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STUFF ABOUT QUASICATEGORIES 3

(Note: this is a draft, which can change daily. It includes some unorganized material which might
later be incorporated into the narrative, or removed entirely. In particular, everything involving
Cartesian and coCartesian fibrations needs to be completely reworked.)

1. INTRODUCTION TO 0o-CATEGORIES
I’ll give a brief discussion to motivate the notion of co-categories.

1.1. Groupoids. Modern mathematics is based on sets. The most basic way of constructing new
sets is as sets solutions to equations. For instance, given a commutative ring R, we can consider the
set X (R) of tuples (x,7, z) € R? which satisfy the equation 2° + y® = 25, We can express such sets
as limits; for instance, X (R) is the pullback of the diagram of sets

Rx R ZW2w p e p
Another way to construct new sets is by taking “quotients”; e.g., as sets of equivalence classes of
an equivalence relation. This is in some sense much more subtle than sets of solutions to equations:
mathematicians did not routinely construct sets this way until they were comfortable with the set
theoretic formalism introduced by the end of the 19th century.
Some sets of equivalence classes are nothing more than that; but some have “higher” structure
standing behind them, which is often encoded in the form of a groupoid'. Here are some examples.

e Given a topological space X, we can define an equivalence relation on the set of points, so
x ~ x’ if and only if there is a continuous path connecting them. The set of equivalence
classes is the set mpX of path components. Standing behind this equivalence relation is
the fundamental groupoid 11, X, whose objects are points of X, and whose morphisms are
path-homotopy classes of paths between two points.

e Given any category C, there is an equivalence relation on the collection of objects, so
that X ~ Y if there exists an isomorphism between them. Equivalence classes are the
isomorphism classes of objects. Standing behind this equivalence relation is the core of C
(also called the maximal subgroupoid), which is a groupoid having the same objects as C,
but having as morphisms only the isomorphisms in C.

Note that many interesting problems are about describing isomorphism classes; e.g., classifying
finite groups of a given order, or principal G-bundles on a space. In practice, one learns that in
trying to classify objects up to isomorphism, you have to have a good handle on the isomorphisms
between such objects. So you need to know about the groupoid, even if it is not the primary object
of interest.

You can think of a problem such as: “describe the groupoid Bung (M) of principal G-bundles on
a space M” as a more sophisticated analogue of: “find the set X (R) of solutions to ° + y° = 2% in
the ring R”. (In fact, the theory of “moduli stacks” exactly develops the analogy between these two
problems.) To do this, you can imagine having a “groupoid-based mathematics”, generalizing the

usual set-based one. Here are some observations about this.

e We regard two sets as “essentially the same” if they are isomorphic, i.e., if there is a bijection
f: X — X’ between them. Any such bijection has a unique inverse bijection f~!: X’ — X.
On the other hand, we regard two groupoids as “essentially the same” if they are merely
equivalent, i.e., if there is a functor f: G — G’ which admits an inverse up to natural
isomorphism. It is not the case that such an inverse up to natural isomorphism is unique.
Although any equivalence of groupoids admits some kind of inverse, the failure to be
unique leads to complications. For example, for every nice space M there is an equivalence
of groupoids
fy: Fun(Ili M, G) — Bung(M).

11 assume familiarity with basic categorical concepts, such as in Chapter 1 of [Riel6].
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Here Fun(II; M, G) is a functor groupoid, whose objects are functors II{ M — G from the
fundamental groupoid of M to the discrete group G (viewed as a groupoid with one object),
and whose morphisms are natural transformations of such functors. The functor fj; can be
defined by an explicit construction, and is “natural” in M. However, there is no completely
“natural” way to construct inverse functors f]\_41: such an inverse functor requires making
an essentially arbitrary choice, for each principal bundle v: P — M, of an identification of
each fiber of v with the set G.

e We can consider “solutions to equations” in groupoids (e.g., limits). However, the naive
construction of limits of groupoids may not preserve equivalences of groupoids; thus, we
need to consider “weak” or “homotopy” limits.

For example, suppose M is a space which is a union of two open sets U and V. The weak
pullback of

Bung(U) — Bung(U NV) < Bung(V)
is a groupoid, whose objects are triples (P, @, ), where P — U and @ — U are G-bundles,
and a: Plyny — Q|uny is an isomorphism of G-bundles over U N V; the morphisms
(P,Q,a) — (P',Q',d) are pairs (f: P — P',g: Q@ — Q') are pairs of bundle maps which
are compatible over UNV with the isomorphisms a, o’. Compare this with the strict pullback,
which consists of (P, Q) such that P|yny = Q|unv as bundles; in particular, P|yny and
Q|unyv must be the identical sets.

A basic result about bundles is that Bung (M) is equivalent to this weak pullback. The
strict limit may fail to be equivalent to this; in fact, it is impossible to describe the strict
pullback without knowing precisely what definition of G-bundle we are using, whereas the
identification of weak pullback is insensitive to the precise definition of G-bundle.

These kinds of issues persist when dealing with higher groupoids and categories.

1.2. Higher groupoids. There is a category Gpd of groupoids, whose objects are groupoids and
whose morphisms are functors. However, there is even more structure here; there are natural
transformations between functors f, f': G — G’ of groupoids. That is, Fun(G, G’) forms a category.
We can consider the collection consisting of (0) groupoids, (1) equivalences between groupoids, and
(2) natural isomorphisms between equivalences; this is an example of a 2-groupoid?. There is no
reason to stop at 2-groupoids: there are n-groupoids, the totality of which are an example of an
(n+ 1)-groupoid. (In this hierarchy, 0-groupoids are sets, and 1-groupoids are groupoids.) We might
as well take the limit, and consider oco-groupoids.

It turns out to be difficult to construct an “algebraic” definition of n-groupoid. The approach
which in seems to work best in practice is to use homotopy theory. We start with the observation
that every groupoid G has a classifying space BG. This is defined explicitly as a quotient space

G — BG = < 11 A”>/(~),
xoi)mlf—Q)---f—n)mn

where we put in a topological n-simplex A™ for each n-fold sequence of composable arrows in G,
modulo certain identifications. It turns out (i) the fundamental groupoid of BG is equivalent to G,
and (ii) the higher homotopy groups 7, of BG are trivial, for k£ > 2. We thus say that the space
BG is a 1-type. Furthermore, (iii) there is a bijection between equivalence classes of groupoids up to
equivalence and CW-complexes which are 1-types, up to homotopy equivalence. (More is true, but
I'll stop there for now.)

The conclusion is that groupoids and equivalences between them are modelled by 1-types and
homotopy equivalences between them. This suggests that we should define n-groupoids as n-types
(CW complexes with trivial homotopy groups in dimensions > n), with equivalences being homotopy

2More precisely, a “quasistrict 2-groupoid”.
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equivalences. Removing the restriction on homotopy groups leads to modelling co-groupoids by
CW-complexes up to homotopy equivalence.

There is a different approach, which we will follow. It uses the fact that the classiyfing space
construction factors through a “combinatorial” construction, called the “nerve”. That is, we have

(G € Gpd) — (NG € sSet) — (NG| = BG € Top),

where NG is the nerve of the groupoid, and is an example of a simplicial set; | X| denotes the
geometric realization of a simplicial set X. In fact, the nerve is a particular kind of simplicial
set called a Kan complex. 1t is a classical fact of homotopy theory that Kan complexes model all
homotopy types. Thus, we will choose our definitions so that co-groupoids are precisely the Kan
complexes.

1.3. oo-categories. An oco-category is a generalization of co-groupoid in which morphisms are no
longer required to be invertible in any sense.

There are a number of approaches to defining co-categories. Here are two which build on top of
the identification of co-groupoids with Kan complexes.

e A category C consists of a set ob C' of objects, and for each pair of objects a set home(z, y) of
maps from z to y. If we replace the set home(x, y) with a Kan complex (or more generally a
simplicial set) mapq(x,y), we obtain a category enriched over Kan complexes (or simplicial
sets). This leads to one model for co-categories: categories enriched over simplicial sets.

e The nerve construction makes sense for categories: given a category C, we have a simplicial
set NC. In general, NC'is not a Kan complex; however, it does land in a special class of
simplicial sets, which are called quasicategories. This leads to another model for co-categories:
quasicategories.

I'm going to focus on the quasicategory model.

1.4. Prerequisites. I assume only familiarity with basic concepts of category theory, such as those
discussed in the first few chapters of [Riel6]. It is helpful, but not essential, to know a little algebraic
topology (such as fundamental groups and groupoids, and the definition of singular homology, as
described in Chs. 1-3 of Hatcher’s textbook).

Some categorical prerequisites: you should be at least aware of the following notions (or know
where to turn to in order to learn them):

categories, functors, and natural transformations;
full subcategories;

groupoids;

products and coproducts;

pushouts and pullbacks;

general colimits and limits.

adjoint functors.

1.5. Historical remarks. Quasicategories were invented by Boardman and Vogt [BV73, §IV.2],
under the name restricted Kan complex. They did not use them to develop a theory of co-categories.
This development began with the work of Joyal, starting in [Joy02]. Much of the material in this
course was developed first by Joyal, in published papers and unpublished manuscripts [Joy08al,
[Joy08b], [JT08]. Lurie [Lur09] gives a thorough treatment of quasicategories (which he simply calls
“oo-categories” ), recasting and extending Joyal’s work significantly.

There are significant differences between the ways that Joyal and Lurie develop the theory.
In particular, they give different definitions of the notion of a “categorical equivalence” between
simplicial sets, though they do in fact turn out to be equivalent [Lur09, §2.2.5]. The approach I
follow here is essentially that of Joyal. However, I have tried to follow Lurie’s terminology and
notation in most places.
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1.6. Goal of this book. The goal of this book is to give a reasonably approachable introduction to
the subject of higher category theory. In particular, I am writing with the following ideas in mind.

e The prerequisites are merely some basic notions of category theory, as seen in a first year
algebraic topology or algebraic geometry course. In particular, no advanced training in
homotopy theory is assumed.

e The book is written in “lecture notes” style rather that “textbook” style. That is, I will try
to avoid introducing a lot of theory in section 3 which is only to be used in section 42, even
if that is the “natural” place for it. The goal is to introduce new ideas near where they are
first used, so that motivations are clear.

e The structure of the exposition is organized around the following type of question: Here is a
[definition we can make/theorem we can prove| for ordinary categories; how do we generalize
it to quasicategories? In some cases the answer is easy. In others, it can require a significant
detour.

e The exposition is largely from the bottom up, rather than from the top down. Thus, I
attempt to give complete details about everything I prove, so that nothing is relegated to
references. (The current document does not achieve this yet, but that is the plan; in some
cases, such details will be put into appendices.)

1.7. Things to add. This is a place for me to remind myself of things I might add.

e A discussion of n-truncation and n-groupoids, including the equivalence of ordinary groupoids
to 1-groupoids (so connecting with the introduction).

e Pointwise criterion for limits/colimits: Show that S® — Fun(D, C') is a colimit cone if each
projection to S* — Fun({d},C) ~ C' is one.

1.8. Acknowledgements. Thanks to all those who have submitted corrections, including most
notably: Lin (Robbie) Yang, and Darij Grinberg. I'd also like to thank the participants in the
course I gave based on an earlier version of these notes (Math 595 at the University of Illinois in
Fall 2016).

Part 1. Basic notions
2. SIMPLICIAL SETS

In the subsequent sections, we will define quasicategories as a generalization of the notion of a
category. To accomplish this, we will recharacterize categories as a particular kind of simplicial set;
relaxing this characterization will lead us to the definition of quasicategories.

Simplicial sets were introduced as a combinatorial framework for the homotopy theory of spaces.
There are a number of treatments of simplicial sets from this point of view. We recommend
Greg Friedman’s survey [Fril2] as a starting place for learning about this viewpoint, and we will
discuss this point of view later on in §77. Here we will focus on what we need in order to develop
quasicategories.

2.1. The simplicial indexing category A. We write A for the category whose

e objects are the non-empty totally ordered sets [n] :={0 <1< -+ <n} for n >0, and
e morphisms f: [n] — [m] are weakly monotone functions.

Note that we exclude the empty set from A. Morphisms in A are often called simplicial operators.

Because [n] is an ordered set, you can also think of it as a category: the objects are the elements
of [n], and there is a morphism (necessarily unique) ¢ — j if and only if ¢ < j. Thus, morphisms in
the category A are precisely the functors between the categories [n]. We can, and will, also think of
[n] as the category “freely generated” by the picture

@—>.—> —>—>-
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Arbitrary non-identity morphisms in [n] can be expressed uniquely as iterated composites of the
arrows which are displayed in the picture.
We will often use the following notation for morphisms in A:

f={fo--fn):[n] = [m] with fo <---<f, represents the function k — f.
2.2. Remark. There are distinguished simplicial operators called face and degeneracy operators:
d:=1(0,...)0,...,n): [n—1—=1[n], 0<i<n,
s :=(0...4,i,...n): [n+1] = [n], 0<i<n.

All maps in A can be obtained as a composition of face and degeneracy operators, and in fact A
can be described as the category generated by the above symbols, subject to a set of relations called
the “simplicial identities”, which can be found in various places, e.g., [Fril2, Def. 3.2].

2.3. Simplicial sets. A simplicial set is a functor X: A°? — Set, i.e., a contravariant functor
(or “presheaf”) from A to sets.

It is typical to write X,, for X ([n]), and call it the set of n-simplices in X. Sometimes people
speak informally of the set of all simplices of X, i.e., of the disjoint union of the X,,s. Furthermore,
given a simplex a € X,, and a simplicial operator f: [m] — [n], I will write af € X,,, as shorthand
for X(f)(a). That is, I'll think of simplicial operators as acting on simplices from the right; this is a
convenient choice given that X is a contravariant functor. In this language, a simplicial set consists
of

e a sequence of sets Xg, X1, Xo,...,

e functions a — af: X,, — X,, for each simplicial operator f: [m] — [n], such that

e aid = a, and (af)g = a(fg) for any simplex a and simplicial operators f and g whenever

this makes sense.
If we need to have the simplicial operator act from the left, I'll write f*(a) = af.
Sometimes it is convenient to use a subscript notation when speaking of the action of particular

simplicial operators. Thus, given a simplicial operator of the form f = (fo--- fim): [m] — [n], we
can indicate the action of f on a simplex using subscripts:

Afyefrn = af =alfo... fm)
In particular, applying simplicial operators of the form (i): [0] — [n] gives the vertices ay,...,a, €
X of an n-simplex a € X,,, while applying simplicial operators of the form (ij): [1] — [n] for i < j
gives the edges a;; € X; of a.

2.4. The category of simplicial sets. A simplicial set is a functor; therefore a map of simplicial
sets is a natural transformation of functors. Explicitly, a map ¢: X — Y between simplicial sets is
a collection of functions ¢: X,, — Y,,, n > 0, which commute with simplicial operators:

(¢a)f = ¢(af) for all simplicial operators f and simplices a in X, when this makes sense.

I'll write sSet for the category of simplicial sets and maps between them?.

2.5. Discrete simplicial sets. A simplicial set X is discrete if every simplicial operator f induces
a bijection f*: X,, — X,,.

Every set S produces us a discrete simplicial set SU¢, defined so that (S4¢),, = S, and so that
each simplicial operator acts according to the identity map of S. This construction defines a functor
S+ Sdisc: Set — sSet.

3Lurie [Lur09] uses Seta to denote the category of simplicial sets. Perhaps I should try to be consistent
with this?
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2.6. Exercise. Show that (i) every discrete simplicial set X is isomorphic to S for some set S,
(and that in fact you can take S = Xj) , and (ii) for every pair of sets S and T', the evident function
Homget (S, T) — Homget (S, T45¢) is a bijection.

Let sSet®™ denote the full subcategory of sSet spanned by discrete simplicial sets. That is,
objects of sSetd*¢ are discrete simplicial sets, and morphisms of sSet¢ are all simplicial maps
between them. Then the above exercise amounts to saying that the full subcategory of discrete
simplicial sets is equivalent to the category of sets.

For this reason, it is often convenient to (at least informally) “identify” sets with their corre-
sponding discrete simplicial sets (i.e., for a set S we also write S for the discrete simplicial set S9is¢

defined above).

2.7. Standard n-simplex. The standard n-simplex A" is the simplicial set defined by
A" := Homa (—, [n]).

That is, the standard n-simplex is exactly the functor represented by the object [n]. Explicitly, this
means that
(A™),, = Homa ([m], [n]) = {simplicial operators a: [m] — [n]},
while the action of simplicial operators on simplices in A™ is given by composition: f: [m/] — [m)]
sends a € (A"),, to (af: [m'] = [n]) € (A™)y.
The generator of A™ is the simplex

tn = (01...n) =idy,) € (A"),

corresponding to the identity map of [n].
The Yoneda lemma (applied to the category A) asserts that the function

Homgget (A", X) — X,
g = g(Ln)7

is a bijection for every simplicial set X. (FEzercise: if this fact is not familiar to you, prove it.)

The Yoneda lemma can be stated this way: for each simplex a € X, there exists a unique map
fa: A™ — X of simplicial sets which sends the generator to it, i.e., such that f,(t,) = a. We call
the map f, the representing map of the simplex a.

We will often use the bijection provided by the Yoneda lemma implicitly. In particular, instead of
using notation such as f,;, we will typicially abuse notation and write a: A™ — X for the representing
map of the simplex a € X,,. We reiterate that the map a: A™ — X is characterized as the unique
map sending the generator ¢, of A™ to a. Thus with our notation we have a = a(t,,), where the two
appearances of “a” denote respectively the element of X,, and the representing morphism A” — X.

2.8. Exercise. Show that the representing map f: A" — X of a € X,, sends (fo--- fx) € (A")x to
a(fo- - fi) € Xk

Note that if X = A™ is also a standard simplex, then the Yoneda lemma gives a bijection

Homgget (A™, A™) = (A™),, = Homa ([n], [m]).
The inverse of this bijection sends a simplicial operator f: [n] — [m] to the map Af: A™ — A™ of
simplicial sets defined on simplices g € (A™), = Homa([k], [n]) by g — fg. (Ewercise: prove this.)
I will commonly abuse notation, and write f: A" — A™ instead of A’ for the map induced by
the simplicial operator f, as it is also the representing map of the corresponding simplex f € (A™),.



STUFF ABOUT QUASICATEGORIES 9

2.9. The standard 0-simplex and the empty simplicial set. The standard 0-simplex A is
the terminal object in sSet. Sometimes I write * instead of A° for this object. Note that it is the
only standard n-simplex which is discrete.

The empty simplicial set @ is the functor A°? — Set sending each [n] to the empty set. It is
the initial object in sSet.

2.10. Exercise. Show that a simplicial set X is isomorphic to the empty simplicial set if and only if
Xy is isomorphic to the empty set.

2.11. Standard simplices on totally ordered sets. The definition of the standard simplices
A"™ can be extended to simplicial sets “generated” by arbitrary totally ordered sets.

For instance, for any non-empty finite totally ordered set S = {sp < s1 < --- < s}, there is a
unique order preserving bijection S ~ [n] for a unique n > 0. We write A® for the simplicial set
with (A%);, = {order preserving [k] — S}. It’s not hard to see that there is a unique isomorphism
A% ~ A™ of simplicial sets (Ezercise: prove this). We can also apply this idea to the empty ordered
set S = @, in which case (A?), = @ for all k, i.e., A? is the empty simplicial set.

This notation is especially convenient for subsets S C [n] with induced ordering, as the simplicial
set A is in a natural way a subcomplex of A™ (i.e., a collection of subsets of the (A™);, closed under
action of simplicial operators; we will return to the notion of subcomplex below §4.9).

