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Define the Levi-Civita symbol by

εi1,...,in =

{
sign (i1, . . . , in) all ij distinct,

0 otherwise.

or

εi1,...,ip =


+1 if (i1, . . . , ip) is an even permutation of (1, . . . , n),
−1 if (i1, . . . , ip) is an odd permutation of (1, . . . , n),
0 otherwise.

We have

ω =
1
p!
ωi1···ipe

i1 ∧ · · · ∧ eip

Taking the dual of both sides, we obtain:

?ω =
1
p!
ωi1···ip ?

(
ei1 ∧ · · · ∧ eip

)
=

1
p!

sign (i1, . . . , in) ε(i1) · · · ε(ip)ωi1···ip e
j1 ∧ · · · ∧ ejn−p

=
1

p!(n− p)!
εi1···ip j1···jn−pωi1···ipe

j1 ∧ · · · ∧ ejn−p

=
1

(n− p)!
? (ω)j1···jn−pe

j1 ∧ · · · ∧ ejn−p

where, ?(ω)j1···jn−p = 1
p!ε

i1···ip
j1···jn−pωi1···ip as required.

Notice that we have used the linear property of Hodge star operator and the sign (i1, . . . , in) ε(i1) · · · ε(ip)
is being replaced by the Levi-Civita symbol εi1···ip j1···jn−p , where, j1 <, . . . , < jn−p is the complement of
i1 <, . . . , < ip in the set {1, . . . , n}. The (n−p)! takes care of double counting due to the antisymmetric
permutation symbol.
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