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Abstract

Using the theory of pasting presen tations, dev elop ed in [5], I

giv e a detailed description of the tensor pro duct on ! -categories, whic h

extends Gra y's tensor pro duct on 2-categories and whic h is closely related

to Bro wn-Higgins's tensor pro duct on ! -group oids.

Immediate consequences are a general and uniform de�nition of higher

dimensional lax natural transformations, and a nice and transparen t de-

scription of the corresp onding in ternal homs. F urther consequences will

b e in the dev elopmen t of a theory for w eak n -categories, since b oth tensor

pro ducts and lax structures are crucial in this.
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1 In tro duction

In 1945, Eilen b erg and Mac Lane in v en ted categories [15 ]. In 1967, B � enab ou

in v en ted bicategories [4 ], and he pro v ed that ev ery bicategory is biequiv alen t

to a 2-category . In 1993, Gordon, P o w er and Street in tro duced tricategories,

and they pro v ed that ev ery tricategory is triequiv alen t not to a 3-category , but

to a Gra y -c ate gory [20 ]. In algebraic top ology , some w eak ening is needed in

dimension 3 as w ell: homotop y 2-t yp es are classi�ed b y 2-group oids [31 , 16 , 29 ],

but homotop y 3-t yp es are classi�ed not b y 3-group oids, but b y Gra y -gr oup oids

[25 , 24 , 6].

In order to �nd out what happ ens in higher dimensions, and to a v oid doing
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dimension 4, then dimension 5, etc., I prop ose to w ork ! -dimensionally from

the start. I think this is the b est w a y to get grip on the complex notion of we ak

n -c ate gory .

So the �rst step to tak e is to start with something ! -dimensional whic h is

strict and kno wn, ! -categories [35 , 23 ], and to analyse the structure whic h in

the case of 2-categories leads to the concept of Gra y -category . This structure,

whic h mak es ! - Cat , the category of small ! -categories, in to a monoidal biclosed

category , already has in teresting complications, consequences and applications.

A complication is, that the mac hinery of pasting presen tations of [5 ]

is needed. A consequence is, that it giv es higher homotopies [10 ] in terms of

! -categories. An application is that \ ! -categories migh t serv e as a mo del for

concurrency in computing, and tensor pro ducts w ould b e imp ortan t in this the-

ory" [2 , 32 ].

This pap er is connected to previous w ork of Bro wn and Higgins [10 ], Gra y

[21 ] and Al-Agl and Steiner [2 ]. Throughout, I k eep close trac k of the relation

b et w een the results there and here. F or one thing, the terminology is di�eren t:

what I call an ! -category is termed 1 -category in [2 ], and what is called ! -

group oid in [10 ] I call a cubical ! -group oid, reserving the name ! -group oid for

what [7 , 8 ] call an 1 -group oid. F or the ! -categories of Street [35 ] I agree with

V erit y's suggestion to call these !

+

-categories. Another source is [5 ], to

whic h the reader is referred for preliminaries on ! -categories, pasting sc hemes

and pasting presen tations.

The cen tral idea of this pap er is that the tensor pro duct of cub es induces a

monoidal biclosed structure on ! - Cat . I sk etc h ho w this follo ws formally from

results of Da y [11 , 12 ], the main p oin t b eing that ! - Cat is monoidal monadic

o v er the category Cub of cubical sets. Implicitly , Bro wn and Higgins [10 ] giv e

the same motiv ation for the existence of a tensor pro duct of cubical ! -group oids.

There are t w o disadv an tages to the formal approac h, though: it do esn't giv e ex-

plicit form ulae, and using cub es con
icts with glob es represen ting elemen ts of

! -categories [35 ]. Therefore, the actual approac h uses Johnson's theory of past-

ing sc hemes [23 ], thereb y making precise the \appropriate comp osites of faces"

of [2 ]. Concretely , I giv e a pasting sc heme for the tensor pro duct of t w o glob es

as ! -categories, whic h is used as a basic ingredien t in the de�nition of a pasting

presen tation for the tensor pro duct. This giv es the desired explicit form ulae,

without the need to ev er write out comp osites as in [34 ]. It also giv es form u-

lae for higher dimensional lax natural transformations and for the in ternal homs.

This pap er is organized as follo ws. In sections 2 and 3 cub es, cubical
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sets and the adjunction b et w een cubical sets and ! -categories are treated. Sec-

tion 4 explains wh y the tensor pro duct of cub es induces a monoidal biclosed

structure on ! - Cat . Sections 5 and 6 describ e pasting sc hemes for tensor

of and with glob es, whic h are used for the pasting presen tation of the tensor

pro duct in section 7. In section 8 some prop erties of the tensor pro duct

are c hec k ed. Sections 9 to 11 deal with the in ternal homs, and with higher

dimensional lax natural transformations. The �nal section is on ! - Cat as an

enric hed category .

Some of the ideas here w ere announced at the Conference on Pure Mathe-

matics of the Univ ersit y of W ales, 24-26 ma y 1993, Gregynog, UK.

2 Cub es and cubical sets

A simplicial set is usually de�ned as a collection of cells together with b ound-

ary op erations and degeneracy op erations satisfying some relations [26 ]. A more

categorical de�nition is that a simplicial set is a functor �

op

! Sets , where �

is the category of �nite ordered sets and order preserving maps b et w een them

[13 , 19 ]. F or cubical sets, there are two analoga of the �rst description, one

without and one with so-called c onne ctions [9, 36 ]. P erhaps for this reason

there seems to b e no categorical description of cubical sets a v ailable. I in tend

to �ll part of this gap, b y de�ning a category � whic h is to cubical sets, without

connections, what � is to simplicial sets. In fact, I de�ne a cubical set as a

functor � ! Sets , and I sho w that this de�nition coincides with the usual one

[9]. Analogous to the simplicial case the ob jects of � are called the standar d

cub es .

2.1 Cub es com binatorially

Aic hison has giv en an extensiv e accoun t on cub es [1], from whic h I will use the

follo wing com binatorial de�nition of the n -dimensional cub e.

Let n b e the ordered set f 1 ; : : : ; n g and � = f� ; 0 ; + g . Then �

n

= f x :

n ! � g can b e though t of as the n -dimensional cub e. F or example, the three-

dimensional cub e can b e lab eled with elemen ts of �

3

as in
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�� +

� 0+

0 � +

bac k: 00+

top: � 00

� ++

0++

righ t: 0+0

���

�� 0

� 0 �

0 ��

left: 0 � 0

� + �

� +0

0+ �

+ � +

+0+

+++

b ottom: +00

+ ��

+0 �

+ � 0

fron t: 00 �

++ �

++0

;

the in terior of the cub e b eing lab eled b y 000.

Some terminology: if x and y are elemen ts of �

n

then x is a sub cub e of y if

for ev ery l 2 n , x ( l ) � y ( l ) in the partial order � < 0 > + on �. The dimension

of x 2 �

n

is # x

� 1

(0).

2.2 A mo del category for cub es

I will mak e the set f n j n 2 ! g in to a category � b y de�ning morphisms mirroring

the b eha viour of faces and degeneracies.

De�nition 2.1 A morphism f : n ! m is a function f

�

: m ! n [ f + ; �g

suc h that f

�

( k ) � f

�

( k

0

) 2 n implies k � k

0

and f

�

( k ) = f

�

( k

0

) 2 n implies

k = k

0

. 3

This ma y lo ok a little bit a wkw ard, but something more complicated than

\order preserving" is exp ected b ecause cub es ha v e opp osite faces instead of faces

opp osite to a v ertex. And this notion is relev an t to cub es since a morphism

f : n ! m induces a function f : �

n

! �

m

b y

f ( x )( k ) = x ( f

�

( k )) if f

�

( k ) 2 n

= f

�

( k ) otherwise.

This function b eha v es w ell:

Lemma 2.2 If f : n ! m is a morphism then the induc e d function f : �

n

!

�

m

sends sub cub es to sub cub es.

Pr o of. Let x and y b e sub cub es of �

n

, and let k 2 m . Then f ( x )( k ) =

x ( f

�

( k )) � y ( f

�

( k )) = f ( y )( k ) if f

�

( k ) 2 n , otherwise f ( x )( k ) = f

�

( k ) =

f ( y )( k ). Th us f ( x ) is a sub cub e of f ( y ). 2
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Comp osition of morphisms: let f : n ! m and g : m ! r . De�ne

( g � f )

�

( p ) = f

�

( g

�

( p )) if g

�

( p ) 2 m

= g

�

( p ) otherwise.

With this de�nition, g � f is a morphism n ! p : if ( g � f )

�

( p ) � ( g � f )

�

( p

0

) 2 n

then g

�

( p ) and g

�

( p

0

) are in m and g

�

( p ) � g

�

( p

0

), so p � p

0

. Similarly for

( g � f )

�

( p ) = ( g � f )

�

( p

0

) 2 n . The iden tit y on n , denoted id

n

, is giv en b y

(id

n

)

�

( l ) = l :

Prop osition 2.3 � is a c ate gory.

Pr o of. Comp osition of morphisms in � is asso ciativ e:

( h � g � f )

�

( q ) = f

�

( g

�

( h

�

( q ))) if h

�

( q ) 2 r and g

�

( h

�

( q )) 2 m

= g

�

( h

�

( q )) if h

�

( q ) 2 r and not g

�

( h

�

( q )) 2 m

= h

�

( q ) otherwise

for b oth w a ys of putting in brac k ets. And it is easy to see that the iden tit y

b eha v es as an iden tit y should. 2

2.3 Generating the mo del category for cub es

T o relate the category � to the usual notion of cubical sets, I will sho w that

ev ery morphism is a comp osite of face and degeneracy morphisms.

De�nition 2.4 A morphism f : n ! m is surje ctive if for all k 2 m , f

�

( k ) 2

n . It is inje ctive if for all l 2 n there exists k 2 m with f

�

( k ) = l . 3

An example of a surjectiv e morphism is "

i

: n ! n � 1 , for 1 � i � n , whic h is

de�ned b y

( "

i

)

�

( l ) = l if l < i

= l + 1 if l � i :

An example of an injectiv e morphism is @

�

i

: n � 1 ! n , for 1 � i � n and

� = � , whic h is de�ned b y

( @

�

i

)

�

( l ) = l if l < i

= � if l = i

= l � 1 if l > i:

Note that there are the follo wing relations b et w een the "

i

and the @

�

i

:
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(i) @

�

j

@

�

i

= @

�

i

@

�

j � 1

for all i < j � n and � , � = � ,

(ii) "

j

"

i

= "

i

"

j +1

for all i � j � n ,

(iii) "

j

@

�

i

= @

�

i

"

j � 1

if i < j

= @

�

i � 1

"

j

if i > j

= id

K

n

if i = j ;

for all i , j � n and � = �

These relations are c hec k ed easily b y immediate calculation.

Prop osition 2.5 Every morphism c an b e factor e d as a surje ction fol lowe d

by an inclusion.

Pr o of. Giv en f : n ! m , de�ne r = # f k 2 m j f

�

( k ) 2 n g . De�ne morphisms

g : n ! r and h : r ! m b y

g

�

( p ) = f

�

( k ) for k the p -th elemen t of m for whic h f

�

( k ) 2 n

h

�

( k ) = p if k is the p -th elemen t of m for whic h f

�

( k ) 2 n

= f

�

( k ) otherwise :

g is a morphism b ecause if f

�

( k ) = g

�

( p ) � g

�

( p ) = f

�

( k

0

) then k � k

0

and

so p � p

0

, and lik ewise for g

�

( p ) = g

�

( p ), and h is a morphism b ecause if

p = h

�

( k ) � h

�

( k

0

) = p

0

then k � k

0

and h

�

( k ) � h

�

( k

0

) lik ewise, all these

cases when k the p -th elemen t of m for whic h f

�

( k ) 2 n . g is surjectiv e b ecause

for p 2 r , g

�

( p ) 2 n , and h is injectiv e b ecause for p 2 r there exists k 2 m

with h

�

( k ) = p , namely the p -th elemen t of m . Their comp osite is giv en b y

( h � g )

�

( k ) = g

�

( h

�

( k )) = g

�

( p ) = f

�

( k ) if k is the p -th elemen t of m for whic h

f

�

( k ) 2 n and ( h � g )

�

( k ) = h

�

( k ) = f

�

( k ) otherwise, so indeed f = h � g . 2

Prop osition 2.6 Every surje ction is c omp osite of "

i

's. Every inje ction is

c omp osite of @

�

i

's.

Pr o of. Supp ose f : n ! m is a surjection. Then n � m , and if n = m then

f is the iden tit y . So assume n > m , and let i b e the �rst elemen t of n whic h is

not f

�

( k ) for an y k 2 m . De�ne h : n � 1 ! m b y h

�

( k ) = f

�

( k ) if f

�

( k ) < i ,

and h

�

( k ) = f

�

( k ) � 1 if f

�

( k ) > i . h is a morphism b ecause of the condition

on i , it is surjectiv e b y de�nition, and ( h � "

i

)

�

( k ) = "

�

i

( h

�

( k )) = f

�

( k ), whic h

sho ws that f = h � "

i

. Induction on the di�erence of n and m �nishes the pro of

of the �rst statemen t.

Supp ose f : n ! m is an injection. Then n � m , and if n = m then f is

the iden tit y . So assume n < m , and let i b e the �rst elemen t of m for whic h
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f

�

( i ) =2 n , sa y f

�

( i ) = � . De�ne g : n ! m � 1 b y g

�

( p ) = f

�

( p ) if p < i and

g

�

( p ) = f

�

( p + 1) if p � i . Then g is an injectiv e morphism, and f = @

�

i

� g ,

induction �nishing the pro of of the second statemen t. 2

Th us, � is the category generated b y the "

i

and the @

�

i

sub ject to the relations

giv en ab o v e.

2.4 Cubical sets

De�nition 2.7 A cubic al set is a functor �

op

! Sets . A cubic al map is a

natural transformation of suc h functors. 3

Prop osition 2.8 A cubic al set K is a family of sets K

n

( n � 0) , to gether

with fac e maps @

�

i

: K

n

! K

n � 1

and de gener acy maps "

i

: K

n � 1

! K

n

, for

every 1 � i � n and � = � , such that

(i) @

�

i

@

�

j

= @

�

j � 1

@

�

i

for al l i < j � n and � , � = � ,

(ii) "

i

"

j

= "

j +1

"

i

for al l i � j � n ,

(iii) @

�

i

"

j

= "

j � 1

@

�

i

if i < j

= "

j

@

�

i � 1

if i > j

= id

K

n

if i = j

for al l i , j � n and � = � .

A cubic al map f : K ! L is a family of functions f

n

: K

n

! L

n

c ommuting

with the fac e and de gener acy maps.

Pr o of. Because of prop ositions 2.5 and 2.6, and the relations b et w een

the "

i

and the @

�

i

in � , whic h are dual to the ones ab o v e. 2

The category of cubical sets will b e denoted b y Sets

�

op

or b y Cub , dep end-

ing on whic h viewp oin t is tak en.

As an example, consider the represen tativ e cubical sets, i.e., the standard

n -cub es as cubical set. De�ne a cubical set I

n

b y I

n

( m ) = � ( m ; n ). Note that

if m > n then all elemen ts of ( I

n

)

m

are degenerate. I

n

is related to �

n

: if

A : m ! � has A ( k ) = 0 for all k 2 m , then ( f : m ! n ) 2 I

n

corresp onds to

A � f

�

2 �

n

.

2.5 Dualit y

There are three forms of dualit y of cubical sets that will b e of imp ortance in

the sequel. The �rst one is the transp osition functor T considered in [10 ]. F or
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cubical set X , T ( X ) has the same elemen ts as X in eac h dimension but has

its face and degeneracy op erators n um b ered in rev erse order. The second one

consists simply of rev ersing the signs in the exp onen ts of the @

�

i

, and the third

is just the com bination of these t w o.

3 The ! -categorization of cubical sets and the cu-

bical nerv e of ! -categories

The standard n -simplex can b e giv en the structure of an n -category: it is

Street's n -th orien tal [35 ]. This functor � ! ! - Cat induces, b y general cate-

gorical argumen ts, t w o adjoin t functors b et w een simplicial sets and ! -categories:

! -categorization and simplicial nerv e.

Analogous to a description of the orien tals in terms of pasting sc hemes [22 ] I

de�ne a functor from cub es to ! -categories, and I describ e the induced functors

b et w een cubical sets and ! -categories. The ! -categorization of a cubical set

is giv en b y a pasting presen tation, and the cubical nerv e of an ! -category is

expressed using realizations of pasting sc hemes.

3.1 Cubical complexes

T o describ e the orien tals, Johnson [22 ] uses the notion of simplicial c omplex .

De�nition 3.1 [Cubical analogue of Johnson's simplicial complexes] A cubi-

c al c omplex is a �nite or coun tably in�nite set K together with a collection K of

maps K ! � suc h that if B 2 K and B

0

: K ! � satis�es B

0

( k ) � B ( k ) in the

partial order � < 0 > + on � for all k 2 K , then B

0

2 K . A cubical complex is

oriente d if K is linearly ordered. 3

An orien ted cubical complex generates a cubical set whose non degenerate

elemen ts are the same as the elemen ts of the complex.

An example of an orien ted cubical complex is ( ! ; �

f

!

), where �

f

!

consists of

the �nite dimensional maps ! ! �. This cubical complex, and sometimes also

the cubical set generated b y it, will b e called the ! -cub e . The standard n -cub es

can also b e seen as cubical sets generated b y orien ted cubical complexes.

3.2 P asting sc hemes for the ! -cub e and for the n -cub es

In the simplicial case, a particular simplicial complex is made in to a pasting

sc heme b y taking o dd faces in the b eginning and ev en faces in the end of a cell.

10



In the cubical case, I will do the same, but for a di�eren t w a y of expressing and

p ositioning o dd and ev en faces. This will b e done suc h that the direction of the

cells is the same as in the orien ted cub es of [1 ].

Let x b e an i -dimensional elemen t of the ! -cub e, and let B 2 �

i

. De�ne

r

B

( x ) : ! ! � b y

r

B

( x )( k ) = x ( k ) if x ( k ) 6= 0

= B ( l ) if k is the l -th elemen t of x

� 1

(0) :

W rite b

B

( x ) for r

B

( x ) if for all l 2 i , B ( l ) 6= 0 implies B ( l ) = ( � )

l

, and e

B

( x ) if

for all l 2 n , B ( l ) 6= 0 implies B ( l ) = ( � )

l +1

.

Consider the graded set �

f

!

. De�ne relations E and B on �

f

!

b y ( x; y ) 2 E

i

j

for x 2 (�

f

!

)

i

and y 2 (�

f

!

)

j

if and only if there exists B : i ! � suc h that

y = e

B

( x ), and ( x; y ) 2 B

i

j

if and only if there exists B : i ! � suc h that

y = b

B

( x ).

�

f

!

is a lo op-free pasting sc heme, since it is the same pasting sc heme as

considered b y Kaprano v-V o ev o dsky [27 ].

T aking n instead of ! in the ab o v e mak es �

n

in to a w ell-formed lo op-free

pasting sc heme, b ecause it can b e view ed as a w ell-formed subpasting sc heme

of �

f

!

. I will need domains and co domains of its cells.

Lemma 3.2 F or ( m + 1) -dimensional x 2 �

n

, s

m

( R ( x )) =

S

f R ( r

B

( x )) j B 2

�

m +1

; dim ( B ) = m; r

B

( x ) = b

B

( x ) g , and dual ly.

Pr o of. According to [23 , Prop osition 7] s

m

( R ( x )) = R ( B

m

( x )), whic h is

exactly the righ t hand set ab o v e. 2

In �gure 1, the pasting sc heme �

4

.

3.3 Cub es and ! -categories

The morphisms "

i

and @

�

i

in � induce ! -functors "

i

: P (�

n

) ! P (�

n � 1

) and

@

�

i

: P (�

n � 1

) ! P (�

n

) resp ectiv ely , where P ( A ) denotes the ! -category of

comp onen ts of the pasting sc heme A [23 ], as follo ws.

