
Exerise 2The de�nition of an open set given in the text an be made more preise asfollows:
V ⊆ R is de�ned to be open if for all x ∈ V there exists δ > 0 suh that

B(x, δ) ⊆ V , where B(x, δ) is de�ned as {y ∈ R
n | |x− y| < δ}.It an be shown that B(x, δ) is open aording to this de�nition for any

x ∈ R
n, δ > 0.To prove the given statement, let f : Rn → R

n and suppose that f−1(V )is open for any V ⊆ R
n open (i.e. f is ontinuous aording to the generaltopology de�nition). Let x ∈ R

n and ǫ > 0. Let V = B(f(x), ǫ). Then V isopen, and hene f−1(V ) is open. Thus by the above de�nition of 'open', thereexists δ > 0 suh that x ∈ B(x, δ) ⊂ f−1(V ). In other words, if |y−x| < δ then
|f(y)− f(x)| < ǫ, whih proves the one diretion.For the onverse, assume that f is ontinuous aording to the epsilon-deltade�nition. Let x ∈ f−1(V ). Sine f(x) ∈ V , whih is open, there exists ǫ > 0suh that f(x) ∈ B(f(x), ǫ) ⊂ V . Then sine f is ontinuous, there exists δ > 0suh that f(B(x, δ)) ⊂ B(f(x), ǫ) ⊂ V . Whih implies that B(x, δ) ⊂ f−1(V ),hene f−1(V ) is open. So f is ontinuous aording to the de�nition fromtopology.Exerise 3Let z = (0, 0, . . . , 0, 1) ∈ Sn. De�ne U = Sn \ z. Then U = (Rn+1 \ z)

⋂
Snis open in the indued topology sine (Rn+1 \ z) ⊂ R

n+1 is open. De�ne thestereographi projetion f : U → R
n:

f(x1, x2, . . . , xn+1) = ( x1

1−xn+1
, x2

1−xn+1
, . . . , xn

1−xn+1
)It an be shown that f is a homeomorphism between U and R

n (the inversean be given expliitly, and both are ontinuous). Similarly, we an de�ne anopen set V = Sn \ {−z}, with a similar homeomorphism to R
n. The transitionfuntion an be shown to be smooth. Sine U and V over Sn, this proves that

Sn with the given harts is a smooth manifold.Exerise 4Suppose that {(Ai, φi)} is an atlas for M . Then {(Ai∩U, φ̃i)} is an atlas for U ,where φ̃i is the restrition of φi to U . The transition funtions for the new atlasare exatly the same, only restrited to an open subset of their original domain.Exerise 5Let {(Ai, αi) | i ∈ I} be an atlas for M , and {(Bj , βj) | j ∈ J} an atlas for
N . Then de�ne the open sets Cij = Ai × Bj ⊆ M × N . The family Cijforms an open over for M × N . De�ne δij : Ai × Bj → R

m+n by mapping
(a, b) to (αi(a), βj(b)). From the properties of αi and βj follows that δij is ahomeomorphism between Ai × Bj and αi(Ai) × βj(Bj). The family of harts1



{(Cij , δij) | i, j ∈ I × J} is an atlas for M × N . The new transition funtionsan also be expressed in terms of the original transition funtions and shown tobe smooth.Exerise 6In this ase we �rst need to �nd two disjoint open subsets of Rn whih areboth di�eomorphi to R
n. De�ne X+ = {x ∈ R

n | xn > 0}. Then a dif-feomorphism f+ between R
n and X+ is given by mapping (x1, x2, . . . , xn) to

(x1, x2, . . . , exp(xn)). Similarly, a di�eomorphism f−an be de�ned mapping
R

n to X− = {x ∈ R
n | xn < 0} by mapping xn to − exp(xn).Now let atlases for M and N be given as in the previous exerise. Then

{(Ai∪Bj)} is a family of open sets overing M ∪N . De�ne δij : Ai ∪Bj → R
nby mapping x to f+(αi(x)) if x ∈ Ai, and f−(βj(x)) if x ∈ Bj . Sine X+ and

X− are disjoint, these maps are still bijetive. The resulting atlas satis�es therequirements for making M ∪N a manifold.Exerise 7We need to show that both v+w and gw satisfy the three onditions at the topof page 26.First for v + w:
(v + w)(f + g) = v(f + g) + w(f + g)

= v(f) + v(g) + w(f) + w(g)

= (v + w)(f) + (v + w)(g)

(v + w)(αf) = v(αf) + w(αf)

= αv(f) + αw(f)

= α(v(f) + w(f))

(v + w)(fg) = v(fg) + w(fg)

= v(f)g + fv(g) + w(f)g + fw(g)

= (v(f) + w(f))g + f(v(g) + w(g)) = (v + w)(f)g + f(v + w)(g)Then for gw:
(gw)(f1 + f2) = gw(f1 + f2)

= g(wf1 + wf2)

= gwf1 + gwf2

= (gw)f1 + (gw)f22



(gw)(αf) = gw(αf)

= gαw(f)

= αgw(f)

(gw)(f1f2) = gw(f1f2)

= g(w(f1)f2 + f1w(f2))

= gw(f1)f2 + gf1w(f2)

= g(w(f1)f2 + f1w(f2))

= gw(f1f2)Exerise 8To show that two vetor �elds are equal, we need to show that they are equalfor all h ∈ C∞(M):
(f(v + w))(h) = f(v + w)(h)

= f(v(h) + w(h))

= fv(h) + fw(h)

= (fv)(h) + (fw)(h)

= (fv + fw)(h)

((f + g)v)(h) = (f + g)v(h)

= fv(h) + gv(h)

= (fv)(h) + (gv)(h)

= (fv + gv)(h)

((fg)v)(h) = (fg)v(h)

= f(gv(h))

= f((gv)(h))

= (f(gv))(h)

(1v)(h) = 1v(h)

= v(h)Exerise 9Apply the vetor �eld to the oordinate funtions:3



vµ∂µxi = vi
∂xi

∂xi

= viThus vi = 0 for all i.
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