Furthermore, any simplicial operator f: [m] — [n] factors through its image S = f(|m]) C [n],
giving a factorization

] 2y g Ty

fsur(' fin_' .
of maps between ordered sets, and thus a factorization A™ AT AS A0 AR of the induced map

A of simplicial sets.

2.12. Ezercise. Show that Afini and Afswi respectively induce maps between simplicial sets which
are (respectively) injective and surjective on sets of n-simplices for all n. (The case of Afin is
essentially formal, but the case of Afswi is not completely formal.)

2.13. Pictures of standard simplices. When we draw a “picture” of A", we draw a geometric
n-simplex, with vertices labelled by 0,...,n. The faces of the geometric simplex correspond exactly
to injective simplicial operators into [n]: these simplices are called non-degenerate simplices. For
each non-degenerate simplex f in A", there is an infinite collection of degenerate simplices with the
same “image” as f (when viewed as a simplicial operator with target [n]).

Here are some “pictures” of standard simplices, which show their non-degenerate simplices. Note
that we draw the 1-simplices in A™ as arrows; this lets us easily see the total ordering on the vertices
of A".

We’ll extend this terminology of “degenerate” and “non-degenerate” simplices to arbitrary simplicial
sets in §15.5.

3. THE NERVE OF A CATEGORY

The nerve of a category is a simplicial set which retains all the information of the original category.
In fact, the nerve construction provides a full embedding of Cat, the category of categories, into
sSet, which means that we are able to think of categories as just a special kind of simplicial set.
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3.1. Construction of the nerve. Given a category C, the nerve of C' is the simplicial set NC
defined so that

(NC),, := Homca([n], C),
the set of functors from [n] to C, and so that simplicial operators f: [m] — [n] act by precomposition:
a— af for an element a: [n] — C in (NC)y,.

3.2. Exzample. There is an evident isomorphism N[n| ~ A™.

Given a functor F': C' — D between categories, we obtain an evident map N(F): NC — ND
of simplicial sets, sending (a: [n] - C) € (NC),, to (Fa: [n] - D) € (ND),. Thus the nerve
construction defines a functor N: Cat — sSet.

3.3. Structure of the nerve. We observe the following, whose verification we leave to the reader.
e (NC)g is canonically identified with the set of objects of C.
e (NC); is canonically identified with the set of morphisms of C.
e The operators (0)*,(1)*: (NC); — (NC)o assign to a morphism its source and target
respectively.
e The operator (00)*: (NC)o — (INC); assigns to an object its identity map.
e (N(C)j is in bijective correspondence with the set of pairs (f,g) of morphisms such that gf
is defined, i.e., such that the target of f is the source of g. This bijection is given by sending
a € (NC)2 to (CLOl, a12).
e The operator (02)*: (NC)2 — (NC); assigns, to a simplex corresponding to such a pair
(f,g) of morphisms, the composite morphism gf.
We have the following general description of n-simplices in the nerve.

3.4. Proposition. Let C' be a category.
(1) There is a bijective correspondence

(NC)y, = {(g1,..,9n) € (mor C)*" | target(g;_1) = source(g;) }

between (NC),, and the set of sequences (g1,...,9n) of morphisms in C such that the
target of g;—1 is the source of g;. This correspondence is given by the function which sends
(a: [n] = C) € (NC)y, to the sequence (a(0,1),...,a{n —1,n)).

(2) With respect to the correspondence of (1), the map f*: (NC), — (NC)y, induced by a
simplicial operator f: [m] — [n] coincides with the function

id if f(k=1) = f(k)

9i9i-1girr i f(k=1)=1i<j= f(k).

Proof. For (1), one verifies that an inverse is given by the function which sends a sequence (g1, . .., gn)
to (a: [n] = C) € (NC),, defined on objects by a(k) = target(gx—1) = source(gy), and on morphisms

by a((ij)) = gjgj—1-- - git1 for i < j. For (2), note that for a € (NC'),, corresponding to the tuple
(g1,---,9n) We can compute

(917--~,gn)'_>(h17---7hm>7 th{

e e _ Jfid if f(k—1)= f(k),
(af)(k —1,k) = a(f(k—1), f(k)) {gjgj—l"'gi—i-l if f(k—1)=1i<j=f(k).

O

In particular, you can recover the category from its nerve, up to isomorphism, since the nerve
contains all information about objects, morphisms, and composition of morphisms.

3.5. Remark. It is clear from the above remarks that most of the information in the nerve of C' is
redundant: we only needed (NC) for k =0, 1,2 and certain simplicial operators between them to
recover C.
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3.6. FEzxercise. Show that for any discrete simplicial set X there exists a category C and an
isomorphism NC =~ X.

3.7. Example. Nerve of a group.

3.8. Characterization of nerves. This leads to the question: given a simplicial set X, how can
we detect that it is isomorphic to the nerve of some category?

3.9. Proposition. A simplicial set X is isomorphic to the nerve of some category if and only if for
all n > 2 the function

gbn: Xn — { (gl,.. . ,gn) € (Xl)xn | gi71<1> = gi<0>7 1< < n}

which sends a € X, to (apa,...,an—1,) s a bijection.

Proof. First, suppose X = NC for some category C. Then the function ¢, is precisely the bijection
of (3.4)(1). Given this, we see that the ¢,, are bijections even when X is merely isomorphic to some
NC.

Now suppose X is a simplical set such that the ¢, are bijections. We define a category C, with

(objects of C) = X, (morphisms of C') = X,

following the discussion in (3.3). Thus, the source and target of g € X; are gy and ¢; in X
respectively, the identity map of z € Xy is g9 € Xi, while the composite of (g,h) such that
g1 = hg is age, where a € X5 is the unique 2-simplex with ag1 = g and a2 = h. We leave the
remaining details (e.g., unit and associativity properties) to the reader, though we note that proving
associativity requires consideration of elements of X3. (Or look ahead to (5.10), where we carry out
the argument explicitly in a slighlty different context.)

Next, we claim that for a € X,,, and for 0 <1 < j < k < n, we have that

Aik = Q5 kA5,
where a; ,a;j,a;; € X1 are images of a under face operators [1] — [n], and right-hand side
represents composition of two morphisms in C. To see this, note first that for b € X5, we have
bo,2 = b1,2bp,1 by construction of C'. The general case follows from this by setting b = a; ; ..

Now we can define maps ¢, : X,, - (NC), by sending a € X,, to ¢(a): [n] — C defined by
¥ (a)(i < j) = a; 5, which is a functor by the above remarks. These maps 1, are seen to be bijections
using the bijections ¢,, and (3.4), since ¥p(a)(i — 1 < i) = aj—14. If f: [m] — [n] is a simplicial
operator, then we compute

Um(af)(i < j) = (af)ij = ape),ri) = Wnla))(f (@) < f(5)) = Wnla) )@ <),
whence 9 is a map of simplicial sets. We have thus constructed an isomorphism ¢: X — NC' of
simplicial sets, as desired.
O

3.10. A characterization of maps between nerves. Given this, the following is a standard
exercise.

3.11. Proposition. The nerve functor N: Cat — sSet is fully faithful. That is, every simplicial set
map g: NC — ND between nerves is of the form g = N(f) for a unique functor f: C — D.

Proof sketch. We need to show that Homca (C, D) — Homgget(NC, ND) is a bijection for all
categories C' and D. Injectivity is clear, as a functor f is determined by its effect on objects and
morphisms, which is exactly the effect of N(f) on 0- and 1-simplices of the nerves. For surjectivity,
observe that for any map g: NC — ND of simplicial sets, we can define a candidate functor
f: C — D, defined on objects and morphisms by the action of ¢ on 0- and 1- simplices. That F
has the correct action on identity maps follows from the fact that g commutes with the simplicial
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operator (00): [1] — [0]. That f preserves composition uses (3.4) and the fact that g commutes
with the simplicial operator (02): [1] — [2].

Next, note that for any simplicial maps g, ¢’ : NC — ND which coincide on 0- and 1-simplices,
we must have g = ¢’ (again using (3.4)), and thus in particular for a simplicial map g: NC — ND
we have that g = N(f) where f is the candidate functor constructed in the previous paragraph. O

3.12. Ezxercise. Show that if C' is a category and X is any simplicial set (not necessarily a nerve),
then two maps f, f': X — NC are equal if and only if foy = f{) and f1 = f, i.e., f and f’ are equal
if ond only if they coincide on 0-simplices and 1-simplices.

4. SPINES

In this section we will restate our characterization of simplicial sets which are isomorphic to
nerves, in terms of a certain “extension” condition. To state this condition we need the notion of a
“spine” of a standard n-simplex.

4.1. The spine of an n-simplex. The spine of the n-simplex A" is the simplicial set I defined
by
(In)k = {(ao---ak> € (An)k | ar < ag + 1}.

That is, a k-simplex in I" is a simplicial operator a: [k] — [n] whose image is of the form either {j}
or {j,7 + 1}. The action of simplicial operators on simplices in I™ is induced by their action on A™.
(To see that this action is well defined, observe that for a: [k] — [n] in (I"); and f: [p] — [k], the
image of the simplicial operator af is contained in the image of a.)

There is an evident injective map I"™ — A" of simplicial sets. (In fact, I™ is another example of a
subcomplex of A", see below §4.9.) Here is a picture of I® in A3:

(0) J/<3> is the spine inside  (0) \l7 3)

The key property of the spine is the following.

4.2. Proposition. Given a simplicial set X, for every n > 1 there is a bijection
Hom(I"™, X) = {(a1,...,an) € (X1)*™ | a;(1) = a;11(0) },
defined by sending f: I"™ — X to (f((01)), f((12)), -, f((n — 1,n))).

We will give the proof at the end of this section, after we describe I™ as a colimit of a diagram of
standard simplices; specifically, as a collection of 1-simplices “glued” together at their ends. Note
also that since IY = A®, there is a bijection Hom (1", X) = Xj.

4.3. Nerves are characterized by unique spine extensions. We can now state our new
characterization of nerves: they are simplicial sets such that every map I — X from a spine extends
uniquely along I" C A™ to a map from the standard n-simplex. That is, nerves are precisely the
simplicial sets with “unique spine extensions”.

4.4. Proposition. A simplicial set X is isomorphic to the nerve of some category if and only if the
restriction map Hom(A", X) — Hom(I", X) is a bijection for alln > 2.

Proof. Immediate from (4.2) and (3.9). O
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4.5. Colimits of sets and simplicial sets. Given any functor F': C' — Set from a small category
to sets, there is a “simple formula” for its colimit. First consider the coproduct (i.e., disjoint union)
[ecob o F'(c) of the values of the functor; I'll write (c,z) for a typical element of this coproduct,
with ¢ € obC and x € F(c). Consider the relation ~ on this defined by

(c,z) ~ (c,2") if Fa:c—  in C such that F(a)(z) = 2.

xX:=(]] Fle)/=~
ccobC
the set obtained as the quotient by the equivalence relation “~” which is generated by the relation
“~”. For each object ¢ of C' we have a function i.: F(c) — X defined by i.(z) := [(¢, x)]. Then the
data (X, {i.}) is a colimit of the functor F": i.e., for any set S and collection of functions

fe: F(c) = S such that fyoF(a)=f. foralla:c—c

there exists a unique function f: X — S such that f oi. = f..

Define

4.6. Example. Verify that (X, {i.}) is in fact a colimit of F'.

We write colimg F' for a chosen colimit of F'.
Note that the relation “~” is often not itself an equivalence relation, so it can be difficult to
figure out what “a” actually is: the simple formula may not be so simple in practice.

4.7. Ezercise. If C' is a groupoid, then ~ is always an equivalence relation.
There are cases when things are more tractable.

4.8. Proposition. Let A be a collection of subsets of a set S, which is a partially ordered set under
“C” and thus can be regarded as a category. Suppose A has the following property: for all s € S,
and T1,T» € A such that s € Ty N1y, there exists U € A such that s € U C Ty NTy. Then the
tautological map
colimpe T — U T
TeA
(sending [(T,t)] — t) is a bijection.

Proof sketch. Show that (T',t) ~ (T",t') if and only if t = ¢/, O

Any functor F': C' — sSet to simplicial sets from a small category has a colimit, which is
“computed objectwise”. That is, we obtain a simplicial set X by taking colimits of sets in each
degree: X,, = colim¢ F'(c),, and also obtain an action of simplicial operators on the X,s using the
universal property of colimits of sets. Then one may show that the simplicial set X = colim¢ F' is a
colimit of F'.

4.9. Subcomplexes. Given a simplicial set X, a subcomplex is just a subfunctor of X; i.e., a
collection of subsets A,, C X,, which are closed under the action of simplicial operators, and thus
form a simplicial set so that the inclusion A — X is a morphism of simplicial sets. We typically
write A C X when A is a subcomplex of X.

4.10. Ezample. Examples we have already seen include the spines I C A™ and AS C A" associated
to subsets S C [n].

4.11. Ezercise. For any map f: X — Y of simplicial sets, the image f(X) CY of f is a subcomplex
of Y.

The image of any map of simplicial sets is a subcomplex. Also, for every set of simplices in a
simplicial set, there is a smallest subcomplex which contains the set.
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4.12. Example. For a vertex x € Xy, we write {x} C X for the smallest subcomplex which contains x.
This subcomplex has exactly one n-simplex for each n > 0, namely x(0---0), and thus is isomorphic
to AY.

More generally, for a collection of vertices a,b,c,--- € Xy, we write {a,b,c,...} C X for the
smallest subcomplex which contains a, b, ¢, . ... This subcomplex is a simplicial set. This choice of
notation is supported by our informal identification of discrete sets with sets (2.5).

4.13. Remark. The result (4.8) carries over to simplicial sets, where the role of subsets is replaced by
subcomplexes. Instead of stating a general result, we will note a useful consequence: if A and B are
subcomplexes of a simplicial set X, then AN B and AU B are also subcomplexes of X; furthermore,
A U B is isomorphic to the colimit of the diagram A < AN B — B of simplicial sets, where the
maps are the evident inclusions. (Proof sketch: for each simplex in A U B there is a “minimal”
element of {A, B, AN B} which contains it.)

4.14. Subcomplexes of A". For each S C [n] we have a subcomplex A® C A™. The following
says that every subcomplex of A" is a union of A®s.

4.15. Lemma. Let K C A" be a subcomplex. If (f: [m] — [n]) € K, with f([m]) = S, then
f e (A®),, and AS C K.

Proof. Tt is immediate that f € (A®),,. Consider the factorization

] 25y g Sy )

of f into a surjection followed by an injection. Every order preserving surjection between ordered
sets admits an order preserving section, so there exists an order preserving map s: S — [m] such
that foujs = idg. Therefore fs = finjfoujs = finj. Given a simplex (g: [k] = S) € (As)k we thus
have finjg = f(sg), whence finjg € K}, since K is a subcomplex, f € K, and sg: [k] = [m] is a
simplicial operator. We have proved that A% C K, since f™ is the inclusion map of S C [n]. O

4.16. Remark. Thus, a subcomplex K C A™ determines and is determined by a collection K of subsets
of [n] with the property that 7 C S and S € K implies 7' € K; namely, K = {S C [n] | A® C K }.

That is, a subcomplex of A" is the “same thing” as a simplicial complex whose vertex set is a
subset of [n].

We can sharpen the above: every subcomplex of A” is a colimit of subcomplexes A%,

4.17. Proposition. Let K C A" be a subcomplex. Let A be the poset of all non-empty subsets
S C [n] such that the inclusion map f: S — [n] represents a (|S| — 1)-simplex in K. Then the
tautological map

CO]imSeA AS — K
s an isomorphism.

Proof. We must show that for each m > 0, the map COthGA(AS)m — K,, is a bijection. Each
(A5, = {f:[m] = [n] | f(Jm]) C S} is a distinct subset of K,, C (A"),,; ie., S # S’ implies
(A%, # (AY),,. In view of (4.8), it suffices to show that for each f € K, there is a minimal S in
A such that f € (A%),,. This is immediate from (4.15), which says that f € (A%),, and A® C K
where S = f([m]), and it is obvious that this S is minimal with this property. O

4.18. Proof of (4.2). Now we can prove our claim about maps out of a spine, using an explicit
description of a spine as a colimit.

Proof of (4.2). Let A be the poset of all non-empty S C [n] which are simplices of I"; i.e., subsets
of [n] of the form {j} or {j,7 + 1}. Explicitly the poset A has the form

{0} = {0,1} « {1} = {1,2} « {2} - --- < {n—1} > {n—1,n} + {n}.
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By (4.17), colimge 4 A® — I™ is an isomorphism. Thus Hom(I™, X) ~ Hom(colimge 4 A, X) ~
limge 4 Hom(A®, X), and an elementary argument gives the result. O

5. HORNS AND INNER HORNS

We now are going to give another (less obvious!) characterization of nerves, in terms of “extending
inner horns”, rather than “extending spines”. This will allow us to weaken this new characterization
to obtain the definition of a quasicategory.

5.1. Definition of horns and inner horns. We define a collection of subobjects of the standard
simplices, called “horns”. For each n > 1, these are subsimplicial sets A? C A" for each 0 < j < n.
The jth horn A’ is the subcomplex of A™ defined by

(ADk =L /f: [F] = [n] [ (In] ~{5}) € f([K]) }-
Using the fact (4.17) that subcomplexes of A™ are always unions of A%s, we see that A7 is the
union of “faces” Al of A™ other than the jth face:

A=Al oA,
i#]
When 0 < j < n we say that A7 C A" is an inner horn.
5.2. Ezample. The horns inside A! are just the vertices viewed as subobjects: Aj = A{% = {0} c A!
and A} = A} = {1} ¢ A'. Neither is an inner horn.
5.3. Example. These are the three horns inside the 2-simplex.
1) {1
(01)/\ (01)/\ \({12) \(]12}
(2)

O —5= @ (0) (0) —=
I A2 ¥

Only A% is an inner horn. Note that A? is the same as the spine I°.

5.4. Exercise. Visualize the four horns inside the 3-simplex. The simplicial set A? actually kind of

looks like a horn: you blow into the vertex (j), and sound comes out of the opposite missing face
AN

5.5. Ezercise. Show that A7 is the largest subobject of A" which does not contain the simplex
(0---F---n) € (A™),_1, the “face opposite the vertex ;7.

We note that inner horns always contain spines: I™ C A% if 0 < j < n. This is also true for
non-inner horns if n > 3, but not for non-inner horns with n =1 or n = 2.

5.6. The inner horn extension criterion for nerves. We can now characterize nerves as those
simplicial sets which admit “unique inner horn extensions”; this is different than, but analogous to,
the characterization in terms of unique spine extensions (4.4).

5.7. Proposition. A simplicial set X is isomorphic to the nerve of a category, if and only if
Hom(A", X) — Hom(A7, X) is a bijection for alln > 2,0 < j <n.

The proof will take up the rest of the section.
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5.8. Nerves have unique inner horn extensions. First we show that nerves have unique inner
horn extensions.

5.9. Proposition. If C is a category, then for every inner horn A C A™ the evident restriction
map
Hom (A", NC) — Hom(A}, NC')

s a bijection.

Proof. Since inner horns contain spines, we can consider restriction along I™ C A;-‘ C A" The
composite
Hom(A", NC) — Hom(A?, NC) = Hom(I", NC)
of restriction maps is a bijection (4.4), so r is a surjection. Thus, it suffices to show that r is injective.
This is immediate when n = 2, since A% = I?, so we can assume n > 3.
We will show that for any inner horn A;L with n > 3 there exists a finite chain

I"=FyCF, C"'CFdIA?
of subcomplexes, and also a list of subsets Si,...,S; C [n], such that (i) F; = F;_; U A% and
(ii) I°" C Fj_1 N Ai; here I% denotes the spine of A%. Given this, we see by (4.13) that F; is
isomorphic to a pushout:
F, ~ colim(Fj_1 + Fi_y N A% — A®).

