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We study the quantum-mechanical properties of a supermembrane and examine the nature of
its ground state. A supersymmetric gauge theory of area-preserving transformations provides a
convenient framework for this study. The supermembrane can be viewed as a limiting case of a
class of models in supersymmetric quantum mechanics. Its mass does not depend on the zero
modes and vanishes only if the wave function is a singlet under supersymmetry transformations of
the nonzero modes. We exhibit the complexity of the supermembrane ground state and examinc
various truncations of these models. None of these truncations has massless states.

1. Introduction

Some time ago an action for a membrane moving in a d-dimensional space-time
was formulated, which is invariant under super-Poincaré transformations [1]. It is
expressed in terms of the membrane coordinates X*({) and a set of anticommuting
coordinates 8({), transforming as a d-dimensional vector and spinor, respectively;
the parameters {’ (i =0,1,2) parametrize the world tube swept out by the mem-
brane in space-time. As is well-known, similar actions exist for the superparticle, the
superstring, as well as higher-extended objects (“p-branes”) [1-4], and they are all
characterized by the presence of a local (i.e., {-dependent) fermionic symmetry. This
invariance requires the existence of a closed superspace form [5], appearing in the
action in the form of a Wess-Zumino-Witten term, which is only possible for a
specific number of space-time dimensions. Therefore, the supermembrane action
can only be formulated in d =4, 5, 7 and 11 dimensional space-times.

An intriguing result found in [1] is that a supermembrane can propagate in a
curved superspace. In particular for d =11, the membrane can couple consistently
(i.e., without affecting the local fermionic symmetry) to a d =11 supergravity
background. Guided by the experience in string theory this result has been inter-
preted as an indication that the ground state of the supermembrane should be
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degenerate and constitute the states of a massless d = 11 supergravity multiplet. In
attempts to study this question the quantum fluctuations have been analyzed about
solutions of the classical membrane equations [6,7]. While the vacuum energy of
these fluctuations vanishes for the solution considered in [6], it did not vanish for
the solution described in [7], and neither did it constitute an integer as it does in the
case of the string [8] (for the (open) bosonic membrane such a calculation was first
undertaken in [9]). On the other hand, heuristic arguments were presented in [10],
based on the vanishing of the vacuum energy for fluctuations about a solution with
residual supersymmetry, which support the conjecture that the ground state has the
structure of a massless d = 11 supermultiplet.

In this paper we will study the quantum mechanics of a supermembrane in more
detail in the hope of constructing the ground-state wave function. We present an
alternative formulation of the membrane as a gauge theory of the area-preserving
transformations of the membrane surface. Here we are inspired by the fact that
these transformations are the residual invariance of a relativistic membrane theory
when quantized in the light-cone gauge [11]. It is possible to consider truncations of
this gauge theory by truncating the infinite harmonic expansion of the membrane
coordinates. At least for membranes with the topology of a sphere this can be done
in such a way that the supersymmetry remains preserved. The group of area-preserv-
ing transformations is thereby reduced to SU(N ).* These truncations lead to a class
of matrix models in supersymmetric quantum mechanics {13, 14], which turn out to
coincide with the models that have been presented in [15]. A priori, three different
types of membrane ground states are possible. One possibility is that the ground
state is a singlet under supersymmetry, which is thus annihilated by the supersym-
metry charges. By virtue of the anticommutation relation which expresses the
hamiltonian as the square of these charges, this ground state should be massless.
However, this situation is not possible for the supermembrane: it follows from the
explicit expression for the hamiltonian that all wave functions have an obvious
degeneracy associated with the fermionic zero modes. Therefore the ground state
must be degenerate and constitute a supermultiplet. There are then two possibilities.
One is that the ground state is a massless supermultiplet, consisting of 27 bosonic
and 27 fermionic states, in which case the supercharges associated with the nonzero
modes must annihilate the ground-state wave functions. If this is not the case one
has a massive supermultiplet. The ground-state degeneracy is then enormous, as a
massive supermultiplet contains 2'* bosonic and 2! fermionic states.

We restrict ourselves to supermembranes that move in a trivial space-time. Hence
we consider no compactification as in [6] and neither do we study the possibility of
membranes moving in nontrivial space-times such as in [16]. This means, in
particular, that our considerations have no bearing on the results described in [16],

* This idea goes back to Goldstone [11]. The relation between SU(N ) and the group of area-preserving
transformations was exhibited in [12].
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where the existence of infinitely many massless states of the supermembrane
compactified to AdS, X S7 was demonstrated in a small-fluctuation analysis. Our
work shows that the ground-state wave function of a supermembrane has a high
degree of complexity. For instance, it is not possible for a massless ground state that
the wave function factorizes into a bosonic and a fermionic part, if one of these
factors is rotationally invariant. This is a distinct difference with the wave function
for the superstring ground state. We then study the restrictions imposed by
rotational invariance for the total ground-state wave function, but, unfortunately,
this does not lead to useful simplifications. Although the condition that the wave
function vanishes under the action of the supersymmetry charges has solutions,
these solutions tend to be not square-integrable. This we demonstrate in a G,-
invariant truncation of the theory. We also consider a supermembrane propagating
in a 4-dimensional space-time in a truncation where the group of area-preserving
transformations is reduced to SU(2). Assuming that the wave function tends to zero
at spatial infinity, we show that the energy of the supermembrane is lower than that
of its bosonic version, but there is no solution with zero mass. However, the
complexity of this problem makes it hard to reach a firm conclusion concerning the
existence of massless solutions in the general case. We should also emphasize that,
while the supersymmetric matrix models are well defined, it is not clear what will
happen in the limit where the gauge group approaches the full infinite-dimensional
group of area-preserving transformations. As is well-known, in quantum-mechanical
systems based on an infinite number of degrees of freedom, degenerate ground
states are not always contained in the same Hilbert space; this aspect is of
immediate importance for possible applications of supermembrane theories. Also,
while the models based on SU(N) yield, in the limit N — oo, the full group of
area-preserving transformations corresponding to a membrane with the topology of
a sphere, a corresponding result for other membrane topologies is not known.

In sect. 2 we start by formulating the membrane action in the light-cone gauge,
emphasizing the role played by the area-preserving transformations. We introduce a
gauge theory of these transformations, and verify the supersymmetry algebra. In
sect. 3 we review the truncation to the finite-dimensional matrix models and discuss
some properties of area-preserving transformations. Then, in sect. 4, we discuss
attempts to solve the equations for the ground-state wave function of the supermem-
brane and demonstrate the absence of a massless ground state in two different
truncations. In an appendix we analyze the implications of SO(9) invariance for a
general wave function.

2. Lightcone formulation of the supermembrane

The starting point of this section is the lagrangian

L= —[—g(X,0) —e*[10,x*(3, X"+ 6173,0) + 181%9,081°0,6|81,,3,8, (2.1)
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where X*({) and 6({) denote the superspace coordinates of the membrane
parametrized in terms of world-tube parameters {' (i = 0,1,2). The metric g;;( X, 8)
is the induced metric on the world tube,

g,;=E'E!n,,, (2.2)

where E} are certain supervielbein components tangential to the world tube,
defined by
EF=0,X"+0I".0, (2.3)

and 7, is the flat d =11 Minkowski metric. It is easy to see that E} is invariant
under space-time supersymmetry transformations

80—¢, 8X*= —il*f. (2.4)

In fact this transformation also leaves the lagrangian (2.1) invariant (up to a total
divergence) provided the following gamma matrix identity is satisfied

J[l F“¢2J3Fw,z[/4] =0, (2'5)

where we antisymmetrize over four arbitrary spinors ¢;—y,. This identity only holds
in d=4, 5, 7 and 11 space-time dimensions. In this paper we mainly restrict
ourselves to d =11, but this restriction is not important for the analysis to be
presented below.

The field equations corresponding to the lagrangian (2.1) take the form

2,/ 788 E}) - €17 3,0%,0,0 =0, (9

(1+T)g"E,3,6=0, (2.7)
where I" is defined by

EFEELT, (2.8)

_6‘/T—E prp ”

We note two important identities for I,

=1, ELE/T,, (2.9)

FE ¢F gljz\/—_—

The lagrangian (2.1) is manifestly invariant under reparametrizations of the
world-tube coordinates {'. It is also invariant under a local fermionic symmetry
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generated by
0=(1-—F)K, dXr=k(1-T)I"4, (2.10)

where k is an arbitrary {-dependent spinor. Observe that « is always multiplied by
the projection operator (1 —1I).