De�ne a realization (�

n

; f

j

) of �

n

in P (�

n � 1

) b y f

j

( x ) = R ( x � ( "

i

)

�

). Because

P (�

n � 1

) is considered one sorted this could also mean an iden tit y on this, to get

its dimension righ t! It is an iden tit y exactly when x ( i ) = 0, b ecause "

i

erases

the i -th en try . Assume (�

n

; f

j

) is m -appropriate, I will sho w it is ( m + 1)-

appropriate. In case x ( i ) = 0, s

m

( f

m +1

( x )) = s

m

�

id

R ( x � ( "

i

)

�

)

�

= R ( x � ( "

i

)

�

),

11
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Figure 1: The four dimensional cub e as a pasting sc heme
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and

f ( s

m

( R ( x ))) =

=

S

f R ( r

B

( x )) j : : : g b y lemma 3.2

=

S

f f

m

( r

B

( x )) j : : : g b ecause f is the m -extension of (�

n

; f

j

)

=

S

f R ( r

B

( x ) � ( "

i

)

�

) j : : : g :

All these are iden tities except when r

B

( x )( i ) 6= 0, in whic h case it is R ( x � ( "

i

)

�

).

So as elemen ts of P (�

n � 1

), s

m

( f

m +1

( x )) and f ( s

m

( R ( x ))) are equal. In case

x ( i ) = � one sees that for all B , r

B

( x � ( "

i

)

�

) = r

B

( x ) � ( "

i

)

�

. This, together

with lemma 3.2 and that f is the m -extension of (�

n

; f

j

), pro v es in a similar

w a y that in this case s

m

( f

m +1

( x )) = f ( s

m

( R ( x ))) as w ell. Th us indeed (�

n

; f

j

)

is appropriate.

Analogously , one de�nes an appropriate realization (�

n � 1

; g

j

) of �

n � 1

in

P (�

n

) b y g

j

( x ) = R ( x � ( @

�

i

)

�

).

These induced ! -functors "

i

and @

�

i

satisfy the same iden tities as in � b ecause

of the iden tities there and b ecause the induced ! -functors extend (�

n

; f

j

) and

(�

n � 1

; g

j

). Th us, there is a functor Q : � ! ! - Cat , de�ned on ob jects b y

Q ( n ) = P (�

n

). Q ( n ) could b e termed the n -th q-bical orien tal, or ev en the n -th

qrien tal.

3.4 ! -categorization

The functor Q induces a functor �

�

from cubical sets to ! -categories, whic h is

the left Kan-extension of Q along the Y oneda em b edding � ! Sets

�

op

[30 ]. It

can b e giv en b y

�

�

( X ) =

Z

n

X

n

� Q ( n ) ;

where the co end is in ! - Cat . A more explicit description of �

�

( X ) is b y the

pasting presen tation ( G

X

; R

X

).

F or X a cubical set, generators in G

X

in dimension n will b e (�

n

; L

x

) for

x 2 X

n

, where the elemen ts of �

n

will b e lab eled b y the corresp onding faces of x ,

i.e., B 2 �

n

will b e lab eled b y X ( B )( x ), the restriction of x along B considered

as a map �

dim ( B )

! �

n

. Note that it is not required that x is non degenerate!

These are indeed generators b ecause dom(�

n

) is a generated pasting, the cells

all b eing lab eled b y generators.

Relations in R

X

in dimension n will come from degeneracies. I w an t to sa y

that a degenerate cub e is equiv alen t to an iden tit y , but in this I ha v e to use

lo w er dimensional relations. So the approac h will b e inductiv ely .
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Consider the lab eled pasting sc heme (�

n +1

; L

"

i

x

), where L

"

i

x

is equal to L

"

i

( x )

except that the top-dimensional cell is lab eled with the formal iden tit y id

x

instead of with "

i

( x ). Consider also the lab eled pasting sc heme (�

n +1

; L

i

x

),

where L

i

x

di�ers from L

"

i

( x )

in that cells lab eled "

i

( x ) j

B

with B ( i ) = 0 in the

latter, are lab eled id

x j

@

+

i

( B )

in the former. It w ould mak e no di�erence to tak e

id

x j

@

�

i

( B )

b ecause of the cubical iden tities. So for example (�

3

; L

1

00

) is

� +

b

++

b

id

++

��

b

id

��

00

b

id

0 �

+ �

b

id

+ �

id

+0

++

e

��

e

+ �

e

id

00

3

� +

b

id

� +

id

0+

++

b

id

++

��

b

id

��

id

� 0

� +

e

++

e

��

e

00

e

+ �

e

;

where the e and b subscripts distinguish di�eren t cells with equal lab els.

Lemma 3.3 Supp ose that for n

0

� n (�

n

0

; L

"

i

x

) is a gener ate d p asting, that

it is de�ne d to b e r elate d to (�

n

0

; L

"

i

( x )

) , and that with these r elations in al l

dimensions up to n

0

b oth ar e e quivalent to (�

n

0

; L

i

x

) . Then (�

n +1

; L

"

i

x

) is a

gener ate d p asting, and if it is de�ne d to b e r elate d to (�

n +1

; L

"

i

( x )

) then b oth ar e

e quivalent to (�

n +1

; L

i

x

) .

Pr o of. T o pro v e that (�

n +1

; L

"

i

x

) is a generated pasting, I need to sho w that

its domain is equiv alen t to (�

n

; L

x

). F or example,

dom(�

3

; L

"

1

(00)

) =

� +

b

++

b

"

1

(++)

��

b

"

1

( �� )

00

b

"

1

(0 � )

+ �

b

"

1

(+ � )

"

1

(+0)

++

e

��

e

+ �

e

and

(�

2

; L

00

) =

� +

��

00

++

+ �
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should b e equiv alen t. By adding iden tities to �

n

in the righ t places, �rst high

dimensional ones, then lo w er dimensional ones to mak e the higher dimensional

ones in the form of cub es, (�

n

; L

x

) can b e seen to b e equiv alen t to a generated

pasting with pasting sc heme dom (�

n +1

). Then iden tities can b e replaced b y

degeneracies, �rst lo w dimensional ones, then higher dimensional ones, b ecause

then the relev an t subpasting sc hemes are correctly lab eled. The result is exactly

dom (�

n +1

; L

"

i

x

) b ecause the p osition of the inserted iden tities is suc h that they

end up in the same p osition as their corresp onding degeneracies. Details, suc h

as full replaceabilit y and full insertabilit y at eac h stage of this pro cess, are tak en

for gran ted.

It is p ossible to de�ne the relation as claimed since the pasting sc hemes are

equal and the lab elings coincide in lo w er dimensions.

The equiv alences hold since again iden tities can b e replaced b y degeneracies

from lo w dimensions up. 2

So relations can b e de�ned b y requiring L

"

i

( x )

to b e related to (�

n +1

; L

"

i

x

)

for ev ery x 2 X .

Prop osition 3.4 The p asting pr esentation ( G

X

; R

X

) is a p asting pr esenta-

tion for �

�

( X ) .

Pr o of. ! ( G

X

; R

X

) and �

�

( X ) satisfy the same univ ersal prop ert y , as can

b e seen from the co end description. 2

F or the represen tativ e cubical sets I

n

, I will mak e no notational distinction

b et w een the cubical set and its ! -categorization, as usual.

3.5 Cubical nerv e

The cubical nerv e of an ! -category C is giv en b y

�

op

Q

! - Cat

op

! - Cat ( � ; C )

Set :

It is functorial in C , and this functor N

�

is righ t adjoin t to �

�

. The existence of

suc h a righ t adjoin t follo ws from F reyd's adjoin t functor theorem [30 ] since the

standard cub es form a generating set of ob jects of Sets

�

op

. Using the description

of Q ( n ) in terms of a pasting sc heme,

N

�

( C )

n

= ! - Cat ( Q ( n ) ; C )

= f (�

n

; f

j

) j f

j

is an appropriate realization of �

n

in C g :
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The cubical op erations on N

�

( C ) are induced b y the ! -functors "

i

: P (�

n

) !

P (�

n � 1

) and @

�

i

: P (�

n � 1

) ! P (�

n

). More concretely , for (�

n � 1

; f

j

) an appro-

priate realization of �

n � 1

in C , (�

n

; "

i

( f )

j

) has "

i

( f )

j

( x ) = f

j

0

( x � ( "

i

)

�

), whic h

de�nes an appropriate realization of �

n

in C b ecause of the form ula for "

i

as

an ! -functor P (�

n

) ! P (�

n � 1

), and for (�

n

; f

j

) an appropriate realization of

�

n

in C , (�

n � 1

; @

�

i

( f )

j

) has @

�

i

( f )

j

( x ) = f

j

0

( x � ( @

�

i

)

�

), whic h de�nes an appro-

priate realization of �

n � 1

in C b ecause of the form ula for @

�

i

as an ! -functor

P (�

n � 1

) ! P (�

n

). This also implies that @

�

i

( f )

j

= f

j

j

@

�

i

, so a face of an el-

emen t of the nerv e is the corresp onding face of the comp osable diagram. F or

a related approac h, whic h also giv es a description of a category of cubical sets

with structure making the adjunction an equiv alence of categories, see [36 ].

4 Existence and uniqueness of a monoidal bi-

closed structure

That the tensor pro duct of cubical sets induces a monoidal biclosed structure

on ! - Cat w as already remark ed in [2], and is analogous to the case of crossed

complexes [10 ], whic h mak es use of cubical ! -group oids as an in termediate stage.

As noted there, this w orks since \ ! - Gp d is an equationally de�ned category of

man y sorted algebras in whic h the domains of the op erations are de�ned b y �nite

limit diagrams. General theorems on suc h algebraic theories (see [17 , 18 , 28 , 3])

imply that ! - Gp d is complete and co complete and that it is monadic o v er the

category Cub of cubical sets", and b ecause presen tations can b e used. Although

it is the essence, this is not the whole story . Using metho ds of Da y [11 , 12 ], I

sho w that the monoidal biclosed structure on cubical sets [10 ] is in fact the

extension of a tensor pro duct on � , and I sk etc h ho w pasting presen tations can

b e used to transfer this extension to ! -categories, the main p oin t b eing that

the monad for ! -categories is monoidal . Details are omitted in this last step

since in sections 5 to 11 I will giv e a completely indep enden t pro of of the

existence of a monoidal biclosed structure on ! - Cat satisfying I

p


 I

q

�

=

I

p + q

,

b y describing it explicitly . The uniqueness of suc h a structure giv es that m y

description is indeed of the monoidal biclosed structure on ! - Cat induced b y

the tensor pro duct of cub es.

4.1 Monoidal structure on �

Addition of natural n um b ers giv es � the structure of a strict monoidal category:
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let m 
 n = m + n and let I = 0 = ? . T o mak e 
 in to a functor � ! � , de�ne

f 
 g : m 
 n ! m

0


 n

0

, for f : m ! m

0

and g : n ! n

0

, b y

( f 
 g )

�

( p ) = f

�

( p ) if p � m

= g

�

( p � m ) + n if p > m and g

�

( p � m ) 2 n

= g

�

( p � m ) otherwise :

It is easily c hec k ed that f 
 g is indeed a morphism in � , and that id

n


 id

m

=

id

n 
 n

.

De�ne t w o morphisms �

l

p

: p + q ! p and �

r

q

: p + q ! q in � b y

�

l

p

= "

p +1

� : : : � "

p + q

�

r

q

= "

1

� : : : � "

1

| {z }

p

;

where the "

i

denote morphisms in �. These will b e used later.

4.2 Induced monoidal biclosed structure on cubical sets

Because of [11 ], the ab o v e monoidal structure on � induces a biclosed monoidal

structure on the functor category Sets

�

op

= Cub .

F or cubical sets X and Y , their tensor pro duct is

X 
 Y =

Z

m ; n

( X ( m ) � Y ( n )) � I

m 
 n

:

The unit for the tensor pro duct is �

�

( I ) = I

0

. The in ternal homs can b e

describ ed b y

Hom

r

( X ; Y ) =

Z

n

Sets ( X ( n ) ; Y ( n 
 � ))

and

Hom

l

( X ; Y ) =

Z

n

Sets ( X ( n ) ; Y ( � 
 n )) :

W riting out the co end for the tensor pro duct in elemen tary terms, this

giv es the same description as in [10 ]: if K and L are cubical sets, then ( K 


L )

n

= (

`

p + q = n

K

p

� L

q

) = � where � is the equiv alence relation generated b y

( "

r +1

( x ) ; y ) � ( x; "

1

( y )) for x 2 K

r

, y 2 L

n � r � 1

. The equiv alence class of ( x; y )

will b e denoted b y x 
 y . De�ne face and degeneracy maps b y

@

�

i

( x 
 y ) = @

�

i

( x ) 
 y if 1 � i � p

= x 
 @

�

i � p

( y ) if p < i � n

"

i

( x 
 y ) = "

i

( x ) 
 y if 1 � i � p + 1

= x 
 "

i � p

( y ) if p + 1 � i � n:
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In particular, "

p +1

( x ) 
 y = x 
 "

1

( y ) for all x 2 K

p

. K 
 L is a cubical set.

The description of the in ternal hom in [10 ] can b e obtained b y writing out

the end for the left in ternal hom, whic h �ts nicely with the use of the left path

complex there.

4.3 Existence of a monoidal biclosed structure on ! -categories

The category of ! -categories is monadic o v er cubical sets, and the corresp onding

monad M is the endofunctor induced b y the adjunction �

�

a N

�

, so

M ( X )( r ) = ! - Cat ( Q ( r ) ;

Z

n

X

n

� Q ( n )) ;

with m ultiplication induced b y the counit of the adjunction. The p oin t is that

this monad is monoidal , i.e., there are cubical maps

f

M : M ( X ) 
 M ( Y ) !

M ( X 
 Y ) and M

0

: M ( I

0

) ! I

0

with resp ect to whic h the m ultiplication and

the unit of M are monoidal natural transformations [12 ]. T o describ e these maps,

ho w ev er, the structure of ! -categories is essen tial, and as suc h it is necessary

to mak e use of pasting presen tations, analogous to the use of presen tations of

cubical ! -group oids in [10 ], and analogous to the case of mo dules referred to

there.

T o giv e a cubical map M ( X ) 
 M ( Y ) ! M ( X 
 Y ) amoun ts to giv e an

! -functor �

�

( M ( X ) 
 M ( Y )) ! �

�

( X 
 Y ). This in turn corresp onds to a re-

sp ectable family of realizations ( G

M ( X ) 
 M ( Y )

; '

i

) in �

�

( X 
 Y ) of the pasting

presen tation ( G

M ( X ) 
 M ( Y )

; R

M ( X ) 
 M ( Y )

) describ ed in section 3. T o de�ne

suc h a family of realizations, consider a generator c = (�

n

; f

i

) 
 (�

m

; f

0

j

) of

( G

M ( X ) 
 M ( Y )

; R

M ( X ) 
 M ( Y )

), so f

i

( z ) 2 �

�

( X ) for ev ery z 2 �

n

, sa y repre-

sen ted b y ( A

f ;z

; L

f ;z

), and similarly for f

0

j

( z

0

) 2 �

�

( Y ). T o describ e '

i

( c ), tak e

for ev ery a

f ;z

2 A

f ;z

and a

f

0

;z

0

2 A

f

0

;z

0

lab eled b y x

f ;z

2 X

p

and y

f

0

;z

0

2 Y

q

a

generator (�

p + q

; L

x

f ;z


 y

f

0

;z

0

) in �

�

( X 
 Y ). F or �xe d a

f ;z

, the cells x

f ;z


 y

f

0

;z

0

can b e comp osed using an y w a y of comp osing A

f

0

; �

m

to determine the order and

the directions of comp osition. The resulting comp osites can then b e comp osed

using an y w a y of comp osing A

f ; �

n

. The resulting comp osite is '

i

( c ). Details,

suc h as what to do with iden tities, the exact w a y of comp osing, that this is inde-

p enden t of the c hosen order of comp osition, and that this family of realizations

is resp ectable, are tak en for gran ted.

Prop osition 4.1 The monoidal biclose d structur e on cubic al sets induc es a

monoidal biclose d structur e on ! - Cat .
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Pr o of. W ell, to pro v e this I \only" need to go through [12 , x 4], and c hec k all

the requiremen ts of the prop ositions there. But all of them are immediate from

either the monoidal biclosed structure on Cub or from completeness of Cub

and co completeness of ! - Cat . Note that asso ciativit y of the tensor pro duct and

its coherence also follo w. 2

4.4 Uniqueness

It is ev en p ossible to sp eak of the monoidal biclosed structure on ! - Cat induced

b y the tensor pro duct of cub es:

Prop osition 4.2 The functor 
 : ! - Cat � ! - Cat ! ! - Cat is the unique

one, up to isomorphism, for which C 
 � and � 
 C have right adjoints for

every ! -c ate gory C and which satis�es I

p


 I

q

�

=

I

p + q

for every p , q .

Pr o of. That it satis�es these prop erties is b ecause it is part if a monoidal

biclosed structure induced b y the tensor pro duct on � , and that it is the unique

suc h is immediate from the cub es b eing a generating set of ob jects for ! - Cat ,

see also [2 ]. 2

5 Glob e tensor glob e

Because the tensor pro duct of ! -categories is induced b y the tensor pro duct

of cubical sets, and b ecause glob es represen t elemen ts of ! -categories [35 ], it is

clear that essen tial information is con tained in the ! -categorization of the tensor

pro duct of t w o glob es as cubical sets. I sho w that this ! -categorization is the

! -category of comp onen ts of a pasting sc heme T . This pasting sc heme T , or

rather, its cells, will b e used for the generators of a pasting presen tation for the

tensor pro duct of ! -categories in section 7.

5.1 n -glob es as cubical sets

Consider the cubical set G whic h has as non degenerate elemen ts in dimension

n d

+

n

and d

�

n

, with face maps de�ned b y

@

�

i

( d

�

n

) = ( "

1

)

i � 1

( d

�

n � i

) :

19



So the only non degenerate ( n � 1)-dimensional faces are @

�

1

( d

�

n

) = d

�

n � 1

. F or

example, the faces of d

�

3

lo ok lik e

d

+

0

"

1

d

+

0

"

1

d

+

0

bac k: ( "

1

)

2

d

+

0

top: d

�

2

d

+

0

"

1

d

+

0

righ t: "

1

d

+

1

d

�

0

d

�

1

"

1

d

�

0

"

1

d

�

0

left: "

1

d

�

1

d

�

0

d

+

1

"

1

d

�

0

d

+

0

"

1

d

+

0

d

+

0

b ottom: d

+

2

d

�

0

"

1

d

�

0

d

�

1

fron t: ( "

1

)

2

d

�

0

d

�

0

d

+

1

;

the in terior of the cub e b eing lab eled b y d

�

3

.

Recall that �

�

( G ) has a pasting presen tation ( G

G

; R

G

) whic h has as gen-

erators lab eled pasting sc hemes (�

n

; L

x

) for x 2 G

n

, whic h is a degeneracy of

some d

�

n

0

, and that its relations are that L

"

i

( x )

is related to (�

n +1

; L

"

i

x

) for ev ery

x 2 G

n

.

Lemma 5.1 In ( G

G

; R

G

) , the gener ate d p astings dom (�

m +1

; L

d

�

m +1

) and

(�

m

; L

d

�

m

) ar e e quivalent. A lso, dom(�

m +1

; L

"

i

1

::: "

i

m +1 � m

0

d

�

m

0

) is e quivalent to

(�

m

; L

@

�

1

"

i

1

::: "

i

m +1 � m

0

d

�

m

0

) .

Pr o of. F or example,

dom(�

3

; L

d

�

3

) =

d

+

0

d

+

0

d

�

0

d

�

1

d

�

2

d

�

0

d

+

1

"

1

( d

+

1

)

d

+

0

d

�

0

d

�

0

d

+

1

and
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(�

2

; L

d

�

2

) =

d

+

0

d

�

0

d

�

1

d

�

2

d

+

0

d

�

0

d

+

1

need to b e compared. In the general cases, the di�erence b et w een the t w o is a

bunc h of degeneracies, whic h can b e added b y �rst adding iden tities and then

replacing these b y these degeneracies, compare the pro of of lemma 3.3! 2

I no w claim that the ! -categorization of G is free. T o this end, de�ne a

pasting sc heme 2

!

whic h is the ob vious extension of 2

n

, i.e., it consists of t w o

cells in ev ery dimension, ending and b eginning in the t w o di�eren t cells of one

dimension less. F or example, R

2

!

( d

�

3

) lo oks lik e

d

�

0

d

�

1

d

+

1

d

�

3

d

�

2

d

+

2

d

+

0

:

Prop osition 5.2 �

�

( G )

�

=

P (2

!

) .

Pr o of. I will sho w that b oth ! -categories satisfy the same univ ersal prop ert y .

Th us, that resp ectable families of realizations of ( G

G

; R

G

) in C corresp ond to

appropriate realizations of 2

!

in C .

Let ( G

G

; '

j

) b e a resp ectable family of realizations in C . De�ne a realization

(2

!