We then obtain a commutative diagram of sets

Hom(F,, NC) —— Hom(F;_, NC)

J J

Hom(A%, NC) —— Hom(F,_; N A% NC) —— Hom(I%,NC)

where all maps are induced by restriction, in which the square is a pullback (because F; is a pushout),
and such that the horizontal composition on the bottom is a bijection. It immediately follows that
a, and hence b, are injective. We can thus conclude that Hom(A”, NC) — Hom(I", NC') is injective
as desired, since it is a composite of injective functions such as b.

Now we prove the claim about the filtration of A? by suitable subcomplexes F;.

When n = 3, we can “attach” simplices in order explicitly:

A3 = ((IBu A{0,1,2}) U A{1,2,3}) U A{O,I,S}’ A3 = (13U A{o,m}) U A{1,2,3}) U Af0.2:3}

Note that, for instance, in building A$, we must add AOL3} after adding ATH23} ) so that the spine
013} of A{013} ig already present.

When n > 4, we have that (A7) = (A"); and (A})2 = (A")s2. The procedure to “build” A} from
I by adding subsimplices is: (1) first attach 2-simplices one at a time, in an allowable order; then
(2) attach all needed higher dimensional subsimplices. In step (2) the order doesn’t matter since all
1-simplices (and hence all spines) are present in what has already been built. We leave the details
of step (1) to the reader. O
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5.10. Nerves are characterized by unique inner horn extension. Let X be an arbitrary
simplicial set, and suppose it has unique inner horn extensions, i.e., each Hom(A", X) — Hom(A?7 X)
is a bijection for all 0 < j < n with n > 2.

Considering the unique extensions along A7 C A2, we see that this defines a “composition law’
on the set X;. That is, given f,g € X such that f; = go in Xo,* there is a unique map u

)

wi A2 = AT G AT2E YD 01y pe X, (12) s g € X
Let u: A% — X be the unique extension of u along A? C A2, and define
g o f = 602
The 2-simplex u is uniquely characterized by: ug; = f, u12 = ¢, ug2 = go f.

This composition law is automatically unital. Given z € Xy, write 1, := 2(00) € X, so that
(1z)o = # = (1z)1. Then applying the composition law gives 1, 0 f = f and go 1, = g. (Proof:
consider the 2-simplices f(011), g(001) € X5, and use the fact that their representing maps A? — X
are the unique extensions of their restrictions to A7 C A2))

Now consider A? C A®. Recall (4.17) that A? is a union (and colimit) of A® C A3 such that
S 2{0,2,3}. A map A} — X can be pictured as

- T
AN (hog)of
S
/ N\
gof 1 hog—— 3
/

S

2

so that the planar 2-cells in the picture correspond to non-degenerate 2-simplices in A? which are
contained in A3, while the edges are labelled according to their images in X, using the composition
law defined above. Let v: A3 — X be any extension of the above picture along A3 C A3 and
consider the restriction w := v(023): A% — X to the face A2 ~ Al023} ¢ A3, Then wy; = go f,
w2 = h, and w2 = (h o g) o f, and thus the existence of w demonstrates that

h(go f)=(hog)f.
In other words, the existence of extensions along A3 C A3 implies that the composition law we
defined above is associative. (We could have carried out this kind of argument using A3 C A3
instead.)

Thus, given an X with unique inner horn extensions, we can construct a category C, so that
objects of C' are elements of Xy, morphisms of C' are elements of X;, and composition is given as
above.

Next we construct a map X — NC of simplicial sets. There are obvious maps ay,: X,, = (NC),,
corresponding to restriction along spines I C A™; i.e., a(x) = (zo1,...,2Zn—1,n). You can show that
these maps are compatible with simplicial operators, so that they define a map a: X — NC of
simplicial sets. Proof: For any n-simplex x € X,,, all of its edges are determined by edges on its spine
via the composition law: z;; = x;_1 joxj_oj_10---0x; 41, forall 0 <4 < j <n. Thus for f: [m] —
([n] )\ivfe have a(zf) = ((@f)ots-- s (@f)n-1n) = @foprs-- > Tho1fn) = (@015 s Tne1m) for fr =
ax)f.

Now we can prove that nerves are characterized by unique extension along inner horns.

4Recall that fi = f(1) and go = g(0), regarded as maps A® — X and thus as elements of Xy, using the notation
discussed in §2.3.
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Proof of (5.7). We have already shown (5.9) that nerves have unique extensions for inner horns.
Consider a simplicial set X which has unique inner horn extension. By the discussion above, we
obtain a category C and a map a: X — NC of simplicial sets, which is clearly a bijection in degrees
< 2. We will show a,,: X,, = (NC),, is bijective by induction on n.

Fix n > 3, and consider the commutative square

Hom (A", X) —=— Hom(AT, X)

aAn J{ JQA?

Hom(A", NC) —— Hom(A}, NC)

The horizontal maps are induced by restriction, and are bijections (top by hypothesis, bottom by
(5.9)). Because AT is a colimit of standard simplices of dimension < n (4.17), the map asn is a
bijection by the induction hypothesis. Therefore so is aan. O

6. QUASICATEGORIES

We can now define the notion of a quasicategory, by removing the uniqueness part of the inner
horn extension criterion for nerves.

6.1. Identifying categories with their nerves. From this point on, I will (at least informally)
often not distinguish a category C' from its nerve. In particular, I may assert something like “let
C be a simplicial set which is a category”, which should be read as “C is a simplicial set with is
isomorphic to the nerve of some category”. This should not lead to much confusion, due to the fact
that the nerve functor is a fully faithful embedding of Cat into sSet (3.11).

6.2. Definition of quasicategory. A quasicategory is a simplicial set C' such that for every
map f: A} — C from an inner horn, there ezists an extension of it to g: A" — C. That is, C' is a
quasicategory if the function Hom(A", C) — Hom(A7, C) induced by restriction along AT C A™ is
surjective for all 0 < j < mn, n > 2.

Any category (more precisely, the nerve of any category) is a quasicategory. In fact, by what we
have shown (5.7) a category is precisely a quasicategory for which there exist unique extensions of
inner horns.

Let C be a quasicategory. We refer to elements of Cj as the objects of C, and elements of C;
as the morphisms of C. Every morphism f € ] has a source and target, namely its vertices
fo, f1 € Cy. We write f: fo — fi1, just as we would for morphisms in a category. Likewise, for
every object x € Cp, there is a distinguished morphism 1,: z — z, called the identity morphism,
defined by 1, = xgg. Of course, when C is (the nerve of) a category, all the above notions coincide
with the usual ones. (Note, however, that we cannot generally define composition of morphisms in a
quasicategory.)

We now describe some basic categorical notions which admit immediate generalizations to
quasicategories. Many of these generalizations apply to arbitrary simplicial sets.

6.3. Products of quasicategories. Simplicial sets are functors, so the product of simplicial sets
X and Y is just the product of the functors. Thus, (X xY), = X, x Y,,.

6.4. Proposition. The product of two quasicategories (as simplicial sets) is a quasicategory.

Proof. Exercise, using the bijective correspondence between the sets of (i) maps K — X x Y and
(ii) pairs of maps (K — X, K —Y). O

6.5. Remark. If C and D are categories, then N(C x D) ~ NC x ND. Thus, the notion of product
of quasicategories generalizes that of categories. (FEzercise: prove this.)
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6.6. Coproducts of quasicategories. The coproduct of simplicial sets X and Y is just the
coproduct of functors, whence (X I1Y),, = X, [1 Y}, i.e., the set n-simplices of the coproduct is the
disjoint union of the sets of n-simplices of X and Y. More generally, (]_[ <X S)n =][.(Xs)n for an
indexed collection {X,} of simplicial sets.

S

6.7. Proposition. The coproduct of any indexed collection of quasicategories is a quasicategory.

To prove this, we introduce the set of connected components of a simplicial set. Given a
simplicial set X, we define the set of connected components by

mpX := colimpop X,
the colimit of the simplicial set regarded as a functor X : A°? — Set. Explicitly (4.5), this is the

set of equivalence classes for the equivalence relation on the set [],, -, X, of all simplices, which is
generated by the relation ~, defined so that a ~ af for any a € X,, and f: [m] — [n].

6.8. Exercise. Show that there is a canonical bijection
(Xo/ ~1) = moX,

where the left-hand side denotes the set of equivalence classes in the vertex set Xy with respect to
the equivalence relation =21 which is generated by the relation ~; on X, defined by

a~1b iff there exists e € X7 such that a = ey, b = e;.
We say that a simplicial set is connected if it has exactly one component.

6.9. Ezercise. Show that every standard simplex A" is connected, and that every horn A? is
connected.

6.10. Exercise. Show that a connected component S of X (regarded as a collection of subsets
Sp € X, for n > 0 whose union is the equivalence class corresponding to a single element of 7y X) is
a subcomplex of X. Show that any map K — X from a connected simplicial set K factors through
the inclusion of exactly one connected component S C X.

Proof of (6.7). If X =[], X is a coproduct of simplicial sets, then any connected component of X
must be contained in exactly one of the X, by an elementary argument left to the reader. The proof
is now straightforward, using (6.10) and the fact that horns and standard simplices are connected
(6.9). 0

6.11. Ezercise (Important). Show that the evident map mo(X x Y) — mpX X mpY is a bijection.

6.12. Full subquasicategories. Given a category C and a set of objects S C obC, the full
subcategory spanned by S is the subcategory ¢/ C C with ob(C’ = S and with mor(C’' =
{f € morC | source(f), target(f) € S }.
This has a straightforward generalization to quasicategories. Given a simplicial set C' and a set
S C () of vertices, let
C,,={a€CylajeSforalj=0,...,n}.

6.13. Ezercise. Show that C’ is a subcomplex of C, and that if C' is a quasicategory then so is C’.

When C' is a quasicategory, this subcomplex is called the full subquasicategory spanned by
S.
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6.14. Opposite of a quasicategory. Given a category C', the opposite category C°P has ob C°P =
ob C, and Homeep (x,y) = Home(y, x), and the sense of composition is reversed: g ocer f = f o¢ g.

This concept also admits a generalization to quasicategories, which we define using a non-trivial
involution op: A — A of the category A. This is the functor which on objects sends [n] — [n],
and on morphisms sends (fo, ..., fn): [n] = [Mm] to (m — fn,...,m — fo). (You can visualize this
construction as one which “reverses the ordering” of the totally-orederd sets [n].)

The opposite of a simplicial set X : A°P — Set is the composite functor X°P := X o op.

We have that (A")°P = A", while (A})°P = A}_,, so that the opposite of an inner horn is
another inner horn. As a consequence, the opposite of a quasicategory is a quasicategory. It is
straightforward to verify that (NC)°P = N(C°P), so the notion of opposite quasicategory generalizes
the notion of opposite category. The functor op: A — A satisfies op o op = ida, so (X°P)P = X.

7. FUNCTORS AND NATURAL TRANSFORMATIONS

7.1. Functors. A functor between quasicategories is merely a map f: C — D between the
simplicial sets.

We write QCat for the category of quasicategories and functors between them.® Clearly QCat C
sSet is a full subcategory. Because the nerve functor is a full embedding of Cat into QCat, any
functor between ordinary categories is also a functor between quasicategories.

7.2. Natural transformations. Given functors F,G: C' — D between categories, a natural trans-
formation ¢: F' = G is a choice, for each object ¢ of C, of a map ¢(c): F(c) = G(c) in D, such
that for every morphism «a: ¢ — ¢’ in C the square

F(c) G(c)
f(a)l Jg(a)
F(d) W G(d)

commutes in D. There is a standard convenient reformulation of this: a natural transformation
¢: F' = @ is the same thing as a functor
H:Cx[l] = D,

so that H|C x {0} = F, H|C x {1} = G, and H|{c} x [1] = a(c) for each ¢ € obC. (Here we make
implicit use of the evident isomorphisms C' x {0} = C' ~ C x {1}.)

This admits a straightforward generalization to quasicategories. A natural transformation
f: fo = f1 of functors fo, fi: C' — D between quasicategories is defined to be a map

f:CxN[1]=CxA' =D

of simplicial sets such that f|C x {i} = f; for i = 0, 1. For ordinary categories this coincides with
the classical notion.

8. EXAMPLES OF QUASICATEGORIES

There are many ways to produce quasicategories, as we will see. Unfortunately, “hands-on”
constructions of quasicategories are relatively rare. Here I give a few reasonably explicit examples
to play with.

Lurie [Lur09] denotes this category by Cata.
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8.1. Large vs. small. I have been implicitly assuming that certain categories are small; i.e., they
have sets of objects and morphisms. For instance, for the nerve of a category C to be a simplicial
set, we need Cy = ob C' to be a set.

However, in practice many categories of interest are only locally small; i.e., the collection of
objects is not a set but is a “proper class”, although for any pair of objects Hom¢ (X, Y) is a set.
For instance, the category Set of sets is of this type: there is no set of all sets. Other examples
include the categories of abelian groups, topological spaces, (small) categories, simplicial sets, etc.
It is also possible to have categories which are not even locally small, e.g., the category of locally
small categories. These are called large categories.

We would like to be able to talk about large categories in exactly the same way we talk about
small categories. This is often done by positing a hierarchy of (Grothendieck) “universes”. A
universe U is (informally) a collection of sets which is closed under the operations of set theory. We
additionally assume that for any universe U, there is a larger universe U’ such that U € U’. Thus, if
by “set” we mean “U-set”, then the category Set is a “U’-category”. This idea can be implemented
in the usual set theoretic foundations by postulating the existence of suitable strongly inaccessible
cardinals.

The same distinctions occur for simplicial sets. For instance, the nerve of a small category is a
small simplicial set (i.e., the simplices form a set), while the nerve of a large category is a large
simplicial set.

I’'m not going to be pedantic about this. I’ll usually assume categories like Set, Cat, sSet, etc.,
are categories whose objects are “small” sets/categories/simplicial sets/whatever, i.e., are built
from sets in a fixed universe U of “small sets”. However, I sometimes need to consider examples of
sets/categories/simplicial sets/whatever which are not small. I leave it to the reader to determine
when this is the case.

In practice, a main point of concern involves constructions limits and colimits. Many typical
examples of categories C' = Set, Cat, sSet, etc., in which objects are built out of small sets are small
complete and small cocomplete: any functor F': D — C from a small category D has a limit
and a colimit in C. This is not true if D is not assumed to be small. In this case care about the
small/large distinction is necessary.

8.2. Morita quasicategory. Define a simplicial set C, so that C,, is a set whose elements are data
xXr = (Au Mij7 fijk)7 where
e for each i € [n], A; is an associative ring,
e for each i < j in [n], M;; is an (A4;, A;)-bimodule,
e for each i < j < kin [n], fijp: My ®a; My, — My, is an isomorphism of (A;, Ag)-bimodules,
such that
e for each i < j < k < £, the diagram

id®fjre
Mij & M @ Mg — My @ M

(8.3) f’ijk@idl injé
M @ My — My
commutes.

For an injective map d: [m] — [n], we define 0 := (Asq), Ms@)s(5)» fs()5(j)s(k))- If 9 is not injective,
we must set M;; := Ags;y when 6(7) = 0(j), and set fj;x to the canonical isomorphism if §(i) = §(j)
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or §(j) = do(k).

Mos

AO AO % AO ®
Ay Mml Mo1‘ forz _ Ao Mo <

fo12 Ao —Mas— A
P 2 23 3
M2
Ay fi23

M3

A, A M2

The object C is a quasicategory. Fillers for A? C A? always exist: a map A? — C is a choice
of (Ag, Moy, A1, M1a, As), and an extension to A% can be given by setting My to be the tensor
product, and fp1o the identity map. However, there can be more than one choice: even keeping Mys
the same, there is a choice of isomorphism fpis.

Fillers for A3 € A3 and A3 C A3 always exist, and are unique: finding a filler amounts to choosing
isomorphisms foa3 = fire (for A3) or fo13 = fije (for A3) making (8.3) commute, and such choices
are unique. Similarly, all fillers in higher dimensions A7 C A™ with n > 4 trivially exist and are
unique.

8.4. Quasicategory of categories. Define a simplicial set C so that C,, is a set whose elements
are data x := (Cy, Fyj, ¢i;1) where
o for each i € [n], C; is a (small) category,
e for each i < j in [n], Fj: C; — Cj is a functor,
e for each i < j < k in [n], @ijr: FjrFij = Fy, is a natural isomorphism of functors C; — Cy,
such that
e for each i < j < k < £, the diagram

$jkeidp,
FroFjFy 2 1y

i, ¢iikﬂ M¢ij£

FroFiy, — Fy

comimutes.
The action of simplicial operators is defined exactly as in the previous example, as is the proof that
C is a quasicategory.

8.5. Nerve of a crossed module. A crossed module is data (G, H, ¢, p), consisting of groups
G and H, and homomorphisms ¢: H — G and p: G — AutH, such that
d(p(g)(h)) = go(h)g™",  ple(W)(K') = hW'h™",  forallge G, h,h' € H.
(For instance: G = H = the cyclic group of order 4, with ¢(x) = 22 and p the non-trivial action.)
From this we can construct a quasicategory (in fact, a “quasigroupoid”) much as in the last example:
an n-simplex is data (gi;, hijr) With g;; € G, hyji, € H, satisfying identities
9ii 95k = O(hiji) ik, hijihike = p(gij) (hjke) hije.

8.6. Spans. (See [Barl4, §52-3], where this is called the effective Burnside co-category.) For each
object [n] of A, define [n]™ to be the category with

e objects pairs (7,7) with 0 <7 < j <mn, and

e a unique morphism (i,5) — (i, j') whenever ¢/ <i < j < j'.
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The construction [n] — [n]*™ defines a functor A — Cat. (The category [n]*™ is called the twisted
arrow category of [n]; in fact you can define a twisted arrow category C*™ for any category C.)

Let C be a category which has pullbacks; for an explicit example, think of the category of finite
sets. Let R(C) be the simplicial set defined so that

R(C),, := {functors ([n]™)°P — C}.

Elements of R(C)o are just objects of C. Elements of R(C)1, R(C)2, R(C)3 are respectively
diagrams in C' of shape

Xo3
P NS
Xo2 Xo2 X13
¥ N e ~ K ~~
Xo1 Xo1 X12 Xo1 X12 Xa3
P NS P NS Ve N Ve N P NS Ve N
Xoo X1 Xoo X1 X929 Xoo X1 X929 X33

Let A(C), € R(C),, denote the subset whose n-simplices are functors X : ([n]*)°P — C such that
for every ¢/ <1i < j < j’ the square
Xi’j’ — XZJ/

Ll

is a pullback in C. Then A(C) is a subcomplex, and in fact is a quasicategory. This is another
example in which extensions along inner horns A;L C A" exist for n > 2, and are unique for n > 3.

8.7. Singular complex of a space. The topological n-simplex is

My 1= L@ vova) B Y= 1, 212 03,

the convex hull of the standard basis vectors. We get a functor A¢op: A — Top by Atep([n]) = AL,
For a topological space T', we define SingT" to be the simplicial set [n| — Homro, (AL, T).
Define topological horns

(AD)top :={z € Al | 2 = 0 for some i # j } C AL,

and observe that continuous maps (A} )iop — 7' correspond in a natural way with maps A} — Sing T
(Ezercise. This is a consequence of the fact that A% is a colimit of all the AS C A%, and that (A?)top
is similarly a colimit of the corresponding Af;p C (A})top-) There exists a continuous retraction
Afop = (A} )top (Ezercise: describe such a retraction), and thus we see that

Hom(A", Sing T') — Hom(A7, Sing T')

is surjective for every horn (not just inner ones).