Of particular importance is the supersymmetry current associated with the
transformations (2.4). It reads

Ji=-2/-gg"B8
—et { EFELT, 0+ 4[176(8T,,0,0) + 1,,0(8179,0) | Ef - 287%9,8] | . (2.11)

w9

As one can verify straightforwardly, this current is conserved by virtue of the field
equations (2.6) and (2.7), provided the identity (2.5) holds.
In order to pass to the light-cone gauge we choose light-cone coordinates

X*t=/1(x"+ x°). (2.12)

Transverse coordinates will be denoted by X“({) (a=1,...,9). For the gamma
matrices we make a similar decomposition,

71—=\/%_(F10iro), Yazrzn (a::lv._.,g), (213)

so that {y,,y_} =21, y2=v%2=0, {¥+» 7.} = 0. Furthermore we change notation
and denote the parameters {’ by

(£°%.¢7) = (r,07), (r=1.2). (2.14)
By a suitable reparametrization we now choose
XT($)=X(0) +7, (2.15)

so that d, X" = §,,. Furthermore we use the local fermionic symmetry to impose the
gauge condition

v, 0=0. (2.16)

With these gauge conditions we obtain the following result for the components of
the induced metric

grs = grs = arX aSX’
gOrE ur= arX_+ 80X 8rX+ gy—are’

Qo0 =20,X " +(3,X)*+28y_3,8. (2.17)
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while the determinant of the metric can now be written as

g=detg= —Ag, (2.18)
where
A= —gp+ug u,, g2"g, =9/, g=detg. (2.19)
After imposing the gauge conditions (2.15) and (2.16) the lagrangian and super-
charge densities take the form (using % = —¢”, g®¥= —A"1 ¢ =A"'g"u )
P=—\/zA +e79,X0y_v,80, (2.20)

JO =24/ % [(3oX—u,g"d, X )y, +v_|0+e%d,X°9,X0y,,0. (2.21)

In order to write down the corresponding hamiltonian density, we first determine
the canonical momenta P, P* and S conjugate to X, X~ and 8, respectively. They
are

= ok \/_? é 2.22
S=m§—)——— ZY" (2. )

where d, denotes the left derivative. The hamiltonian density then takes the simple
form

H=P-3,X+P*3,X + 800 —-%
P’ +3

-5 e*d,X0y_v,00. (2.23)

The bosonic part of this expression was first found by Goldstone [11] (see also [12]),
while its superextension was derived in [17].
One easily verifies that there are two primary constraints

¢,=P-3,X+P 3, X +508=0, (2.24)

Xx=S+P*y =0, (2.25)
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where = 0 indicates that the constraints are “weakly zero”, so that they may have
nonzero Poisson brackets with the phase-space variables. We recall that the time
(i.e., 7) evolution in phase space is governed by the “total” hamiltonian [18])

Hy= f &% {4 ¢, + dx ), (2.26)

where ¢” and d are Lagrange multipliers. One can easily verify that there are no
secondary constraints at this point.

The gauge conditions (2.15) and (2.16) are still invariant under 7-dependent
reparametrizations of o”

o"—>a" +¢(r,0). (2.27)

Under such infinitesimal reparametrizations u” changes into 4" — 94"+ 9,&"u* —
£9,u’, which shows that one can impose yet another gauge condition, namely

u =0. (2.28)
In this gauge it follows that ¢” = 0 according to the Hamilton equations correspond-

ing to (2.26), so that d,P*=0. Because P* transforms as a density under
reparametrizations, it may be adjusted to a constant times some density w(o),

P =Pjw(o), (2.29)
where we will normalize w(o) according to

fdzow(a)=1. (2.30)

Therefore the constant Py represents the membrane momentum in the direction
associated with the coordinate X,

Pr= fd2oP+ . (2.31)
The other momentum components are given by the integrals over P and —5#,
PozdeaP, Py = —fdzoai’. (2.32)

Hence the mass .# of the membrane is given by

w

P +g _
M= fd% {[——]——5 —2Pje 8,X“07Hya3s0} , (2.33)
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where the notation [ P?]’ indicates that we are excluding the zero mode P = P,w(o)
from the integrand. On the other hand, we observe that the zero modes X, and 4§,
defined by

X,= [dow(e)X, 6= [d%ow(a), (2.34)

do not appear in the equation for .#? either, at least if the membrane coordinates
are single-valued functions of ¢”, which is the case if space-time is not compactified,
or, for open membranes, if one assumes appropriate boundary conditions. The
absence of X, which is just the center-of-mass coordinate of the membrane, is
rather obvious. The fact that .#? does not depend on 6, will play an extremely
important role later on.

The coordinate X~ no longer appears explicitly in (2.33) and is determined by the
gauge condition (2.28), or, equivalently, by the constraint (2.24) after imposing the
gauge condition (2.29). The relevant formula is

9, X =—3,X-3,X-8y _d44. (2.35)

Because X~ must be a globally defined function of ¢” this requires that
9S(aox- 39,X+8y_9,8)do"=0 (2.36)

for any closed curve on the membrane. Locally this condition implies
e*(9,00X-3,X+ 9,0y _96)=0. (2.37)

Observe that, when space-time is not compactified so that X and 6 are single-val-
ued functions of o, only the condition (2.37) is relevant.

The gauge conditions adopted above leave a residual reparametrization invariance
consisting of time-independent area-preserving transformations. Infinitesimal trans-
formations of this kind leave (2.29) invariant, and are thus defined by

o"— o +¢(o) with d.(w(e)é(o))=0. (2.38)

There exists an alternative formulation of the membrane theory, which empha-
sizes area-preserving reparametrizations from the start. Locally the area-preserving
transformations can be written as

£I‘S

w(a)

If the membrane is topologically nontrivial, i.e. if the membrane surface has handles

£(o) = d,¢(a). (2.39)
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so that it contains uncontractible curves, then £’(o) and £(o) will not necessarily be
globally defined. However, we will restrict ourselves to the subgroup generated by
functions £(o) that are globally defined. It is then convenient to introduce a Lie
bracket of any two functions A(o) and B(¢) by

rs

w(o)

(4,B) = 39, 4(0)d B(o), (2.40)

which is antisymmetric in 4 and B and satisfies the Jacobi identity {4, {B,C}} +
{B,{C, A}y +{C,{A4,B}}=0. Using this bracket, infinitesimal area-preserving
reparametrizations act on X? and # according to

8X“={& X}, 80=1{£0). (2.41)

Now let us introduce a gauge field w associated with time-dependent
reparametrizations, transforming as

dw=20yf+ {£ 0}, (2.42)
and corresponding covariant derivatives
DyX*=0yX*~ {w, X*}, Df=00—{w,0}. (2.43)

The following lagrangian density is then manifestly gauge invariant under the
transformations (2.41) and (2.42),

wole= L(DX ) + Gy Db = 4({ X X*}) + Gy v, (X", 0},  (2.44)
as well as under space-time supersymmetry transformations given by
3X¢= ~2gy“d,
80 =1y (DoXv,+v Je+ i { X Xy vye
dw= —2&0. (2.45)
The supercharge density associated with the transformations (2.45), equals
JO=w[2 DX, +v_)+ { X X"} v,,]6. (2.46)

In the gauge w =0 the latter result coincides with the charge density obtained
previously (cf. (2.21) after imposing the gauge conditions (2.28) and (2.29)). To see
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that the supersymmetry transformations are associated with space-time, one may
evaluate the supersymmetry commutator on X

[8(e),8(e,)] X= —28,7,6 Dy X~ 2&,7%, + { £, X°}, (2.47)

where, on the right-hand side, we distinguish a -translation generated by D,
(which, as we know, is related to a translation of the membrane coordinate X*), a
translation of X¢ and an X-dependent area-preserving gauge transformation with
parameter £ =2z,y’y.e X? In order to verify that the bosonic and fermionic
degrees of freedom balance in the path integral associated with (2.44), one may
impose a gauge condition w = 0, which leads to a (free) fermionic complex ghost
field. Altogether one then counts 9 bosonic and 16 + 2 = 18 (real) fermionic field
components.

To establish full equivalence of (2.44) with the membrane lagrangian, we imple-
ment the gauge w = 0 and introduce canonical momenta P and S associated with X
and 8,

P=wd X, S=-wy_4. (2.48)

The hamiltonian is then

H=[d% (P 3,X+500-%)

1 _
= Efdzo {woP?+ w({ X%, x*}) = 2wly_v,{X*,8}},  (2.49)

so that, after dropping the zero-mode P;, 2H coincides with eq. (2.33) for the
membrane mass .#, provided 8 is rescaled by a factor \/ﬁ (to make the compari-
son, use that ({ X4, X*})? =2w " %j).