; f

j

) in C b y

f

j

( d

�

j

) = '

j

(�

j

; L

d

�

j

) :

Supp ose it is m -appropriate. Then

s

m

( f

m +1

( d

�

m +1

)) = s

m

( '

m +1

(�

m +1

; L

d

�

m +1

))

= '

�

dom(�

m +1

; L

d

�

m +1

)

�

b y resp ectabilit y of ( G

G

; '

j

)

= '

�

�

m

; L

d

�

m

�

b y lemma 5.1

= '

m

(�

m

; L

d

�

m

) b ecause ' extends ( G

G

; '

j

)

= f

m

( d

�

m

)

= f ( R ( d

�

m

)) b ecause f m -extends (2

!

; f

j

)

= f

�

s

m

( R ( d

�

m +1

))

�

;
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whic h pro v es that (2

!

; f

j

) is ( m + 1)-appropriate.

Let (2

!

; f

j

) b e an appropriate realization in C . De�ne a family of realizations

( G

G

; '

j

) in C b y

'

j

(�

j

; L

"

i

1

::: "

i

j � j

0

d

�

j

0

) = f

j

0

( d

�

j

0

) ;

where C is considered one-sorted. This family resp ects relations since if j

0

< j

then '

j

(�

j

; L

"

i

1

::: "

i

j � j

0

d

�

j

0

) is indeed the correct iden tit y . No w supp ose it resp ects

m -lab els. Then if m

0

< m + 1

s

m

( '

m +1

(�

m +1

; L

:::

)) =

= s

m

( f

m

0

( d

�

m

0

))

= f

m

0

( d

�

m

0

)

= '

m

(�

m

; L

@

�

1

:::

)

= '

�

�

m

; L

@

�

1

:::

�

b ecause ' m -extends ( G

G

; '

j

)

= '

�

dom (�

m +1

; L

:::

)

�

b y lemma 5.1 ;

and if m

0

= m + 1 then

s

m

( '

m +1

(�

m +1

; L

:::

)) =

= s

m

( f

m

0

( d

�

m

0

))

= f ( R ( d

�

m

)) b y m -appropriateness of (2

!

; f

j

)

= f

m

( d

�

m

) b ecause f m -extends (2

!

; f

j

)

= '

m

(�

m

; L

d

�

m

)

= '

�

�

m

; L

d

�

m

�

b ecause ' m -extends ( G

G

; '

j

)

= '

�

dom(�

m +1

; L

:::

)

�

b y lemma 5.1 :

Th us ( G

G

; '

j

) resp ects ( m + 1)-lab els.

It is immediate that the ab o v e giv es a bijection b et w een resp ectable families

of realizations of ( G

G

; R

G

) in C and appropriate realizations of 2

!

in C . 2

It w ould also b e p ossible to tak e other faces degenerate in the de�nition of

G , but the ab o v e de�nition is c hosen b ecause it it giv es rise to form ulae similar

to ones familiar from homological algebra later on.

A notational con v en tion for later use: in the pasting sc heme 2

n

the top-

dimensional cell d

n

can also b e denoted b y d

�

n

and b y d

+

n

. This con v en tion will

a v oid unneccessary splitting up in cases where one form ula is clearer.
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5.2 2

!


 2

!

Recall that �

�

( G 
 G ) has a pasting presen tation ( G

G 
 G

; R

G 
 G

). It has as

generators lab eled pasting sc hemes (�

p + q

; L

"

i

1

::: "

i

p � p

0

d

�

p

0


 "

i

0

1

::: "

i

0

q � q

0

d

�

q

0

), where the

"

i

denote maps in G . T o describ e the lab eling, a face x of �

p + q

can b e considered

as a morphism r ! p + q in �, and L

"

i

1

::: "

i

p � p

0

d

�

p

0


 "

i

0

1

::: "

i

0

q � q

0

d

�

q

0

lab els x b y ( �

l

p

�

x )

�

( "

i

1

: : : "

i

p � p

0

d

�

p

0

) 
 ( �

r

� x )

�

( "

i

0

1

: : : "

i

0

q � q

0

d

�

q

0

). Th us, for example, (�

3

; L

d

�

2


 d

�

1

)

lo oks lik e

d

�

0


 d

+

0

d

�

1


 d

+

0

bac k: d

�

2


 d

+

0

top: d

�

1


 d

�

1

d

+

0


 d

+

0

righ t: "

1

( d

+

0


 d

�

1

)

d

�

0


 d

�

0

d

�

0


 d

�

1

d

�

1


 d

�

0

left: "

1

( d

�

0


 d

�

1

)

d

+

0


 d

�

0

d

+

0


 d

�

0

d

�

0


 d

+

0

d

+

1


 d

+

0

d

+

0


 d

+

0

b ottom: d

+

1


 d

�

1

d

�

0


 d

�

0

d

+

1


 d

�

0

d

�

0


 d

�

1

fron t: d

�

2


 d

�

0

d

+

0


 d

�

0

d

+

0


 d

�

1

:

The relations mak e that degeneracies are equiv alen t to iden tities.

I claim that �

�

( G 
 G ) is free. T o this end, de�ne a graded set T where

T

n

= f d

�

p


 d

�

q

j �; � = � ; p + q = n g . De�ne relations E and B on T b y

( d

�

p


 d

�

q

; y ) 2 E

i

j

for i > j if and only if one of the follo wing:

1. y = d

�

p


 d

( � )

p

q � 1

,

2. y = d

+

p � 1


 d

�

q

,

3. y = d

+

p � 1


 d

( � )

p

q � 1

.

So E

i

j

is empt y for j < i � 2. B

i

j

di�ers from E

i

j

in ha ving � instead of +

and ( � )

p +1

instead of ( � )

p

. These relations can b e view ed as a mo di�ed or

generalized v ersion of the Leibnitz rule.

In �gure 2, a lo w-dimensional part of T .
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d

�

0


 d

+

0

d

�

0


 d

�

0

d

�

1


 d

�

1

d

+

0


 d

+

0

d

+

0


 d

�

0

d

�

2


 d

�

1

3

d

�

0


 d

+

0

d

�

1


 d

+

0

d

�

0


 d

�

0

d

�

0


 d

�

1

d

+

1


 d

�

0

d

�

1


 d

+

1

d

+

0


 d

+

0

d

+

0


 d

�

0

d

+

0


 d

+

1

d

�

1


 d

�

2

3

d

�

2


 d

+

1

3

d

�

2


 d

�

2

4

d

�

0


 d

+

0

d

�

1


 d

+

0

d

�

0


 d

�

0

d

�

0


 d

�

1

d

+

1


 d

�

0

d

+

1


 d

�

1

d

+

0


 d

+

0

d

+

0


 d

�

0

d

+

0


 d

+

1

d

�

0


 d

+

0

d

�

0


 d

�

0

d

+

1


 d

+

1

d

+

0


 d

+

0

d

+

0


 d

�

0

d

+

1


 d

�

2

3

Figure 2: The faces of d

�

2


 d

�

2

Prop osition 5.3 T is a p asting scheme.

Pr o of. P asting axiom (i) is trivial, (ii) can b e forced to hold, and (iii) is

immediate.

The only non trivial case of pasting axiom (iv) is when j = i � 2. But the only

p ossibilit y for either side to hold, with w = d

�

p


 d

�

q

, is when x = d

+

p � 1


 d

( � )

p

q � 1

,

u = d

�

p


 d

( � )

p

q � 1

and v = d

+

p � 1


 d

�

q

.

F or pasting axiom (v) the case j = i � 1 is trivial. If j = i � 2 there are four

p ossibilities, with w = d

�

p


 d

�

q

:

� x = d

+

p � 1


 d

( � )

p

q � 1

: x is already at the end of w ,

� x = d

�

p


 d

( � )

p

q � 2

: tak e v = d

�

p


 d

( � )

p +1

q � 1

,
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� x = d

+

p � 1


 d

( � )

p � 1

q � 1

: idem,

� x = d

+

p � 2


 d

�

q

: tak e v = d

�

p � 1


 d

�

q

.

If j = i � 3 there are t w o p ossibilities:

� x = d

+

p � 2


 d

( � )

p +1

q � 1

: tak e v = d

�

p � 1


 d

�

q

,

� x = d

+

p � 1


 d

( � )

p

q � 2

: tak e v = d

�

p


 d

( � )

p +1

q � 1

.

F or j < i � 3 the relation E

i � 1

j

is empt y so the condition is v oid. 2

I will no w analyse the situation a / b in T for a = d

�

p


 d

�

q

, p + q = i . T able

1 giv es the p ossibilities for a

1

and a

2

.

a = a

0

E

i � 1

( a

0

) \ B

i � 1

( a

1

) a

1

E

i � 1

( a

1

) \ B

i � 1

( a

2

) a

2

d

+

p � 2


 d

�

1

q +1

d

�

p � 2


 d

�

2

q +2

if �

1

= ( � )

p � 1

d

+

p � 1


 d

�

q

d

+

p � 1


 d

�

1

q +1

if � = ( � )

p

d

+

p � 1


 d

( � )

p � 1

q

�

d

�

p


 d

�

q

d

+

p


 d

( � )

p

q � 1

�

d

�

p


 d

( � )

p

q � 1

d

�

1

p +1


 d

( � )

p

q � 1

if � = �

d

�

1

p +1


 d

( � )

p +1

q � 2

d

�

2

p +2


 d

( � )

p +1

q � 2

if �

1

= �

;

and B ( a ) = f d

�

p


 d

�

q

; d

�

p � 1


 d

�

q

; d

�

p


 d

( � )

p +1

q � 1

; d

�

p � 1


 d

( � )

p +1

q � 1

g .

T able 1: a / a

1

/ a

2

: : : in T

Lemma 5.4 The p asting scheme T has no dir e ct lo ops.

Pr o of. Since elemen ts in E

i � 2

( a

1

) alw a ys ha v e an index p � 2 or q � 2 it follo ws

from the table ab o v e that E ( a

1

) \ B ( a ) = ? . Con tin uing the table it follo ws that

a

i

is alw a ys of the form d

�

i

p � i


 d

�

i

q � i

from whic h follo ws that for all i � 2 also
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E ( a

i

) \ B ( a ) = ? . So T has no direct lo ops since ob viously B ( a ) \ E ( a ) = f a g .

2

Before w ell-formedness of R ( d

�

p


 d

�

q

), its m -sources and m -targets need to

b e considered. I will sho w that they satisfy a generalized form of the Leibnitz

rule.

Lemma 5.5 F or m � n = p + q ,

s

m

( R ( d

�

p


 d

�

q

)) = R ( f d

�

0

p

0


 d

�

0

q

0

j p

0

+ q

0

= m; 0 � p

0

� p; 0 � q

0

� q ;

if p

0

6= p then �

0

= � ;

if p

0

= p then �

0

= � ;

if q

0

6= q then �

0

= ( � )

p

0

+1

;

if q

0

= q then �

0

= � g ) ;

and dual ly.

Pr o of. Do wn w ard induction on m . If m = n then s

m

( R ( d

�

p


 d

�

q

)) = R ( d

�

p




d

�

q

) whic h agrees with the form ula ab o v e. No w supp ose this form ula is pro v en

for m + 1, then I ha v e to sho w that s

m

( R ( d

�

p


 d

�

q

)) = dom s

m +1

( R ( d

�

p


 d

�

q

)) =

dom R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g ) = R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g ) �

E ( R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g )) is equal to R ( f d

�

0

p

0


 d

�

0

q

0

j p

0

+ q

0

= m; : : : g ).

That the latter is con tained in the former falls apart in t w o: that R ( d

�

0

p

0


 d

�

0

q

0

)

is con tained in R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g ), and that if d

�

3

p

3


 d

�

3

q

3

is in

E ( R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g )) then it is not in R ( f d

�

0

p

0


 d

�

0

q

0

j p

0

+ q

0

=

m; : : : g ). F or the �rst part it su�ces that the d

�

0

p

0


 d

�

0

q

0

are in the former.

Distinguish three cases, namely

� p

0

= p and q

0

< q : then �

0

= ( � )

p

0

+1

. If q

0

= q � 1 then tak e d

�

0

p

0


 d

�

q

, if

q

0

< q � 1 then tak e d

�

0

p

0


 d

�

0

q

0

+1

for d

�

2

p

2


 d

�

2

q

2

, whic h in of the correct form,

and whic h satis�es d

�

2

p

2


 d

�

2

q

2

B

m +1

m

d

�

0

p

0


 d

�

0

q

0

.

� q

0

= q and p

0

< p : then �

0

= � . If p

0

= p � 1 then tak e d

�

p


 d

�

q

, if p

0

< p � 1

then tak e d

�

0

p

0

+1


 d

�

0

q

0

for d

�

2

p

2


 d

�

2

q

2

.

� p

0

< p and q

0

< q : then �

0

= � and �

0

= ( � )

p

0

+1

. Do the same as in the

�rst case. Note that it is not p ossible to do the same as in the second case

b ecause then �

0

w ould not come out righ t.
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F or the second part, there are three p ossibilities for d

�

3

p

3


 d

�

3

q

3

, namely d

�

2

p

2


 d

( � )

p

2

q

2

� 1

,

d

+

p

2

� 1


 d

�

2

q

2

, and d

+

p

2

� 1


 d

( � )

p

2

q

2

� 1

. The �rst one of these three is indeed not one

of the d

�

0

p

0


 d

�

0

q

0

since �

0

6= ( � )

p

0

+1

, the second one not b ecause �

0

6= � , and for

the third one the requiremen ts on either �

0

or �

0

are con tradictory as w ell.

T o sho w that the former is con tained in the latter, I ha v e to sho w that

for ev ery d

�

3

p

3


 d

�

3

q

3

2 R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g ), it is either in

R ( f d

�

0

p

0


 d

�

0

q

0

j p

0

+ q

0

= m; : : : g ), or in E ( R ( f d

�

2

p

2


 d

�

2

q

2

j p

2

+ q

2

= m + 1 ; : : : g )).

Three cases:

� if q

3

� q

2

� 2 then one of the reasons for d

�

3

p

3


 d

�

3

q

3

to b e in R ( d

�

2

p

2


 d

�

2

q

2

)

m ust b e via d

�

2

p

2


 d

( � )

p

2

+1

q

2

� 1

, whic h can b e tak en for d

�

0

p

0


 d

�

0

q

0

since it is of

the correct form. This also w orks if q

3

= q

2

� 1 and �

3

= ( � )

p

2

+1

.

� if p

3

� p

2

� 2 then via d

�

p

2

� 1


 d

�

2

q

2

, whic h also w orks if p

3

= p

2

� 1 and

�

3

= � .

� all other cases, namely d

�

2

p

2


 d

�

2

q

2

, d

�

2

p

2


 d

( � )

p

2

q

2

� 1

, d

+

p

2

� 1


 d

�

2

q

2

or d

�

p

2

� 1


 d

( � )

p

2

q

2

� 1

,

are in E ( d

�

2

p

2


 d

�

2

q

2

). 2

Lemma 5.6 F or every d

�

p


 d

�

q

2 T , R ( d

�

p


 d

�

q

) is wel l forme d.

Pr o of. Since s

m

( R ( d

�

p


 d

�

q

)) and t

m

( R ( d

�

p


 d

�

q

)) are b oth R of something,

they are subpasting sc hemes of R ( d

�

p


 d

�

q

). They are also compatible: for

B

m � 1

( d

�

0

p

0


 d

�

0

q

0

) and B

m � 1

( d

�

0

1

p

0

1


 d

�

0

1

q

0

1

) to ha v e something in common one needs

p

0

and p

0

1

, and q

0

and q

0

1

at most one apart from eac h other. This lea v es only

the consecutiv e pairs to c hec k, and then the conditions on �

0

, �

0

1

, �

0

and �

0

1

giv e

that B

m � 1

( d

�

0

p

0


 d

�

0

q

0

) \ B

m � 1

( d

�

0

1

p

0

1


 d

�

0

1

q

0

1

) = ? . Noting that s

0

( R ( d

�

p


 d

�

q

)) is

alw a ys a singleton, namely f d

�

0


 d

�

0

g , �nishes the pro of. 2

Prop osition 5.7 The p asting scheme T is lo op fr e e.

Pr o of. Conditions (i) and (ii) of lo op-freeness are lemmas 5.4 and 5.6

resp ectiv ely .

F or condition (iv), consider again table 1, and supp ose a = u 2 s

j

( R ( x )),

b = u

0

2 s

j

( R ( x )), for some x 2 T . I will sho w that then also a

1

2 s

j

( R ( x )),
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and then induction will do the rest. So x = d

�

2

p

2


 d

�

2

q

2

, sa y , and j = p + q . Then

� = � or � = ( � )

p

or b oth. In all these cases, for the sequence a; a

1

; : : : to

con tin ue til at least a

2

one needs �

1

= ( � )

p � 1

or �

1

= � . In case �

1

= ( � )

p � 1

,

a

i

will nev er b e in s

j

( R ( x )) whic h con tradicts b 2 s

j

( R ( x )), and in case �

1

= �

indeed a

1

2 s

j

( R ( x )). Th us T is lo op free. 2

Th us T is a lo op-free pasting sc heme. F urthermore, there are also pasting

sc hemes 2

p


 2

q

de�ned in the ob vious w a y , whic h are w ell formed and lo op free

either b y direct calculation or b y viewing them as R ( x ) for some x 2 T .

No w bac k to the pasting presen tation ( G

G 
 G

; R

G 
 G

). De�ne a lab eled past-

ing sc heme (2

p


 2

q

; L

d

p


 d

q

), where d

�

0

p

0


 d

�

0

q

0

gets lab eled b y (�

p

0

+ q

0

; L

d

�

0

p

0


 d

�

0

q

0

).

Lemma 5.8 In ( G

G 
 G

; R

G 
 G

) , dom(2

p


 2

q

; L

d

p


 d

q

) is a gener ate d

p asting which is e quivalent to dom(�

p + q

; L

d

p


 d

q

) . A lso, if p

0

< p

or q

0

< q then dom(�

p + q

; L

"

i

1

::: "

i

p � p

0

d

�

p

0


 "

i

0

1

::: "

i

0

q � q

0

d

�

q

0

) is e quivalent to

(�

p + q � 1

; L

@

j

( "

i

1

::: "

i

p � p

0

d

�

p

0


 "

i

0

1

::: "

i

0

q � q

0

d

�

q

0

)

) for some j .

Pr o of. The pro of will b e b y induction on p + q . So to sho w that dom(2

p




2

q

; L

d

p


 d

q

) is a generated pasting, tak e a cell lab eled b y (�

p

0

+ q

0

; L

d

�

0

p

0


 d

�

0

q

0

). By the

induction h yp othesis, its domain is indeed equiv alen t to the domain of its lab el.

T o sho w that (dom(2

p


 2

q

) ; L

d

p


 d

q

) is equiv alen t to dom(�

p + q

; L

d

p


 d

q

), observ e

that their di�erence is some iden tities, whic h can b e inserted and replaced b y

degeneracies as b efore.

dom(�

3

; L

d

�

2


 d

�

1

) =

d

�

0


 d

+

0

d

�

1


 d

+

0

d

+

0


 d

+

0

d

�

0


 d

�

0

d

�

1


 d

�

0

d

�

0


 d

�

1

d

�

1


 d

�

1

d

�

2


 d

�

0

d

+

0


 d

�

0

d

+

0


 d

+

0

d

�

0


 d

�

0

d

+

1


 d

�

0

d

+

0


 d

�

0

d

+

0


 d

�

1

and

dom( d

�

2


 d

�

1

) =

d

+

0


 d

+

0

d

�

1


 d

+

0

d

�

0


 d

�

0

d

�

0


 d

�

1

d

+

1


 d

�

0

d

�

1


 d

�

1

d

+

0


 d

+

0

d

+

0


 d

�

0

d

+

0


 d

�

1

:
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F or the last statemen t, the di�erence is a n um b er of degeneracies, whic h can

b e dealt with as in lemma 3.3. 2

Prop osition 5.9 �

�

( G 
 G )

�

=

P ( T ) .

Pr o of. This pro of will follo w the lines of the pro of of prop osition 5.2 closely ,

I will only do the second part in some detail.

So giv en an appropriate realization (2

!


 2

!