A simplicial set X which has extensions for all horns is called a Kan complex. Thus, Sing T’
is a Kan complex, and so in particular is a quasicategory (and as we will eventually see, a
“quasigroupoid”).

n
top?

8.8. Eilenberg-MacLane object. Fix an abelian group A and an integer d > 0. We define a
simplicial set K = K (A, d), so that K, is a set whose elements are data a = (aj,..;,) consisting of

e for each 0 <ig <--- <144 <mn, an element a;,_;, € A, such that
® a;, i, =0if i, =1, for any u, and

e for each 0 < jo < --- < jgp1 < n we have ), (—1)"a =0.

J0--Ju---Jd+1
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For a map 0: [m] — [n] we define

(ad)ig...iq = @s(ip)...5(14)-
The object K(A,d) is a Kan complex, and hence a quasicategory (and in fact a quasigroupoid).
When d = 0, this is just a discrete simplicial set, equal to A in each dimension.

8.9. Ezercise. Show that K (A, 1) is isomorphic to the nerve of a category, namely the nerve of the
group A regarded as a category.

8.10. FExercise. Show that K(A,d) is a Kan complex, ie., that Hom(A" K(A,d)) —
Hom(A7, K(A,d)) is surjective for all horns A7 C A™. In fact, this map is bijective unless n = d.
(Hint: there are four distinct cases to check, namely n <d,n=d,n=d+1,and n > d+1.)

8.11. Exercise. Given a simplicial set X, a normalized d-cocycle with values in A is a function
f: X4 — A such that

(1) f(zo, .i4,..d-1) =0forall z € Xg_; and 0 <i<d—1, and

(2) (=1 f (g, 7. 441) =0 forallz € Xgp1 and 0 <i < d+ 1. (Here 0,...,7,...,d+ 1" is
shorthand for the sequence 0,1,...,i—1,i+1,...,d,d+ 1 of integers from 0 to d + 1 with ¢
omitted.)

Show that the set Z¢ _(X; A) of normalized d-cocycles on X is in bijective correspondence with
Homygget (X, K(A,d)). (Hint: an element a € K, is uniquely determined by the collection of elements

a0 € Kg = A, as J ranges over injective maps [d] — [n].)

8.12. Remark. Eilenberg-MacLane objects are an example of a simplicial abelian group: the map
+: K x K — K of simplicial sets defined by (a + b)i,...i; = @i...i; + biy...i, satisfies the axioms of an
abelian group, reflecting the fact that Z%  (X; A) is an abelian group.

9. HOMOTOPY CATEGORY OF A QUASICATEGORY

Our next goal is to define the notion of an isomorphism in a quasicategory. This notion behaves
much like that of homotopy equivalence in topology. Thus, we will define isomorphism by means of
the homotopy category of a quasicategory. The homotopy category of a quasicategory is itself a
special case of the notion of the fundamental category of a simplicial set.

9.1. The fundamental category of a simplicial set. A fundamental category for a simplicial
set X consists of (i) a category hX, and (ii) a map a: X — N(hX) of simplicial sets, such that for
every category C, the map

a*: Hom(N(hX), NC) — Hom(X, NC)

induced by restriction along « is a bijection. This is a universal property which characterizes the
fundamental category up to unique isomorphism, if it exists.

9.2. Proposition. FEvery simplicial set has a fundamental category.

Proof sketch. Given X, we construct hX by generators and relations. First, consider the free
category F', whose objects are the set X, and whose morphisms are finite “composable” sequences
[an,...,a1] of edges of X;. Thus, morphisms in F' are “words”, whose “letters” are 1-simplices a;
with (a;+1)o = (a;)1, and composition is concatenation of words; the element [a,,...,a1] is then
a morphism (a1)o — (a,)1. (Note: we suppose that there is an empty sequence [, in F for each
vertex x € Xp; these correspond to identity maps in F.)

Then hX is defined to be the largest quotient category of F' subject to the following relations:

e [a] ~ [|; for each z € Xy where a = xgp € X1, and
e [g, f] ~ [h] whenever there exists a € Xo such that ag1 = f, a12 = g, and ag2 = h.
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The map o: X — N(hX) sends z € X,, to the equivalence class of [xp_1p,...,Z01].
(We will give another construction of the fundamental category in (13.17).) O

As a consquence: the fundamental category construction describes a functor h: sSet — Cat,
which is left adjoint to the nerve functor N: Cat — sSet.

In general, the fundamental category of a simplicial set is not an easy thing to get a hold of
explicitly, because it is difficult to give an explicit description of a “quotient category” induced by a
relation on its morphisms. When C' is a quasicategory, there is a more concrete construction of hC,
which in this context is called the homotopy category of C.

9.3. The homotopy relation on morphisms. Fix a quasicategory C. For z,y € Cp, let
home(z,y) :={f € C1| fo ==z, fi =y} denote the set of “morphisms” in C from x to y. We write
1, for the degenerate element xgy € home(x, z).
Define relations ~y, ~, on hom¢g(z,y) (called left homotopy and right homotopy) by
o f ~y g iff there exists a € Cy with ag1 = 14, age = f, a12 = g,
o [ ~, g iff there exists b € Co with bio = 1, b1 = f, bo2 = g.
Pictorally:
fr~eg: 1{ a 2y fryg: b ky
7 5 "
x).

T

Note that f ~y g in home(z,y) coincides with g ~, f in homeop (y, x

9.4. Proposition. The relations ~y and ~, are identical, and are an equivalence relation on
home(z,y).

Proof. We will prove

(1) f~e f,
(2) f~rgand g~y himply f~h,
(3) f ~¢ g implies f ~. g,
(4) f ~r g implies g ~y f.
These show that ~; is an equivalence relation, and also that ~, and ~; coincide. The idea is to use
the inner-horn extension condition for C' to produce the appropriate relations.

(1) f ~¢ f is exhibited by foo1 € Ca.

(2), (3), and (4) are demonstrated by the following diagrams, which present a map from an inner
horn of A% to C constructed from the given data. The restriction of any extension to A? along the
remaining face gives the conclusion.

m;\ ”g\ /\“\ \ /\
T U

9.5. Composition of homotopy classes of morphisms. We now define f ~ g to mean f ~; g
(equivalently f ~, g). We speak of homotopy classes [f] of morphisms f € hom¢(z,y), meaning
equivalence classes under ~. Next we observe that we can compose homotopy classes.

Given f € hom¢(z,y), g € home(y, 2), h € home(z, z), we say that h is a composite of (g, f)
if there exists a 2-simplex a € Cy with a(01) = f, a(12) = g, a(02) = h; thus composition is a

ly—> 3

g
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three-fold relation on hom(z,y) x hom(y, z) x hom(z, z). The composite relation is compatible with
the homotopy relation, as shown by the following.

9.6. Lemma. If f ~ f', g~ ¢', h a composite of (g, f), and I/ a composite of (¢, '), then h ~ h'.
Proof. Since ~ is an equivalence relation, it suffices prove the special cases (a) f = f’, and (b)
g =¢'. We prove case (b).

Let a € Cy exhibit f ~y f’, and let b0’ € Cy exhibit h as a composite of (g, f) and h' as a
composite of (g, f') respectively. The inner horn A3 — C defined by

0
N
fo b
N
1 a 2 g— 3
&/ f’/‘ b /
1 {/h/
extends to u: A% — C, and u|A{013} exhibits h ~y R O

Thus, composites of (g, f) live in a unique homotopy class of morphisms in C, which only depends
on the homotopy classes of g and f. T will write [g] o [f] for this class.
I’ll leave the following as exercises; the proofs are much like what we have already seen.

9.7. Lemma. Given f: x — y, we have [f] o [1,] = [f] = [14] o [f].
9.8. Lemma. If [g] o [f] = [u], [h] o [g] = [v], then [h] o [u] = [v] o [f].

9.9. The homotopy category of a quasicategory. For any quasicategory, we define its homo-
topy category hC, so that ob(hC) := Cy, while hompc(z,y) := home(z,y)/ ~, with composition
defined by [g] o [f]. The above lemmas (9.7) and (9.8) exactly imply that hC' is really a category.

We define a map 7: C' — N(hC) of simplicial sets as follows. On 0 simplices, 7 is the identity
map Cy = N(hC)p = obhC. On 1-simplices, the map is defined by the tautological quotient maps
home(z,y) — home(z,y)/ ~. The map 7 sends an n-simplex a € C), to the unique n-simplex
m(a) € N(hC), such that m(a);—1; = m(a;—1,). It is straightforward to check that this is well-defined:
for instance, for a € Cy, 7(a) is defined exactly because of the relation [a;2] o [ag1] & [agz].

Note that if C' is an ordinary category, then f ~ ¢ if and only if f = ¢g. Thus, 7: C — N(hC) is
an isomorphism of simplicial sets if and only if C' is isomorphic to the nerve of a category.

The following says that the homotopy category of a quasicategory is its fundamental category,
justifying the notation “hC”.

9.10. Proposition. Let C be a quasicategory and D a small category, and let ¢: C — D be a map
of simplicial sets. Then there exists a unique map v: hC — D such that Y7 = ¢.

Proof. We first show existence, by constructing a suitable extension 1, which is necessarily a functor
between categories.

On objects, 1 sends x € ob(hC) = Cp to ¢(x) € ob(D) = Dy. On morphisms, 1 sends
[f] € hompc(z,y) to ¢(f) € homp(p(x),¢(y)) € D;i. Observe that the function on morphisms
is well-defined since if f ~; f’, exhibited by some a € Cy, then ¢(a) € Dy exhibits the identity
o(f) = o(f)p(1) = ¢(f') in D. Tt is straightforward to show that ¢ so defined is actually a functor,
and that ¢ = ¢ as maps C — N(D).

The functor ¢ defined above is the unique solution: the value of 1) on objects and morphisms is
uniquely determined, and 7w: Cy — (hC)y is bijective for k = 0 and surjective for k = 1. O

In particular, the homotopy category construction gives adjoint functors
h: QCat = Cat : V.
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9.11. Remark. If f, g, h are any edges in a quasicategory C which fit together to give u: A0} U
A2 g A02Y 5 @) g0 that u|A{01} =1, u\A{lz} = g, and u\A{OQ} = h, then there exists an
extension of u to A2 if and only if n(h) = 7(g)n(f) in hC. In particular, any edge in the =-
equivalence class of h can be interpreted as a composite of g with f. To prove this, consider an
extension of

which exhibits g o f ~ h/ assuming go f ~ h and h ~, I/.
9.12. Ezxercise. Understand the homotopy categories of the various examples described in §8.

9.13. Ezercise. Show that for quasicategories C' and D there is an isomorphism hC x hD =~ h(C x D).

10. SATURATED CLASSES AND INNER-ANODYNE MAPS

Quasicategories are defined by an “extension property”: they are the simplicial sets C such that
any map K — C extends over L, whenever K C L is an inner horn inclusion A;L C A". The inner
horn inclusions “generate” a larger class of inclusions K C L which share this extension property
for maps into quasicategories; this larger class includes the “saturation” of the inner horns.

For instance, we will observe that the spine inclusions I™ C A™ are in the saturation of the set
of inner horn inclusions. This will imply that quasicategories admit “spine extensions”, i.e., any
I — C extends over I" C A™ to a map A" — C.

10.1. Saturated classes. Consider a category (such as sSet) which has all small colimits. A
saturated class® is a class A of morphisms in the category, which

(1) contains all isomorphisms,

(2) is closed under cobase change,

(3) is closed under composition,

(4) is closed under transfinite composition,
(5) is closed under coproducts, and

) is closed under retracts.

Given a class of maps S, its saturation S is the smallest saturated class containing S.
We need to explain some of the elements of this definition.
e “Closed under cobase change” is also called “closed under pushout”: it means that if f is
the pushout of f: X — Y along some map g: X — Z, then f € A implies f’ € A.
e We say that A is “closed under countable composition” if given a countable sequence of
composable morphisms

Xo I xy 2o xy By
such that each f; € A, the induced map Xy — colimy, X to the colimit is in A.

60ften the term weakly saturated is used where we have used saturated, e.g., [Lur09, A.1.2.2] or [Riel4, 11.1.4]. We
will use the shorter terminology for the sake of brevity. We caution that the term “saturated” is sometimes used in
category theoretic contexts with a different meaning than the one we use. I’m gonna change this to be consistent
with general usage: replace “saturation” with “weak saturation” everywhere. Maybe not I dunno.
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The notion “closed under transfinite composition” is the generalization of this, where N
is replaced by an arbitrary ordinal (i.e., a well-ordered set). This means that for an ordinal
A and a functor X : A — sSet, if for every ¢ € A with ¢ # 0 the map

colimj; X (j) — X (4)
is in A, then the induced map X (0) — colim;jcy X (j) is in A.

e “Closed under coproducts” means that if {f;} is a set of maps in A, then [], f; is in A.
e We say that f is a retract of g if there exists a commutative diagram of the form

This is really a special case of the notion of a retract of an object in the functor category
Fun([1], sSet).

10.2. Remark. This list of properties is not minimal: (3) is actually a special case of (4), and (5)
can be deduced from (2) and (4).

10.3. Example. Consider the category of sets. Let S = {@ — {1}} and T'= {{0,1} — {1}}. Then

S = the class of injective maps, and T' = the class of surjective maps.
10.4. Example. The class of monomorphisms of simplicial sets is a saturated class.

10.5. Inner anodyne morphisms. Let
InnHorn := {A} CA" |0<k<n,n>2}

denote the set of inner horn inclusions. The saturation InnHorn is called the class of inner
anodyne’ morphisms. Note that inner anodyne morphisms are always monomorphisms, since
monomorphisms of simplicial sets are themselves a saturated class.

10.6. Proposition. If C is a quasicategory and A C B is an inner anodyne inclusion, then any
f:+ A— C admits an extension to g: B — C so that g|A = f.

Proof. Tt suffices to show that the collection A of monomorphisms i: A — B such that every
map from A to a quasicategory extends along i is saturated. Since InnHorn C A4 we must have
InnHorn C A. This is a relatively straightforward exercise, which we leave for the reader: check that
the class A satisfies each of the conditions (1)—(6) of a saturated class. It is highly recommended
that you work through this argument this if you haven’t seen it before. ([l

10.7. Ezercise (Easy but important). Show that every inner anodyne map induces a bijection on
vertices.

10.8. Generalized horns and spines. It is useful to be able to prove that certain explicit maps
are inner anodyne.
Let S C [n]. A generalized horn the subcomplex A% C A™ defined by

g — U A[n]\i,
€S

7Joyal calls these “mid-anodyne”. The “anodyne” terminology was introduced in a related context by Gabriel and
Zisman [GZ67], which we will see in §32. “Anodyne” derives from ancient Greek, meaning “without pain”; we leave it
to the reader to decide whether this choice of terminology is appropiate.
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i.e., the union of codimension one faces of the n-simplex indexed by elements of S. In particular,
A’[ZL}\ U is the usual horn A;L.
An inner generalized horn is A C A™ such that there exist s < t < s’ with 5,5’ € S and

t¢S.

10.9. Example. The union A?o ny = ALOLn=1} 5 A{L2n} of the “first and last” faces of A™ is an

inner generalized horn when n > 2.
10.10. Lemma. Inner generalized horn inclusions are inner anodyne.

There is a slick proof of this given by Joyal [Joy08a, Prop. 2.12], which we present in the appendix
(58.1). The basic idea is simple: construct a sequence of subcomplexes

g:FOCF1C"‘CFd:An

such that for each 4, there is a subset S; C [n] such that (i) F; = F;_; UAS and (ii) F;_; N A% =
Afi C A%, where this is the inclusion of an inner horn. This exhibits A4 — A™ as a composite of
maps, each of which is a cobase change of an inner horn inclusion, whence it is in the saturated
class InnHorn.

10.11. Remark. The idea of this proof is reminiscent of the proof of (5.9) (that nerves of categories
have unique inner horn extensions). Note that in this case, however, it is crucial that when we
“attach” a simplex to an F;_1, the intersection of F;_; with the simplex must be equal to an inner
horn.

Recall that every standard n-simplex contains a spine I C A".

10.12. Lemma. The spine inclusions I™ C A™ are inner anodyne for alln. Thus, for a quasicategory
C, any I — C extends to A™ — C.

This is proved in [Joy08a, Prop. 2.13]; we give the proof in the appendix (58.2).
As a consquence of (10.12), the tautological map 7: C' — hC from a quasicategory to (the nerve
of) its homotopy category is surjective in every degree.

11. ISOMORPHISMS IN A QUASICATEGORY

Let C be a quasicategory. We say that an edge f € C; is an isomorphism?® if its image in the
homotopy category hC' is an isomorphism.

Explicitly, f: x — y is an isomorphism if and only if there exists an edge ¢g: y — z such that
gf = 1; and fg ~1,. Here and in what follows I write “gf” to denote “any 1-simplex of C' which
is a composite of (g, f)”, while “~” is the homotopy equivalence relation on hom-sets of C.

For instance, f is an isomorphism if there exist ¢ € C; and a,b € C5 such that

ap1 = f = bia, a2 = g = box, ap2 = 00, bo2 = yoo-
T Lo T
N,
b \ g
Yy 1 Yy
Y

so that gf ~; 1, and fg ~, 1.

8Lurie [Lur09, §1.2.4] uses the term “equivalence” for this. I prefer to go with “isomorphism” here, because they
do in fact generalize the classical notion of isomorphism, and because so many other things also get to be called some
kind of equivalence.



30 CHARLES REZK

11.1. Preinverses and postinverses. Let C' be a quasicategory. Given f:xz — y € (1, a
postinverse’ of f is a g € C; such that gf ~ 1., and a preinverse'’ of f is an e € C; such that
fe~1,. An inverse is an f’ € C; which is both a postinverse and a preinverse. The following is
trivial, but very handy.

11.2. Proposition. Let f € Cy. The following are equivalent.
e f is an isomorphism.
e f admits an inverse f.
e f admits a postinverse g and a preinverse e.
e f admits a postinverse g and g admits a postinverse h.
e f admits a preinverse e and e admits a preinverse d.

If these equivalent conditions hold, then f ~ d =~ h and f' ~ e =~ g, and all of them are isomorphisms.

Proof. All of these are equivalent to the corresponding statements about morphisms in the homotopy
category hC', where they are clearly equivalent. O

Note that inverses to a morphism in a quasicategory are generally not unique, though necessarily
they are unique up to homotopy.

11.3. Quasigroupoids. A quasigroupoid is a quasicategory C such that hC is a groupoid, i.e.,
a quasicategory in which every morphism is an isomorphism.

11.4. Exercise. If every morphism in a quasicategory admits a preinverse, then it is a quasigroupoid.
Likewise if every morphism admits a postinverse.

11.5. The core of a quasicategory. Recall that for a category A, the core (or maximal sub-
groupoid) of A is the subcategory A°"™ C A consisting of all the objects, and all the isomorphisms
between them.

For a quasicategory C, we define C'°°"® C C to be the subsimplicial set consisting of simplices
whose edges are all isomorphisms. That is, the diagram

CCOI‘G C

L b

(hC) " —— hC'
is a pullback of simplicial sets. Observe that N(A®™) = (N A)®" for a category A.