Furthermore, the field equation for w leads to the constraint

p={d,X,- X} +{6y_,0}) =0, (2.50)

or, in phase-space variables,
p={w'P,-X}+{w5,0} =0, (2.51)
This constraint is just (2.37), and we have thus established the equivalence of (2.44)
with the initial lagrangian (2.1). The quantity ¢ is the “current” that couples to the
gauge field w, so it is obvious that we represents the charge density associated with

the area-preserving transformations. In addition there is the usual second-class
constraint that expresses the fermionic momentum S into 6.
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The Dirac brackets for the theory above are derived by standard methods and
read

(Xx°(0), Pt(0"))pp =88 (0 —a"),

_ 1
(8.(0). 85(6)) = 7= (v ) g 8*(0 = o). (2.52)

It is now possible to verify the full 4= 11 supersymmetry algebra. Decomposing the
supersymmetry charges into two independent SO(9) spinors according to

0=0%+ Q—=fd2oJ°, (2.53)
where JO is given in (2.46) and Q *= 3y, y:Q, we find the expressions

Qt= /dza (2P”ya+W{X”, Xb}Yab)H’

0 = ——2/d20S=2y_00. (2.54)
Observe that Q@ acts only on the fermionic zero-modes §,, which, as we have

pointed out before, do not appear in the expressions for the hamiltonian and the
membrane mass.

It is now a straightforward exercise to determine the Dirac brackets for the
supercharges. The result takes the following form

(Q;’ QE)DBZ —2(7—)aﬂa

(0505 )on=20v ) s = 2017 s f o x°
+ (Ya'Y+)alg/d208rS;+ (YadeY+)aB/dzaarSerbcda

( :’ @[;)DBZ —(‘Ya‘Y+Y~)GKBPOQ+ (YabYJr.Y*)aB[dzoar arb’ (2'55)

where the surface terms, given by

Sr=e"{2w X, PP, X" +2X,0y_0,0 — 3X°9,(0y_v.,9)}.
abed = ﬁEHX[a as<§Y-Y bca’]g) ,

;b - %ErSX[a 8SX b1 (256)
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can contribute only if the membrane coordinates and momenta are not single-val-
ued.

It is useful to separately consider the zero-mode contributions to Q*, which
define a conserved charge Q*@. It reads

Q*®=2pgy b, . (2.57)

Together, 0+ and Q~ generate the algebra

(Q;’ QI;)DB = —2(7_)04;,
(Q:(O)? _Q_[;—(O))DB = (Y+)zxﬁP02,

(Q:(O)’ Q,B_)DB:- _(YaY+Y«)aBP0a3 (258)

where we have used that the hamiltonian for the zero modes is the center-of-mass
hamiltonian H® = LP/Z. For the remainder of the supercharge Q*, which does not
contain the zero modes anymore (provided that the membrane coordinates are
single-valued), the Dirac bracket reads

( ;—’ QE)DBz (Y+)aﬁ'/”2_2(‘YaY+)aﬂfd20wq)Xa+ Y (259)

where the dots indicate the contribution from the surface terms. This relation plays
a central role in the analysis of this paper.

So far we have been employing a d = 11 notation for the spinors §. However, due
to the gauge condition (2.16), the anticommuting coordinates are restricted to SO(9)
spinors, satisfying

YiYa s Ye0=0. (2-60)

Furthermore we have
Oy_=iV20", 6=%"16%, (2.61)

where € is the d =9 charge conjugation matrix, which is symmetric and related to
the d =11 charge conjugation matrix by ¥= — Cv,;; we also note that the SO(9)
gamma matrices satisfy v/ = €v,4" . Henceforth we will choose €= 1, so that the
SO(9) gamma matrices are symmetric.

In subsequent sections we shall study the ground-state wave function of the
supermembrane. For that purpose it is convenient to have an explicit representation
for the operators associated with the fermionic coordinates. As a first step towards
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constructing such a representation we decompose the real SO(9) spinor coordinates
@ into a single complex 8-component spinor A, which transforms linearly under the
SO(7) x U(1) subgroup of SO(9). This decomposition is effected by expressing the
two eigenspinors of v,, defined by v, 8(*) = +6¢*), into a complex SO(7) spinor A,
according to

A+ A AN —A
gt = — 00 =

25/4 N l?/T . (2.62)

The bosonic coordinates X“ are then decomposed according to representations of
this SO(7) X U(1) subgroup so we distinguish the components X' of an SO(7) vector
(i=1,2,...,7), while X® and X° are combined into a complex coordinate

Z=1(x*+ix?), (2.63)

which transforms under U(1). Similarly, the momenta are decomposed in terms of
an SO(7) vector P’ and a complex momentum & defined by

#= 1 (P~ iP°). (2.64)

The normalization factors in (2.62)—(2.64) are chosen such that the nonvanishing
Dirac brackets are equal to

(Xi(o), Pj(o’))DB =88%(c—0’),
(Z(0), P(0"))pp =8%(0 — o),

()\a(o),)\fﬂ(o’))DB= —iw '8,58%(0—d’). (2.65)

The supercharges Q; can also be written as a complex SO(7) spinor. When
expressed in terms of the above coordinates these charges take the form

0= [d%[(PT,+ iw{ X', X/} I, = w(Z.Z})A
+V2 (i2+iw{ X', Z) T,)NT].
0f = [do[(-P T+ w{ X', X/} T, + w(Z, Z})N

+V2 (=i +iw{ X', Z}T)A], (2.66)
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where I, are the SO(7) gamma matrices*. In the same notation the hamiltonian
reads

H= [do|tw (P +w |2
+w({ x4 X)) {2, X))+ wl{Z, Z} |
+wAL{ XX = WIWA(Z\) + W2wN{Z )] (267)

The normalization of Q and QF is such that

(Qa’ Qﬂ)DB= —‘/iaaﬁfdzo WZ(P’

(Qur Of) g = —2i8,pH + 2i(1}) o [ P wX'ep. (2.68)

3. Area-preserving transformations and supersymmetric matrix models

The analysis presented in the foregoing section has led us to the constraint (2.24)
(or, (2.35)—(2.37) and (2.50-51)), which generates the group G of area-preserving
diffeomorphisms. All physical quantities, such as the expression (2.33) for the
membrane mass, must be invariant under this group, and this statement applies
equally to the classical theory (where (2.24) constrains the space of solutions) and to
the quantum theory (where (2.24) must be imposed as a constraint on the physical
states). The group G and its associated Lie algebra play an important role in the
following and are also of interest in their own right [11,12]. In this section, we
summarize some properties of this group for spherical and toroidal membranes.
Before going into the details we make some general remarks which also pertain to
topologically more complicated membranes. We start by expanding the coordinates
into a complete orthonormal basis of functions Y“(o) on the membrane,

X(o)=YX'Y,(c), (4=0,1,2,...) (3.1)

and likewise for the fermionic coordinates 6 (or A) and the momenta. The functions
Y, may be chosen real, in which case there are no restrictions on the modes, or
complex, in which case there are further restrictions from the reality of X. The
following notation allows us to discuss both options in a uniform manner. First we

* Qur conventions are as follows: (L, 1} =280, I, =3I}, I, =3{L, T}, I\... [} =—ilL
Also, I, =T7 = —IT= —I*,
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define
YA(“)E(YA("))*z"?ABYB(U)a (32)

where the matrix 72 satisfies n*2n,. =84 with 7,5 = (n*#)*. The normalization
of the functions Y, 1s

fdzow(o)YA(o)YB(o)=8[;, (3.3a)

or, equivalently,
[d%ow(0)Y,(0)Yy(a) =1,p, (3.3b)

which shows that 7,, is symmetric. The reality condition on the expansion
coefficients of X(o) then reads

XAE(XA)*znABXB~ (3.4)

Furthermore, completeness of the Y, implies

Y YYo)Y, (o) = w—(lo—)tﬁz(o—o'). (3.5)