; f

i

) in C , de�ne a family of

realizations ( G

G 
 G

; '

i

) in C b y

'

p + q

(�

p + q

; L

"

i

1

::: "

i

p � p

0

d

�

p

0


 "

i

0

1

::: "

i

0

q � q

0

d

�

q

0

) = f

p

0

+ q

0

( d

�

p

0


 d

�

q

0

) :

T o sho w it resp ects ( m + 1)-lab els if it resp ects m -lab els, if p

0

+ q

0

< m + 1 then

s

m

( '

m +1

(�

m +1

; L

::: 
 :::

)) =

= s

m

( f

p

0

+ q

0

( d

�

p

0


 d

�

q

0

))

= f

p

0

+ q

0

( d

�

p

0


 d

�

q

0

)

= '

m

(�

m

; L

@

�

j

( ::: 
 ::: )

) for some j

= '

�

�

m

; L

@

�

j

( ::: 
 ::: )

�

b ecause ' m -extends ( G

G 
 G

; '

i

)

= '

�

dom(�

m +1

; L

::: 
 :::

)

�

b y lemma 5.8 ;

and if m

0

= m + 1 then

s

m

( '

m +1

(�

m +1

; L

::: 
 :::

)) =

= s

m

( f

m

0

( d

�

p

0


 d

�

q

0

))

= f (dom( d

�

p

0


 d

�

q

0

)) b y m -appropriateness of (2

!


 2

!

; f

j

)

=  

dom ( d

�

p

0


 d

�

q

0

)

(dom( d

�

p

0


 d

�

q

0

)) b ecause b oth are the comp osite of the

same appropriate realization

= '

�

dom( d

�

p

0


 d

�

q

0

; L

d

�

p

0


 d

�

q

0

)

�

b y the form ula for ' in section 10 of [5 ]

= '

�

dom(�

m +1

; L

d

�

p

0


 d

�

q

0

)

�

b y lemma 5.8.

2

Because �

�

( G )

�

=

P (2

!

) is the \generic" ! -category , this prop osition sug-

gests that P ( T ) is the generic tensor pro duct of ! -categories, a viewp oin t that

will pro v e to b e fruitful.

29



6 P asting sc heme tensor glob e

Giv en a p -dimensional pasting sc heme A , I describ e a w ell-formed lo op-free

pasting sc heme A 
 2

q

, whic h could b e termed its right q -th p ath p asting scheme .

This pasting sc heme will b e used in the relations of a pasting presen tation for

the tensor pro duct of ! -categories in section 7.

F or a w ell-formed lo op-free pasting sc heme A , the i -cells of the graded set

A 
 2

q

are expressions a 
 d

�

q

0

, where a 2 A

p

0

, � = � , p

0

+ q

0

= i and q

0

� q . If

q

0

= q then b oth d

+

q

and d

�

q

are considered synon ymous to d

q

2 2

q

, as b efore.

The relations E

i

j

and B

i

j

on A 
 2

q

are suc h that ( a 
 d

�

q

0

; y ) 2 E

i

j

if and only if

one of the follo wing:

1. y = a

2


 d

�

q

0

, a E

p

0

p

2

a

2

,

2. y = a

2


 d

( � )

p

0

q

0

� 1

, a E

p

0

p

2

a

2

.

B

i

j

is de�ned dually , i.e., it has B

p

0

p

2

instead of E

p

0

p

2

and ( � )

p

0

+1

instead of ( � )

p

0

.

Prop osition 6.1 If A is a wel l-forme d lo op-fr e e p asting scheme, then A 
 2

q

is a p asting scheme.

Pr o of. The pro of of this will b e analogous to the pro of of prop osition 5.3,

only somewhat more in v olv ed. The �rst three pasting axioms are easy .

F or the \ ) " part of pasting axiom (iv), with w = a 
 d

�

q

0

, there are t w o

p ossibilities for x . If x = a

2


 d

�

q

0

where a E

p

0

p

2

a

2

then b y pasting axiom (iv) in A

applied to a E

p

0

p

2

a

2

there are b and b

0

of dimension p

0

� 1 whic h mak e that b 
 d

�

q

0

and b

0


 d

�

q

0

can b e tak en for u and v . If x = a

2


 d

( � )

p

0

q

0

� 1

where a E

p

0

p

2

a

2

then

b y pasting axiom (iv) in A applied to a E

p

0

p

2

a

2

there is a b

0

, and then a 
 d

( � )

p

0

q

0

� 1

and b

0


 d

�

q

0

can b e tak en for u and v resp ectiv ely . Notice that although this

situation lo oks asymmetric it is not, since the dual situation utilizes b 
 d

�

q

0

and

a 
 d

( � )

p

0

+1

q

0

� 1

.

F or the \ ( " part of pasting axiom (iv), with w = a 
 d

�

q

0

, distinguish the

follo wing p ossibilities for u and v :
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� u = a

2


 d

�

q

0

where a E

p

0

p

0

� 1

a

2

and v = a

3


 d

�

q

0

where a E

p

0

p

0

� 1

a

3

. Then x

m ust b e a

4


 d

�

q

0

with a

2

E

p

0

� 1

p

4

a

4

and a

3

B

p

0

� 1

p

4

a

4

, and application of pasting

axiom (iv) in A giv es that w E

i

j

x ,

� u = a

2


 d

�

q

0

where a E

p

0

p

0

� 1

a

2

and v = a 
 d

( � )

p

0

q

0

� 1

. Then there is no x since if

the dimensions in 2

q

agree then the exp onen ts are di�eren t. Compare this

with pro of of prop osition 5.3, where this p ossibilit y w as also excluded.

� u = a 
 d

( � )

p

0

q

0

� 1

and v = a

3


 d

�

q

0

where a E

p

0

p

0

� 1

a

3

. Then x m ust b e a

4


 d

( � )

p

0

q

0

� 1

with a E

p

0

p

4

a

4

(and a

3

B

p

0

� 1

p

4

a

4

), and so w E

i

j

x .

F or pasting axiom (v), with w = a 
 d

�

q

0

, there are four p ossibilities:

� x = a

2


 d

( � )

p

0

q

0

� 1

with a E

p

0

p

2

a

2

: x is already at the end of w ,

� x = a

2


 d

( � )

p

0

q

0

� 2

with a E

p

0

p

2

a

2

: tak e v = a 
 d

( � )

p

0

+1

q

0

� 1

,

� x = a

3


 d

( � )

p

0

q

0

� 1

with a

0

E

p

0

� 1

p

3

a

3

: if a E

p

0

p

3

a

3

then tak e v = a 
 d

( � )

p

0

+1

q

0

� 1

,

otherwise there exists, b y pasting axiom (v) in A , an a

4

suc h that

a B

p

0

p

0

� 1

a

4

E

p

0

� 1

p

3

a

3

, then tak e v = a

4


 d

( � )

p

0

+1

q

0

� 1

,

� x = a

3


 d

�

q

0

with a

0

E

p

0

� 1

p

3

a

3

: if a E

p

0

p

3

a

3

then x is already at the end of

w , otherwise there exists an a

4

suc h that a B

p

0

p

0

� 1

a

4

E

p

0

� 1

p

3

a

3

, then tak e v =

a

4


 d

�

q

0

. 2

I will no w analyse the situation b / b

0

in A 
 2

q

for b = a 
 d

�

q

0

, dim ( a ) + q

0

= i .

T able 2 giv es the p ossibilities for a

1

and a

2

.

Lemma 6.2 If A is a wel l-forme d lo op-fr e e p asting scheme, then the p asting

scheme A 
 2

q

has no dir e ct lo ops.

Pr o of. Consider table 2. The k ey to this pro of are the dimensions and the

exp onen ts in 2

q

. F or if in b

i

this dimension is di�eren t from q

0

then in later b

i

's

it m ust b e ev en further a w a y from q

0

. Also compare the pro of of lemma 5.4!

So the only relev an t dimensions are q

0

+ 1, q

0

and q

0

� 1.
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b = b

0

E

i � 1

( b

0

) \ B

i � 1

( b

1

) b

1

E

i � 1

( b

1

) \ B

i � 1

( b

2

) b

2

a

7


 d

�

q

0

with a

7

B

p

0

p

0

� 1

a

4

a

4


 d

�

q

0

with a

2

E

p

0

p

0

� 1

a

4

a

4


 d

�

1

q

0

+1

if � = ( � )

p

0

a

2


 d

�

q

0

with a

2

B

p

0

p

0

� 1

a

0

a

2


 d

( � )

p

0

q

0

� 1

a

8


 d

( � )

p

0

q

0

� 1

with a

8

B

p

0

+1

p

0

a

2

a

0


 d

�

q

0

with a E

p

0

p

0

� 1

a

0

a

9


 d

�

1

q

0

+1

with a

9

B

p

0

� 1

p

0

� 2

a

5

a

5


 d

�

1

q

0

+1

with a

0

E

p

0

� 1

p

0

� 2

a

5

a

5


 d

�

2

q

0

+2

if �

1

= ( � )

p

0

� 1

a

0


 d

�

1

q

0

+1

if � = ( � )

p

0

a

0


 d

( � )

p � 1

q

0

a

10


 d

( � )

p

0

� 1

q

0

with a

10

B

p

0

p

0

� 1

a

0

a 
 d

�

q

0

a

6


 d

( � )

p

0

q

0

� 1

with a

3

E

p

0

+1

p

0

a

6

a

11


 d

( � )

p

0

q

0

� 1

with a

11

B

p

0

+1

p

0

a

6

a 
 d

( � )

p

0

q

0

� 1

a

3


 d

( � )

p

0

q

0

� 1

with a

3

B

p

0

+1

p

0

a

a

3


 d

( � )

p

0

+1

q

0

� 2

a

12


 d

( � )

p

0

+1

q

0

� 2

with a

12

B

p

0

+2

p

0

+1

a

3

;

and B ( b ) = f ~a 
 d

�

q

0

j a B

p

0

~p

~a g [ f ~a 
 d

( � )

p

0

+1

q

0

� 1

j a B

p

0

~p

~a g .

T able 2: b / b

1

/ b

2

: : : in A 
 2

q
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� b

i

of the form a

4


 d

�

1

q

0

+1

: then an elemen t in B ( b ) \ E ( b

i

) needs d

( � )

p

0

� 1

q

0

whic h is imp ossible since at the same time � = ( � )

p

0

,

� b

i

of the form a

8


 d

( � )

p

0

q

0

� 1

: again, the exp onen t needs to b e ( � )

p

0

and

( � )

p

0

+1

at the same time,

� b

i

of the form a

7


 d

�

q

0

: then a /

A

a

7

and B ( b ) \ E ( b

i

) 6= ? giv es a direct

lo op in A ,

� b

i

of the form a

10


 d

( � )

p

0

� 1

q

0

: either the exp onen t is wrong, or it reduces

to a direct lo op in A as w ell.

So A 
 2

q

has no direct lo ops since B ( b ) \ E ( b ) = f b g b ecause in A B ( a ) \ E ( a ) =

f a g . 2

I will sho w that the m -sources and m -targets of A 
 2

q

also satisfy a gener-

alized form of the Leibnitz rule.

Lemma 6.3 F or A a p -dimensional wel l-forme d lo op-fr e e p asting scheme

and m � n = p + q ,

s

m

( A 
 2

q

) = R ( f a 
 d

�

0

q

0

j a 2 s

p

0

( A ) ; p

0

+ q

0

= m; 0 � q

0

� q ;

if q

0

6= q then �

0

= ( � )

p

0

+1

g )

and dual ly.

Pr o of. Along the lines of the pro of of lemma 5.5. If m = n then the

form ula ab o v e giv es R ( f a 
 d

�

0

q

j a 2 A g ), whic h is indeed equal to A 
 2

q

.

F or the �rst part of \ � ", distinguish t w o cases:

� q

0

< q : then �

0

= ( � )

p

0

+1

, and tak e a 
 d

q

or a 
 d

�

0

q

0

+1

for a

2


 d

�

2

q

2

,

� q

0

= q and hence p

0

< p : then a 2 s

p

0

( A ). If a 2 s

p

0

+1

( A ) then tak e a 
 d

q

,

otherwise a has an incoming cell a

0

of dimension p

0

+ 1 which c an b e chosen

in s

p

0

+1

( A ) b y lemma 4.2 of [5], and tak e a

0


 d

q

for a

2


 d

�

2

q

2

.

F or the second part of \ � " there are t w o p ossibilities, namely a

3


 d

�

2

q

2

or a

3




d

( � )

p

2

q

2

� 1

, with a

2

E

p

2

p

3

a

3

, where in the latter case a

3

can b e equal to a

2

. If in

the �rst case there is an a

0


 d

�

0

q

0

then a

3

2 R ( a

0

) and q

2

� q

0

whic h implies

a

3

2 s

p

0

( A ) b y w ell-formedness of A and p

2

> p

0

b y the conditions p

0

+ q

0

= m
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and p

2

+ q

2

= m + 1. But a

3

has an incoming p

2

-cell a

2

, con tradiction. And

if in the second case there is an a

0


 d

�

0

q

0

then a

3

2 R ( a

0

) and q

2

� 1 � q

0

so

p

2

� p

0

. p

2

> p

0

leads to con tradiction as in the �rst case, and p

2

= p

0

implies

q

0

= q

2

� 1 6= q so �

0

needs to b e equal to ( � )

p

0

+1

, whic h is not the case.

F or \ � ", there are t w o cases:

� if q

3

� q

2

� 2 or q

3

= q

2

� 1 and �

3

= ( � )

p

2

+1

then a

3


 d

�

3

q

3

2 R ( a

2




d

( � )

p

2

+1

q

2

� 1

),

� if q

3

= q

2

� 1 and �

3

= ( � )

p

2

or q

3

= q

2

then a

3

2 R ( a

2

) whic h, b y w ell-

formedness of A implies a

3

2 s

p

2

( A ). If a

3

has an incoming p

2

-dimensional

cell a

0

2

2 s

p

2

( A ) then a

3


 d

�

3

q

3

2 E ( a

0

2


 d

�

2

q

2

), otherwise a

3

2 s

p

2

� 1

( A ) and

a

3


 d

�

3

q

3

2 R ( a

3


 d

�

2

q

2

). 2

Prop osition 6.4 F or a wel l-forme d lo op-fr e e p asting scheme A , the p asting

scheme A 
 2

q

is wel l forme d.

Pr o of. Since s

m

( A 
 2

q

) and t

m

( A 
 2

q

)) are b oth R of something, they are

subpasting sc hemes of A 
 2

q

).

Compatibilit y: if B

m � 1

( a 
 d

�

0

q

0

) \ B

m � 1

( a

0


 d

�

0

q

0

) 6= ? then B

m � 1

( a ) \

B

m � 1

( a

0

) 6= ? con tradicting compatibilit y of s

p

0

( A ), and if B

m � 1

( a 
 d

�

0

q

0

) \

B

m � 1

( a

0


 d

�

2

q

0

+1

) 6= ? then �

0

needs to b e ( � )

p

0

+1

and ( � )

p

0

at the same time.

And s

0

( A 
 2

q

) is the singleton f a 
 d

�

0

j a 2 s

0

( A ) g . 2

Lemma 6.5 R

a 
 2

q

( a 
 d

�

0

q

0

)

�

=

R

A

( a ) 
 2

q

0

.

Pr o of. Immediate. 2

It follo ws that

s

m

( R ( a 
 d

�

0

q

0

)) = R ( f a

2


 d

�

2

q

2

j a

2

2 s

p

2

( R ( a )) ; p

2

+ q

2

= m; 0 � q

0

� q ;

if q

2

6= q

0

then �

2

= ( � )

p

2

+1

;

if q

2

= q

0

then �

2

= �

0

g ) :

Lemma 6.6 F or al l a 
 d

�

0

q

0

2 A 
 2

q

, the subp asting scheme R ( a 
 d

�

0

q

0

) is

wel l forme d.
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Pr o of. Com bine the ab o v e t w o lemmas with prop osition 6.4. 2

Before lo op-freeness, I need to relate w ell-formed subpasting sc hemes of A 


2

q

to w ell-formed subpasting sc hemes of A . Th us supp ose Y

0

is a j -dimensional

w ell-formed subpasting sc heme of A 
 2

q

con taining a 
 d

�

q

0

. De�ne a subgraded

set Y of A b y Y = f a

0

2 A j a

0


 d

�

0

q

0

2 Y

0

for some �

0

g . It is p

0

-dimensional

b ecause Y

0

is j -dimensional and a 2 Y . It is a subpasting sc heme of A b ecause

Y

0

is of A 
 2

q

. Before sho wing it is w ell formed, I will calculate

dom( Y ) = f a

0

2 A j a

0


 d

�

0

q

0

2 Y

0

for some �

0

,

a

0

ha ving no incoming p

0

-cell in Y g

= f a

0

2 A j a

0


 d

�

0

q

0

2 Y

0

for some �

0

,

there is no a

2


 d

�

2

q

0

2 Y

0

with a

2

p

0

-

dimensional and incoming in a g

= f a

0

2 A j a

0


 d

�

0

q

0

2 dom( Y

0

) g ,

where the last equalit y is b ecause Y

0

is a subpasting sc heme of A 
 2

q

. So

it su�ces to sho w compatibilit y of Y for ev ery Y

0

. So supp ose B

p

0

� 1

( a

0

) \

B

p

0

� 1

( a

2

) 6= ? in Y , a

0

b eing in Y b ecause a

0


 d

�

0

q

0

2 Y

0

and a

2

b ecause

a

2


 d

�

2

q

0

2 Y

0

. But these elemen ts con tradict str ong compatibilit y of Y

0

[23 ,

Prop osition 10].

Prop osition 6.7 F or a wel l-forme d lo op-fr e e p asting scheme A , the p asting

scheme A 
 2

q

is lo op fr e e.

Pr o of. Conditions (i) and (ii) of lo op-freeness are lemmas 6.2 and 6.6

resp ectiv ely .

F or condition (iv), consider again table 2, and supp ose b = u 2 s

j

( R ( x )),

b

0

= u

0

2 s

j

( R ( x )), for some x = a

2


 d

�

2

q

2

2 A 
 2

q

. I will sho w that b

1

2 s

j

( R ( x )).

There are three p ossibilities in the sequence b / b

0

for q

0

:

� q

0

going up: the condition on � forces q

0

= q

2

. T o get b elo w q

2

again this

go es via an a

10


 d

p

0

� 1

q

0

whic h is not in s

j

( R ( x )), nor is an ything further

on since the exp onen t is the wrong one all the time,

� q

0

going do wn: lo ok at a

3


 d

( � )

p

0

q

0

� 1

, if it is not in s

j

( R ( x )) then a

3

=2 s

p

0

+1

( A ).

But then there exists a

0

3

2 s

p

0

+1

( A ) with a

0

3

B

p

0

+1

p

0

a b y 4.2 of [5 ], so a

0

3


 d

( � )

p

0

q

0

� 1
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2 s

j

( R ( x )) � Y , so if also a

3


 d

( � )

p

0

q

0

� 1

2 Y then Y is not compatible. Th us

a

3

2 s

p

0

+1

( A ) and a

3


 d

( � )

p

0

q

0

� 1

2 s

j

( R ( x )),

� q

0

do esn't c hange: tak e x

0

= a

2

2 A and the w ell-formed subpasting sc heme

of A corresp onding to Y , as constructed just b efore this prop osition. Then

condition (iv) in A applied to a /

A

a

7

/

A

� � � in this situation giv es that

a

2

2 s

p

0

( R ( x

0

)). And no w � needs to b e equal to ( � )

p

0

+1

, otherwise Y

w ould't b e compatible. So a

2


 d

�

q

0

2 s

j

( R ( x )). 2

I will also need:

Lemma 6.8 If A is a r ound p asting scheme then A 
 2

q

is r ound as wel l.

Pr o of. Lemma 6.3 giv es that s

n � 1

( A 
 2

q

) = R ( f a 
 d

�

0

q

0

j a 2 s

p

0

( A ) ; p

0

+ q

0

=

n � 1 ; 0 � q

0

� q ; if q

0

6= q then �

0

= ( � )

p

0

+1

g ) and t

n � 1

( A 
 2

q

) = R ( f a 
 d

�

0

q

0

j a 2

t

p

0

( A ) ; p

0

+ q

0

= n � 1 ; 0 � q

0

� q ; if q

0

6= q then �

0

= ( � )

p

0

g ). Supp ose a

2


 d

�

2

q

2

in their in tersection, sa y in R ( a

3


 d

�

3

q

3

) and in R ( a

4


 d

�

4

q

4

). F our cases:

� a

3

2 s

p

( A ), q

3

= q � 1, a

4

2 t

p

( A ), q

4

= q � 1: either a

3


 d

�

2

q � 2

or a

4


 d

�

2

q � 2

m ust b e an in termediate stage, so a

2


 d

�

2

q

2

2 s

p � 2

( A 
 2

q

) [ t

p � 2

( A 
 2

q

),

� a

3

2 s

p � 1

( A ), q

3

= q , a

4

2 t

p � 1

( A ), q

4

= q : then a

2

2 s

p � 1

( A ) \ t

p � 1

( A ) =

s

p � 2

( A ) [ t

p � 2

( A ). If in s

p � 2

( A ) then a

2


 d

�

2

q

2

2 s

p � 2

( A 
 2

q

) and dually ,

� a

3

2 s

p � 1

( A ), q

3

= q , a

4

2 t

p

( A ), q

4

= q � 1 ( a

3

2 s

p

( A ), q

3

= q � 1,

a

4

2 t

p � 1

( A ), q

4

= q analogous): if via a

3


 d

( � )

p

q � 1

then in s

p � 2

( A 
 2

q

).