11.6. Proposition. For a quasicategory C, C°™ is a quasigroupoid, and every subcomplex of C
which is a quasigroupoid is contained in C°°Te.

Proof. First, note that C'°°™ is a subcomplex by construction: if a € C), is such that all edges are
isomorphisms, then the same is true for af for any f: [m] — [n].

Next, we show that C°" is a quasicategory. In fact, we show that given f: A" — C such
that f(A}) C C°' for some 0 < j < n, then f(A") C C°', so that inner-horn-filling for C
implies inner-horn-filling for C°°". For n = 2 this is the fact that composites of isomorphisms are
isomorphisms (true in any quasicategory because it is true in its homotopy category), while for
n > 3 it is just the fact that an inner horn of A™ contains all the edges of A™.

Thus, C°°™ is a quasicategory, and is easily seen to be a quasigroupoid, since an inverse of an
isomorphism is also an isomorphism.

The final statement is clear: if G C C' is a subcomplex which is a quasigroupoid, then every edge
in G has in inverse in GG, and hence an inverse in C. (|

Yor left inverse, or retraction,

106y right inverse, or section,
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11.7. Kan complexes. A Kan complex is a simplicial set which has the extension property with
respect to all horns, not just inner horns. That is, K is a Kan complex iff

Hom(A", K) — Hom(A}, K)
is surjective for all 0 < k < n, n > 1.
11.8. Exercise. Show that every simplicial set X has extensions for 1-dimensional horns; i.e., every

A} — X extends over A]l C A'. Thus, the stipulation that Kan complexes have extensions for
1-horns is not necessary.

11.9. Proposition. FEvery Kan complex is a quasigroupoid.

Proof. 1t is immediate that a Kan complex K is a quasicategory. To show K is a quasigroupoid, note
that the extension condition for Ag C A? implies that every morphism in hK admits a postinverse.
Explicitly, if f: 2 — y is an edge in K, let u: A2 — K with ug; = f and ug2 = foo = 1, so there is
an extension v: A2 — K and g := vy9 satisfies gf ~ 1,. Use (11.4). O

This proposition has a converse.
A. Deferred Proposition. Quasigroupoids are precisely the Kan complezes.

This is a very important technical result, and it is not trivial; it is the main result of [Joy02]. We
will give the proof in (29.2).

Recall (§8.7) that we showed that the singular complex SingT" of a topological space is a Kan
complex, and therefore a quasigroupoid. It is reasonable to think of Sing7T" as the fundamental
quasigroupoid of the space T'.

11.10. Ezercise (for topologists). Show that if T" is a space, then h Sing T, the homotopy category of
the singular complex of T, is precisely the usual fundamental groupoid of T

11.11. Quasigroupoids and components. Recall (6.8) that the set of connected components of
a simplicial set is given by
o ~ colimper X ~ X/ =,
the equivalence classes of vertices of X under the equivalence relation generated by the relation
“connected by an edge”. (If T is a topological space, then elements of m Sing T" correspond exactly
to path components of T'.)
For quasigroupoids, my recovers the set of isomorphism classes of objects.

11.12. Proposition. If C' is a quasicategory, then

™0 (Ccore) ~ isomorphism classes of objects of C.
Proof. Straightforward, for instance using (6.8). O
11.13. Ezercise. Show that for a quasicategory C, mo(C°") ~ mo(h(C®)) & mo((hC)™).

12. FUNCTION COMPLEXES AND THE FUNCTOR QUASICATEGORY

12.1. Function complexes. Given simplicial sets X and Y, we may form the function complex
(or mapping space) Map(X,Y). This is a simplicial set with

Map(X,Y), = Hom(A" x X,Y),

so that the simplicial operator 6* on Map(X,Y") is induced by Hom(d xidx,Y): Hom(A"x X, Y) —
Hom(A™ x X,Y). The vertices of Map(X,Y’) are precisely the maps X — Y.

12.2. Proposition. The function complex construction defines a functor

Map: sSet®? x sSet — sSet.
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Proof. Left as an exercise. O
By construction, for each n, there is a bijective correspondence
{A" x X - Y} +— {A" — Map(X,Y)}.
In fact, we can replace A™ with an arbitrary simplicial set.

12.3. Proposition. For simplicial sets X, Y, Z, there is a bijection
Hom(X x Y, Z) = Hom(X,Map(Y, 7))
natural in all three variables.

Proof. The bijection sends f: X XY — Z to f: X — Map(Y, Z) defined so that for z € X,,, the

simplex f(z) € Map(Y, Z),, is represented by the composite

rxid

A" xy 24 v oy Loz

The inverse of this bijection sends g: X — Map(Y,Z) to g: X x Y — Z, defined so that for
(z,y) € X,, x Yy, the simplex g(z,y) € Z, is represented by

A B9 An oy 9@ 5

The proof amounts to showing that both ]7 and g are in fact maps of simplicial sets, and that the
above constructions are in fact inverse to each other. This is left as an exercise, as is the proof of
naturality. O

12.4. Exercise. Show, using the previous proposition, that there are natural isomorphisms
Map(X x Y, Z) ~ Map(X,Map(Y, Z)).

of simplicial sets. This implies that the function complex construction makes sSet into a cartesian
closed category. (Hint: show that both objects represent isomorphic functors sSet®® — Set, and
apply the Yoneda lemma.)

12.5. Remark. The construction of the function complex is not special to simplicial sets. The
construction of Map(X,Y’) (and its properties as described above) works the same way in any
category of functors C°P — Set, where C' is a small category (such as A); in the general case, the
role of the standard n-simplices is played by the representable functors Homg(—, ¢): C°P — Set.

12.6. Functor quasicategories. Given ordinary categories C, D, we have a functor category
Fun(C, D), with objects: the functors C' — D and morphisms: the natural transformations between
functors. A standard fact is that if A is another category, then there is a bijective correspondence
between sets of functors

{AxC — D} +— {A— Fun(C,D)}.

For instance, a functor f: A x C — D corresponds to f: A — Fun(C, D) given on objects a € ob A

by f(a)(c) = g(a,c) and f(a)(v) = f(14,7), and on morphisms a € mor A by f(a)(c) = f(a, 1.).
12.7. Ezercise. Show that N Fun(C, D) ~ Map(NC, ND). (Hint: use that N[n] = A", and the fact
that the nerve preserves finite products.)

Thus, we expect the generalization of functor category to quasicategories to be defined by the
function complex. In fact, if C' and D are quasicategories, then the vertices of Map(C, D) are
precisely the functors C' — D, and the edges of Map(C, D) are precisely the natural transformations.

It turns out that a function complex between quasicategories is again a quasicategory. In fact, we
have the following.

B. Deferred Proposition. Let K be any simplicial set and C a quasicategory. Then Map(K,C)
18 a quasicategory.
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For this reason, we will sometimes write Fun(K, C') for Map (K, C') when C is a quasicategory.
To prove (B), we need a to take a detour to develop some more technology about saturated
classes of maps and lifting properties. After this, we will complete the proof in §16.

Part 2. Lifting properties
13. LIFTING CALCULUS AND INNER FIBRATIONS

13.1. The lifting relation. Given morphisms f and g in a category, a lifting problem for (f, g)
is a pair of morphisms (u,v) such that vf = gu. That is, a lifting problem is any commutative
square of solid arrows of the form

A—5 X

A
o7 Jg
/
BT>Y

A lift for the lifting problem is a morphism s such that sf = v and gs = v, i.e., a dotted arrow
making the diagram commute.
We write “f @ g7 if every lifting problem for (f, g) admits a lift'!. Equivalently, f & g exactly if

Hom(B, X) =199, Hom(A, X) Xjiom(ay) Hom(B, Y)

is a surjection, where the target is the set of pairs (u: A — X,v: B — Y) such that gu = vf.
When f 1 g holds, one sometimes says f has the left lifting property relative to g, or that g

has the right lifting property relative to f. Or we just say that f lifts against g.
We extend the notation to classes of maps, so “A X B” means: a @b for all a € A and b € B.
Given a class of morphisms A, define the right complement AY and left complement 4 by

A2 ={glangforallaec A}, “A={f|fraforallaec A}.

13.2. Proposition. For any class B, the left complement “B is a saturated class.
13.3. Ezercise (Important). Prove (13.2).

The above proposition (13.2) has a dual statement: any right complement B? is cosaturated,
i.e., satisfies dual versions of the closure properties of a saturated class, or equivalently, corresponds
to a saturated class in the opposite category.

13.4. Ezercise (Easy). Prove that if A C B, then A¥? D B“ and 24 D PB. Use this to show
AZ = (P(A2))2 and PA =7((P4)2).

13.5. Ezercise (for those who know a little homological algebra). Fix an abelian category C (e.g., the
category of modules over some ring R). Let A be the class of morphisms in C of the form 0 — P

where P is projective, and let B be the class of epimorphisms in C. Show that A 11 B; also, show
that B = A9 if C has enough projectives.

13.6. Exercise. In the previous exercise, identify the class “B.

13.7. Inner fibrations. A map p of simplicial sets is an inner fibration'? if InnHorn 1 p. The
class of inner fibrations InnFib = InnHorn? is thus the right complement of the inner horns. Note
that C' is a quasicategory if and only if C — % is an inner fibration.

Because InnFib is a right complement, it is cosaturated. In particular, it is closed under
composition. This implies that if p: C'— D is an inner fibration and D is a quasicategory, then C
is also a quasicategory.

LSometimes one sees the notation “f L g” or “f M g” used instead. Our notation is taken from [Riel4, §11].
12J0yal calls these “mid-fibrations” [Joy02, Def. 2.1].
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13.8. Ezercise. Show that if f: C' — D is any functor from a quasicategory C to a category D,
then f is an inner fibration. In particular, all functors between categories are automatically inner
fibrations. (Hint: use the fact that all inner horns mapping to a category have unique extensions to
simplices.)

13.9. Factorizations. It turns out that we can always factor any map of simplicial sets into an
inner anodyne map followed by an inner fibration. This is a consequence of the following general
observation.

13.10. Proposition (“Small object argument”). Let S be a set of morphisms in sSet. Every map
f between simplicial sets admits a factorization f = pj with j € S and p € S¥.

The proof of this proposition is by means of what is known as the “small object argument”. T’ll
give the proof in the next section. For now we record a consequence.

13.11. Corollary. For any set S of morphisms in sSet, we have that S = IZ(S'Z').

Proof. That S C Z(S Y) is immediate. Given f such that f 1 .S¥, use the small object argument
(13.10) to choose f = pj with j € S and p € S?. We have a commutative diagram of solid arrows

fl

A map s exists making the diagram commute, because f 4 p. This exhibits f as a retract of j,
whence f € S since saturations are closed under retracts. ([l

id

/\
—_—) 0 — @
id id
s p
- — >0 —— 0
\_/!

id

The proof of the corollary is called the “retract trick”: given f = pj, f & p implies that f is a
retract of j, while j @ f implies that f is a retract of p.

In the case we are currently interested in, we have that InnHorn = P InnFib and Innorn” =
InnFib, and thus any map can be factored into an inner anodyne map followed by an inner fibration.

13.12. Weak factorization systems. A weak factorization system in a category is a pair
(L,R) of classes of maps such that

e every map f admits a factorization f = ¢ with r € R and ¢ € £, and
o L="Rand R = LZ.

Thus, the small object argument implies that (S, S?) is a weak factorization in sSet for every set of
maps S.

13.13. Ezercise (for those who know some homological algebra). Consider the classes A = {0 —
projective} and B = {epimorphism} of maps in an abelian category described in (13.5). Show
directly that the pair (A, B) is a weak factorization system if and only if the category has enough
projectives.

13.14. Uniqueness of liftings. The relation f @ g says that lifting problems admit solutions, but
not that the solutions are unique. However, we can incorporate uniqueness into the lifting calculus
if our category has pushouts.

Given a map f: A — B, let fV := (f,f): BIll4 B — B be the evident fold map. It is
straightforward to show that for a map g: X — Y we have that {f, fV} @ g if and only if in every
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commutative square
A— X
A
A Jg
7/
B——Y
there exists a unique lift s.

13.15. Ezample. Consider the category of topological spaces. Let A be the class of morphisms of the
form A x {0} — A x [0,1], where A is an arbitrary space. Then (AU .AY)? contains all covering
maps (by the “Covering Homotopy Theorem”).

A weak factorization system (£, R) in which liftings of type £ 1 R are always unique is simply
called a factorization system.

13.16. Ezercise. Show that in a factorization system, the factorizations f = rf are unique up to
unique isomorphism.

13.17. Exzample. In simplicial sets, the projection map C' — x is in the right complement to
S := InnHorn U InnHorn" if and only if C is isomorphic to a nerve of a category (5.7). The small
object argument using S, applied to a projection X — *, produces a morphism 7: X — Y in S
with Y the nerve of a category. The uniqueness of liftings in this case implies that 7: X — Y has
precisely the universal property of the fundamental category of X defined in §9.1: given f: X — C
with C a category, a unique extension of f over X — Y exists. Thus, the small object argument
gives another construction of the fundamental category of an arbitrary simplicial set.

13.18. Exercise. Prove that if f: X — Y is any inner anodyne map, then the induced functor
h(f): hX — hY between fundamental categories is an isomorphism. (Hint: use the universal
property of fundamental categories to construct an inverse to h(f).)

14. THE SMALL OBJECT ARGUMENT

In this section we give the proof of (13.10). For the reader: it may be helpful to first work through
the special case where Y = A° (the terminal object in simplicial sets).

14.1. A factorization construction. Fix a set of maps S = {s;: A; — B;} between simplicial
sets. For each f: X — Y, we will produce a factorization

x o pr oy, (RAELH=f

as follows. Consider the set

A= X
(S, f]:={(si,u,v) | s; €S, fu=ws; } =3 si|  |r
i Y

of all commutative squares which have an arrow from .S on the left-hand side, and f on the right-hand
side. We define Ef, Lf, and Rf using the diagram

H A (w)

(S’L',’U,,'U)

]_[Szl Li

I B Ef— Zy
(Si’u7v) (’U)
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where the the coproducts are indexed by the set [S, f], and the square is a pushout. Note that
Lf € S by construction, though we do not expect to have Rf in S¥.
We can iterate this:

X

S .
XLfHEfBRf L}#h

J‘f Rf/ R2f R
1
Y

here each triple (E*f, L* f, R“ f) is obtained by factoring the “R” map of the previous one, so that
(14.2) Bt f .= B(RYf), LoTlf:.= L(Raf) o (Lo‘f) ROTIf .= R(R™f).

Taking direct limits gives a factorization X —> E¥ f —= Y of f, with E“f = colim,,_,o B f.

We can go even further, using the magic of transfinite induction, and define compatible factor-
izations (EA f, L f, R\ f ) for each ordinal'® \. For successor ordinals o + 1 use the prescription of
(14.2), while for limit ordinals 3 take a direct limit E° f := colim,3 E“f as in the construction of
E¥ f above.

It is immediate that every L®f € S, because saturations are closed under transfinite composition.
The maps R*f are not generally contained in S, though they do satisfy a “partial lifting property”:
whenever o < 3 there exists by construction a dashed arrow making

A Y o Eotlf L EAYf
_

SiJ( /// JRﬁf

B~ Y

commute, for any %’ and v making the square commute. Thus, we get a solution to a lifting problem
of s; against R? f whenever the map A; — EPf on the top of a commutative square that we want
a lift for can be factored through some E®f — EPf with a < 8. The point is that Et! f was
obtained from E“f by “formally adjoining” a solution to every such lifting problem.

The “small object argument” amounts to the following.

Claim. There exists an ordinal k such that for every domain A; of a map in S, every map
A; — E" f factors through some Ef — E*f with a < k.

Given this, it follows by the “partial lifting property” that S 1 R* f, and so we obtain the desired
factorization.

It remains to prove the claim, which we will do by choosing k to be a reqular cardinal which is
“bigger” than all the simplicial sets A;.

14.3. Regular cardinals. The cardinality of a set X is the smallest ordinal A such that there
exists a bijection between X and \; we write | X| for this. Ordinals which can appear this way are
called cardinals. For instance, the first infinite ordinal w is the countable cardinal.

Note: the class of infinite cardinals is an unbounded subclass of the ordinals, so is well-ordered
and can be put into bijective correspondence with ordinals. The symbol X, denotes the ath infinite
cardinal, e.g., Ng = w.

Say that \ is a regular cardinal'? if it is an infinite cardinal, and if for every set A of ordinals
such that (i) @ < A for all @ € A, and (ii) |A| < A, then sup A < \. For instance, w is a regular

I3For a treatment of ordinals, see for instance the chapter on sets in [T'S14].
141 the terminology of [TS14, §3.7], a regular cardinal is one which is equal to its own cofinality.
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cardinal, since any finite collection of finite ordinals has a finite upper bound. Not every infinite
cardinal is regular'®; however, there exist arbitrarily large regular cardinals'®.

Every ordinal « defines a category, which is the poset of ordinals strictly less than a. Colimits of
functors Y: kK — Set with k a regular cardinal have the following property: the map

(14.4) colimy <, Hom(X,Y,) — Hom(X, colimy<x Ya)

is a bijection whenever | X| < k. This generalizes the familiar case of k = w: any map of a finite set
into the colimit of a countable sequence factors through a finite stage.

14.5. Ezercise. Prove that (14.4) is a bijection when | X| < k.

14.6. Small simplicial sets. Given a regular cardinal x, we say that a simplicial set is k-small if
it is isomorphic to the colimit of some functor F': C' — sSet, such that (i) |obC|, |mor C| < k, and
(ii) each F'(c) is isomorphic to a standard simplex A™. Morally, we are saying that a simplicial set is
rk-small if it can be “presented” with fewer than x generators and fewer than k relations.

Given a functor Y: k — sSet and a k-small simplicial set X, we have a bijection as in (14.4).
(This is sometimes phrased as: k-small simplicial sets are k-compact.) Thus, to prove the claim
about the small object argument, we simply choose a regular cardinal k greater than sup{|4;|}.

14.7. Example. The standard simplices A", as well as any subcomplex such as the horns A}’“, are

w-small: this is a consequence of (4.17). Thus, when we carry out the small object argument for
S = InnHorn, we can take (E“f, L f, R f) to be the desired factorization.

14.8. Functoriality. The construction f — (X L, Ef RN Y) is a functor Fun([1], sSet) —

Fun([2], sSet), and it follows that so is f — (X EAER E~f RN Y') for any . Because the choice of
regular cardinal x depends only on S, not on the map f, we see that the small object argument
actually produces a functorial factorization of a map into a composite of an element of S with an
element S¥. We will have use of this later.

15. NON-DEGENERATE SIMPLICES AND THE SKELETAL FILTRATION

We have noted that monomorphisms of simplicial sets form a saturated class. Here we identify
an important set of maps called Cell, so that the saturation of Cell is precisely the class of
monomorphisms.

15.1. Boundary of a standard simplex. For each n > 0, we define
oA™ = | J AP c A
ke(n]
the union of all codimension-one faces of the n-simplex. Equivalently,
(OA")g = { f: [K] = [n] | f([K]) # [n] }-
Note that JA? = @ and A = AL} TT AT

15.2. FEzercise. Show that 0A™ is the largest subcomplex of A™ which does not contain the “generator”
(0...n) € (A™),. In other words, 9A™ is the maximal proper subcomplex of A™.

15.3. Ezercise. Show that if C' is a category, then the evident maps Hom(A™, C') — Hom(0A™, C)
defined by restriction are isomorphisms when n > 3, but not necessarily when n < 2.