As explained in the previous section, area-preserving maps are expressed in terms
of divergence-free vector fields, £'(o); according to (2.39) these vector fields can be
represented locally in terms of a scalar function £(o), which may or may not be
globally defined.* We will concentrate on the subgroup of area-preserving maps
generated by functions £(o) that are globally defined. As follows from (2.41),
infinitesimal transformations can be expressed in terms of the Lie bracket defined in
(2.40). Furthermore, the commutator of two infinitesimal transformations with
parameters £, and §, yields an area-preserving transformation with parameter
£, ={&,, & ). Therefore the structure constants of the area-preserving maps that are
globally defined, are given in terms of the Lie bracket (2.40). In order to make this
more explicit, we decompose the Lie bracket of Y, and Y, according to

{Y,, Yp) =gABCYC=gABCYC7 (3.6)
where indices of g, are raised and lowered by means of 9*# and 7. Using the

*In the mathematics literature, the vector fields corresponding to functions £(o) that are globally
defined, are called “hamiltonian vector fields”; if £(o) is not globally defined one speaks of “locally
hamiltonian vector fields”. See e.g. [19]), p. 218. The latter contain harmonic vectors £ and
homotopically nontrivial reparametrizations.
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normalization condition (3.3) it follows that g - is defined by
anc= [ @ow(0)Y,(0){¥,(0), Ye(o))

=fdzoE”YA(O)G,YB(U)(?SYC(U). (3.7)

Because the Lie bracket satisfies the Jacobi identity the structure constants will also
satisfy this identity,

g[ABCg D]CEZO. (38)

In the space of functions that are globally defined, it follows directly from the
definition (3.7) that the structure constants g, are totally antisymmetric. As we
will not consider compactified membranes, we will thus always be dealing with
antisymmetric structure constants. Furthermore the zero-mode Y,(o)= constant
decouples from the other modes because

8opc = 840c = 8apo= 0. (3-9)

It is now straightforward to substitute the expansion (3.1) and similar ones for the
fermionic coordinates into the expressions derived in sect. 2. The lagrangian
corresponding to (2.44) thus reads

L="(3,X°)" + 3| DoX ">+ 8% _3,8°+ 8,y D"
‘]ZgABEgCDEX;‘Xi?XuCXbD—gABCXf gBY‘Yaac’ (3.10)

where we have separately written the zero modes (corresponding to 4 = 0) and the
nonzero modes with indices A4, B,... ranging from 1 to co. The covariant deriva-
tives in (3.10) are defined by

DX =0,X - gulwPXE, DB =3,0" - gpw0C, (3.11)
where w” is the gauge field associated with time-dependent area-preserving trans-
formations. The lagrangian (3.10) is invariant under time-dependent transforma-
tions, whose infinitesimal form is given by

SX;‘ = gBCAgBXC

a *

804 =g, tP0¢,  bw'=Dyt", (3.12)

so that the zero modes are invariant by virtue of (3.9) and the nonzero modes
transform in the adjoint representation.
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As in sect. 2, the hamiltonian associated with (3.10) in the gauge «* = 0 leads to
an equation for the membrane mass .#,

M= P, P+ %gABEgCDEX:XI?XbeD + 2gABCX¢fi 0_EY7Y”9C, (3-13)

which does not contain the zero modes. The relevant supercharge is the part of 97,
defined in (2.54), that pertains to the nonzero modes,

0= (2P/'y" + gp " XFXEYH) 6, (3.14)

As shown in (2.59) the Dirac bracket of Q with itself yields (3.13) and the constraint
@, whose components are

®4=8unc(P” X +0%_6) =0. (3.15)

The theory defined by (3.13)—(3.15) contains an infinite number of degrees of
freedom. In order to make it well-defined, one would like to have some kind of
regularization. This can be achieved by restricting the indices 4, B, C,... to a finite
range between 1 and some finite number A. The original theory would then be
obtained in the limit A — co. In general, this limiting procedure may destroy some
of the symmetries of the theory, and it is not clear which of these will be restored in
this limit. The most severe of these problems are cured if one can replace the full
group G of area-preserving transformations by a finite-dimensional symmetry group
G,, which in the limit A — oo coincides with G. The structure constant g*2¢ can
then be replaced by the structure constants f*2¢ of the finite-dimensional group
G,, which satisfy

‘lim fABC = gHBC, (3.16)
The existence of such a group G, guarantees that supersymmetry is not affected, as
this symmetry rests upon the existence of a Jacobi identity for the structure
constants (it also depends on the space-time dimension through the condition (2.5)).
The application of this regularization thus leads us to a class of N =16 supersym-
metric matrix models with hamiltonian

H=Tr(1P>+ [ X,, X,)* + [ X,,8]y_v“0), (3.17)

where P, X and 6 are matrices that take their values in the Lie algebra of G.
Surprisingly enough, the quantum-mechanical version of these models coincides
with the models proposed sometime ago in [15]*. However, it is not guaranteed that
the group G, will always exist. This has been demonstrated only for spherical
membranes [11,12]. In that case G, is equal to the group SU(N), where N and A

* These models are reductions of supersymmetric Yang—Mills theories to 1 + 0 dimensions. The field w
introduced in sect. 2 corresponds to the timelike component of the gauge fields.
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are related by A = N2 ~ 1. Of course, subtle questions about the precise meaning of
the limit A — oo still remain and will require further study. However, we shall
ignore such questions here and turn to a more detailed discussion of the area-pre-
serving transformations for the sphere and the torus.

3.1. AREA-PRESERVING MAPS ON THE SPHERE

On the sphere one conventionally takes the spherical harmonics Y,,,(8, ¢) as basis
functions, where we exclude the zero mode, so that the integers / and m satisfy
[=1, |m| <l With this basis we have w(8, @)= (47) 'sind. We choose the
Condon-Shortley phase convention for the Y, (we follow the definitions of [20],
except for the normalization of the Y,,, which differs by a factor V4= ),

(Y =(=)"y ", (3.18)
so that

Namyimy = (7)1 1By (3.19)

where §, denotes the Kronecker symbol §,,. The Lie bracket of two spherical
harmonics then reads

Y Y 4‘77' 8Y11"'1 aY’zmz aYh"’l aY’zmz
Yo Vim, } = sinf\ 90 3¢  dp 40
= Zum oy Yy, - (3.20)

It should be obvious that g, ,, 1 m, 1,m, =0, unless m; +m, + m; = 0. Furthermore,
one can verify that /, + I/, + /; must be odd, for instance, by comparing the parity of
both sides of (3.20), and that /, </ +/,—1. Using the antisymmetry of the
structure constants it then follows that the structure constants only differ from
zero if

=Ll +1<l,<h+1,-1, m+my+m;=0. (3.21)

Another way to see this is by writing the spherical harmonics as symmetric traceless
homogeneous polynomials of three cartesian coordinates x,, x,, x3:

Y, (8, 9)=r"a{™ x, ...x,, (r2=x}+x}+x}) (3.22)

B 10 T i
in which case the Lie bracket takes the form

(4, B) =4mre, ,x,9,49,B. (3.23)
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Substitution of (3.22) into (3.23) leads to the same restrictions on /,, /, and /, as
listed in (3.21). The representation (3.23) also shows that the structure constants for
[, =1, =1;=1 are proportional to those of SO(3).

In [12] it was shown that g, ;... ;. are the N — oo limit of SU(N) structure
constants. Let us first indicate how SU(N) emerges in the truncation of the
spherical harmonics to a finite set. This truncation is effected by restricting / to
[ < N — 1, which leaves us with precisely N2 — 1 functions Y,,,. To each Y,,, which
corresponds to the symmetric traceless homogeneous polynomials (3.22), we can
generally assign an N-dimensional matrix by constructing the corresponding sym-
metric traceless product of SO(3) generators L, in the N-dimensional representation
(spin s = (N — 1)),

a’ L, ...L,. (3.24)

[V Pt Y iy

N1 a-ns2
o e se{ 2

As is well-known, the L, satisfy the equations

N?-1
[L.L;| =iepL,, Li=L, L*= L (3.25)
as well as the pseudo-reality condition
Lr=LT=—-wLw . (3.26)

The matrices (2.24) are traceless by virtue of the tracelessness of the tensors a ™.
The dimension of the representation is chosen such that the 7, with / < N — 1 form
a complete set of traceless N X N matrices. This can easily be seen by writing them
as the traceless part of L% L{, with L , the familiar raising and lowering operators,
which are clearly independent, provided p + g < N — 1. Using the symmetry prop-
erty (3.26), it then follows that the 7,, with even (odd) /> N can be expanded as a
linear combination of the T}, with even (odd) /< N — 1. Note that the hermiticity
of the T,,, follows from the phase convention adopted for the spherical harmonics,
so that

(1) = (=)"1;7 ™. (3.27)

From their completeness property it is obvious that the 7, are the generators of
SU(N) in the defining representation, and we obtain the structure constants from

[Tom> Trma| = Frompotim Ty, (Im| <L,<N=1). (3.28)

Just as the structure constants of the area-preserving transformations, the SU(N)

structure constants are only different from zero if 7, +/,+ 1/, is odd
hmy, lymy, lym, y 1T ihhTi
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(this follows from applying (3.26) to both sides of (3.28)), /;</,+/,—1 and
my + m, + my = 0. Therefore we have the same restrictions on [/, and m, as given in
(3.21), except that one should keep in mind that, in the case of SU(N), there is the
additional restriction that /, < N — 1.