But it is alw a ys p ossible to do this b ecause if via a

3


 d

( � )

p � 1

q � 1

then �

4

is

not righ t so q

2

< q � 1. 2

De�nition 6.9 A w ell-formed lo op-free pasting sc heme is globular if all m -

sources and m -targets are round. 3

Lemma 6.10 If A is globular then A 
 2

q

is globular.

Pr o of. Analogous to the pro of of the previous lemma. 2
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7 A pasting presen tation for the tensor pro duct

of ! -categories

This section is the cen tral part of this pap er. In it, I giv e a detailed

description of the tensor pro duct of t w o ! -categories C and D b y giving a pasting

presen tation ( G

C ; D

; R

C ; D

) for it. The usefulness of this description is that the

univ ersal prop ert y of pasting presen tations mak es it relativ ely easy to deal with

! -functors going fr om a tensor pro duct. This will b e used to pro v e asso ciativit y

and coherence of the tensor pro duct, in section 8, and to pro v e the adjunctions

b et w een the tensor pro duct and the in ternal homs, in section 11. It will also

giv e concrete form ulae for categories enric hed in this monoidal category ! - Cat ,

an example of whic h is ! - Cat itself, see section 12. Another p oin t is that

w orking with pasting sc hemes is more conceptual than the approac h of [2 , 34 ].

Gra y's tensor pro duct of 2-categories [21 ] is de�ned using essen tially the same

approac h as here: it is de�ned b y generators and relations, and a description

of the generated cells is giv en. Because of the restriction to dimension 2, the

tensor pro duct of 2-categories is de�ned as a 2-category . It can b e obtained

from the 4-category it is here b y taking connected comp onen ts in dimension 2,

i.e., it has the same 0- and 1-cells, and 2-cells are equiv alence classes of 2-cells

in the 4-category , the equiv alence relation b eing generated b y the requiremen t

that t w o 2-cells are equiv alen t if there is a 3-cell in b et w een them. This explains

al l extra conditions on the 2-cells of [21 ]'s tensor pro duct.

7.1 Generators

A generator in G

C ; D

in dimension n is a lab eled pasting sc heme (2

p


 2

q

; L

c 
 d

)

suc h that p + q = n , for some p -dimensional c 2 C and some q -dimensional

d 2 D , where d

�

p

0


 d

�

q

0

is lab eled b y (2

p

0


 2

q

0

; L

c

0


 d

0

) for c

0

= d

�

p

0

( c ) in C and

d

0

= d

�

q

0

( d ) in D . Cells x in the domain or co domain of 2

p


 2

q

all ha v e R ( x )

e qual to a generator of lo w er dimension, so these lab eled pasting sc hemes can

indeed b e tak en as generators. Sometimes the generator (2

p


 2

q

; L

c 
 d

) will b e

called c 
 d for short.

7.2 Relations

T o de�ne the relations in R

C ; D

I will mak e use of lab eled pasting sc hemes ( A 


2

q

; L

( A;f

i

) 
 d

), for some appropriate realization ( A; f

i

) of A in C and some d 2 D ,

where a 
 d

�

q

0

is lab eled b y the generator f

p

0

( a ) 
 d

�

q

0

( d ). Of course, lab eled
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pasting sc hemes (2

p


 B ; L

c 
 ( B ;g

i

)

) will also b e used, but since the use of these is

completely analogous, I will concen trate on the �rst ones. One migh t think that

also something lik e ( A 
 B ; L

( A;f

i

) 
 ( B ;g

i

)

) could b e used, but this is not the c ase ,

b ecause A 
 B , de�ned in the same w a y as A 
 2

q

, can fail to b e a w ell-formed

lo op-free pasting sc heme. If A 
 B is equal to the pro duct of pasting sc hemes

Johnson and Street ha v e in mind, then this failure has b een observ ed b y them as

w ell [22 ]. Here it can b e seen from a table lik e table 2, since the dimension of

the second co ordinate can go up and do wn, making direct lo ops, or to sequences

y / y

0

violating condition (iv) of lo op-freeness p ossible. But it isn't ne c essary to

consider A 
 B , as the sequel sho ws.

No w bac k to the relations. It is not p ossible to pro v e directly that ( A; f

i

) 
 d

is a generated pasting, b ecause for this relations in lo w er dimensions will b e

needed. So, as in section 11 of [5], the approac h will b e inductiv e, in fact, this

whole section is completely along the lines of the pro of of section 11 of [5 ], only

w ork ed out a little bit, but only a little bit, more. Some in termediate results

will b e deriv ed, whic h illustrate, in fact, are deriv ed from, the in tuition b ehind

the tensor pro duct.

F or round pasting sc heme A with appropriate realization ( A; f

i

) in C and

d 2 D , de�ne a lab eled pasting sc heme (( A 
 2

q

)

t

; L

(( A;f

i

) 
 d )

t

), whic h is lab eled

as ( A; f

i

) 
 d except for the top-dimensional cell, whic h is lab eled b y f ( A ) 
 d ,

where f ( A ) denotes the comp osite of ( A; f

i

).

F or ( p � 1)-dimensional c 2 C and q -dimensional d 2 D , de�ne a lab eled

pasting sc heme (2

p


 2

q

; L

id

l

c 
 d

), whic h is lab eled as id

c


 d except for the top-

dimensional cell, whic h is lab eled b y the formal expression id

c 
 d

.

Assume:

� for ev ery appropriate realization ( A; f

i

) of a p -dimensional w ell-formed

lo op-free pasting sc heme A in C and ev ery q -dimensional d 2 D with

p + q � n , the lab eled pasting sc heme ( A; f

i

) 
 d is a generated pasting,

� for ev ery appropriate realization ( A; f

i

) of a p -dimensional round pasting

sc heme A in C and ev ery q -dimensional d 2 D with p + q � n , the lab eled

pasting sc heme (( A; f

i

) 
 d )

t

is a generated pasting,

� for ev ery appropriate realization ( A; f

i

) of a p -dimensional round pasting

sc heme A in C and ev ery q -dimensional d 2 D with p + q � n , the generated

pasting ( A; f

i

) 
 d is fully replacable in ( A; f

i

) 
 d ,

� for ev ery ( p � 1)-dimensional c 2 C and q -dimensional d 2 D with p + q � n ,

the lab eled pasting sc heme id

l

c 
 d

is a generated pasting,
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� for ev ery ( p � 1)-dimensional c 2 C and q -dimensional d 2 D with p + q � n ,

the generated pasting id

c


 d is fully replacable in id

c


 d ,

� for ev ery appropriate realization ( A; f

i

) of a p -dimensional round pasting

sc heme A in C and ev ery q -dimensional d 2 D with p + q � n , there is

de�ned a relation b et w een ( A; f

i

) 
 d and (( A; f

i

) 
 d )

t

,

� for ev ery ( p � 1)-dimensional c 2 C and q -dimensional d 2 D with p + q � n ,

there is de�ned a relation b et w een id

c


 d and id

l

c 
 d

,

and the same for (2

p


 B ; L

c 
 ( B ;g

i

)

), etc.

I will deriv e some consequences of these assumptions that will b e used in the

next dimension.

Lemma 7.1 F or every appr opriate r e alization ( A; f

i

) of a p -dimensional

globular p asting scheme A in C and every q -dimensional d 2 D with p + q � n ,

( A; f

i

) 
 d is e quivalent to f ( A ) 
 d .

Pr o of. The idea is to replace high dimensional pieces b y their comp osite, so

that when con tin uing this for lo w er dimensions �nally 2

p


 2

q

is reac hed. The

reason for starting with high dimensions is that this lea v es not man y higher

dimensional cells b eing able to sp oil full replacabilit y . This is implemen ted as

follo ws.

De�ne ( A 
 2

q

)

n: 0 : 4

= A 
 2

q

[( A 
 2

q

)

t

= A 
 2

q

], and for 0 � j

0

� j < n , de�ne

( A 
 2

q

)

j:j

0

: 1

= ( A 
 2

q

)

j: ( j

0

+1) : 4

[( s

j

0

( A ) 
 d

( � )

j

0

j � j

0

)

t

= A 
 d

( � )

j

0

j � j

0

] if j

0

< j

= ( A 
 2

q

)

( j +1) : 0 : 4

[( s

j

0

( A ) 
 d

( � )

j

0

j � j

0

)

t

= A 
 d

( � )

j

0

j � j

0

] if j

0

= j

( A 
 2

q

)

j:j

0

: 2

= ( A 
 2

q

)

j:j

0

: 1

[( s

j

0

( A ) 
 d

( � )

j

0

+1

j � j

0

)

t

=s

j

0

( A ) 
 d

( � )

j

0

+1

j � j

0

]

( A 
 2

q

)

j:j

0

: 3

= ( A 
 2

q

)

j:j

0

: 2

[( t

j

0

( A ) 
 d

( � )

j

0

j � j

0

)

t

=t

j

0

( A ) 
 d

( � )

j

0

j � j

0

]

( A 
 2

q

)

j:j

0

: 4

= ( A 
 2

q

)

j:j

0

: 3

[( t

j

0

( A ) 
 d

( � )

j

0

+1

j � j

0

)

t

=t

j

0

( A ) 
 d

( � )

j

0

+1

j � j

0

]

whenev er this mak es sense, i.e., when 0 � j

0

� p and 0 � j � j

0

� q , otherwise

don't replace an ything, and if j

0

= p or j � j

0

= q then do only t w o of the

four replacemen ts. So with index j all j -dimensional pieces are replaced b y

their comp osites, and ( A 
 2

q

)

0 : 0 : 4

�

=

2

p


 2

q

. The ab o v e de�nitions mak e sense

b ecause the pasting sc hemes that are to b e replaced can indeed b e considered as

subpasting sc hemes of the ( A 
 2

q

)

j:j

0

:j

00

's. The pasting sc hemes to b e replaced

are round b ecause A is globular and b ecause of lemma 6.8. F or the rest of

full replacabilit y , I will no w describ e the pasting sc hemes. They consist of cells
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d

�

0

p

0


 d

�

0

q

0

in dimensions greater than j , and of the cells of A 
 2

q

in dimensions

less than j , while in dimension j some pieces ha v e b een replaced already . The E

and B relations mak e that the d

�

0

p

0


 d

�

0

q

0

's relate as in 2

p


 2

q

, the cells of A 
 2

q

relate as in a 
 2

q

, and their m utual relations are suc h that the pieces act as

lo w dimensional cells of 2

p


 2

q

. The comp osites are lab eled b y the appropriate

comp osites, and the cells are lab eled b y their old lab els. Once I'v e sho wn full

replacabilit y the lab eled pasting sc hemes ab o v e are generated pastings b ecause

this is a lo cal prop ert y .

No w for replacabilit y . Elemen tary replacabilit y is immediate from the ab ob e

description of the B and E relations. There are no direct lo ops of dimension

j + 1 in ( A 
 2

q

)

j:j

0

:j

00

b ecause if there w ere one not meeting ( : : : )

t

this w ould b e

a direct lo op in the previous step as w ell, and if there w ere one meeting ( : : : )

t

,

an y p -dimensional x

0

2

e

X instead of it w ould mak e it in to a direct lo op in the

previous step. There are no direct lo ops of dimension j , whic h follo ws from

a com bination of tables 1 and 2. There are no direct lo ops in dimensions

greater than j + 1 and less than j since suc h a lo op is also a lo op in 2

p


 2

q

and

A 
 2

q

resp ectiv ely .

Finally , condition (iv) of lo op-freeness is pro v en as in the pro of of prop osition

6.7. 2

Giv en an appropriate realization ( A; f

i

) in C , I need an appropriate realiza-

tion of a globular pasting sc heme ha ving the same comp osite. T ak e (Gl( A ) ; f

i

),

where the iden tities are realized b y the comp osite of the subpasting sc hemes

they are iden tities on (see section 11 of [5 ]). Ha ving de�ned this, a generated

pasting ( A; f

i

) 
 d giv es rise to a generated pasting (Gl( A ) ; f

i

) 
 d . Note that in

this latter pasting sc heme all cells are lab eled b y actual generators, not b y formal

iden tities!

Lemma 7.2 F or every appr opriate r e alization ( A; f

i

) of a p -dimensional

p asting scheme A in C and every q -dimensional d 2 D with p + q � n , ( A; f

i

) 
 d

is e quivalent to (Gl( A ) ; f

i

) 
 d .

Pr o of. The idea is to use the globularization pro cedure for A , as describ ed

in section 8 of [5], as basis for the insertions that ha v e to o ccur. F or ev ery step

of the globularization pro cedure for A there will b e man y steps here, in order

to ensure the result is of the correct form. Finally , the lab eling of the formal

iden tities will b e c hanged in actual lab els.

De�ne ( A 
 2

q

)

( � 1) : 0 : 4

= A 
 2

q

, and for 0 � m � p = dim ( A ) and q � q

0

� 0,
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de�ne

( A 
 2

q

)

m:q

0

: 1

= ( A 
 2

q

)

m: ( q

0

+1) : 4

[id

s

m

( A ) 
 d

�

q

0

: W

m:q

0

: 1

] if q

0

< q

= ( A 
 2

q

)

( m � 1) : 0 : 4

[id

s

m

( A ) 
 d

�

q

0

: W

m:q

0

: 1

] if q

0

= q

( A 
 2

q

)

m:q

0

: 2

= ( A 
 2

q

)

m:q

0

: 1

[id

s

m

( A ) 
 d

+

q

0

: W

m:q

0

: 2

]

( A 
 2

q

)

m:q

0

: 3

= ( A 
 2

q

)

m:q

0

: 2

[id

t

m

( A ) 
 d

�

q

0

: W

m:q

0

: 2

]

( A 
 2

q

)

m:q

0

: 4

= ( A 
 2

q

)

m:q

0

: 3

[id

t

m

( A ) 
 d

+

q

0

: W

m:q

0

: 2

] ;

where if q

0

= q do only t w o of the four replacemen ts, and where the witnessing

sp eci�cations W

m:q

0

:j

are suc h that the p osition of the iden tities is the p osition

they are to ha v e in Gl( A ) 
 2

q

. After ha ving completed the m -th stage the pasting

sc heme is an m -th globulatization of A , so ( A 
 2

q

)

p: 0 : 4

�

=

Gl ( A ) 
 2

q

, as a p asting

scheme . The pasting sc hemes on whic h iden tities are inserted are round b ecause

they ha v e b een made so in the previous steps. F or elemen tary replacabilit y , the

only relev an t ( m + q

0

+ 2)-cells are previously added higher-dimensional iden tities,

whic h indeed ha v e the required prop ert y . And the in termediate results are

su�cien tly lik e Gl

m

( A ) 
 2

q

to pro v e them b eing w ell-formed lo op-free pasting

sc hemes in the same w a y .

No w I need to replace the lab els on the iden tities. I will do that along the

w a y , so this amoun t to a mo di�cation of the ab o v e pro cess, whic h has b een

presen ted non theless for reasons of clarit y . The idea is to add another bunc h of

iden tities, so that if the lab el on id

X

is to b e replaced, the subpasting sc heme

X is completely surrounded b y iden tities. Then X can b e replaced b y some

2

p

0


 2

q

0

, on whic h an iden tit y can b e inserted, whic h can then b e relab eled

to some id

c


 d . Then the whole thing can b e undone b ecause this relab eling

do esn't c hange the pasting sc heme but only a lab el, and �nally it is ensured

that the iden tit y whic h remains is the one whic h has b een actually lab eled. So

it remains to describ e when and where these extra iden tities are inserted. T o

relab el id

s

m

( A ) 
 d

�

q

0

, sa y , other cases are analogous, steps m:q

00

: 1 and m:q

00

: 2 are

rep eated for all q

00

� q

0

. So this comes do wn to globularizing this piece for a

second time, and then the piece in b et w een the iden tities is the isolated cop y

of X . Going bac k, there is an extra iden tit y on X , and no w the t w o iden tities

whic h ha v e b een inserted �rst can b e remo v ed, so that indeed id

X

remains. 2

Prop osition 7.3 F or every appr opriate r e alization ( A; f

i

) of a p -dimensional

wel l-forme d lo op-fr e e p asting scheme A in C and every q -dimensional d 2 D with

p + q � n , ( A; f

i

) 
 d is e quivalent to f ( A ) 
 d .
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Pr o of. Com bine lemma 7.1 with lemma 7.2. 2

No w I can pro v e all the assumptions in one dimension higher.

Lemma 7.4 Under the ab ove assumptions, for every appr opriate r e alization

( A; f

i

) of a p -dimensional wel l-forme d lo op-fr e e p asting scheme A in C and every

q -dimensional d 2 D with p + q � n + 1 , the lab ele d p asting scheme ( A; f

i

) 
 d

is a gener ate d p asting.

Pr o of. I ha v e to sho w that for ev ery a 
 d

�

q

0

2 A 
 2

q

,

�

dom( R ( a 
 d

�

q

0

)) ; L

( A;f

i

) 
 d

j

dom ( R ( a 
 d

�

q

0

))

�

is equiv alen t to (dom(2

p

0


 2

q

0

) ;

L

f

p

0

( a ) 
 d

�

q

0

( d )

j

dom (2

p

0


 2

q

0

)

). This can b e done b y mo difying the constructions of

the previous t w o lemmas in order to mak e it w ork on dom( R ( a ) 
 2

q

0

), b y doing

only the insertions and the replacemen ts whic h tak e place there. This whole

construction then uses only generators, generated pastings and relations up to

dimension n . 2

Lemma 7.5 Under the ab ove assumptions, for every appr opriate r e alization

( A; f

i

) of a p -dimensional r ound p asting scheme A in C and every q -dimensional

d 2 D with p + q � n + 1 , the lab ele d p asting scheme (( A; f

i

) 
 d )

t

is a gener ate d

p asting.

Pr o of. The only thing left to c hec k is the lab eling of the top-dimensional

cell. So the question is, whether (dom( A 
 2

q

) ; L

( A;f

i

) 
 d

j

dom ( A 
 2

q

)

) is equiv alen t

to (dom (2

p


 2

q

) ; L

f ( A ) 
 d

j

dom(2

p


 2

q

)

). F or this the same mo di�cation of con-

structions of lemmas 7.1 and 7.2 as in the previous lemma w orks. Note, b y

the w a y , that roundness of A is needed to mak e an y sense out of ( A 
 2

q

)

t

, using

lemma 6.8. 2

Lemma 7.6 Under the ab ove assumptions,for every appr opriate r e alization

( A; f

i

) of a p -dimensional r ound p asting scheme A in C and every q -dimensional

d 2 D with p + q � n + 1 , the gener ate d p asting ( A; f

i

) 
 d is ful ly r eplac able in

( A; f

i

) 
 d .

Pr o of. By lemma 5.9 of [5 ] only roundness needs to b e c hec k ed, but this holds

b ecause of lemma 6.8. 2
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Lemma 7.7 Under the ab ove assumptions, for every ( p � 1) -dimensional c 2

C and q -dimensional d 2 D with p + q � n , the lab ele d p asting scheme id

l

c 
 d

is

a gener ate d p asting.

Pr o of. I need pro v e that dom(id

c


 d ) is equiv alen t to c 
 d . As b efore, this

can b e done b y inserting iden tities and relab eling them, whic h in this case is

easier b ecause in relab eling there's no need to isolate b ecause the relev an t cells

are already of the correct form. 2

Lemma 7.8 Under the ab ove assumptions, for every ( p � 1) -dimensional c 2

C and q -dimensional d 2 D with p + q � n , the gener ate d p asting id

c


 d is ful ly

r eplac able in id

c


 d .