I5For instance, R, = sup { Ry | k < w} is not regular.
16For instance, every successor cardinal R,y is regular.
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15.4. Trivial fibrations and monomorphisms. Let Cell be the set consisting of the inclusions
OA™ C A™ for n > 0. The resulting right complement is TFib := Cell?, the class of trivial
fibrations (also sometimes called acyclic fibrations).

Since the elments of Cell are monomorphisms, and the class of all monomorphisms is saturated,
we see that all elements of Cell are monomorphisms. We are going to prove the converse, i.e., we
will show that Cell is precisely equal to the class of monomorphisms.

15.5. Degenerate and non-degenerate simplices. Recall AS™ A™M C A, the subcategories
consisting of all the objects and the surjective and injective order-preserving maps respectively.

A simplex a € X,, is said to be degenerate if there exists a non-identity operator o € A" and
simplex b in X such that a = bo. Equivalently, a is degenerate if there exists a non-injective f € A
and b in X such that a = bf; this is because any f € A factors as f = f™ S 4 surjection followed
by an injection, and if f is non-injective then " is necessarily non-identity.

Likewise, a simplex a € X,, is non-degenerate if whenever a = bo for some o € AS"™ and
simplex b in X, we must have that ¢ is an identity map. Equivalently, a € X,, is non-degenerate if
a a=bf for some f € A and b in X implies that f € AM,

We write Xgeg, X1d © X, for the sets of degenerate and non-degenerate n-simplices in a simplicial
set. Note that if f: A — X is a map of simplcial sets, then f(AS%) C X% while f~1(X2d) C And,
(Neither X1 nor X2 define a subcomplex. )

15.6. Exercise (easy). For any simplicial set X, we have X(I}d = Xy, while X{ld C X, is the
complement of the image of (01)*: Xy — X;.

15.7. Ezercise. If C' is an ordinary category, then a simplex a € N(C)j of the nerve is non-degenerate
if and only if it is represented by a sequence of non-identity maps ¢y — --- — ¢ in the category C.

15.8. Proposition. If X is a simplicial set and A C X is a subcomplex, then AM = X240 A,,.

Proof. The inclusion X,‘lld NA,C Agd is obvious. Conversely, let a € A;;d, and suppose there exists
be Xy and o: [n] — [k] € A" such that bo = a. Observe that any surjection in A has a section
(ie., a preinverse), so there exists §: [k] — [n] such that 0§ = 1}). Thus b = bod = ad € A, so b is
a simplex of A. Therefore a € A% implies that o is an identity map. Thus, we have proved that if
a is nondegenerate in A, it must also be nondegenerate in X. 0

The key observation is that degenerate simplicies in a simplicial set are precisely determined by
knowledge of the non-degenerate simplices.

15.9. Proposition (Eilenberg-Zilber lemma). Let a be a simplex in X. Then there exists a unique
pair (b, o) consisting of a non-degenerate simplex b and a map o in AS™ such that a = bo.

Proof. [GZ67, §11.3]. Given o: [n] — [m], let I'(0) = {d: [m] — [n] | 06 = id,) } denote the set of
sections of 0. We note the following elementary observations, whose proof is left for the reader:
e if 0 € AS™ then I'(0) is non-empty, and
e if 0,0’ € AW are such that I'(o) = I'(¢’), then o = ¢’.
Let a € X, be such that a = b;o; for b; € X2, o; € A®([n], [my]), for i = 1,2. We want to
show that mq = mo, by = by, and o1 = 0.
Pick any 0, € I'(01) and d2 € I'(02). Then we have

b1 = 510151 = a(51 = 520251, bz = 5202(52 = a52 = 5101(52.

Since by and by are non-degenerate, 0201: [m1] — [ma] and o1d2: [m2] — [m1] must be injective.
This implies m1 = mg, and since the only order-preserving injective map [m] — [m] is the identity
map, we must have 0907 = id = 0109, from which it follows that b; = by. This also shows that
91 € T'(02) and dy € T'(01). Since 01 and d2 were arbitrarily chosen sections, we have shown
I'(o1) =T'(02), and therefore o1 = 0. O
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Here is an illustration of what can happen. Suppose a € X5 is a degeneracy of two simplices x
and y.
o If x,y € Xy, and a = xgoo = Yoo, then z = ag = y.
o If x € Xy, y € X1, and a = zgop = ¥yoo1, then y = age = xgp, whence y is degenerate.
o If x,y € X7 and a = zgo1 = Yoo1, then z = ag1 = v.
o If x,y € X1 and a = xgo1 = Yo11, then z = a12 = y11 and y = ag1 = xpg, whence z and y
are degenerate.

15.10. Corollary. For any simplicial set X, the evident maps

H X]l;.ld X HOmAsurj([n], [k]) — X?’L
k>0

defined by (k,x,0) — xo are bijections. Furthermore, these bijections are natural with respect to
surjective simplicial operators [n] — [n'].

Another way to say this: the restricted functor X |(ASWJ)°P: (ASU)P — Set is canonically
isomorphic to a coproduct of representable functors Homasurj(—, [k]) indexed by the nondegenerate
simplicies of X. Or more simply: simplicial sets are canonically free with respect to degeneracy
operators.

15.11. Evample. Let X = A*/OAF := colim(A¥ +~ OAF — x). The simplicial set X has exactly two
non-degenerate simplices: * € Xg, and s X}, (the image of the generator ¢ € (Ak) k) The set X,
has exactly 1+ (}) elements: 1 = |AS™([n], [0])| simplex associated to *, and (}) = |AS"([n], [k])]
simplices associated to 7.

15.12. Remark. A simplicial set can be recovered up to isomorphism if you know (i) its sets of
non-degenerate simplices, and (ii) the faces of the non-degenerate simplices. The proposition we
proved above tells how to reconstruct the degenerate simplices; simplicial operators on degenerate
simplices are computed using the fact that any simplicial operator factors into a surjection followed
by an injection.

Warning. As the previous example shows, the faces of a non-degenerate simplex can be degenerate.
In the case that all faces of non-degenerate simplices in X are also non-degenerate, then we do
get a functor X"d: (A™)°P — Set, and the full simplicial set X can be recovered from X4, For
instance, this applies to the standard simplices A", as well as any subcomplexes of such. Functors
(AM)°P — Set are the combinatorial data behind the notion of a A-compler, as seen in Hatcher’s
textbook on algebraic topology [Hat02, Ch. 2.1].

The following exercises give a different point of view of this principle.

15.13. Exercise. Fix an object [n] in A, and consider the category Amr }, which has

e objects the surjective morphisms o: [n] — [k] in A, and
e morphisms commutative triangles in A of the form

Show that the category A?%r} is isomorphic to the poset P(n) of subsets of the set n = {1,...,n}.
In particular, AE‘;]Y } is a lattice (i.e., has finite products and coproducts, called meets and joins in

this context).
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15.14. Ezercise. Let X be a simplicial set. Given n > 0 and o: [n] — [k] in ASW let X7 := o*(Xy),
the image of the operator 6 in X,,. Show that X0V = XN X7 where oV o is join in the lattice
AT, Conclude that for each z € X, there exists a maximal o such that z € X7.

[n]/
15.15. Skeleta. Given a simplicial set X, the k-skeleton Sk; X C X is the smallest subcomplex
containing all simplicies of dimensions < k. For instance, Sk_; A¥ = 9AF. Using (15.10), we see
that

(Ski X)p, = U {yflveX;, f:n]=[jleA}= H X;dXHOmAsurj([n],[j]).
0<j<k 0<j<k
Note that X = colimg_,o, Sk X. The complement of Ski_1 X in Ski X consists precisely of the

nondegenerate k-simplcies of X (in simplicial degree k) together with their degeneracies (in simplicial
degrees > k).

15.16. Proposition. The evident square

HanI?d 6Ak e Skk_]_ X

[ ]

Haexlgd A’I’L E— Skk X

is a pushout of simplicial sets. More generally, for any subcomplexr A C X, the evident square

Han;:d\Azd 8Ak EE— A U Skk_]_ X

HG,GXECI\A}:CI Ak Em— A U Skk X

1 a pushout.
Proof. In each of the above squares, the complements of the vertical inclusions coincide precisely. [
15.17. Corollary. Cell is precisely the class of monomorphisms.

Proof. We know all elements of Cell are monomorphisms. Any monomorphism is isomorphic to an
inclusion A C X of a subcomplex, so we only need show that such inclusions are contained in Cell.
Since X = colimy A U Ski X, (15.16) exhibits the inclusion as a countable composite of pushouts
along coproducts of elements of Cell. g

15.18. Geometric realization. Recall the the singular complex functor Sing: Top — sSet (8.7).
This functor has a left adjoint |—|: sSet — Top, called geometric realization, constructed
explicitly by

(15.19) X[:=Cok| [ XuxAZ,=][XsxA%,[;

[ [m]—n] [p]
that is, take a collection of topological simplices indexed by elements of X, and make identifac-
tions according to the simplicial operators in X. (Here the symbol “Cok” represeents taking a
“coequalizer”, i.e., the colimit of a diagram of shape e = e.)

15.20. Ezercise. Describe the two unlabelled maps in (15.19). Then show that |—| is in fact left
adjoint to Sing.
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Because geometric realization is a left adjoint, it commutes with colimits. It is straightforward
to check that |A"| ~ Af,,, and that [0A"| ~ 9A Applying this to the skeletal filtration, we
discover that there are pushouts

n
top-

Hanlrcld 8Ak E—d ’Skk,l X’

top

HaEX};d Afop EE— |Skk X|

of spaces, and that | X| = |J|Sky X| with the direct limit topology. Thus, |X| is presented to us as a
CW-complex, whose cells are in an evident bijective correspondence with the set of non-degenerate
simplices of X.

16. PUSHOUT-PRODUCT AND PULLBACK-POWER

We are going to prove several “enriched” versions of lifting properties associated to inner anodyne
maps and inner fibrations. As a consequence we’ll be able to prove that function complexes of
quasicategories are themselves quasicategories.

16.1. Definition of pushout-product and pullback-power. Given maps f: A - B, g: K — L
and h: X — Y of simplicial sets, we define the pushout-product!”

(fxL,Bxg)

fOg: (Ax L)axk (B X K) Bx L

and pullback-power!®

(Map(g,X),Map(L,h))

K9 Map(L, X)

16.2. Remark. Typically we form fUg when f and g are monomorphisms, in which case fg is also
a monomorphism. In this case, the simplices (b,¢) € B,, X L,, which are not in the image of fg
are exactly those such that b € B, \ A, and £ € L, \ K,.

Map(K7 X) X Map(K,Y) Map(L7 Y)

16.3. Remark (Important!). On O-simplices, the pullback-power A9 is just the “usual” map
Hom(L, X) — Hom(K, X) Xpom(k,y) Hom(L,Y) sending s — (sg,hs). Thus, hY9 is surjective
on O-simplcies if and only if ¢ 1 h.

We think of the pullback-power as encoding an “enriched” version of the lifting problem for (g, h).
Thus, the target of K79 is an object which “parameterizes” commutative squares involving g and h.
Similarly, the source of h™9 “parameterizes” commutative squares together with lifts.

The product/mapping object adjunction gives rise to the following relationship between lifting
problems.

16.4. Proposition. We have that (fOg) @ h if and only if f @ (hH9).

Proof. Compare the two lifting problems using the product/map adjunction.

(u,v) u
(Ax L) Wi (B x K) = X A ~ Map(L,.X)
ngJ T J,h — fJ L - Jhmg
BXL—————Y B ﬁ Map (K, X) Xnap(k,v) Map(L,Y)

17This is sometimes called the box-product. Some also call it the Leibniz product, as its form is that of the
Leibniz rule for boundary of a product space: (X X Y) = (0X x Y)U (X x dY) (which is itself reminiscent of the
original Leibniz rule D(fg) = (Df)g + f(Dg) of calculus).

185ometimes called the box-power or pullback-hom. A common alternate notation is g h h. This may also be
called the Leibniz-hom, though I don’t know what rule of calculus it is related to.
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The data of (u,v,w) giving a commutative square as on the left corresponds bijectively to data
(u,v,w) giving a commutative square as on the right. Similarly, lifts s correspond bijectively to lifts
g =

It is important to note the special cases where one or more of A = &, K = @, or Y = % hold. For
instance, if K = @ and Y = %, the proposition implies
L :
AxLLH BxL)ym(X =+ iff (AL B) o (Map(L, X) — ).
This is the kind of case we are interested in for proving that Map(K, C') is a quasicategory whenever
(' is. The more general statement of the proposition is a kind of “relative” version of the thing we
want; it is especially handy for carrying out inductive arguments.

16.5. Exercise (if you like monoidal categories). Let C := Fun([1], sSet), the “arrow category” of
simplicial sets. Show that [J: C x C — C defines a symmetric monoidal structure on C, with unit
object (& C AY). Furthermore, show that this is a closed monoidal structure, with —g left adjoint
to (—)9:C — C.

16.6. Inner anodyne maps and pushout-products. The key fact we want to prove is the
following.

16.7. Proposition. We have that InnHornOCell C InnHorn.
Proof. This will follow from (16.8) and (16.9) below. O

To set up the proof we need the following.
16.8. Proposition. For any sets of maps S and T, we have SOT C SOT.
Proof. Let F = (SOT)2. By the small object argument (13.11), SOT = “F. First we show that
SOT C SOT. Consider
A:={al| (D7) F}
~{alap(F)}
by the previous proposition. Thus A is a left complement, and so is saturated. Since S C A then
S C A, ie., SOT C “F = SOT. Now consider
B:={b|(SOb)@F}~{b|bm(F¥)},
which is likewise saturated. We have just shown that T C B, whence T C B, i.e., SOT C SOT. O
16.9. Lemma. We have InnHorn[OCell C InnHorn.
Proof. This is a calculation, given in [Joy08a, App. H] (and ideally the appendix). O

Let’s carry out the proof of (16.9) explicitly in one case, by showing that (A? C A2)O(GA C Al)
is inner anodyne. This map is the inclusion

(AT X AT Upaypar (A% x 9AT) € A% x Al

whose target is a “prism”, and whose source is a “trough”. To show this is in InnHorn, we’ll give
an explicit procedure for constructing the prism from the trough by succesively attaching simplices
along inner horns.

Note that A% x Al = N([2] x [1]), so we are working inside the nerve of a poset, whose elements
(objects) are “ij” with i € {0,1,2} and j € {0,1}. Here is a picture of the trough, showing all the
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non-degenerate simplicies.

/\

0l —— 11 —321

1]

00 —— 10 —— 20
\_/r

The complement of this in the prism consists of three non-degenerate 3-simplices, five non-degenerate
2-simplices (two of which form the “lid” of the trough, while the other three are in the interior of
the prism), and one non-degenerate 1-simplex (separating the two 2-simplices which form the lid).

The following chart lists all non-degenerate simplices in the complement of the trough, along with
their codimension one faces (in order). The “y/” marks simplices which are contained in the trough.

(00,21)  (00,20,21) (00,01,21) (00,10,21) (00,11,21) (00,10,20,21) (00,10,11,21) (00,01,11,21)
J@I)y  /(20,21y  /(01,21)  /{i0,21)  /(i1,21) _ +/(10,20,21)  +/(10,11,21) _ +/(O1,11,21)
V(10) (00, 21) (00, 21) (00, 21) (00,21) (00, 20, 21) (00,11, 21) (00,11, 21)

V(00,20)  /(00,01)  /(00,10) /{00, 11) (00,10, 21) (00,10, 21) (00,01, 21)
v(00,10,20)  /(00,10,11)  /(00,01,11)

Note that the simplices (00,21), (00, 10,21), and (00,11, 21) of the complement appear multiple
times as faces. We can attach simplices to the domain in the following order:
M(00,10,21), (@(00,10,20,21), ()(00,10,11,21), @(00,01,11,21).

In each case, the intersection of the simplex with (domain+previously attached simplices) is an
inner horn. This directly exhibits (A? ¢ A?)0(0A! C A') as an inner anodyne map.

17. FUNCTION COMPLEXES OF QUASICATEGORIES ARE QUASICATEGORIES

17.1. Enriched lifting properties. We record the immediate consequences of InnHornJCell C
InnHorn (16.7).

17.2. Proposition.
(1) Ifi: A — B is inner anodyne and j: K — L a monomorphism, then
i0j: (AX L)Uaxkg (Bx K)— Bx L
s inner anodyne.
(2) If j: K — L is a monomorphism and p: X — Y is an inner fibration, then
p™7: Map(L, X) — Map(K, X) Xpap(x,y) Map(L,Y)
s an inner fibration.
(3) If i: A — B is inner anodyne and p: X — 'Y is an inner fibration, then
p™": Map(B, X) — Map(A, X) Xppap(ay) Map(B,Y)
18 a trivial fibration.

These can be summarized as
InnHorn[Cell C InnHorn, InnFib™%! C InnFib, InnFib-ntorn © Tpip,

Statement (1) is just restating (16.7). Statements (2) and (3) can be thought of as “enriched” lifting

properties. In particular, InnFib™'™Ho™ € TFib contains InnHorn & InnFib as a special case, since
trivial fibrations are necessarily surjective on vertices.

We are going to use these consequences all the time. To announce that I am using any of these, 1
will simply assert “InnHornlJCell C InnHorn” without other explanation; alternately, to indicate
an application of statements (2) and (3), I will call it “enriched lifting”.

There are many useful special cases, obtained by taking the domain of a monomorphism to be
empty, or the target of an inner fibration to be terminal.

e If i: A — B is inner anodyne, so is ¢ X id;,: A x L = B x L.
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If p: X — Y is an inner fibration, then so is Map(L, p): Map(L, X) — Map(L,Y).

e If j: K — L is a monomorphism and C' a quasicategory, then Map(j,C): Map(L,C) —
Map(K,C) is an inner fibration.

e If i: A — B is inner anodyne and C a quasicategory, then Map(i,C): Map(B,C) —
Map(A, C) is a trivial fibration.

e If C is a quasicategory, so is Map(L, C). Thus we have proved (B).

Let’s spell out the proof of (B) in a little more detail. Because InnHorn[JCell C InnHorn, we
have (16.7) that
(A7 CcA"MO(@ C K) = (A} x K - A" X K)
is inner anodyne for any K and 0 < j < n. Thus, for any diagram

A?XK—>C
A

l e
e
7
e
A" x K
with C' a quasicategory, a dotted arrow exists. By adjunction, this is the same as saying we can extend

A — Map(K, C) along A C A™. That is, we have proved that Map(K, C) is a quasicategory.

17.3. Remark. Most saturated classes S that we will explictly discuss in these notes will have the
property that SCCell C S, and thus analogues of the above remarks will hold for such classes.

17.4. Ezercise (Important). Show that CelldCell C Cell. (Hint: (15.17).) State the analogue of
(17.2) associated to this inclusion.

17.5. Composition functors. We can use the above theory to construct “composition functors”.
If C is an ordinary category, the operation of composing a sequence of n maps can be upgraded to
a functor:
Fun([1],C) x¢ -+ x¢ Fun([1],C) — Fun([1],C)
which on objects describes composition of a sequence of maps. The source of this functor is the
evident inverse limit in Cat; it can be identified (using simplicial set language) with Fun(I",C').
We can generalize such composition functors to quasicategories. We use the following observation:
any trivial fibration admits a section, since (& — Y) @ (p: X — Y) if p is a trivial fibration (17.2).
Let C be a quasicategory. Then map r: Fun(A"™,C') — Fun(I", C) induced by restriction along
I C A" is a trivial fibration by (17.2), since the spine inclusion is inner anodyne (10.12). Therefore
r admits a section s, so we get a diagram

s

— o
Fun(I", C) +—— Fun(A",C) — Fun(A{O™} )

where 7/ is restriction along A{%"} ¢ A The composite r’s can be thought of as a kind of “n-fold
composition” functor. It is not unique, since s isn’t, but we’ll see (??) that this is ok: all functors
constructed this way are “naturally isomorphic” to each other.