Due to (3.24) £} u 1ymy, 1,m, Will converge 10 g, .. 1. 1.my a8 N = oo [12]. Eq.
(3.24) also implies that the T, transform as tensor operators under rotations and
once this is known the SU(N) structure constants defined by (3.28) are determined
by group theory [21,12] up to the calculation of the reduced matrix elements. One
gets (without loss of generality, we have assumed that /; </, </; while }; + 1, -/,

is an odd positive integer)
L L 4
my My My

X{ll I 13}(_)]\’M
s s s Ry(ly) ~
where ( ho Lok ) and {Il /SZ ’;} are the 3j-symbol and the 6 j-symbol, respec-

m. m; nmy s

tively [20], with s = (N — 1), while the function R is defined by

RAU=VHN+”“NLJ). (3.30)

(N—1-1)!

3

. ——
fllml,lzm2,13m3 = —47”( ]:11 \/211 +1

(3.29)

In the large-N limit, the expression to the right of the 3j-symbol converges to

{11 I, 13>(_)NRN(11)RN(12)NMC

F L L+ L) (=)
[ R (L) I+ 4+ L+ L)L ()

(A+4L+0L+0L) = F(n)

\/(ll + 12“13)! (11 + 13_ lz)! (12+ 13_11)! htla=h n(_)n
X )y

(3.31)

where
Fny=n'(L+L—-L—-—n(L—n)(L,—n)(n+L—I ) (n+1;-01). (3.32)

The large-N limit of (3.29) coincides with the structure constants g, 1, 1,m, fOT
the full group of area-preserving transformations. The mathematics underlying this
result [12,22] is quite intriguing, and could lead to the possibility of approximating
other infinite-dimensional Lie algebras of symplectic diffeomorphisms on homoge-
neous manifolds by large-N matrix algebras.
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3.2. AREA-PRESERVING MAPS ON THE TORUS

Choosing torus coordinates 0 < ¢, ¢, < 27 the basis functions Y, are labelled by

two-dimensional vectors m = (m,;, m,) with m, m, integer numbers. They are
defined by

Y,.(¢)=e""?, (3.33)

where m - ¢ = m ¢, + m,9,. Again we will exclude the zero mode, so that m # 0.
Furthermore we have w(¢) = (472)"!, and 9,,, =8, ,- For the Lie bracket of Y,
and Y,, one easily finds

(Y, Y,}=—-47*(mxn)Y,,,, (3.34)

where m X n=mn, —m,n,;. The structure constants g, follow directly from
(3.7) and read

Emnk = '4W2(mxn) m+ntk- (335)

The elements of the Lie algebra associated with G are thus labelled by the set of
nonzero two-dimensional vectors m with integer coordinates. The commutator of
two generators corresponding to two vectors of this lattice is then equal to the
generator corresponding to the sum of the two vectors, multiplied by 7/ times the
oriented area of the parallelogram enclosed by the two vectors. Generators associ-
ated with parallel vectors thus commute. There exits an infinite variety of Cartan
subalgebras, each infinite dimensional, consisting of the generators corresponding to
the set of parallel vectors m = An, with n fixed and A all nonzero integers.

The algebra corresponding to the structure constant (3.35) has been discussed in
connection with the theory of incompressible fluids in [19]). Recently, it was
emphasized that it contains subalgebras that are isomorphic to the Virasoro algebra
[23]. One such subalgebra was explicitly given; its generators take the form

1 1

Lmz——_Z_Ykm k) - (336)
4m Tk (Fome

More generally, solutions are obtained by taking a (logarithmically diverging) sum
of the Y, along a straight line in the 2-dimensional plane. For instance, one may
take

1
L,= . Z Y iy or m= 72 }: Yop miy» (3.37)
k+0 k#O

where p is some nonzero integer. However, some caution is required with the
infinite sums in (3.36)—(3.37), as the formal expressions for L, do not correspond to
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differentiable functions of the torus coordinates ¢, and ¢,. The Lie algebra based
on (3.35) allows for a nontrivial central extension,

(v,,Y,}=—4a*(mxn)Y,, ,+c md

m+n>

(3.38)

where ¢ is a real two-dimensional vector. This result was also noted in [23].
Furthermore, one can enlarge the torus algebra to include fermionic generators X,
with (anti)commutation relations™ (to avoid confusion with the usual symbol for the
anticommutator, we replace —(1/472){ , } by [, ]

[, Y] =(mXxn)Y,.,,

{Xr’Xs} =Yr

+s5°
[Ym7Xr] =(mxr)Xm+r’ (339)

where the fermionic generators X, are labelled by the set of two-dimensional vectors
r=(r, ry), with r; and r, ranging either over the integers, or half integers (so that
we get four different algebras, two of which are isomorphic to each other).

4. The supermembrane as a supersymmetric quantum-mechanical model

In this section we combine the previous results and study the properties of the
supermembrane ground state. So far, we have not been able to prove or disprove the
assertion that the supermembrane has massless states, although most of our results
indicate that the ground state is massive. However, we stress that more work is
needed before one can reach a definitive conclusion regarding this issue, and we
hope that the results described here will pave the way for a more rigorous treatment
of supermembranes which goes beyond perturbative (semi-classical) arguments.

The quantization of the supermembrane is straightforward in the SO(7) X U(1)
formulation that we have presented in sect. 2. The coordinates are therefore X(o),
Z(0), Z(o) and A (o), with corresponding canonical momenta P(s), #(0), #(o)
and X' (o). The (anti)commutators of the operators associated with the coordinates
and the momenta are given by the Dirac brackets (2.65) multiplied with an extra
factor i. The operators P!, 2, 2 and N can then be realized on wave functions (or
rather functionals) ¥[ X', Z, Z, A\] by

i - a . a
Pl)=-igxy 2=z
P(o)=—i _3 , >\Jf(0)=l i . (4.1)
dZ(a) w dA(o)

* This superextension of the algebra has been obtained in collaboration with Garreis (see [24]) and J.
Wess.



B. de Wit et al. / Supermembranes 567

It is now straightforward to write the relevant formulae from sect. 2 in this
representation. Before doing so, we “regularize” the supermembrane theory by
decomposing the coordinates and the momenta in terms of a finite set of function
Y%o) and Y4(o) with 4 =1,..., A. As explained in sect. 3, the structure constants
84pc Of the group of area-preserving transformations are then replaced by the
structure constants f,z~ of a finite compact Lie group G, with dimension

dimG=A. (4.2)

In the limit A — oo the group G is assumed to coincide with the group of
area-preserving transformations. This procedure turns the supermembrane into a
model of supersymmetric quantum mechanics [13,14] and leads precisely to the
supersymmetric matrix models that have been constructed in [15]. An important
consequence of this approach is that supersymmetry remains preserved, while the
invariance under area-preserving maps is approximated by the invariance under G.
For membranes topologically equivalent to S? the group G is equal to SU(N) and
the limit N — oo has been shown to yield the full group of area-preserving
transformations [12]. However, in this section the precise nature of G does not play
an important role.

The model that we will be considering in this section is thus based on a finite set
of coordinates X/, Z4, Z“ and X!, together with their canonically conjugate
momenta P, #4, #4 and M. Here, the index A labels the adjoint representation
of G. There are also the zero-mode (or center-of-mass) coordinates X, Z° Z° and
A%, but as we have already emphasized, these decouple entirely from the other
coordinates, and do not contribute to the mass of the supermembrane states. The
(anti)commutation relations corresponding to (2.65) are

[ X, 2| =i8,,85,
[z, 2,] = [Z4, 2, =4,
(N Xip ) = 8,087, (4.3)

while all other (anti)commutators vanish. The conjugate momenta can thus be
represented by the operators

a d
Pu=—igxa> Za= Tz
— d ad
Pi=—i—= ANo=— (4.4)
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in agreement with (4.1), and the states of the theory correspond to the wave
functions ¥( X/, Z*, Z*, A%). The latter are elements of the Grassmann algebra
generated by A? and may be expressed as*

8A
v=) 05 % (X, Z, Z)Aj‘;le‘;z.‘.xj‘,;. (4.5)
k=0

The norm of the state ¥ can then be defined through

IP1%= 2 sl (4.6)
k=0 %"

with the usual L?-norms for the coefficient functions Q7% Of course, one also
has the customary distinction between bosonic and fermionic states according to
whether only even or odd powers of A? appear.