Pr o of. 2

p


 2

q

is round b ecause 2

p

is. 2

Th us, relations in dimension n + 1 can no w b e de�ned b y:

� for ev ery appropriate realization ( A; f

i

) of a p -dimensional round pasting

sc heme A in C and ev ery q -dimensional d 2 D with p + q � n + 1, there is

a relation b et w een ( A; f

i

) 
 d and (( A; f

i

) 
 d )

t

,

� for ev ery ( p � 1)-dimensional c 2 C and q -dimensional d 2 D with p + q �

n + 1, there is a relation b et w een id

c


 d and id

l

c 
 d

,

and the same for (2

p


 B ; L

c 
 ( B ;g

i

)

).

7.3 ! -functorialit y

Giv en an ! -functor g : C ! C

0

, de�ne a family of realizations ( G

C ; D

; ( g 
 D )

i

)

of ( G

C ; D

; R

C ; D

) in C

0


 D b y

( g 
 D )

i

( c 
 d ) = g ( c ) 
 d

where the latter is a generator hence a generated pasting, b y lemma 7.3 of [5], in

the pasting presen tation ( G

C

0

; D

; R

C

0

; D

) of C

0


 D . This family of realizations

resp ects relations:

( g 
 D )( ( A; f

i

) 
 d ) =

= ( A; g � f

i

) 
 d

equiv alen t to ( g � f )( A ) 
 d

= g ( f ( A )) 
 d b ecause g is an ! -functor

= ( g 
 D )( f ( A ) 
 d ) ;
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and it resp ects lab els:

dom(( g 
 D )

i

( c 
 d )) = dom( g ( c ) 
 d )

= ( g 
 D )(dom ( c 
 d )) b ecause b oth are comp os-

ite of the same appropriate

realization of dom(2

p


 2

q

).

Th us this de�nes an ! -functor g 
 D : C 
 D ! C

0


 D .

8 Asso ciativit y and other prop erties of the tensor

pro duct

V arious prop erties of the tensor pro duct of ! -categories necessary for a

monoidal structure are c hec k ed. F urthermore, there's a brief discussion on du-

alit y , the example of tensoring t w o standard cub es as ! -categories, and a v ery

brief excursion in to knot theory .

8.1 Asso ciativit y

F or asso ciativit y of the tensor pro duct, I need to compare C 
 ( D 
 E ) with

( C 
 D ) 
 E . T o this end, de�ne an ! -category C 
 D 
 E b y the follo wing

pasting presen tation ( G

C ; D ; E

; R

C ; D ; E

): generators are lab eled pasting sc hemes

(2

p


 2

q


 2

r

; L

c 
 d 
 e

) with ob vious lab eling, and relations are dimension wise, as

in the pasting presen tation for C 
 D .

Lemma 8.1 Ther e is a c anonic al isomorphism b etwe en C 
 ( D 
 E ) and

C 
 D 
 E , and also b etwe en ( C 
 D ) 
 E and C 
 D 
 E .

Pr o of. Of course, this canonical isomorphism is the unique one whic h ex-

ists b ecause b oth ! -categories satisfy the same univ ersal prop ert y , i.e., I will

sho w that resp ectable families of realizations of ( G

C ; D 
 E

; R

C ; D 
 E

) corresp ond to

resp ectable families of realizations of ( G

C ; D ; E

; R

C ; D ; E

). The other case will b e

similar.

So consider a resp ectable family of realizations ( G

C ; D 
 E

; '

i

) of ( G

C ; D 
 E

;

R

C ; D 
 E

) in F . De�ne a family of realizations ( G

C ; D ; E

; '

i

) of ( G

C ; D ; E

; R

C ; D ; E

) in

F b y

'

p + q + r

( c 
 d 
 e ) = '

p + q + r

( c 
 ( d 
 e )) :
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T o sho w this family of realizations resp ects lab els, de�ne for ev ery c 2 C , d 2 D

and e 2 E a generated pasting (2

p


 2

q


 2

r

; L

c 
 d 
 e

) in ( G

C ; D 
 E

; R

C ; D 
 E

), where

d

�

0

p

0


 d

�

0

q

0


 d




0

r

0

gets lab eled b y d

�

0

p

0

( c ) 
 ( d

�

0

q

0

( d ) 
 d




0

r

0

( e )). Then:

dom( '

p + q + r

( c 
 d 
 e )) =

= dom ( '

p + q + r

( c 
 ( d 
 e )))

= ' (dom ( c 
 ( d 
 e ))) b ecause ( G

C ; D 
 E

; '

i

) resp ects lab els

= ' (dom (2

p


 2

q


 2

r

; L

c 
 d 
 e

)) b ecause of prop osition 7.3

= ' (dom( c 
 d 
 e )) b ecause b oth are comp osite of the same

appropriate realization.

T o sho w it resp ects relations, de�ne for ev ery c 2 C , ( B ; g

i

) an appropriate

realization of a round pasting sc heme B in D and e 2 E , a generated pasting

(2

p


 B 
 2

r

; L

c 
 ( B ;g

i

) 
 e

) in ( G

C ; D 
 E

; R

C ; D 
 E

), where d

�

0

p

0


 b 
 d




0

r

0

gets lab eled

b y d

�

0

p

0

( c ) 
 ( g

q

0

( b ) 
 d




0

r

0

( e )). Then:

' ( c 
 ( B ; g

i

) 
 e ) =

= ' (2

p


 B 
 2

r

; L

c 
 ( B ;g

i

) 
 e

) b ecause b oth are comp os-

ite of the same appropriate

realization of 2

p


 b 
 2

r

= ' ((2

p


 B 
 2

r

)

t

; L

( c 
 ( B ;g

i

) 
 e )

t

) b ecause this is a relation

in R

C ; D 
 E

since B 
 2

r

is

round

= ' ( ( c 
 ( B ; g

i

) 
 e )

t

) ;

or, more conceptually ,

' ( c 
 ( B ; g

i

) 
 e ) =

= ' (2

p


 B 
 2

r

; L

c 
 ( B ;g

i

) 
 e

)

= ' (2

p


 2

q


 2

r

; L

c 
 g ( B ) 
 e

) b y the analog of prop osition 7.3

= '

p + q + r

( c 
 g ( B ) 
 e )

= ' (( c 
 ( B ; g

i

) 
 e )

t

) b ecause the latter has only one top-

dimensional cell,

and

' ( c 
 id

d


 e ) = ' ( c 
 (id

d


 e ))

= ' ( c 
 id

l

d 
 e

) b y a relation in R

D ; E

= ' ( c 
 id

d 
 e

)

= ' (id

r

c 
 ( d 
 e ))

) b y a relation in R

C ; D 
 E

= ' (2

p


 2

q +1


 2

r

; L

id

m

c 
 d 
 e

)

= ' (id

m

c 
 d 
 e

) ;
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and the other relations are done similarly .

Con v ersely , consider a resp ectable family of realizations ( G

C ; D ; E

; �

i

) of

( G

C ; D ; E

; R

C ; D ; E

) in F . T o de�ne a family of realizations ( G

C ; D 
 E

;

e

�

i

) of

( G

C ; D 
 E

; R

C ; D 
 E

) in F , de�ne for ev ery c 2 C and generated pasting ( B ; L

D 
 E

B

)

in ( G

D ; E

; R

D ; E

) a generated pasting (2

p


 B ; L

c 
 L

D 
 E

B

) in ( G

C ; D ; E

; R

C ; D ; E

), where

d

�

0

p

0


 b gets lab eled b y d

�

0

p

0

( c ) 
 d 
 e when b is lab eled b y d 
 e in ( B ; L

D 
 E

B

), and

b y an iden tit y when b is lab eled b y an iden tit y in ( B ; L

D 
 E

B

). De�ne ( G

C ; D 
 E

;

e

�

i

)

b y

e

�

i

�

c 
 ( B ; L

D 
 E

B

)

�

= � (2

p


 B ; L

c 
 L

D 
 E

B

) :

This family of realizations is w ell de�ned b ecause the relations in ( G

D 
 E

; R

D 
 E

)

are comp onen t wise. T o sho w it resp ects relations, tak e for ev ery appropriate

realization ( B ; g

i

) of a pasting sc heme B in D 
 E , sa y g

i

( b ) represen ted b y

( B

b

; L

D 
 E

B

b

), an y represen tativ e ( B ; L

D 
 E

B

) of g ( B ). Then:

e

� ( c 
 ( B ; g

i

)) = comp osition of � (2

p


 B

b

; L

D 
 E

B

b

)'s via 2

p


 B

= � (2

p


 B ; L

c 
 L

D 
 E

B

) b ecause � is an ! -functor

=

e

�

i

( c 
 g ( B ))

=

e

�

i

(( c 
 g ( B ))

t

)

and

e

�

i

( c 
 id

( B ; L

D 
 E

B

)

) =

= � (2

p


 B [id

B

: ? ] ; L

c 
 L

D 
 E

B [id

B

: ? ]

) b y de�nition of iden tit y in

! ( G

D ; E

; R

D ; E

)

= id

� (2

p


 B ; L

c 
 L

D 
 E

B

) b ecause the top-cell of 2

p


 B [id

B

: ? ]

is lab eled b y an iden tit y

= id

e

�

�

c 
 ( B ; L

D 
 E

B

)

�

=

e

� (id

c 
 ( B ; L

D 
 E

B

)

)

=

e

� (id

r

c 
 ( B ; L

D 
 E

B

)

) :

That it resp ects lab els is left to the reader. 2

Lemma 8.2 The tensor pr o duct of ! -c ate gories is asso ciative.

Pr o of. Comp ose the isomorphisms of lemma 8.1 to obtain an isomorphism

C 
 ( D 
 E )

�

=

( C 
 D ) 
 E . Naturalit y follo ws from the unicit y in the univ ersal

prop ert y of the ! -category generated b y a pasting presen tation. 2
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8.2 Coherence

Lemma 8.3 The asso ciativity of the tensor pr o duct of ! -c ate gories is c oher-

ent.

Pr o of. Analogous to the pasting presen tation ( G

C ; D ; E

; R

C ; D ; E

) used in the

pro of of asso ciativit y , de�ne a pasting presen tation ( G

C ; D ; E ; F

; R

C ; D ; E ; F

) for an

! -category C 
 D 
 E 
 F . Then in the diagram

C ( D ( E F ))

( C D ) ( E F )

(( C D ) E ) F

C (( D E ) F ) ( C ( D E )) F

C D E F

C D ( E F )

�

=

( C D ) E F

�

=

C ( D E F )

�

=

C ( D E ) F

�

=

( C D E ) F

�

=

�

=

�

=

�

=

�

=

�

=

�

=

�

=

�

=

�

=

�

=

;

where the 
 's ha v e b een omitted for reasons of space, all squares comm ute

b ecause of the unicit y of the ! -functor induced b y a resp ectable family of real-

izations. So b y Mac Lane's coherence theorem [30 ] coherence of the asso ciativit y

isomorphism follo ws. 2

Coherence could also b e deduced b y means of prop osition 4.2, but that

w ouldn't giv e explicit descriptions of the asso ciativit y isomorphism and no �lling

of the p en tagon.
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8.3 Another pasting presen tation for C 
 P (2

q

)

Because 2

q

is a free ! -category the pasting presen tation ( G

C ; P (2

q

)

; R

C ; P (2

q

)

) for

C 
 P (2

q

) as giv en ab o v e can b e simpli�ed, in that it do esn't use all cells of P (2

q

)

but only generators. This is p ossible b ecause the set of generators includes the

glob es.

So the generators for a pasting presen tation ( G

C ; 2

q

; R

C ; 2

q

) are c 
 d

�

0

q

0

for

c 2 C and q

0

� q . F or ev ery appropriate realization ( A; f

i

) of a round pasting

sc heme A in C , there is de�ned a relation b et w een ( A; f

i

) 
 d

�

0

q

0

and (( A; f

i

) 
 d

�

0

q

0

)

t

,

and for ev ery c 2 C , there is de�ned a relation b et w een id

c


 d

�

0

q

0

and id

l

c 
 d

�

0

q

0

.

Lemma 8.4 ( G

C ; 2

q

; R

C ; 2

q

) is a p asting pr esentation for C 
 P (2

q

) .

Pr o of. The idea is that iden tities in the ! -category P (2

q

) don't matter

b ecause of the relations b et w een formal and actual iden tities in ( G

C ; 2

q

; R

C ; 2

q

).

Details are left to the reader. 2

8.4 Unit for 


The pasting presen tation ( G

C ; 2

0

; R

C ; 2

0

) of C 
 2

0

is precisely the standard pre-

sen tation of C . So C 
 2

0

�

=

C via a c anonic al isomorphism, and b ecause also

2

0


 C

�

=

C , 2

0

= I

0

is the t w o-sided unit for the tensor pro duct of ! -categories.

Prop osition 8.5 The tensor pr o duct 
 and unit I

0

give ! - Cat the structur e

of a monoidal c ate gory.

Pr o of. Asso ciativit y and coherence of the tensor pro duct ha v e b een done

already in lemmas 8.2 and 8.3, and the axioms for the unit are easy . 2

8.5 Dualit y

The three di�eren t dualities of cubical sets, describ ed in section 2, giv e rise to

three dualities of ! -categories. This can b e seen b est b y considering the cubical

set G and its duals, and calculating what are their resp ectiv e ! -categorizations.

Of course, they are all isomorphic to P (2

!

), but the non-trivial isomorphisms

sho w what c hanges.

The transp osition dualit y giv es rise to an even duality , whic h will b e denoted

b y

op

, and whic h in terc hanges source and target of ev en-dimensional cells. The
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com bined dualit y giv es rise to an o dd duality , whic h will b e denoted b y

co

, and

whic h in terc hanges source and target of o dd-dimensional cells. There's also

op co

whic h comes from the second dualit y of cubical sets and whic h in terc hanges

source and targets of all cells, and

co op

, whic h is equal to

op co

.

Before comparing pasting presen tations for ( C 
 D )

o p

and ( D

o p


 C

op

), I will

compare the pasting sc hemes (2

q

)

op


 (2

p

)

op

and (2

p


 2

q

)

op

. The �rst one is

isomorphic to 2

q


 2

p

, but to see ho w the cells in teract in terms of 2

q

and 2

p

,

whic h will b e imp ortan t for the comparison of pasting presen tations follo wing

shortly , it will b e considered to consist of sym b ols ( d

�

q

)

op


 ( d

�

p

)

op

, with relations

(( d

�

q

)

op


 ( d

�

p

)

op

; y ) 2 E

i

j

if and only if one of the follo wing:

1. y = ( d

( � )

q +1

q � 1

)

op


 ( d

�

p

)

op

,

2. y = ( d

�

q

)

op


 ( d

( � )

q + p +1

p � 1

)

op

,

3. y = ( d

( � )

q +1

q � 1

)

op


 ( d

( � )

q + p +1

p � 1

)

op

.

Similarly , (2

p


 2

q

)

op

consists of sym b ols ( d

�

p


 d

�

q

)

op

with relations (( d

�

p




d

�

q

)

op

; y ) 2 E

i

j

for i > j if and only if one of the follo wing:

1. y = d

�

p


 d

( � )

p + q +1+ p

q � 1

,

2. y = d

( � )

p + q +1

p � 1


 d

�

q

,

3. y = d

( � )

p + q +1

p � 1


 d

( � )

p + q +1+ p

q � 1

.

And indeed, there is an ob vious isomorphism giv en b y ( d

�

q

)

op


 ( d

�

p

)

op

7! ( d

�

p




d

�

q

)

op

whic h preserv es the relations since 2 p is ev en.

The pasting presen tation ( G

C ; D

; R

C ; D

) of C 
 D giv es rise to a pasting presen-

tation ( G

op

C ; D

; R

op

C ; D

) of ( C 
 D )

op

b y taking the

op

-dual of the generating pasting

sc hemes, and b y essen tially k eeping the same relations, only taking in to accoun t

that they are b et w een dualized generated pastings.

No w to compare ( G

D

o p

; C

op

; R

D

o p

; C

o p

), and ( G

op

C ; D

; R

op

C ; D

), let ( G

D

op

; C

op

; '

i

) b e

a resp ectable family of realizations of ( G

D

op

; C

op

; R

D

o p

; C

o p

) in E . De�ne a family

of realizations ( G

op

C ; D

; '

i

) in E b y

'

i

(( c 
 d )

op

) = '

i

( d

op


 c

op

) :
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This family of realizations is resp ectable b ecause

dom ( '

i

(( c 
 d )

op

)) =

= dom( '

i

( d

op


 c

op

))

= ' (dom ( d

op


 c

op

)) b y resp ectabilit y of ( G

D

o p

; C

o p

; '

i

)

= ' (dom(( c 
 d )

op

))

b ecause the lab elings on the isomorphic pasting sc hemes coincide:

'

i � 1

( d

�

q � 1

( d

op

) 
 c

op

) = '

i � 1

�

( c 
 d

( � )

q +1

q � 1

( d ))

op

�

and '

i � 1

( d

op


 d

( � )

q

p � 1

( c

op

)) =

'

i � 1

�

( d

( � )

q + p +1

p � 1

( c ) 
 d )

op

�

. Con v ersely , b y the same form ula a resp ectable

family of realizations ( G

op

C ; D

; '

i

) in E giv es rise to a family of realizations

( G

D

o p

; C

o p

; '

i

) in E whic h is resp ectable for the same reasons. Th us C

o p


 D

o p

�

=

( C 
 D )

op

. And also for

co

, whic h is pro v en completely analogous.

[21 ] also considers dualit y . The ev en (resp. o dd) dualit y here is the extension

of the w eak or v ertical (resp. strong or horizon tal) dualit y considered there.

8.6 Cub e tensor cub e

I will sho w that the tensor pro duct of t w o cub es is again a cub e, as exp ected.

F or a face x of �

p + q

, de�ne a lab eled pasting sc heme (�

p

0

+ q

0

; L

( �

l

p


 �

r

q

)( x )

),

where a face x

0

of �

p

0

+ q

0

, considered as a morphism r ! p + q , is lab eled b y

(2

p

0


 2

q

0

; L

R ( �

l

p

� x � x

0

) 
 R ( �

r

q

� x � x

0

)

), whic h is indeed a generator in G

I

p

; I

q

: R ( �

l

p

�

x � x

0

) and R ( �

r

q

� x � x

0

) are elemen ts of I

p

and I

q

resp ectiv ely .

Giv en w ell-formed subpasting sc hemes P and Q of I

p

and I

q

resp ectiv ely ,

de�ne a subgraded set of �

p + q

b y P � Q = f x 2 �

p + q

j �

l

p

� x 2 P ; �

r

q

� x 2 Q g .

Lemma 8.6 P � Q is a wel l-forme d subp asting scheme of �

p + q

.

Pr o of. F or x

0

2 R ( x ) for x 2 P � Q , �

l

p

� x � x

0

2 P and �

r

q

� x � x

0

2 Q

b ecause P and Q are subpasting sc hemes of �

p

and �

q

resp ectiv ely , so P � Q is

a subpasting sc heme of �

p + q

.

F or w ell-formedness, �rst observ e that s

m

( P � Q ) =

S

f d

�

p

0

( P ) � d

( � )

p

0

+1

q

0

( Q ) j

p

0

+ q

0

= m g , whic h can b e pro v en b y induction on m . That this is a sub-

pasting sc heme follo ws b y the same argumen t as just giv en, so it remains to

sho w compatibilit y . So let y and y

0

of dimension m in s

m

( P � Q ) b e suc h that

z 2 E

m � 1

( y ) \ E

m � 1

( y

0

). Then for dimension reasons exactly one of the equa-

tions �

l

p

� y = �

l

p

� z and �

r

q

� y = �

r

q

� z holds, and also for y

0

. So this giv es

four p ossibilities, t w o where the equalities o ccur on the same side, left sa y , t w o

where they o ccur on di�eren t sides. In the �rst case w ell-formedness of Q giv es
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�

r

q

� y = �

r

q

� y

0

whic h implies, b ecause of the equalities on the other side, that

y = y

0

. In the second case the exp onen ts giv e a con tradiction, precisely as in

the pro of of w ell-formedness in lemma 5.6. 2

De�ne a lab eled pasting sc heme ( P � Q; L

�

l

p


 �

r

q

), where an elemen t x of

P � Q is lab eled b y (2

p

0


 2

q

0

; L

R ( �

l

p

� x ) 
 R ( �

r

q

� x )

). De�ne also a lab eled past-

ing sc heme (�

p

0

+ q

0

; L

id( �

l

p

) 
 id ( �

r

q

)

), where a face x of �

p

0

+ q

0

is lab eled b y (2

p

0




2

q

0

; L

R ( �

l

p

� x ) 
 R ( �

r

q

� x )

) or by the appr opriate identity .