17.6. A useful variant. The proof of (16.7) actually proves something a little stronger.

17.7. Proposition ([Joy08a, §2.3.1], [Lur09, §2.3.2]). We have that {A2 C A2}00Cell = InnHorn.
Proof. We give a proof in the appendix. O
A consequence is another characterization of quasicategories.

17.8. Corollary. A simplicial set C is a quasicategory if and only if f: Map(A2, C) — Map(A3,C)
is a trivial fibration.
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Proof. Apply (17.7) together with the fact that (OAF C AF)@ f for all k > 0 iff (A% c AM)DO(A2 C
A%) @ (C — #) for all k > 0. O

18. NATURAL ISOMORPHISMS

18.1. Natural isomorphisms of functors. Let C and D be quasicategories. Recall that a natural
transformation between functors fo, fi: C — D is a map a: C x A' — D such that a|C x Al =
or equivalently a morphism a: fy — fi in the quasicategory Fun(C, D).

Say that a: fo — f1 is a natural isomorphism if a is an isomorphism in the quasicategory
of functors Fun(C, D). Thus, a is a natural isomorphism iff there exists a natural transformation
b: fi — fo such that ba ~ 17, and ab ~ 1y,.

This notion of natural isomorphism corresponds with the usual one for ordinary categories.

Observe that “there exists a natural isomorphism fo — f1” is an equivalence relation on functors
C — D, as this relation precisely coincides with “there exists an isomorphism fy — f;” in the
category h Fun(C, D).

Furthermore, the “naturally isomorphic” relation is compatible with composition: if f, f’ are
naturally isomorphic and g, ¢’ are naturally isomorphic, then so are ¢gf and ¢’ f’. This is read off
from the fact that the composition map Fun(D, F) x Fun(C, D) — Fun(C, F) is a functor between
quasicategories, and so induces a functor

hFun(D, E) x hFun(C, D) ~ h(Fun(D, E) x Fun(C, D)) — hFun(C, E).
(This uses (9.13).)

18.2. Objectwise criterion for natural isomorphisms. Recall that if A and B are categories,
a natural transformation «: fy — f1 between functors fo, fi: A — B is a natural isomorphism
iff and only if « is “an isomorphism objectwise”; i.e., if for each object a of A the evident map
a(a): fola) = fi(a) is an isomorphism in B. That natural isomorphisms have this property is
immediate. The opposite implication follows from the fact that a natural transformation between
functors of ordinary values can be completely recovered from its “values on objects”. Thus, given
a such that each a(a): fo(a) — f1(a) is an isomorphism, we may explicitly construct an inverse
transformation 3: fi — fo by setting B(a) := a(a)™': fi(a) — fo(a). Note that this 3 is in fact the
unique inverse to « (since inverses to morphisms are unique when they exist).
One of these directions is straightforward for quasicategories.

18.3. Proposition. Let C' and D be quasicategories. If oc: C x Al — D is a natural isomorphisms
between functors fo, fi: C — D, then for each object ¢ of C' the induced map a(c): fo(c) — fi(c) is
an isomorphism in D.

Proof. The restriction map Fun(C, D) — Fun({c}, D) = D is a functor between quasicategories, so
it takes isomorphisms to isomorphisms. It sends « to a(c). O

The converse to this proposition is also true.

C. Deferred Proposition. A natural transformation a: C x A' — D of functors between qua-

sicategories is a natural isomorphism if and only if each of the maps «(c) are isomorphisms in
D.

Unfortunately, this is much more subtle to prove, as it requires using the existence of inverses to
the a(c)s to produce an inverse to «, which though it exists is not at all unique. We will prove this
converse later (11.5).

18.4. Remark. An immediate consequence of (C) is that if D is a quasigroupoid, then so is Fun(C, D).
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18.5. Remark. The objectwise criterion (C) can be reformulated in terms of homotopy categories.
The homotopy category construction takes quasicategories to categories, and takes functors to
functors. Furthermore, given a natural transformation «: fo — fi of functors fy, fi: C — D
between quasicategories (i.e., a functor a: C' x Al — D such that (a|C x {j}) = f;), we obtain
an induced transformation ha: hfy — hfi of functors hfy, hfi: hC — hD between their homotopy
categories (so that the value of ha at an object ¢ € ob hC' = (Y is the homotopy class of the edge
a({c} x A1) € D). Then (C) asserts that « is a natural isomorphism if and only if ha is a natural
isomorphism.

19. CATEGORICAL EQUIVALENCE

We are now in position to define the correct generalization of the notion of “equivalence” of
categories. This will be called categorical equivalence of quasicategories, and will be a direct
generalization of the classical notion.

Given this, we use it to define a notion of categorical equivalence which applies to arbitrary
maps of simplicial sets. Finally, we will show that the two definitions agree for maps between
quasicategories.

19.1. Categorical equivalences between quasicategories. A categorical inverse to a functor
f: C — D between quasicategories is a functor g: D — C such that g f is naturally isomorphic to 1¢
and fg is naturally isomorphic to 1p. We provisionally say that a functor f between quasicategories
is a categorical equivalence if it admits a categorical inverse.

19.2. Remark. Categorical equivalence between quasicategories is a kind of “homotopy equivalence”,
where homotopies are natural isomorphisms between functors.

If C and D are nerves of ordinary categories, then natural isomorphisms between functors in our
sense are precisely natural isomorphisms between functors in the classical sense, and that categorical
equivalence between nerves of categories coincides precisely with the usual notion of equivalence of
categories.

19.3. Proposition. If f: C — D is a categorical equivalence between quasicategories, then
h(f): hC — hD is an equivalence of categories.

Proof. Immediate, given that natural transformations f = ¢g: C' — D induce natural transformations
h(f) = h(g): hC — hD. O

Note: the converse is not at all true. For instance, there are many examples of quasicategories
which are not equivalent to A°, but whose homotopy categories are: e.g., Sing7T for any non-
contractible simply connected space T, or K(A,d) for any non-trivial abelian group A and d > 2.

19.4. General categorical equivalence. We can extend the notion of categorical equivalence
to maps between arbitrary simplicial sets. Say that a map f: X — Y between arbitrary sim-
plicial sets is a categorical equivalence if for every quasicategory C, the induced functor
Fun(f,C): Fun(Y,C) — Fun(X, C) of quasicategories admits a categorical inverse.

We claim that on maps between quasicategories this general definition of categorical equivalence
coincides with the provisional notion described earlier.

19.5. Lemma. For a map f: C — D between quasicategories, the two notions of categorical
equivalence described above coincide; i.e., f admits a categorical inverse iff it is a categorical
equivalence in the general sense.

To prove this, we will need the following observation. The construction X — Map(X, E) is a
functor sSet®® — sSet, and so in particular induces a natural map

v : Hom(X,Y) — Hom(Map(Y, E), Map(X, E))
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of sets. The observation we need is that this construction admits an “enrichment”, to a map
v: Map(X,Y) — Map(Map(Y, E), Map(X, E)),

which coincides with vy on vertices. The map ~ is defined to be adjoint to the “composition” map
Map(X,Y) x Map(Y, E) — Map(X, E). (Ezercise: Describe explicitly what ~ does to n-simplices.)
We say that the functor Map(—, F) is an enriched functor, as it gives not merely a map between
hom-sets (i.e., acts on O-simplices in function complexes), but in fact gives a map between function
complexes.

Proof. (=) When C, D, and E are quasicategories so are the function complexes between them.
In this case, the above map « takes functors C'— D to functors Map(D, E) — Map(C, E), natural
transformations of such functors to natural transformations, and natural isomorphisms of such
functors to natural isomorphisms. Together with the fact that Map(—, F) is a functor, it follows
that a categorical inverse g: D — C to f: C'— D gives rise to a categorical inverse Map(g, E) to
the induced functor Map(f, E): Map(D, E) — Map(C, E).

(«=) Conversely, suppose f: C' — D is a categorical equivalence in the general sense, so that
f* = Map(f, F) admits a categorical inverse for every quasicategory F, which implies that each
functor

h(f*): hFun(D, E) — hFun(C, E)
is an equivalence of ordinary categories (19.3). In particular, it follows that f* induces a bijection
of sets
5 mo(Fun(D, E)®°™) = mo(Fun(C, E)°°");
recall that mo(Fun(D, E)®°") ~ mo((h Fun(D, E))"®) is precisely the set of natural isomorphism
classes of functors D — E.

Taking E = C, this implies that there must exist g € Fun(D, C')g such that there exists a natural

isomorphism gf — id¢ in Fun(C, C);. Taking E = D, we note that since

[*(idp) =idp f = fide = fgf = f*(f9),

we must have that idp =~ fg, i.e., there exists a natural isomorphism idp — fg in Fun(D, D);.
Thus, we have shown that g is a categorical inverse of f, as desired. O

19.6. Remark. The definition of categorical equivalence we are using here is very different to the
definition adopted by Lurie [Lur09, §2.2.5]. It is also slightly different from the notion of “weak
categorical equivalence” used by Joyal [Joy08a, 1.20]. As we will show soon (22.11), Joyal’s weak
categorical equivalence is equivalent to our definition of categorical equivalence. The discussion
around [Lur09, 2.2.5.8] show’s that Lurie’s and Joyal’s definitions are equivalent, and so they are
both equivalent to the one we have used.

19.7. Ezercise. Let f: C'— D be a functor between quasicategories. Show that f is a categorical
equivalence if and only if for all simplicial sets X, the induced functor f,.: Map(X,C) — Map(X, D)
is a categorical equivalence.

20. TRIVIAL FIBRATIONS AND INNER ANODYNE MAPS
Inner anodyne maps and trivial fibrations are particular kinds of categorical equivalences.

20.1. Trivial fibrations to the terminal object. Recall that a trivial fibration p: X — Y of
simplicial sets is a map such that (OA¥ ¢ AF) @ p for all k > 0. That is, TFib = Cell?, so p is a
trivial fibration if and only if Cell @ p.

20.2. Ezercise. Consider an indexed collection of trivial fibrations p;: X; — Y;. Show that p :=
pi: [1X: — []Y: is a trivial fibration. (Hint: similar to proof of (6.7).)
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20.3. Proposition. Let X be a simplicial set and p: X — x be a trivial fibration whose target is the
terminal simplicial set. Then X is a Kan complex (and thus a quasigroupoid) and p is a categorical
equivalence.

Proof. The hypotheses together with CelldJCell C Cell (17.4) imply that Hom(B, X) — Hom(A, X)
is a trivial fibration for all inclusions A C B, and thus in particular is surjective. It follows that X
is a Kan complex, by taking A C B to be a horn inclusion.

To show that p is a categorical equivalence, first note that X is non-empty, since Hom(A%, X) —
Hom(@, X) = x is surjective. Choose any s € Hom(A% X) (2.10). Clearly ps = idpo. We will show
that sp: X — X is naturally isomorphic to idx. Consider

XX —— X x 9A} 0P,

Xx Al — %

Since p is a trivial fibration, a lift h exists, which is a natural transformation idx — sp; note that h
represents a morphism in Fun(X, X). To show that h represents an isomorphism, it’s enough to
know that Fun(X, X) is actually a quasigroupoid. Observe that (since p is a trivial fibration and
CelldCell C Cell), the map

Fun(X,p): Fun(X,X) — Fun(X, %) = x

is also a trivial fibration, whence Fun(X, X) is a Kan complex by the argument given above. [

We will prove a partial converse to this later (33.9): if C' is a quasicategory which is categorically
equivalent to *, then C' — x is a trivial fibration.

20.4. Preisomorphisms. We need a way to produce categorical equivalences between simplicial
sets which are not necessarily quasicategories.

Let X be a simplicial set. Say that an edge a € X; is a preisomorphism if it projects to an
isomorphism under a: X — hX, the tautological map to the (nerve of the) fundamental category
(9.1). If X is actually a quasicategory, the preisomorphisms are just the isomorphisms (since in that
case the fundamental category is the same as the homotopy category). Note that degenerate edges
are always preisomorphisms, since they go to identity maps in the fundamental category.

20.5. Proposition. An edge a € X1 is a preisomorphism if and only if for every map g: X — C to
a quasicategory C, the image g(a) is an isomorphism in C.

Proof. Isomorphisms in C' are exactly the edges which are sent to isomorphisms under v: C' — hC.
Given this the proof is straightforward, using the fact that the formation of fundamental categories
is functorial, and that AX is itself a category and hence a quasicategory. ([l

As a consequence, any map X — Y of simplicial sets takes preisomorphisms to preisomorphisms.
In particular, any map from a quasicategory takes isomorphisms to preisomorphisms. We will use
this observation below.

20.6. Example. Consider the subcomplex A?O 3 = A0L2 g ATL23} of A3, Define X to be the
pushout of the diagram

Aoy & AL A2} A8 AL28) 2y Alu<a)
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where j is the evident inclusion, and p is the unique map to a 1-simplex given on vertices by 0,2 — v,
1,3 — x. The resulting complex X looks like

Yoo
Yy——y
r——X

00

with six non-degenerate simplices x, vy, f, g, a,b. The simplicial set X is not a quasicategory; however,
any map ¢: X — C to a quasicategory sends f and g to morphisms of C' which are inverse to each
other, so these (and thus all) edges of X are preisomorphisms.

Say that vertices in a simplicial set X are preisomorphic if they can be connected by a chain
of preisomorphisms (which can point in either direction). Clearly, any map g: X — C to a
quasicategory takes preisomorphic vertices to isomorphic objects.

We can apply this to function complexes. If two maps fy, fi: X — Y are preisomor-
phic (viewed as vertices in Map(X,Y)), then for any quasicategory C, the induced functors
Map( fo, C), Map(f1,C): Map(Y,C) — Map(X, C) are naturally isomorphic. To see this, consider

A % Map(X,Y) 2 Map(Map(Y, C'), Map(X, C))
where b is adjoint to the composition map Map(Y,C) x Map(X,Y) — Map(X, C). If a represents

a preisomorphism fy — f; in Map(X,Y), then ba represents an isomorphism Map(fy,C) —
Map(f1,C), since the target of b is a quasicategory. As a consequence we get the following.

20.7. Lemma. Ifp: X =Y and q: Y — X are maps of simplicial sets such that qp is preisomorphic
to idx and pq is preisomorphic to idy, then p and q are categorical equivalences.

20.8. Trivial fibrations are always categorical equivalences.
20.9. Proposition. FEvery trivial fibration between simplicial sets is a categorical equivalence.

Here is some notation. Given maps f: A — Y and g: B — Y, we write Map/y(f, g) or
Map,y (A, B) for the simplicial set defined by the pullback square

Mapy (A, B) —— Map(4, B)

J lg* =Map(4,9)

{f} ———— Map(4,Y)

That is, Map /Y(A, B) can be thought of as a simplicial set which parameterizes sections of g over f.
T'll call this the relative function complex over Y.

Proof. Fix a trivial fibration p: X — S. We regard both X and S as objects over S, via p and ids,
and consider various relative function complexes over S.

Note that since p is a trivial fibration, so are Map(X, p) and Map(S, p) since CelllICell C Cell,
and therefore both

Map ,5(S, X) — Map,g(S, S) = * and Map ,5(X, X) — Map (X, 5) = *

are trivial fibrations (since TFib is cosaturated and so closed under base change). It follows from
(20.3) that both Map,¢(S, X) and Map ,5(S,Y") are quasigroupoids which are non-empty, and with
the property that any pair of objects in each are isomorphic. These are contained in the simplicial
sets Map(S, X) and Map(X, X) respectively, which however need not be quasicategories.

Pick any s € Map (S, X) C Map(S, X), whence ps = idgs, and pick any isomorphism a: idx —
sp in Map/S(X, X), which is hence a preisomorphism in Map(X, X).
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Thus, we have exhibited maps p and s whose composites are preisomorphic to identity functors,
and therefore they are categorical equivalences by (20.7). O

20.10. Remark. Suppose that p: C' — D is a trivial fibration between quasicategories. As we have
noted, the relative function complex Map, p(C, D) “parameterizes sections of p”. According to the
proof of (20.9), this is a quasigroupoid equivalent to the terminal quasicategory. In particular, not
only is p a categorical equivalence, but also

e p admits a section, which is a categorical inverse to p, and
e any two sections of p are naturally isomorphic.

We will often make use of this observation.
20.11. Inner anodyne maps are always categorical equivalences.
20.12. Proposition. FEvery inner anodyne map between simplicial sets is a categorical equivalence.

Proof. Let j: X — Y be a map in InnHorn, and let C' be any quasicategory. The induced map
Map(j,C): Map(Y,C) — Map(X,C) is a trivial fibration since InnHornOCell C InnHorn (17.2),
and therefore a categorical equivalence. ([l

20.13. Every simplicial set is categorically equivalent to a quasicategory.

20.14. Proposition. Fir a simplicial set X.
(1) There ezists a quasicategory C' and an inner anodyne map f: X — C, which is therefore a
categorical equivalence.
(2) For any two f;: X — C; as in (1), there exists a categorical equivalence g: C; — Ca such

that gf1 = fa.

Here is some more notation. Given maps f: X — A and g: X — B, we write MapX/(f,g) or
Mapy, (A, B) for the simplicial set defined by the pullback square

MapX/(A’ B) E— Map(A’ B)

J{ Jf*=Map(f,B)

{9} ————— Map(X, B)

This is the relative function complex under X.

Proof. (1) By the small object argument (13.10), we can factor X — * into X & C' & % where
7 € InnHorn and p € InnFib. The inner anodyne map j is the desired categorical equivalence to a
quasicategory.

(2) For i,j € {1,2}, we have a restriction map f: Map(C;,C;) — Map(X,C}), which is
necessarily a trivial fibration since CelllJCell C Cell. Therefore the maps Map X/(Ci, Cj) — * are
all trivial fibrations, i.e., each Mapy /(C'Z-, C}) is a quasigroupoid with only one isomorphism class
of objects (20.3). As in the proof of (20.9) we construct g: C; — Cy and ¢’': Co — Cy which are
categorically inverse to each other; details are left to the reader. (|

Thus, we can always “replace” a simplicial set X by a categorically equivalent quasicategory C.
Although such C is not unique, it is unique up to categorical equivalence.

You can think of such a C as a quasicategory “freely generated” by the simplicial set X, an idea
which is validated by the fact that Fun(j, D): Fun(C, D) — Map(X, D) is a categorical equivalence
for every quasicategory D.
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21. SOME EXAMPLES OF CATEGORICAL EQUIVALENCES

21.1. Free monoid on one generator. Let I’ denote the free monoid on one generator g. This
is a category with one object x, and morphism set { ¢" | n >0 }.
Associated to the generator g is a map
v: 8 :=A'JoA' = N(F)
sending the image of the generator ¢ € (A'); in S to g. (We use “L/K” as a shorthand for “L ITg *”
whenever K C L. The object S is called the “simplicial circle”.)
It is not hard to see that F'is “freely generated” as a category by S, in the sense that hS = F

(the fundamental category of S is F'). It turns out that N(F) is actually freely generated as a
quasicategory by S.