We next make the appropriate substitutions in the supercharge operators of sect.
2. The supercharges that pertain to the nonzero modes, follow directly from the
SO(7) x U(1) covariant expressions in (2.66) and take the form

Qoz = { - ’Té + %fABCXiB‘XJCFoI;{? _fA BCZBZCSaB} 7\/;3

8 axA

| -
+‘/§{8aﬁ'ﬁq_+ifABCXiBZCF;B} N’
BA

+ %fA BCXIB‘XJCF;é + fA BCZBZCsaB} a A
BA

J ‘
3 { b+ lfABCx,.BzCr,;ﬁ} XS, (4.7)

These charges define a supersymmetric quantum-mechanical model, whose hamilto-
nian follows from the {Q, 0"} anticommutator. In order to exhibit this, let us
evaluate the anticommutators of the supercharge operators Q and QFf. After a
somewhat lengthy calculation, using the antisymmetry of f42¢ as well as the Jacobi

* Observe that we suppress the dependence on the zero-mode coordinates in (4.5). We will return to
this shortly.
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identities, one arrives at the following superalgebra
{Qm Qﬁ} = 2\/2—8aBZA‘PA ’
{ ot Q;fz} = 2‘/550432/“1’,4 ’
{0..0h} =28,,H—2ill X/, . (4.8)

This result is consistent with the Dirac brackets (2.65), with the operators H and ¢,
corresponding to the contribution from the nonzero modes to the hamiltonian (2.67)
and the constraint (2.51). The explicit expression for this hamiltonian, which is
directly related to the membrane mass .#, reads

H='#*=H, +H,, (4.9)

where

H P& o V(X,Z,Z
=— = ~ = + LZ.Z), 41
® 29X50x" 97,074 ( ) (4.10)

with positive potential }" given by
V(X,Z,Z) = Yo fope { X{XPXCXP + 4X/ZPXCZP + 2277777 ), (4.11)

and

Hy = if 5 XN,

+ 32 fpe | ZNEXE — Z4 A (4.12)
a’ af} akﬁ( 2 ABC aMa 8>\aB 8>\aC . -

The algebra (4.8) still contains the operators ¢, which are the components of the
constraint (2.51), and given by

a dJ
(pA :fABC X.

+Z + A
Bax<c  TEoze

(4.13)

> F
+ —
Bazc<

aBT}\Cl;) .
Obviously, ¢ are just the generators of the group G, which must vanish on physical
states, i.e.,

'¥=0. (4.14)
Consequently the wave functions corresponding to physical states must be invariant

under G (or the full group of area-preserving diffeomorphisms). On physical states
one thus recovers the usual supersymmetry algebra. The expressions (4.9)—(4.14)
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precisely coincide with the results of [15], where quantum-mechanical models were
discussed with up to 16 supercharges. Hence we have established that the super-
membrane is a limiting case of this class of models.

The zero modes, which are not contained in the quantum-mechanical models of
[15], lead also to corresponding supercharges, as we have already discussed in sect.
2. In the SO(7) X U(1) notation, there is one complex charge associated with O~
and one with Q7 (cf. (2.54), where we denote the latter by 0+ to indicate that it
contains only contributions from the zero modes. In the representation (4.4) these
charges read

3
_=)\0 —f —
Qa a Qn a}\Oﬁ ’
O = —iI} % +v2 8’
. Bax0k 3Z° IN,
QO =i, — 9 + fz’ixo ) (4.15)
* Fax? oy VAN

It is easy to determine the supersymmetry algebra for the above charges, which is
the quantum-mechanical analogue of (2.58) in SO(7) X U(1) notation. This algebra
contains the hamiltonian

1 a2 32
HO = _ _ _
20X20x0  9z%0Z°°

(4.16)

which is just the transverse kinetic energy of the membrane. The wave function
associated with the zero modes is simply a plane-wave solution in terms of the
transverse coordinates X°, Z° and Z° with a certain transverse momentum,
multiplied by an arbitrary function of the fermionic zero modes A°. This wave
function thus describes 128 bosonic states 1, A°A%,... and 128 fermionic states
N NSAGA ... . Under SO(9), these transform as the 44 & 84 and 128 representa-
tions. The 128 + 128 independent wave functions transform under the supercharge
operators (4.15) as the states of a massless d = 11 supergravity multiplet. To see this,
it is convenient to choose a Lorentz frame in which the transverse momentum
vanishes, so that the charge Q@ vanishes and one is only left with Q~. Conse-
quently, if the wave function (4.5) associated with the ground state of the nonzero-
mode system is not degenerate, then the supermembrane ground state constitutes
precisely a massless supermultiplet.

According to the above arguments, the zero modes are no longer relevant, and we
have to determine the nature of the ground state corresponding to the hamiltonian
H which governs the nonzero modes. According to (4.9), massless states ¥ must
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obey the Schrodinger equation

HY =0, (4.17)
From the supersymmetry algebra, it follows that H can be written as

H=1{0. 0L} (4.18)

The hamiltonian H is thus a positive operator, which vanishes if and only if the
ground-state wave function ¥ is a singlet under supersymmetry, in which case

Q¥ =0iv=0. (4.19)

Although this condition ensures that the ground state is massless, it does not
immediately imply that the ground state constitutes the desired supermultiplet. In
d =11 dimensions one has to require separately that ¥ is also a singlet under
SO(9).* For future purposes let us list the SO(9) generators in terms of the
coordinates and momenta introduced above. It is convenient to decompose them
into “orbital” and “spin” parts according to

Job = [k gab (4.20)
where
L xA 9 x4 i
ij_ i 8.ijA J aleA ’
Ley=iZ HZA_IZ 25
X 0 zA 9
w9z ax’
L,_=x/ i z* ? 421
i— iaZA aX,.A’ ( )
and
Sij= %Alirtiéax,z ’ 589:: _%lAlfxaA,l + icO’

i d a i
S._= I R S.=—=MTI A, . 4.22
i 2‘/2—’ a}\,i aB aABA i+ 2‘/5 at af’MBA ( )

*In lower-dimensional space-times ¥ must transform nontrivially under the SO(d —2) group of
transverse rotations in order that the ground-state constitutes a supergravity multiplet.
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Note the appearance of the “normal-ordering” constant ¢, = 2A in Sg,. There is an
associated hermitean U(1) charge operator J_ which reads

d P d A d
BZA_Z 32A+5}\aW_CO’ (423)

Iy =iy =Z"
(with corresponding definitions for S,_ and L__). Defining the charge g of any
operator 0 by means of [J, _, 0] = q0, we see the variables X/, Z*, Z* and \*
carry the U(1) charges 0, —1, +1 and 1, respectively.

Our main task is now to solve (4.17), or equivalently (4.19), for some G-invariant
wave function ¥. We expect that the method of solving (4.17) for finite A cannot be
used for purely bosonic membranes, because the ground-state energy of the bosonic
membrane will diverge in the limit A — oo and needs to be renormalized (see, e.g.
[25]). Since this is a nonrenormalizable theory there is an inherent ambiguity in the
calculation of the finite part of the infinite renormalization. On the other hand, if
one succeeds in finding a state obeying (4.19) for the supermembrane, this state will
remain a proper ground state in the limit A — oco. Nevertheless, we cannot a priori
exclude the possibility that the lowest eigenvalue of H is strictly positive for finite A
but only tends to zero as A — co. At any rate, we expect that the Bose-Fermi
symmetry leads to the usual softening of divergences associated with the large-A
limit.

Up to this point, the analysis is completely analogous to the corresponding one
for superstrings (a detailed discussion may be found in [26], sect. 11.7). The much
more difficult part of the problem, however, resides in the nonzero mode part of V.
First of all, the hamiltonian (4.9) describes an interacting theory and not a free
theory as in superstring theory. Secondly, the constraint (4.14) has no analog in
string theory. There, one only demands invariance of the physical Hilbert space
under rigid (1.e., length-preserving) translations that are generated by the operator
N — Np, which does not mix different oscillator modes. The group of area-preserv-
ing diffeomorphisms is much larger and, in particular, does not admit an invariant
split into positively and negatively indexed modes.