Lemma 8.7 In ( G

I

p

; I

q

; R

I

p

; I

q

) , for every fac e x of �

p + q

, dom(�

p

0

+ q

0

;

L

( �

l

p


 �

r

q

)( x )

) is a gener ate d p asting, which is e quivalent to dom (2

p

0


 2

q

0

;

L

R ( �

l

p

� x ) 
 R ( �

r

q

� x )

) .

Mor e over, for al l wel l-forme d subp asting schemes P and Q of I

p

and I

q

r esp e ctively, dom( P � Q; L

( �

l

p


 �

r

q

)

) is a gener ate d p asting, which is e quivalent

to dom(2

p

0


 2

q

0

; L

P 
 Q

) . A nd dom(�

p

0

+ q

0

; L

id ( �

l

p

) 
 id ( �

r

q

)

) is a gener ate d p asting

e quivalent to dom (2

p

0


 2

q

0

; L

id ( P ) 
 id ( Q )

) .

Pr o of. Left to the reader as an exercise in manipulating generated pastings.

The follo wing pictures indicate what needs to b e done in the �rst case:

dom (�

2+1

; L

( �

l

2


 �

r

1

)(000)

) =

�

� 0 
 +

�

0+ 
 +

�

��
 0

0 �
�

� 0 
 0

00 
�

�

0+ 
 0

�

�

0+ 
�

�

++ 
 0

and

dom (2

2


 2

1

; L

R ( �

l

2

� 000) 
 R ( �

r

1

� 000)

) =

�

s

1

(00) 
 +

�

��
 0

t

1

(00) 
�

00 
�

s

1

(00) 
 0

�

�

++ 
 0

need to b e equiv alen t, whic h can b e pro v en, as b efore, b y comp osing from high

dimensions do wn w ards. 2

Prop osition 8.8 I

p


 I

q

�

=

I

p + q

.
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Pr o of. The pro of will b e analogous to the pro of of prop ositions 5.2 and

5.9, but a little more in v olv ed b ecause the pasting presen tation for I

p


 I

q

has

more di�cult relations, namely those induced b y comp ositions in I

p

and I

q

.

Giv en a resp ectable family of realizations ( G

I

p

; I

q

; '

j

) in C , de�ne a realiza-

tion (�

p + q

; f

j

) in C b y

f

j

( x ) = '

j

(2

p

0


 2

q

0

; L

R ( �

l

p

� x ) 
 R ( �

r

q

� x )

)

for x a face of �

p + q

. Supp ose this realization is m -appropriate. Then

s

m

( f

m +1

( x )) =

= s

m

�

'

m +1

(2

p

0


 2

q

0

; L

R ( �

l

p

� x ) 
 R ( �

r

q

� x )

)

�

= '

�

dom(2

p

0


 2

q

0

; L

R ( �

l

p

� x ) 
 R ( �

r

q

� x )

)

�

b ecause ( G

I

p

; I

q

; '

j

) re-

sp ects lab els

= '

�

dom(�

p

0

+ q

0

; L

( �

l

p


 �

r

q

)( x )

)

�

b y lemma 8.7

= f ( s

m

( R ( x ))) b ecause b oth are comp os-

ite of the same appropriate

realization of s

m

( R ( x )),

whic h pro v es that it is ( m + 1)-appropriate.

Giv en an appropriate realization (�

p + q

; f

j

) in C , de�ne a family of realiza-

tions ( G

I

p

; I

q

; '

j

) in C b y

'

j

(2

p

0


 2

q

0

; L

id( P ) 
 id ( Q )

) = f ( P � Q )

for subpasting sc hemes P and Q of I

p

and I

q

resp ectiv ely , where the righ t hand

side is de�ned b ecause of lemma 8.6.

This family resp ects relations since the iden tities are allrigh t, and for comp os-

ites '

j

(2

p

0


 2

q

0

; L

( P [ P

0

) 
 Q

) = f (( P [ P

0

) � Q ) and ' ((2

p

[ 2

p

0

) 
 2

q

; L

P 
 Q;P

0


 Q

) =

f ( P � Q ) comp osed with f ( P

0

� Q ) need to b e equal, whic h is the case since f

is an ! -functor and comp osition in P (�

p + q

) is union.

No w supp ose the family resp ects m -lab els. Then if there are iden tities

around, then

s

m

�

'

m +1

(2

p

0


 2

q

0

; L

id ( P ) 
 id ( Q )

)

�

=

= s

m

( f ( P � Q ))

= f ( P � Q )

= '

�

dom(�

p

0

+ q

0

; L

id ( �

l

p

) 
 id ( �

r

q

)

)

�

b ecause b oth are comp os-

ite of the same appropriate

realization of dom (�

p

0

+ q

0

)

= '

�

dom(2

p

0


 2

q

0

; L

id( P ) 
 id ( Q )

)

�

b y lemma 8.7.
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If there are no iden tities around, then

s

m

( '

m +1

(2

p

0


 2

q

0

; L

P 
 Q

)) =

= s

m

( f ( P � Q ))

= f ( s

m

( P � Q )) b ecause f is an ! -functor

= '

�

s

m

( P � Q; L

�

l

p


 �

r

q

)

�

b ecause b oth are comp osite of the same

appropriate realization of s

m

( P � Q )

= '

�

dom (2

p

0


 2

q

0

; L

P 
 Q

)

�

b y lemma 8.7.

Th us it resp ects ( m + 1)-lab els. 2

8.7 T riple tensor and Y ang-Baxter

No w lo ok at 2

1


 2

1


 2

1

, whic h is just the 3-dimensional cub e, but with an

in teresting lab eling:

� �

�

d

�

0


 d

1


 d

1

d

1


 d

1


 d

�

0

�

d

1


 d

+

0


 d

1

�

� �

d

1


 d

1


 d

1

3

�

d

1


 d

1


 d

+

0

�

�

d

1


 d

�

0


 d

1

� �

�

d

+

0


 d

1


 d

1

�

:

The t w o-cells in this pasting sc heme can no w b e seen as Y ang-Baxter op erators

on comp osites of 1-cells. The domain of d

1


 d

1


 d

1

then b ecomes one side of the

Y ang-Baxter equation, and the co domain the other. Th us from the ! -categorical

viewp oin t, Y ang-Baxter should b e a c el l , and not an equalit y .

Another w a y of seeing the cub e ab o v e as Y ang-Baxter is b y taking the planar

dual of domain and co domain, resulting in

�

�

�

d

1


 d

1


 d

1

3

�

�

�

;

whic h is one of the Reidemeister mo v es of knot theory [33 ].
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9 Lax- q -transformations and quasi- ! -functors of

more v ariables

Analogous to the quasi-natural transformations of [21 ], and to the m -fold

homotopies of [10 ], I in tro duce the notion of lax- q -transformation. This notion

uni�es the pseudo-natural transformations, mo di�cations and p erturbations of

[20 ], and mak es the terminology ready for higher dimensions. It answ ers a

suggestion of [2 ], that cub es can b e used as domains for higher homotopies of

! -categories, negativ ely: it is the glob es that are used as suc h.

Analogous to the quasi-functors of t w o and of n v ariables of [21 ] and to the

bimorphisms of [10 ], I in tro duce the notions of quasi- ! -functor of t w o and of n

v ariables.

All this will b e used in the description of the in ternal homs of ! -categories

in section 10.

9.1 Lax- q -transformations

De�nition 9.1 A right lax- q -tr ansformation C ! D is an ! -functor C 


P (2

q

) ! D . A left lax- q -tr ansformation C ! D is an ! -functor P (2

q

) 
 C ! D .

3

In other w ords, a righ t lax- q -transformation is a resp ectable family of real-

izations ( G

C ; 2

q

; '

i

) of ( G

C ; 2

q

; R

C ; 2

q

) in D . I will describ e the data whic h giv e

rise to this explicitly .

A righ t lax- q -transformation ( G

C ; 2

q

; '

i

) from C to D assigns to ev ery p

0

-

dimensional c 2 C and ev ery d

�

0

q

0

2 2

q

with p

0

+ q

0

= i an i -cell '

i

( c 
 d

�

0

q

0

) 2 D ,

satisfying:

� (resp ects lab els) for ev ery c 2 C , the comp osite of the realization of

dom( c 
 d

�

0

q

0

) induced b y '

i

, whic h is appropriate b ecause '

i

resp ects

m -lab els, is equal to s

m

( '

m +1

( c 
 d

�

0

q

0

)), as in section 10 of [5 ],

� (resp ects relations) for ev ery appropriate realization ( A; f

i

) of a round

pasting sc heme A in C with comp osite f ( A ), the comp osite of the appro-

priate (b ecause '

i

resp ects m -lab els) realization of A 
 d

�

0

q

0

induced b y �

i

is equal to '

i

( f ( A ) 
 d

�

0

q

0

), and for ev ery c 2 C , '

i +1

(id

c


 d

�

0

q

0

) is equal to

id

'

i

( c 
 d

�

0

q

0

)

.
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W orking out the comp osite in the �rst case the condition b ecomes that

s

m

( '

m +1

( c 
 d

�

0

q

0

)) is the comp osite of '

m

( c 
 d

( � )

p

0

+1

q

0

� 1

) and '

m

( s

p

0

� 1

( c ) 
 d

�

0

q

0

)

with lo w er dimensional cells, i.e., is the comp osite of the appropriate realization

of a pasting sc heme ha ving those t w o m -cells as highest dimensional cells.

A particular consequence of the second case is, b ecause for every A ,

( A; f

i

) 
 d

�

0

q

0

is equiv alen t to f ( A ) 
 d

�

0

q

0

, that the comp osite of '

p

0

+ q

0

( c 
 d

�

0

q

0

)

with '

p

00

+ q

( c

0


 d

�

0

q

0

) according to the appropriate realization of the pasting

sc heme (2

p

0

�

m

2

p

00

) 
 d

�

0

q

0

ha ving these as highest dimensional cells is equal

to '

max f p;p

0

g + q

0 ( c

0

�

m

c 
 d

�

0

q

0

). Because of freeness of P ( A ), the previous equalit y

and the condition on the iden tit y also imply that '

i

resp ects relations!

In order to ha v e a short notation for a comp osite when there is no need to

explicitly describ e the realization, a comp osite lik e the one ab o v e will b e denoted

b y

D

(2

p

0

�

m

2

p

00

) 
 d

�

0

q

0

; ( '

p

0

+ q

0

( c 
 d

�

0

q

0

) ; '

p

00

+ q

0

( c

0


 d

�

0

q

0

))

E

. Th us h A; ( f

i

( a ))

a 2 A

i

w ould denote f ( A ) for appropriate realization ( A; f

i

).

The consequence of the ab o v e observ ation is that:

Lemma 9.2 A right lax- q -tr ansformation C ! D c onsists of assignments

%

q

: C

p

0

! D

p

0

+ q

and %

�

0

q

0

: C

p

0

! D

p

0

+ q

0

for every q

0

< q , wher e %

q

c an also b e

denote d by %

�

q

, such that:

(i) dom( %

�

0

q

0

( c )) is the c omp osite of %

( � )

p

0

+1

q

0

� 1

( c ) and %

�

0

q

0

( s

p

0

� 1

( c )) ac c or ding to

dom(2

p

0


 2

q

0

) , ie, is e qual to

�

dom(2

p

0


 2

q

0

) ;

�

%

( � )

p

0

+1

q

0

� 1

( c ) ; %

�

0

q

0

( s

p

0

� 1

( c ))

� �

and dual ly,

(ii) %

�

0

q

0

( c

0

�

m

c ) is the c omp osite of %

�

0

q

0

( c ) with %

�

0

q

0

( c

0

) ac c or ding to (2

p

0

�

m

2

p

00

) 
 2

q

0

, i.e., is e qual to

D

(2

p

0

�

m

2

p

00

) 
 2

q

0

; ( %

�

0

q

0

( c ) ; %

�

0

q

0

( c

0

))

E

,

(iii) %

�

0

q

0

(id

c

) is e qual to id

%

�

0

q

0

( c )

.

Pr o of. T ranslate statemen ts ab out '

i

in to statemen ts ab out %

�

0

q

0

. 2

In lo w dimensions this lo oks as follo ws. Condition (i) for a righ t lax-2-
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transformation % and a 1-cell c :

%

+

0

( s

0

( c ))

%

+

0

( c )

%

�

0

( s

0

( c ))

%

�

1

( s

0

( c ))

%

2

( s

0

( c ))

%

�

0

( c )

%

+

1

( c )

%

+

0

( t

0

( c ))

%

�

0

( t

0

( c ))

%

+

1

( t

0

( c ))

%

2

( c )

3

%

+

0

( s

0

( c ))

%

+

0

( c )

%

�

0

( s

0

( c ))

%

�

1

( s

0

( c ))

%

�

0

( c )

%

�

1

( c )

%

+

0

( t

0

( c ))

%

�

0

( t

0

( c ))

%

+

1

( t

0

( c ))

%

2

( t

0

( c ))

:

Condition (ii) for a righ t lax-1-transformation % and 2-cell c and 1-cell c

0

:

�

�

%

�

0

( c )

%

1

( s

1

( c ))

�

�

%

1

( c

0

)

�

�

%

1

( c

0

�

0

c )

3

�

%

+

0

( c )

�

%

1

( t

1

( c ))

�

�

%

1

( c

0

)

�

�

:

9.2 Quasi- ! -functors of t w o v ariables

De�nition 9.3 A quasi- ! -functor of two variables � : ( C ; D ) ! E consists of

a left lax- p -transformation � ( c; � ) : D ! E for ev ery p -dimensional c 2 C and a

righ t lax q -transformation � ( � ; d ) : C ! E for ev ery q -dimensional d 2 D , suc h

that

� � ( c; � )

p

( d ) = � ( � ; d )

q

( c )

def

= � ( c; d ),

� � ( c; � )

�

0

p

0

= � ( d

�

0

p

0

( c ) ; � )

p

0

, and

� � ( � ; d )

�

0

q

0

= � ( � ; d

�

0

q

0

( d ))

q

0

. 3

Prop osition 9.4 A quasi- ! -functor of two variables � : ( C ; D ) ! E c orr e-

sp onds an ! -functor C 
 D ! E .

Pr o of. De�ne a family of realizations ( G

C ; D

; �

i

) of ( G

C ; D

; R

C ; D

) in E b y �

i

( c 


d ) = � ( c; d ). Because the relations in ( G

C ; D

; R

C ; D

) are comp onen t-wise, the fact
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that the � ( c; � ) and the � ( � ; d ) are lax transformations implies resp ectabilit y

of this family . Con v ersely , giv en ( G

C ; D

; �

i

), de�ne � b y the same equation, and

resp ectabilit y of the family implies that � is a quasi- ! -functor of t w o v ariables.

The reader ma y c hec k the details of this. 2

Th us C 
 D is the univ ersal recipien t of quasi- ! -functors of t w o v ariables

from ( C ; D ).

The ab o v e prop osition sho ws that it is not a coincidence that it is not neces-

sary to lo ok at tensor of pasting sc hemes in general, but that the theory for c es

that the information can b e brok en up, so that only pasting sc hemes A 
 2

q

and

2

p


 B need to b e considered.

9.3 Quasi- ! -functors of n v ariables

Con trary to the t w o-dimensional case [21 ], it is not p ossible to de�ne quasi- ! -

functors of more v ariables inductiv ely , in fact b ecause the 3-dimensional cub e is

not a comm utativit y condition, but a 3-dimensional cell.

De�nition 9.5 A ( p

1

; p

2

; : : : ; p

i � 1

; � ; p

i +1

; : : : ; p

n

)-lax-transformation C !

D is an ! -functor P (2

p

1

) 
 P (2

p

2

) 
 : : : 
 P (2

p

i � 1

) 
 C 
 P (2

p

i +1

) 
 : : : 
 P (2

p

n

) ! D .

3

With this terminology , a left lax- p -transformation is a ( p; � )-lax-transforma-

tion. Note that an y tensor pro duct of glob es giv es a w ell-formed lo op-free pasting

sc heme b y rep eated application of the prop ositions in section 6.

De�nition 9.6 A quasi- ! -functor of n v ariables consists of a m ultiple lax

transformation of the righ t t yp e for ev ery ( n � 1)-tuple of cells of the resp ectiv e

! -categories, satisfying ob vious compatibilit y conditions. 3

Prop osition 9.7 A quasi- ! -functor of n variables ( C

1

; : : : ; C

n

) ! D c orr e-

sp onds to an ! -functor C

1


 : : : 
 C

n

! D .

Pr o of. Straigh tforw ard extension of the pro of of prop osition 9.4. 2

9.4 Asso ciativit y and coherence revisited

There's a relation b et w een quasi- ! -functors of four v ariables and coherence of

the asso ciativit y of the tensor pro duct in section 8, b ecause in the previous

57



prop osition it is p ossible to insert brac k ets in the tensor pro duct in all p os-

sible w a ys, without a�ecting its v alidit y . On the one hand, this follo ws from

coherence, see prop osition 8.3, on the other hand, it can b e pro v en explicitly

analogous to the pro of of prop osition 9.4, and then coherence follo ws from this.

Ho w ev er, b oth pro ofs are equally di�cult, since they mak e use of the univ ersal

prop ert y of the same pasting presen tations.

10 In ternal homs

The in ternal hom ! -categories Hom

r

( C ; D ) and Hom

l

( C ; D ) extend [21 ]'s

F un and F un

u

resp ectiv ely . Hom

l

( C ; D ) relates to [10 ]'s ! -GPD and CRS. I

only describ e Hom

r

( C ; D ) explicitly , the second one is dual in a sense that will

b e explained in section 11.

As a graded set, Hom

r

( C ; D ) consists of righ t lax transformations, where a

righ t lax- q -transformation is of dimension q . F rom here on I will omit the pre�x

since it will in v ariably b e a righ t one.

10.1 s

m

and t

m

The m -sources and m -targets of a lax- q -transformation % : C ! D are giv en b y

s

m

( % )

i

( c 
 d

�

0

q

0

) = t

m

( % )

i

( c 
 d

�

0

q

0

) = %

i

( c 
 d

�

0

q

0

) for q � m ;

s

m

( % )

i

( c 
 d

�

0

q

0

) =

(

%

i

( c 
 d

�

m

) if q

0

= m

%

i

( c 
 d

�

0

q

0

) if q

0

< m;

and

t

m

( % )

i

( c 
 d

�

0

q

0

) =

(

%

i

( c 
 d

+

m

) if q

0

= m

%

i

( c 
 d

�

0

q

0

) if q

0

< m for q > m;

whic h are righ t lax- m -transformations.

Or:

( s

m

( % ))

�

0

m

0

( c ) = ( t

m

( % ))

�

0

m

0

( c ) = %

�

0

m

0

( c ) for q � m

( s

m

( % ))

�

0

m

0

( c ) =

�

%

�

m

( c ) if m

0

= m

%

�

0

m

0

( c ) if m

0

< m;

and

( t

m

( % ))

�

0

m

0

( c ) =

�

%

+

m

( c ) if m

0

= m

%

�

0

m

0

( c ) if m

0

< m for q > m;
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whic h are lax- m -transformations in the terms of lemma 9.2. And the con-

ditions there are ob viously satis�ed since they are lo cal in some sense. F or a

lax-2-transformation % and one-dimensional c , this lo oks as follo ws:

�

t

0

( % )

0

( c )

�

s

0

( % )

0

( c )

t

1

( % )

1

( c )

�

�

%

2

( c )

3

�

t

0

( % )

0

( c )

�

s

0

( % )

0

( c )

s

1

( % )

1

( c )

�

�

:

So it is not necessary that the domain of a lax- q -transformation % in Hom

r

( C ; D )

is in the domain of the cells %

q

( c )!

10.2 Comp osition

No w supp ose % is a lax- q -transformation, � is a lax- q

0

-transformation, and that

t

m

( % ) = s

m

( � ). Their m -comp osition is giv en b y

( � �

m

% )

�

00

q

00

( c ) =

8

>

>

>

<

>

>

>

:

�

�

00

q

00

( c ) for q

00

< m ,

%

�

m

( c ) if �

00

= �

�

+

m

( c ) if �

00

= + for q

00

= m ,

D

2

p

0


 (2

min f q ;q

00

g

�

m

2

min f q

0

;q

00

g

) ; ( %

�

00

min f q ;q

00

g

( c ) ; �

�

00

min f q

0

;q

00

g

( c ))

E

for q

00

> m .

The form ula for the comp osition in the cartesian in ternal hom ! -category [ C ; D ]

in [35 ] is not correct b ecause it do esn't mak e [ C ; D ] in to an ! -category , whic h

explains the di�eren t format here.

