) = (041, ey O 1,8, 0041,y Ozn)
on T™ and the result will not be 0. They are distinct since integrating df; along
the loop ~; for j # 4 gives 0.
Exercise 104

To show that dE = 0 we use only that e(r) is a function of » and not of ¢ or 6.
Thus

dE = Opedr Adr+ Ogedd A dr + Ogedd A dr
= € (r).040.dp Adr+0.do A dr
=0

To show d x E = 0, we must first determine xdr. First find an orthonormal
basis. From the given matrix, it follows that

(dr,dry = 1

1
<d¢ad¢> - f(?")2
(do,do) = m

Hence an orthonormal basis is given by dr, f(r)d¢, and f(r)sin¢df. And
thus

*dr = (f(r)d¢) A (f(r)sin ¢df)
= f(r)?sinpdep A df
*E = e(r)*dr
_ 4se s nde
47



and finally

gsin ¢

n
47

dxE = 0,
=0

gsin ¢
2. has no dependency on r.

since the coefficient

Exercise 105
Define ¢(r) as

/T 4.4
o 47mf(s)? 4m f(0)?

if r >0, and

0
q q
/T 47rf(s)2ds + 4m f(0)2
if » < 0. Then d¢ = —E.

Exercise 106

Assume that |r| is large enough so that

qdr

rar?

Then

«E = L 260 6do A do
472

ind
— V00 A do
47

I 2
/*E - i// sin ¢d0ds
S2 47'(' 0 0

27

- 4 / sin ¢d0de
2 0

= H(-coso)lf
= 4q

So

dr Adp A do

Note: on pl44 where spherical coordinates is first mentioned, sin ¢ is used
instead of sinf. So I'm staying with sin ¢ and interpreting ¢ as the angle from
the vertical downward as seen from the side, and 6 as the horizontal angle as

seen from above.



Exercise 107

Given the sphere, with either » > 0 or r < 0, we want to calculate the integral
of the normal component of the electric field over the sphere. To have the same
perspective from both sides of the wormhole, the normal component should
point, outward.

The integral that was calculated in the previous exercise assumes a volume
form w on S? such that dr Aw is the volume form on the whole space. Under the
correspondence between the volume form and the normal to the surface, this
means that in both cases we were integrating the normal component pointing
in the direction of increasing r. For S? with r > 0 this is indeed the normal
component pointing outwards, but for S? with r < 0 this is the component
pointing inwards. Thus in the latter case we should have used a volume form
w such that —dr A w is the volume form on the whole space. This amounts to
taking the negative of the answer, hence —gq.

Exercise 108

In higher dimensions, say dimension n, if E is still a 1-form, then xE is an (n—1)-
form, so it must be integrated over an n — 1 dimensional surface. Given that E
is chosen to make xE closed, it implies the space must have H®~! non-zero for
an n — 1 dimensional surface S with |, g *E # 0 to exist.

Exercise 109

dw is the sum of three terms. Due to symmetry between the variables, we only
need to calculate the first to know how the others will look:

T _ x2+y2+z2—3$2

Oy :
@+y+2f @)

Thus the sum over the three terms is

3(x? +y? + 2%) — 322 — 3y? — 322

dw = =
@+ g+ )

Exercise 110

The required (n — 1)-form is

2ldx? A Adx™ +22daeP A - Ade? Adxt -+ 2det A Ade
w: n
P+t )R

The proof that this form is closed is exactly as in the previous exercise (I know).
And it can be shown to be non-exact in a similar way (I hope).



Exercise 111

We showed in exercise 104 that
*xdr = f(r)? sin ¢df A dé

(well, we had d¢ A df instead of df A d¢, but it’s not so important here.)

This implies that

B_ msin ¢

o A de
iy

/ B=m
SZ

then follows exactly as in exercise 106 (just with m instead of g).

The result