In order to facilitate the calculations, one can make the additional assumption
that ¥ is an SO(9) singlet. As alluded to above, this is in fact necessary if one wants
to recover d = 11 supergravity as a “low-energy limit” from the supermembrane.
For otherwise, the ground state would transform as [(44 @ 84), @ 128;)] times a
nonsinglet representation of SO(9) and would therefore describe states other than
those of the d = 11 supergravity multiplet. Unfortunately, the requirement of SO(9)
invariance does not lead to significant simplifications, so that this approach is not
particularly useful. We refer the reader to the appendix for a more detailed analysis
of the structure of SO(9)-invariant wave functions. However, one can show that the
ground-state wave function cannot factorize into a bosonic and a fermionic func-
tion, i.e., it cannot be of the form ¥ = ¥, ® ¥;, with either ¥, or ¥; (or both) SO(9)



B. de Wit et al. / Supermembranes 573

or G invariant. The reason is that H;, defined in (4.12), can be written as a product
of two operators, a bosonic one equal to the bosonic coordinates, and a fermionic
one, bilinear in the fermion operators, which both transform as a vector under
SO(9) and in the adjoint representation of G. Sandwiching H, between the ground-
state wave functions, it follows from the SO(9) or G invariance of either ¥, or ¥,
that (¥, H,¥) must vanish. Therefore, as a result of (4.17), (¥, H ¥) = (¥,, H,¥,)
= 0. Because H, is a positive operator, this implies that ¥, must vanish. This
situation is in sharp contrast to superstrings where the (nonzero mode) ground-state
factorizes into a bosonic and a fermionic SO(8) singlet, and where one has a
mode-by-mode cancellation of the vacuum energies.

In general, the relevant equations Q¥ = Q"W =0 are very difficult to solve.
Therefore we will now consider two special cases to illustrate some of the difficul-
ties. The first one is a truncation of the membrane theory, in which we discard the
coordinates Z*, Z* and \{. We accordingly split the SO(7) spinor indices a, B, ...
into 4, j,... =1,...,7 and @, B,... =8 and make use of the fact that (see, e.g.
[27,28))

(I')jg=—i8/, (I')ju=icy, (4.24)

J

where ¢, are the octonionic structure constants obeying

kim __ ki1 .mnp
Cijmc - 26i/’ 6‘(“1'_/'1\'lmnpC > (425)

as well as a number of other relations which can be found in [28]. In this truncation
the supercharges (4.7) take the form

d g
Oy = { axA + ;C’jkaBC)(j‘BXkC} AT,

d iy
QTE; = {_ axA + %CukaBCXJBXkC} ax’A g (4.26)
The symmetry of this theory is now reduced to N =1 supersymmetry, the G,
subgroup of SO(9) and G. The equation Q¥ = QT¥ =0 can easily be solved and

one finds two G, X G invariant solutions,
¥ = (1_/!)\?) exp {%CijkaBcX/AXjBXkC} ’
L

Wy = exp { — b e XPXPXE ) (4.27)
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It is amusing that in the membrane limit these two solutions become
¥, [X(a),A(0)] = (I—I}\i(a)) exp {%fdzoe’sciijiarXfast} ,
v,[X(0), A(0)] =exp{ —%fdzo e’scijkxfa,xfasxk}, (4.28)

so that the ground-state wave functionals are exponentials of a Wess-Zumino-Witten
term, with corresponding torsion proportional to ¢, ;. However, both solutions
(4.27) fail to be square-integrable, and this problem persists for (4.28). Thus, there is
no supersymmetric ground state, so that this truncation has no massless states.
From the analogy with ordinary N =1 supersymmetric quantum mechanics, this is
what one would have intuitively expected for the full supermembrane, too, as the
differential operator, which appears in (4.7), is +3/3 X + X2, rather than +d/9X
+ X as in superstring theory [14]. However, the argument is vitiated by (amongst
other things) the nonexistence of an SO(9)-invariant (or even SO(7)-invariant)
three-index tensor analogous to ¢, ;. Observe also that both solutions in (4.27) are
singlets in their bosonic and fermionic factors. This does not contradict our findings
above, because the wave functions do not tend to zero at spatial infinity, and for
such functions the hamiltonian H, is not a positive operator.

The second truncation which we will consider, consists in discarding the variables
XA and M, thus retaining only Z4, Z4 and A' =A% This corresponds to a
membrane moving in a d=4 dimensional space-time. The supercharges follow
directly from (4.7) and read

3 _
0=V2 % — fuscZ'Z"XC,
aZA aAA ABC
+ 9 A AZB J
ot = -ﬁﬁx +ficZ'Z" (4.29)
C

It is clear that the ground state cannot factorize into a bosonic and fermionic part
and therefore we proceed from the ansatz*

V=0,(Z,Z)+ ¥ ®, ,(Z, Z)\". . N\, (4.30)
k=1

where the coefficient functions @41+ 4+ are completely antisymmetric in the indices
Aq, ..., A,,. To make life as simple as possible, we take G equal to SU(2), so that

* We could also choose ¥ such that only odd powers of A appear.
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A,B,C,... =1,2,3, and f*BC = ¢4BC The decomposition (4.30) then simplifies to
Y =q)(Z,Z)+e'B%A(Z, Z)NPXC. (4.31)

(We choose a real basis for the adjoint representation of SU(2), so the position of
indices is immaterial).
Requiring Q¥ = QT¥ =0, we get

e1PZ247%(2,Z) =0, (4.32)
which tells us that
ot =Z4%, + Z%,, (4.33)
and three more equations,
d do
z4 a;i‘ +3g,+ 21225 =0, (4.34)
de 1) _
2‘/§8ABC{ 7B aZlC + 7B azz} = e1BCZBZCg, (4.35)

2 5%,

82A=2[(Z-Z)Z" 72Z o +2[Z%24 ~(Z-Z)Z"] 9,. (4.36)

Upon multiplication by Z* and Z*, (4.36) leads to

1 1 ., dg,
= —— 4 —
NOVE (z-Z2y -2z 07
1 1 de,
= 4 (4.37)

2 (z-Z)-z2z2" 0zt

Substituting this result back into the previous equations, it turns out that (4.34) is
identically satisfied, while (4.35) and (4.36) lead to

__ 4 de
gABCzAZE 0 a;‘é ABCZAZBaZ‘; 0, (4.38)

AV 3 3
T, = ADE| 7D _ 7D =
H%_{Hb+ (2'2)2_22225 z T5E 4 az’f)}% 0. (4.39)
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Here H, is the hamiltonian defined in (4.10), which in this case reads

Ho= -l +1(z-z) - 2272 (4.40)
T gz4 azA ' :

According to the constraint equations (4.14), the wave function must be SU(2)
invariant, in which case egs. (4.38) are obviously satisfied. Hence we are left with a
Schrodinger equation for an SU(2)-invariant wave function ¢, given by (4.39). The
corresponding hamiltonian, H, consists of a linear combination of H v» Which is the
hamiltonian for a bosonic membrane, and an extra term.

For the class of wave functions for which the hamiltonian is self-adjoint, we find
that

3%
H = [d3zd’Z
((Po» b(PO) f {’ 974

;[(z-Zf—zzzz]w}, (4.41)

which is positive because
(2-Z)—-27%7*>0. (4.42)

Under the same conditions, we have

_ eABC7BZC ) 9
H— dSZdBZ _ ADE ZD —_ ZD 2
((P(),( f 5 (Z_ Z_) - 22'25 ( 97F 97F 2y
(4.43)

Because
P ps EABCzBZC
EADE(ZD — ) Ea— (4.44)
HZE 8ZE (Z'Z)2—2222

the integrand in (4.43) can be written as a total divergence, which suggests that one
can rewrite (4.43) as a surface integral. However, one has to take into account that
the integrand has a singularity whenever (Z - Z)?> = Z2Z?. This happens when Z*
becomes proportional to a real vector (or, in other words, whenever the two vectors
Re Z# and Im Z“ are aligned). Therefore, the integral (4.43) splits into two terms,
one corresponding to the surface integral associated with large distances (Z - Z -
o0), which yields a positive contribution, and another one corresponding to the
contribution from the singularities, which turns out to be negative. To show this
more explicitly, on may choose a parametrization in terms of the SU(2)-invariant
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variables
t=2z474, =774, t=\{(z-Z)-27Z*. (4.45)
It is not hard to see that H — H, is now equal to

. 2 P
H—Hb=g 2+|§1255. (4.46)

Furthermore, on SU(2)-invariant functions we have

£dgdidd

PZAZ &« —————=,
V& + 1§51

(4.47)

up to “angular” variables whose integral yields an irrelevant (positive) constant c.
Substituting (4.46)—(4.47) into (4.43), and performing the integral over &, we then
find

(‘PO’(H"Hb)%) = ‘Cfdfdﬂ%(&:()»ff”z, (4.48)

where we have dropped the contribution at ¢ = oo, which is proportional to |g,|” at
spatial infinity. Therefore we have shown that for wave functions vanishing at
infinity, the energy of a supermembrane will be /ower than that of a corresponding
bosonic membrane.