Lemma 10.1 F or % a lax- q -tr ansformation, � a lax- q

0

-tr ansformation, and

t

m

( % ) = s

m

( � ) , � �

m

% is a lax- (max f q ; q

0

g ) -tr ansformation.

Pr o of. F or condition (i),

dom(( � �

m

% )

�

00

q

00

( c )) =
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= dom

�D

2

p

0


 (2

q

00

�

m

2

q

00

) ; ( %

�

00

q

00

( c ) ; �

�

00

q

00

( c )

� E

)

if q

00

6= m and q

00

< min f q ; q

0

g

=

�

dom(2

p

0


 (2

q

00

�

m

2

q

00

)) ;

�

%

( � )

p

0

+1

q

00

� 1

( c ) ; %

�

00

q

00

( s

p

0

� 1

( c )) ;

�

( � )

p

0

+1

q

00

� 1

( c ) ; �

�

00

q

00

( s

p

0

� 1

( c )

� �

b y condition (i) for % and �

=

�

dom(2

p

0


 2

q

00

) ;

�

( � �

m

% )

( � )

p

0

+1

q

00

� 1

( c ) ; ( � �

m

% )

�

00

q

00

( s

p

0

� 1

( c ))

� �

b y the form ula for � �

m

%;

and similar for other q

00

.

F or condition (ii),

( � �

m

% )

�

00

q

00

( c

0

�

m

0

c ) =

D

2

p

0


 (2

q

00

�

m

2

q

00

) ; ( %

�

00

q

00

( c

0

�

m

0

c ) ; �

�

00

q

00

( c

0

�

m

0

c ))

E

sa y , whic h needs to b e

=

D

(2

p

00

�

m

0

2

p

0

) 
 2

q

00

; ( � �

m

% )

�

00

q

00

( c ) ; ( � �

m

% )

�

00

q

00

( c

0

))

E

:

P erhaps this could b e done b y using (2

p

00

�

m

0

2

p

0

) 
 (2

q

00

�

m

2

q

00

), pro vided it is

a w ell-formed lo op-free pasting sc heme, but I don't w an t to c hec k this. It is

not ne c essary , since the ab o v e comp osites can b e obtained as the comp osite of

some appropriate realization in D of some pasting sc heme whic h can b e seen

as a generated pasting in the standard presen tation of D and in that resp ect is

equiv alen t to the t w o generated pastings describ ed ab o v e, whic h explains their

comp osites b eing equal. This pasting sc heme is (2

p

00

�

m

0

2

p

0

) 
 (2

q

00

�

m

2

q

00

)

with lots of iden tities inserted, but that's not the w a y it is obtained: it is

2

p

0


 (2

q

00

�

m

2

q

00

) with iden tities inserted and with cells split up, and it is

(2

p

00

�

m

0

2

p

0

) 
 2

q

00

with iden tities inserted and with cells split up. The highest

dimensional cells of this resulting pasting sc heme are realized b y iden tities and

b y the cells %

�

00

q

00

( c ), %

�

00

q

00

( c

0

), �

�

00

q

00

( c ) and �

�

00

q

00

( c

0

). 2

�

�

�

+

1

( c )

�

�

s

0

( � �

0

% )

0

( c )

%

+

1

( c )

�

�

( � �

0

% )

2

( c )

3

�

t

0

( � �

0

% )

0

( c )

�

�

�

1

( c )

�

�

%

�

1

( c )

�

�
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10.3 Iden tit y

F or a lax- q -transformation % , de�ne id

%

b y

(id

%

)

q +1

( c ) = id

%

q

( c )

(id

%

)

�

0

q

0

( c ) = %

�

0

q

0

( c ) for q

0

� q

Lemma 10.2 F or lax- q -tr ansformation % , id

%

is a lax- ( q + 1) -tr ansformation.

Pr o of. F or condition (i),

dom((id

%

)

q +1

( c )) = dom(id

%

q

( c )

)

= %

q

( c )

=

D

dom (2

p


 2

q +1

) ;

�

%

q

( c ) ; id

%

q

( s

p

0

� 1

( c ))

� E

;

and for condition (ii) a similar argumen t as in the previous lemma w orks. 2

10.4 ! -category

Prop osition 10.3 Hom

r

( C ; D ) , with the ab ove de�ne d op er ations, is an ! -

c ate gory.

Pr o of. The elemen tary prop erties of s

m

and t

m

are immediate b ecause they

are already incorp orated in the data for a lax- q -transformation.

F or iden tit y

( � �

m

id

%

)

q +1

( c ) =




2

p

0


 (2

q +1

�

m

2

q

0

) ; (id

%

q

( c )

; �

q

0

( c ))

�

= (id

� �

m

%

)

q +1

( c ) ;

and similarly for other cases.

Asso ciativit y and in terc hange la w follo w b ecause, for example, (( � �

m

� ) �

m

% )

max f q ;q

0

;q

00

g

( c ) and ( � �

m

( � �

m

% ))

max f q ;q

0

;q

00

g

( c ) are b oth equal to the comp os-

ite




2

p

0


 (2

q

�

m

2

q

0

�

m

2

q

00

) ; ( %

q

( c ) ; �

q

0

( c ) ; �

q

00

( c ))

�

, and similarly for in terc hange.

The reader con vinces herself or himself of the v alidit y of this statemen t!

Finally , the other comp osition axioms are immediate b ecause they are incor-

p orated in the de�nition of comp osition. 2
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10.5 ! -functorialit y

Giv en an ! -functor g : D ! D

0

, de�ne an ! -functor g

�

: Hom

r

( C ; D ) !

Hom

r

( C ; D

0

) b y

g

�

( % )

�

0

q

0

( c ) = g ( %

�

0

q

0

( c )) :

Indeed, it is c ompletely str aightforwar d to sho w that g

�

( % ) is a lax- q -transforma-

tion if % is, and it is only sligh tly less straigh tforw ard to sho w that g

�

is an

! -functor, in b oth cases making full use of g b eing an ! -functor, in the sense

that g comm utes with comp osites of appropriate realizations.

Giv en an ! -functor f : C

0

! C , de�ne an ! -functor f

�

: Hom

r

( C ; D ) !

Hom

r

( C

0

; D ) b y

f

�

( % )

�

0

q

0

( c ) = %

�

0

q

0

( f ( c )) :

And indeed, it is completely straigh tforw ard to sho w that f

�

is an ! -functor, and

it is only sligh tly less straigh tforw ard to sho w that f

�

( % ) is a lax- q -transformation

if % is.

11 The adjunctions b et w een the tensor pro duct

and the in ternal homs

I pro v e the adjunctions and men tion some consequences, among whic h du-

alities relating b oth in ternal homs.

11.1 The corresp ondence

There are t w o adjunctions to consider: C 
 � a Hom

r

( C ; � ) and � 
 D a

Hom

l

( D ; � ). I will do the �rst one in some detail, the second one is analogous.

Giv en an ! -functor ' : C 
 D ! E , i.e., a resp ectable family of realizations

( G

C ; D

; '

j

) in E , de�ne an ! -functor ' : D ! Hom

r

( C ; E ) b y

' ( d )

�

0

q

0

( c ) = '

p + q

0

( c 
 d

�

0

q

0

( d )) :

Indeed, ' ( d ) is a lax- q -transformation, for example
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dom( ' ( d )

�

0

q

0

( c )) =

= dom

�

'

p + q

0

( c 
 d

�

0

q

0

( d ))

�

= '

�

dom( c 
 d

�

0

q

0

( d ))

�

b ecause ( G

C ; D

; '

j

) resp ects lab els

=

D

dom

�

2

p


 2

q

0

;

�

'

p + q

0

� 1

(dom( c ) 
 d

�

0

q

0

( d )) ; '

p + q

0

� 1

( c 
 d

( � )

p +1

q

0

� 1

( d ))

� � E

=

D

dom

�

2

p


 2

q

0

;

�

' ( d )

�

0

q

0

(dom( c )) ; ' ( d )

( � )

p +1

q

0

� 1

( c )

� � E

;

so condition (i) of lemma 9.2 holds, and the other conditions are similar. And

' is an ! -functor, for example

' ( d

0

�

m

d )

�

0

q

0

( c ) =

= '

p + q

0

( c 
 d

�

0

q

0

( d

0

�

m

d ))

= '

�

c 
 ( d

�

0

q

0

( d

0

) �

m

d

�

0

q

0

( d ))

�

if q

0

6= m

= '

�

2

p


 (2

q

0

�

m

2

q

0

) ; L

c 
 d

�

0

q

0

( d ) ;c 
 d

�

0

q

0

( d

0

)

�

b ecause these generated

pastings are equiv alen t

=

D

2

p


 (2

q

0

�

m

2

q

0

) ; ( c 
 d

�

0

q

0

( d ) ; c 
 d

�

0

q

0

( d

0

))

E

=

D

2

p


 (2

q

0

�

m

2

q

0

) ; ( ' ( d )

�

0

q

0

( c ) ; ' ( d

0

)

�

0

q

0

( c ))

E

= ( ' ( d

0

) �

m

' ( d ))

�

0

q

0

( c ) ;

and the other conditions are easy .

In the other direction, giv en an ! -functor � : D ! Hom

r

( C ; E ), de�ne an

! -functor

e

� : C 
 D ! E , i.e., a resp ectable family of realizations ( G

C ; D

;

e

�

j

) in

E b y

e

�

j

( c 
 d ) = � ( d )

q

( c ) :

Indeed, ( G

C ; D

;

e

�

j

) resp ects lab els:

s

m

(

e

�

m +1

( c 
 d )) = dom ( � ( d )

q

( c ))

=

D

dom(2

p


 2

q

) ;

�

� ( d )

q

(dom( c )) ; � ( d )

( � )

p +1

q � 1

( c )

� E

=

D

dom(2

p


 2

q

) ;

�

� ( d )

q

(dom( c )) ; � ( d

( � )

p +1

q � 1

)

q � 1

( c )

� E

=

e

� (dom( c 
 d )) ;

and it resp ects relations:
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e

� (( A; f

i

) 
 d ) =

D

A 
 2

q

; (

e

� ( f

i

( a ) 
 d ))

a 2 A

E

=




A 
 2

q

; ( � ( d )

q

( f

i

( a )))

a 2 A

�

= � ( d )

q

( f ( A )) b ecause � ( d ), considered

as a family of realizations,

resp ects relations

=

e

� ( f ( A ) 
 d ) ;

and

e

� ( c 
 ( B ; g

i

)) =

D

2

p


 B ;

�

e

� ( c 
 g

i

( b ))

�

b 2 B

E

=




2

p


 B ; ( � ( g

i

( b ))

q

( c ))

b 2 B

�

= � ( g ( B ))

q

( c ) b ecause � is an ! -functor

=

e

� ( c 
 g ( B )) ;

and similarly for the relations with resp ect to iden tities.

11.2 Natural

The corresp ondence is natural in D b ecause for g : D ! D

0

,

D

g

! - Cat ( C 
 D ; E ) ! - Cat ( D ; Hom

r

( C ; E ))

e

D

0

! - Cat ( C 
 D

0

; E )

�� ( C 
 g )

! - Cat ( D

0

; Hom

r

( C ; E ))

e

�� g

Figure 3: naturalit y in D

(

e

� � ( C 
 g ))( c 
 d ) =

e

� ( c 
 g ( d ))

= � ( g ( d ))

q

( c )

= (( � � g )( d ))

q

( c )

=

^

( � � g ) ( c 
 d ) ;

and it is natural in E b ecause for h : E ! E

0

,

( h �

e

� )( c 
 d ) = h ( � ( d )

q

( c ))

= h

�

( � ( d ))

q

( c )

= ( h

�

� � )( d )

q

( c )

=

^

( h

�

� � ) ( c 
 d ) :
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E

h

! - Cat ( C 
 D ; E )

h ��

! - Cat ( D ; Hom

r

( C ; E ))

e

h

�

��

E

0

! - Cat ( C 
 D ; E

0

) ! - Cat ( D ; Ho m

r

( C ; E

0

))

e

Figure 4: naturalit y in E

Note that b ecause the corresp ondence is an isomorphism this also mak es

natural in D and E .

Theorem 11.1 The internal homs Hom

r

and Hom

l

give the monoidal c ate-

gory ! - Cat the structur e of a monoidal biclose d c ate gory. Mor e over, this struc-

tur e c oincides with the monoidal biclose d structur e of pr op osition 4.1.

Pr o of. The adjunctions ha v e just b een pro v en, and the moreo v er part is

immediate from prop ositions 4.2 and 8.8. 2

11.3 Strength of the adjunctions

One of the consequences of the monoidal biclosed structure is that the natural

corresp ondence ! - Cat ( C 
 D ; E )

�

=

! - Cat ( D ; Ho m

r

( C ; E )) ab o v e is in fact the

0-dimensional re
ection of a corresp ondence b et w een internal Homs, see e.g.

[14 ]. This can also b e seen directly:

Hom

r

( C 
 D ; E )

q

�

=

! - Cat ( C 
 D 
 2

q

; E )

�

=

! - Cat ( D 
 2

q

; Hom

r

( C ; E ) )

�

=

Hom

r

( D ; Hom

r

( C ; E ))

q

:

It is left to the reader to c hec k this indeed giv es an ! -functor b et w een the t w o.

11.4 Mixed

It is also p ossible to relate b oth in ternal homs:

Hom

l

( C ; H om

r

( D ; E ))

r

�

=

! - Cat (2

r


 C ; Ho m

r

( D ; E ))

�

=

! - Cat ( D 
 2

r


 C ; E )

�

=

! - Cat ( D 
 2

r

; Hom

l

( C ; E ))

�

=

Hom

r

( D ; Ho m

l

( C ; E ))

r

:
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11.5 Dualit y

As a consequence of the adjunction, there are also duals of the in ternal homs:

! - Cat ( C ; Ho m

r

( D ; E )

op

)

�

=

�

=

! - Cat ( C

op

; Hom

r

( D ; E ))

�

=

! - Cat ( D 
 C

o p

; E ) b y the adjunction for Hom

r

�

=

! - Cat (( D 
 C

op

)

op

; E

o p

)

�

=

! - Cat ( C 
 D

o p

; E

op

)

�

=

! - Cat ( C ; Ho m

l

( D

op

; E

o p

)) b y the adjunction for Hom

l

:

So one in ternal hom could ha v e b een de�ned in terms of the other b y

Hom

l

( C ; D ) = Hom

r

( C

op

; D

op

)

op

, and b y Hom

r

( C

co

; D

co

)

co

. Another conse-

quence is that Hom

r

( C

op co

; D

op co

)

�

=

Hom

r

( C ; D )

o p co

.

12 ! -Cat is an ( ! -Cat )




-CA T egory

As sho wn in [28 ], a monoidal closed structure on a category mak es this cat-

egory an enric hed category o v er itself. I describ e the resulting structure for one

of the in ternal homs on ! - Cat , namely the righ t one. This structure extends

the enric hmen t whic h mak es 2- Cat in to a (2- Cat )




-CA T egory [21 ].

There is an ! -functor � : Hom

r

( C ; D ) 
 Hom

r

( D ; E ) ! Hom

r

( C ; E ) whic h

can b e considered as \horizon tal" comp osition of lax- q -transformations. In fact,

� =

^

(id

Hom

r

( D ; E )

) �

�

^

(id

Hom

r

( C ; D )

) 
 Hom

r

( D ; E )

�

, and this ensures that � is an

! -functor, and that � is natural in all three v ariables.

T o describ e � , let % b e a righ t lax- q -transformation C ! D , � a righ t lax- r -

transformation D ! E , and c a p -dimensional cell of C . Then

� ( %; � )

�

0

s

0

( c ) =

*

2

p


 d

�

0

s

0

(2

q


 2

r

) ;

�

�




0

r

0

( %

�

0

q

0

( c ))

�

d

�

0

q

0


 d




0

r

0

2 d

�

0

s

0

(2

q


 2

r

)

+

:

In particular, � ( %; � )

q + r

( c ) = �

r

( %

q

( c )), and the domain of this is a comp osition

of ( �

( � )

q +1

r � 1

� %

q

)( c ) and ( �

r

� %

�

q � 1

)( c ). Other particular instances are when q = 0

in whic h case � ( %; � ) = %

�

( � ), and when r = 0 in whic h case � ( %; � ) = �

�

( % ),

see section 10.

The ! -functor � : 2

0

! Hom

r

( C ; C ) corresp onds, under the adjunction, to

the canonical isomorphism 2

0


 C

�

=

C , and as suc h it is

� ( d

0

) = (id : C ! C ) :
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Finally , a picture of � ( %; � )

4

( c ) and all its faces for % a righ t lax-2-transforma-

tion, � a righ t lax-2-transformation, and c a 2-dimensional cell of C . As it is a

realization of 2

2


 2

2


 2

2

in E , I will giv e the names of the cells in this pasting

sc heme, the cell d

�

p


 d

�

q


 d




r

b eing realized b y �




r

�

%

�

q

( d

�

p

( c ))

�

.

A

1

A

2

A

3

A

4

A

5

A

6

d

�

1


 d

2


 d

2

5

d

2


 d

2


 d

+

1

5

d

2


 d

�

1


 d

2

5

d

2


 d

2


 d

�

1

5

d

2


 d

+

1


 d

2

5

d

+

1


 d

2


 d

2

5

d

2


 d

2


 d

2

6

where the A

i

are giv en b y:
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A

1

:

B

1

B

2

B

3

B

4

B

5

B

6

B

7

B

8

B

9

B

10

B

11

B

12

B

13

B

14

d

�

0


 d

�

1


 d

2

3

d

2


 d

+

1


 d

�

0

3

d

�

0


 d

2


 d

�

1

3

d

�

1


 d

+

0


 d

2

3

d

�

1


 d

+

1


 d

�

1

3

d

�

1


 d

2


 d

+

0

3

d

2


 d

�

0


 d

�

1

3

d

2


 d

�

1


 d

+

0

3

d

2


 d

+

0


 d

+

1

3

d

+

1


 d

2


 d

�

0

3

d

+

1


 d

�

1


 d

+

1

3

d

+

1


 d

�

0


 d

2

3

d

+

0


 d

2


 d

+

1

3

d

+

0


 d

+

1


 d

2

3

B

15

3

3

B

19

3

3

B

18

3

3

B

17

3

3

B

26

3

3

B

25

3

3

B

23

3

3

B

22

3

3

B

16

3

3

d

�

1


 d

+

1


 d

+

1

3

B

21

3

3

B

24

3

3

B

20

3

3

d

�

1


 d

�

1


 d

+

1

3

d

�

0


 d

2


 d

2

4

d

2


 d

�

0


 d

2

4

d

2


 d

2


 d

�

0

4

d

�

1


 d

+

1


 d

2

4

d

�

1


 d

2


 d

+

1

4

d

2


 d

�

1


 d

+

1

4

in whic h

B

18

3

B

21

3

B

22

3

3

B

19

B

23

3

d

2


 d

�

0


 d

2

4

=

B

32

3

B

21

3

3

B

26

3

B

19

B

25

3

d

2


 d

�

0


 d

2

4
;
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A

2

:

B

1

B

2

B

3

B

4

B

5

B

6

B

7

B

8

B

9

B

10

B

11

B

12

B

13

B

14

d

�

0


 d

�

1


 d

2

3

d

2


 d

+

1


 d

�

0

3

d

�

0


 d

2


 d

�

1

3

d

�

1


 d

+

0


 d

2

3

d

�

1


 d

+

1


 d

�

1

3

d

�

1


 d

2


 d

+

0

3

d

2


 d

�

0


 d

�

1

3

d

2


 d

�

1


 d

+

0

3

d

2


 d

+

0


 d

+

1

3

d

+

1


 d

2


 d

�

0

3

d

+

1


 d

�

1


 d

+

1

3

d

+

1


 d

�

0


 d

2

3

d

+

0


 d

2


 d

+

1

3

d

+

0


 d

+

1


 d

2

3

B

27

3

3

B

24

3

3

B

20

3

3

B

31

3

3

B

28

3

3

B

19

3

3

B

26

3

3

B

25

3

3

B

30

3

3

B

29

3

3

3

B

32

3

3

B

21

3

3

3

d

+

0


 d

2


 d

2

4

d

2


 d

�

0


 d

2

4

d

2


 d

2


 d

�

0

4

d

�

1


 d

2


 d

�

1

4

d

�

1


 d

�

1


 d

2

4

d

2


 d

�

1


 d

+

1

4

in whic h

B

30

3

B

32

3

B

26

3

3

B

7

B

19

3
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