On the other hand, imposing the boundary condition that ¢, vanishes when
Z-Z- o0, one can see that no solution of (4.39) exists, as H is an elliptic
differential operator (see e.g. [29], p. 320 ff.). Consequently, solutions that are
subject to these boundary conditions do not have zero energy. We should empha-
size, however, that the above boundary condition is not implied by square-integra-
bility*, and we have not been able to establish the existence or nonexistence of a
general square-integrable solution to (4.39).

It is now evident that the general case with arbitrary N is even harder to tackle
because the number of coefficient functions in (4.30) as well as the number of
SU(N) invariant variables analogous to (4.45) is further increased as N becomes
larger. In particular, there seems no real advantage anymore to replacing the

* This is, for instance, demonstrated by the function f(£, §,f)=§exp[j LE/48)7 — 1£2), which
does not satisfy the above boundary condition, as limmﬁxf((). ¢, {)= o0, but neverthcless

JEAETAIf(£, 8.0 < oo
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second-order equation (4.17) by the first-order equation (4.19), since decoupling
these equations will automatically lead to higher-order equations.

Note added

After this paper was completed we learnt that Claudson and Halpern (see [15])
consider wave functions similar to (4.27). Furthermore, we have meanwhile calcu-
lated the Witten index for the SU(2) model discussed at the end of sect. 4 along the
lines of ref. [31] and found that it vanishes. This is consistent with the conclusion
that there are no massless states.

Appendix

STRUCTURE OF SO(9)-INVARIANT WAVE FUNCTIONS

We here briefly describe how to construct SO(9)-invariant wave functions which
do not factorize into bosonic and fermionic parts that are separately SO(9)-
invariant. The basic idea is to first consider nontrivial SO(9) representations in
either sector and then fold them together to form a singlet. This is completely
obvious for the SO(7) subgroup of SO(9) and the nontrivial part of the analysis
involves the generators J;, which are nonlinearly realized on the Grassmann
algebra, cf. (4.22). As is well-known, any SO(9) representation can be characterized
by its highest weight or, equivalently, by its Dynkin label (see e.g. [30]). In the
present case this label consists of four positive integers (a,a,a5a,), the first three of
which indicate the SO(7) representation and the last of which is associated with the
U(1) charge operators L,_ and S, _. The highest-weight state |(a,a,a,4,)) must
be annihilated by the raising operators L,, and S, i.e.

Li+‘(ala2a3a4)>b=0’ or Si+‘(ala2a3a4)>f=0’ (A1)

for a bosonic or fermionic representation, respectively. Of course, it must also be
annihilated by the remaining raising operators of the SO(7) subgroup but this (and
analogous statements) will be understood in the following. The representation is
then generated by applying the lowering operators L, _ for the bosonic representa-
tions, or S;_ for the fermionic representations, until one reaches the lowest-weight
state; in this procedure, the U(1) charge a, is changed by one unit at each step.
From the discussion in sect. 4 we learn that the fermionic wave functions have a
maximum U(1) charge which is equal to the normal-ordering constant ¢, = 2A, so
we will restrict ourselves to representations with |a,| < c,.

We will now illustrate how this works by looking at various examples, first in the
bosonic sector. So let us start with

000¢y)), = Z*4 ... Z . A2
b

Obviously this state transforms under the symmetric tensor representation of the
group G which is associated with the indices 4;,..., 4, but because G commutes
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with SO(9), this aspect is not very important. Clearly, the state (A.2) is an SO(7)
singlet and annihilated by L, (use the explicit expressions in (4.21)). Acting on it
with L, , we obtain

L, (ZN.. . Z%)=c, XM Z%. . 7 A, (A3)

The U(1) charge of (A.3) is (¢, — 1) while the G-representation content is evidently
unaltered. Continuing in this fashion, we get

L_L, (Z"... Z"%)
=co(co— 1) X UXNRZA | ZA4W — ¢y, ZNZRZ% . Z), (A4)

and so on. Hence, we just obtain a generalization of the usual SO(9) spherical
harmonics. To also have an example with a, = ¢, — 1, one may start from any of the
following states

I(* **co— 1)>b = Xl.[Blz—BZJZAZ... ZA,
Xi[BlX/??zZBJ]ZAZ... ZA or
XPXBXPZEZ A, ZA (A.5)

where (* * %) is the appropriate SO(7) label. Owing to the antisymmetry in the
indices By, B,,... the states (A.5) are anihilated by L,,.

The construction in the fermionic sector is similar. Since, by (4.23), the highest-
weight state contains the maximal number of A’s, it is more convenient to start with
the lowest-weight state. The analogue of (A.2) is then

(000 - ¢,)), =1, (A.6)

which is annihilated by S,_. The action of S,, now produces the state

i )
S, (000 = ¢5)), = ﬁva , (A7)

which has charge —c¢, + 1. The analogue of (A.5) is the set of states
2 . .
ABAB: ABIDINB: — —SBlBZACF’}\C, ABINB: ABIiRAB: (A.8)
Co

An SO(9) singlet can now be formed by folding together the same bosonic and
fermionic SO(9) representations. The resulting wavefunction can then be turned into
a singlet with respect to G by contraction with an appropriate bosonic function of



580 B. de Wit et al. / Supermembranes

SO(9) singlet variables such as X/ XP+ Z4Z® + Z8Z“, etc. For instance, from
(A.2) and (A.6), we can construct the following SO(9)-singlet wavefunction

¥ = I(OOOC0)>b ® I(OOO - Co)>f
+aL, |(000¢,)), ® S, (000 - c4))

+BL,_L,_|(000¢0)), ® 5,..S,., [(000 — ¢5) ),

i-Lj-
+YLi~Li—‘(OOOCO)>b ® Sj+Sj+ ‘(OOO - C0)>f
+ oo (A9)

The coefficients «, B,v,... are determined from the requirement J,, ¥ = 0. Using
the SO(9) commutation relations and the known U(1) charges together with
L,;;1(000¢y))y, = S;;1(000 — ¢)); = 0 we find

1 1 B
T Pt N 1T 2grs

A.10
€o 200(00 ( )

After contraction with an appropriate bosonic wavefunction, (A.9) can also be
expressed as

V=9, , (X 22Z)
i _ _
X {ZM, ZAo+ —=NB[IN, XhZ4 ZA0+ } Al
{ 2‘/5 B ‘% ( )

Another example is

¥ = q)B,BzAZ...A(.O(X’ z, Z)
_ - i _ _ —a ‘
x{xﬂlxﬂzzh... Z4%0 + —2—\/2:2\30\32 NTIN XRZM . Z 0+ - } (A.12)

It is not difficult to verify directly that indeed J;,= L,, + S;, vanish on ¥ and
¥’ at least to the order given. Obviously, there is a multitude of possibilities and
very little hope of a complete classification. One can also prove that the supermem-
brane wave function for a massless ground-state cannot just be of the form (A.11).
This follows directly from the observation that H;¥ contains no A-independent
term for ¥ given by (A.11), so that H,¥ must vanish up to order A* for a massless
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ground state. From the fact that H, is positive, it then follows that ¥ must in fact
vanish. This conclusion is already suggested by the fact that (A.11) is an eigenfunc-
tion of both L? and S§2, while the hamiltonian does not commute with these
operators. A bothersome feature is that the degree of the SO(9) “spherical har-
monic” is larger than or equal to ¢, = 2A and therefore increases without bound as
A — oo0. It is hard to see what reasonably behaved wavefunction could ensure
square-integrability of ¥, ¥’,... or any linear combination thereof in this limit.
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