21.2. Proposition. The map v: S — N(F) is a categorical equivalence, and in fact is inner
anodyne.

Proof. This is an explicit calculation. Let ay € N(F'), denote the k-simplex corresponding to the
length k chain of maps (g,¢,...,9) in F where g is the generator, and let Yy C N(F') denote the
subcomplex which is the image of ai: A¥ — N(F). We have that |JY; = N(F), since a general
d-simplex in N (F') corresponds to a chain of maps (¢, ..., ¢"¢), which is evidently a face of a,, if
m>mi+ -+ mg.
Clearly, Y7 ~ S, while Y5 =~ Y U A2 A?. In general, you can easily verify the following.
e A simplex z of A is such that ay(z) is in the subcomplex Yj_1 of Y} if and only if x is in
the subcomplex Alfo,k} = Al0k=1h g ALk

e Every simplex y of Y}, not in Yj_; is the image under ay, of a unique simplex in AF.

In other words, the square

U——

|

APy,
ay

is a pullback, and aj, induces in each degree n a bijection (A¥),, (A]fo,k})n S (Yidn~ Vo) It
follows (21.3) that the square is a pushout.

The inclusion AI{CO’k} C AF is a generalized inner horn, and we have noted this is inner anodyne
when k£ > 2 (10.10). It follows that each Y;_1 — Y} is inner anodyne, whence S — N(F) is inner
anodyne. 0

In the proof, we used the following fact, which is worth recording.

21.3. Lemma. If
X — X

1]

Y’T>Y

is a pullback of simplicial sets such that (i) j is a monomorphism, and (ii) f induces in each degree
n a bijection Y, N i(X]) = Y, N i(X,), then the square is a pushout square.

Proof. Verify the analogous statement for a pullback square of sets. O



52 CHARLES REZK

21.4. Free categories. We can generalize the above to free monoids with arbitrary sets of generators,
and in fact to free categories. Let S be a 1-dimensional simplicial set, i.e., one such that S = Sk S.
These are effectively the same thing as directed graphs (allowed to have multiple parallel edges and
loops): Sy corresponds to the set of vertices of the directed graph, and S{‘d corresponds to the set
of edges of the directed graph.

Let F:= hS. We call F the free category on the 1-dimensional simplicial set S. In this case,
the morphisms of the fundamental category are precisely the words in the edges S7¢ of the directed
graph (including empty words for each vertex, corresponding to identity maps).

21.5. Proposition. The evident map v: S — N(F') is a categorical equivalence, and in fact is inner
anodyne.

Proof. This is virtually the same as the proof of (21.2). In this case, Y C N(F) is the subcomplex
generated by all a: A¥ — N(F) such that each spine-edge ai—1; is in S1dand Yy is obtained by
attaching a generalized horn to Y;_; for each such a. ([

As a consequence, it is “easy” to construct functors F' — C from a free category to a quasicategory:
start with a map S — C, which amounts to specifying vertices and edges in C' corresponding to
elements Sy and SP9, and extend over S C F. The evident restriction map Fun(F,C) — Map(S, C)
is a categorical equivalence, and in fact a trivial fibration.

21.6. Ezercise. Describe the ordinary category A := hA} “freely generated” by A3. Show that the
tautological map A3 — N(A) is inner anodyne.

21.7. Free commutative monoids. Let F' be the free monoid on one generator again, with gen-
erator corresponding to simplicial circle S = A'/OA! C F Recall that F*" is the free commutative
monoid on n generators. Recall that the nerve functor preserves products, so N(F*™) ~ N (F)*™.
We obtain a map

5 _ ’YXTL: an N N(Fxn)
from the “simplicial n-torus”.

21.8. Proposition. The map §: S*™ — N(F*™) is a categorical equivalence, and in fact is inner
anodyne.

This is an easy consequnce of the following.

21.9. Proposition. For any simplicial set K, if j: A — B is inner anodyne, so is j Xx K: Ax K —
B x K.

Proof. The map jO(@ C K) is inner anodyne, since InnHorn[JCell C InnHorn by (16.7). O

21.10. Ezercise. Let SV.S C S*? be the subcomplex obtained as the evident “one-point union” of the
two “coordinate circles”. Suppose given a map ¢: SV .S — C to a quasicategory C, corresponding
to a choice of object x € Cy together with two morphisms f,g: z — x in C;. Show that there exists
an extension of ¢ along SV .S C N(F*2) if and only if fg ~ gf in hC.

21.11. Remark. The analogue of the above exercise for n = 3 isn’t true. That is, given SV SV S — C
corrposding to three morphisms f,g,h: x — x in C such that fg =~ gh, gh = hg, and hf ~ fh in C,
there need not exist an extension to N(F*3). (For instance, take C = Sing T, where T' C (S1)*3 is

the subspace of the 3-torus consisting of tuples (x1, x2,x3) such that at least one x; is the basepoint
of S1.)

21.12. Finite groups are not finite. If A is any ordinary category, then Sko N(A) “freely generates
N(A) as a category”, in the sense that h(Ska N(A)) ~ A, or equivalently that Map(N(A), N(B)) —
Map(Sko N(A), N(B)) is an isomorphism for any category B. However, it is often the case that no
finite dimensional subcompler “freely generates N(A) as a quasicategory”. In fact, this is the case
for every non-trivial finite group.
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21.13. Ezample. Let G be a finite group, and let C' = N(G). The geometric realization BG := |N(G)|
is the classifying space of G. 1 want to show that if G is not the trivial group, then NG is not
categorically equivalent to any finite dimensional simplicial set K (i.e., one with no non-degenerate
simplices above a certain dimension). We need to use some homotopy theory, along with a fact to
be proved later: if f: X — Y is any categorical equivalence of simplicial sets, then the induced map
|f] : | X| — |Y]| on geometric realizations is a homotopy equivalence of spaces.

First consider G = Z/n with n > 1. A standard calculation in topology says that
H?*(IN(G)|,Z) =~ Z/n % 0 for all k> 0. This implies that |N(G)| cannot be homotopy equivalent
to any finite dimensional complex.

Now consider a general non-trivial finite group G, and choose a non-trivial cyclic subgroup H < G.
We know the fundamental group: m |K|~ m |[N(G)| = G. Covering space theory tells us we can
construct a covering map p: E — |N(G)| so that mFE — 71 |[N(G)| is the inclusion H — G. In
fact, E is homotopy equivalent to the classifying space BH (because mE ~ 0 for k > 2). But if
|IN(G)| is finite dimensional then so is F, but this would then contracting the observation that
H*(BH,Z) ~ H*(E,Z) =~ 0 for all .

Thus, non-trivial finite groups are never “freely generated as a quasicategory” by finite dimensional
complexes.

21.14. Remark. Let T be a finite CW-complex, and G a finite group. A theorem of Haynes Miller
(the “Sullivan conjecture”) implies that every functor N(G) — Sing T is naturally isomorphic to
a constant functor (i.e., one which factors through AY). Thus, the singular complex of a finite
CW-complex cannot “contain” any non-trivial finite group, even if its fundamental group contains a
non-trivial finite subgroup.

22. THE HOMOTOPY CATEGORY OF QUASICATEGORIES

22.1. The homotopy category of QCat. The homotopy category hQCat of quasicategories is
defined as follows. The objects of hQCat are the quasicategories. Morphisms C' — D in hQCat are
natural isomorphism classes of functors. That is,

Hompqcat(C, D) := isomorphism classes of objects in h Fun(C, D) = o (Fun(C, D)*"°).

That this defines a category results from the fact that composition of functors passes to a functor
hFun(D, E) x hFun(C, D) — hFun(C, E), and thus is compatible with natural isomorphism.

Note that a map f: C' — D of quasicategories is a categorical equivalence if and only if its image
in hQCat is an isomorphism.

22.2. Remark. We can similarly define a category hCat, whose objects are categories and whose
morphisms are isomorphism classes of functors. The nerve functor evidently induces a full embedding

hCat — hQCat.

22.3. Warning. Although we use the word “homotopy”, the definition of hQCat given above is not
an example of the notion of the homotopy category of a quasicategory defined in §9: QCat is a
(large) ordinary category, so is isomorphic to its own homotopy category in that sense. Here we are
using the equivalence relation on morphisms(=functors) defined by natural isomorphism.

For future reference, we note that hQCat has finite products, which just amount to the usual
products of simplicial sets.

22.4. Proposition. The terminal simplicial set A° is a terminal object in hQCat. If C1,Cy are
quasicategories, then the projection maps exhibit C1 x Co as a product in hQCat.

Proof. This is straightforward. The key observation for the second statement is the fact that
isomorphism classes of objects in a product of quasicategories correspond to pairs of isomorphism
classes in each (6.11), and the fact that Map(X,C; x Cs) — Map(X, C1) x Map(X, Cy). O
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22.5. The 2-out-of-3 property. A class of morphisms W in a category is said to satisfy the
2-out-of-3 property if (i) W contains all identity maps, and (ii) whenever two maps in a triple of
the form (f,g,go f) are in W, so is the third.

22.6. Fxample. In any category, the class of isomorphisms satisfies 2-out-of-3, as does the class of
identity maps.

22.7. Example. In Cat, the category of small categories, the class of equivalences satisfies 2-out-of-3.

22.8. Fzxercise. Given a functor f: C' — D between categories, let W be the class of maps in C' that
f takes to isomorphisms in D. Show that W satisfies 2-out-of-3.

22.9. Proposition. The class CatEq of categorical equivalences in sSet satisfies 2-out-of-3.

Proof. 1t is immediate that the identity map of a simplicial set is a categorical equivalence.
Next, consider the special case of h = gf, where f, g, h are functors between quasicategories. In
this case, we use the following fact:

e A map f: C' — D between quasicategories is a categorical equivalence if and only if its
image [f] in hQCat is an isomorphism.
The proof of this fact amounts to showing that g is a categorical inverse of f exactly if [g] is an
inverse of [f] in hQCat, which amounts to translating the definition of categorical inverse. Given
this, 2-out-of-3 follows using the exercise (22.8) applied to the functor h: QCat — Cat.
For maps h = gf between arbitrary simplicial sets, we reduce to the above case by considering
Fun(h, B) = Fun(f, B) Fun(g, B) where B is an arbitrary quasicategory. O

22.10. Weak categorical equivalence. Joyal [Joy08a, 1.20] uses a variant of the notion of cat-
egorical equivalence, which turns out to be equivalent to what we are using. A map f: X —» Y
of simplicial sets is a weak categorical equivalence' if for every quasicategory C, the induced
map hFun(Y,C) — hFun(X, C) is an equivalence of ordinary categories. Note that, like categorical
equivalences, the class of weak categorical equivalences also satisfies 2-out-of-3.

22.11. Proposition. A map is a categorical equivalence if and only if it is a weak categorical
equivalence.

Proof. (=) Straightforward. (<=) In the case that f is a weak categorical equivalence between
quasicategories, this is exactly what the second half of the proof of (19.5) really shows. For a general
map f, use factorization to construct a commutative square

x-—1 .y

X’TY’

so that u and v are inner anodyne (and so categorical equivalences), and X’ and Y’ are quasicategories.
Applying h Fun(—, C) to the square with C' a quasicategory, we see that the vertical maps become
equivalences of categories, so if f is weak categorical equivalence so is f’, which is then a categorical
equivalence by what we have already proved, whence f is a categorical equivalence by 2-out-of-3. [J

22.12. The homotopy 2-category of QCat. A 2-category FE is a category which is itself “en-
riched” over Cat. That is,

e for each pair of objects z,y € ob E, there is a category Hompg(x,y), so that
e the objects of Homp(z,y) are precisely the set Hompg(x,y) of morphisms of E, and

19This is not to be confused with “weak equivalence”, which we will talk about later (32.1).



STUFF ABOUT QUASICATEGORIES 55

e there are “composition functors” Hompg(y, z) x Homg(z,y) — Hompg(z, z) for all z,y, z €
ob E which on objects is just ordinary composition of morphisms in £, which
e is unital and associative in the evident sense.
One refers to the objects of Hompg(x,y) as 1-morphisms f: x — y of E, and the morphisms of
Hompg(z,y) as 2-morphisms «a: f = g of E. The underlying category of E consists of the
objects and 1-morphisms only.
The standard example of a 2-category is Cat, the category of categories, with objects=categories,
1-morphisms=functors, 2-morphisms=natural transformations.
We can enlarge the category QCat of quasicategories to a homotopy 2-category h2QCat, so
that
Homy,qcat(C, D) := hFun(C, D).
That is,

e objects of hoQCat are quasicategories,
e 1-morphisms of hyQCat are functors between quasicategories,
e 2-morphisms of hoQCat are isomorphism classes of natural transformations of functors.

Note that QCat sits inside hoQCat as its underlying category; thus, hoQCat contains all the
information of QCat. On the other hand hQCat is obtained from hoQCat by first identifying
1-morphisms (functors) which are 2-isomorphic (i.e., naturally isomorphic), and then throwing away
the 2-morphisms.

Part 3. Joins, slices, and Joyal’s extension and lifting theorems
23. JOINS

23.1. Join of categories. If A and B are ordinary categories, we can define a category A x B
called the join. This has

ob(Ax B) =obAllob B, mor(A x B) = mor AII (ob A x ob B) Il mor B,
so that we put in a unique map from each object of A to each object of B. Explicitly,
Homy(z,y) if z,y € ob A,

Homp(x,y) if z,y € ob B,
{x} ifr €obA, yecobbB,
%] if x €obB, y€obA,

Hom g4p(z,y) :=

with composition defined so that the evident inclusions A — A x B < B are functors. (Check that
this really defines a category.)

23.2. Example. We have that [p] * [¢] = [p+ 1+ q].

23.3. Ezercise. Show that functors f: ' — A x B are in bijective correspondence with triples of
functors (g: C' — [1], fio}: cior - A4, fiy: ctlt = B), where CU} .= g~ 1({j}) C C.

An important special case are the left cone and right cone of a category, defined by A< := [0]x A
and A” := A % [0]. For instance, A” is the category obtained by adjoining one additional object v
to A, as well as a unique map x — v for each object x of A”. In this case, v becomes a terminal
object for A”, and we can say that A — A" freely adjoins a terminal object to A. (Note that a
terminal object of A will not be terminal in A” anymore; this is why we say “freely”.) Likewise,
A AT freely adjoins an initial object to A.

Limits and colimits of functors can be characterized using cones: if F': A — B is a functor, a
colimit of F is a functor G: A — B which is initial among functors which extend F, and likewise,
a limit of F is a functor G': AY — B which is terminal among functors which extend F.
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23.4. Remark. It is worthwhile to spell this out in detail. Given a functor £': A — B, to describe a
functor G: A¥ — B which extends F, it suffices to give
(1) an object G(v) in B,
(2) for each object a € ob A a morphism g, = G(a — v): F(a) = G(a) — G(v) in B, such that
(3) for each morphism «:a — o in A we have an equality g, F(a) = g, of morphisms
F(a) — G(v) in B.
Given functors G, G': A® — B, we may consider natural transformations ¢: G — G’ whichextend
the identity transformation of F'. Explicitly, such a transformation ¢ is exactly determined by
(1) a morphism ¢,: G(v) — G'(v) in B such that
(2) for each object a € ob A we have an equality g, = ¢,g, of morphisms F(a) — G'(v) in B,
where g, = G(a — v) and ¢, = G'(a — v).
Such a G is a colimit of F if for every G’ extending F' there exists a unique map ¢,: G(v) = G'(v)
in B such that g, = ¢,g, for all a € ob A. The object G(v) is what is colloquially known as “the
colimit of F”, although the full data of a colimit of F' is actually the functor G. We will call the
functor G a colimit cone it what follows.

23.5. Ordered disjoint union. As noted above (23.2), the join operation on categories effectively
descends to A. We will call this the ordered disjoint union. It is a functor LI: A x A — A,
defined so that [p] U [¢] := [p + 1 + ¢, to be thought of as the disjoint union of underlying sets,
ordered so that the subsets [p] and [g] retain their ordering, and elements of [p] come before elements
of [q].

It is handy to extend this to the category AL, the subcategory of ordered sets obtained by
adjoining [—1] := & to A. The functor Ll extends in an evident way to LI: Ay x Ay — A,. This
extended functor makes A into a (nonsymmetric but strict) monoidal category, with unit object
[—1].

Note that for any map f: [p] — [¢1] U [g2] in Ay, there is a unique decomposition [p] = [p1] U [p2]
such that f = f; U fo for some (necessarily unique) f;: [pi] — [¢:] in A;+. Note that we need an
object [—1] to be able to say this, even if p,q1,q2 > 0; if f([p]) C [q1] then py = —1.

23.6. Join of simplicial sets. Let X and Y be simplicial sets. The join of X and Y is a simplicial
set X x Y defined as follows.
The join of simplicial sets X and Y is defined by

(XY= ] Xn xYa,
[n]=[n1]un2]
where we set X_1 = * = Y_1. The action of simplicial operators is defined in the evident way, using

the observation of the previous paragraph: (z,y)f = (xf1,yf2) where f = fi U fa, fj: [m;] — [n;].
In particular,

(X*Y)():Xo II Yb,
(X*Y);=X1 1T Xox Yy II Yy,
(X*Y)QZXQ HX1><Yb HXO><}/1 II YQ,

and so on.
The functor x defines a monoidal structure on sSet, with unit object &. Note however that x is
not symmetric monoidal, though it is true that (Y * X)°P ~ X°P x Y°P. We have that

AP« A = APFHIFA
An important example are the cones. The left cone and right cone of a simplicial set X are
X9 := AV % X, X® = X« AL,
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Note that outer horns are cones:

(0A™) T = A % DA™ ~ AL (OA™” = 9A™ x A" ~ AT

23.7. Exercise. Let f: [m] — [n] be any simplicial operator. Show that the induced map f: A™ — A™
is isomorphic to a join of maps fox f1 * - -+ % fy, of the form f;: A" — AP, where each mj > —1
(with the convention that A~! = @).

It is straightforward to show that the nerve takes joins of categories to joins of simplicial sets:
N(AxB)~ N(A)*N(B), and thus N(AY) ~ (NA)< and N(A”) ~ (NA)*. (Ezercise: prove this.)

23.8. The join of quasicategories is a quasicategory. Here is a handy rule for constructing
maps into a join. Note that every join admits a canonical map 7: X «Y — A0 x A? ~ Al

23.9. Lemma ([Joy08a, Prop. 3.5]). Maps f: K — X *Y are in bijective correspondence with the
set of triples

(9: K - A frop: KO 5 X, foy: KUY 5 Y),
where KU} .= g=1({j}) C K.

Proof. This is a straightforward exercise. In one direction, the correspondence sends f to
(mf, LK, flE0). D

23.10. Proposition. If C' and D are quasicategories, so is C x D.

Proof. Use the previous lemma, together with the observation (which we leave as an exercise) that
for any map g: A7 — Al from an inner horn, the preimages g~1({0}) and g~1({1}) are either inner
horns or simplices, or are empty. ]

24. SLICES

24.1. Slices of categories. Given an ordinary category C, and an object = € ob (', we may form
the slice categories C,, and C/,, also called undercategory and overcategory.

For instance, the overcategory C/, is the category whose objects are maps f: ¢ — x with target
x, and whose morphisms (f: ¢ — z) — (f': ¢ — z) are maps g: ¢ — ¢ such that f'g = f.

This can be reformulated in terms of joins. Let “I” denote the terminal category (isomorphic to
[0]). Note that obC), corresponds to the set of functors f: [0] x 7" — C such that f|T" = z, and
mor C,, corresponds to the set of functors g: [1] x T — C such that g|T = x.

More generally, given a functor p: A — C' of categories, we obtain slice categories C),, and C/,
defined as follows. The category C/, has

e objects: functors f: [0] x A — C such that f|A = p,

e morphisms f — f’: functors g: [1] x A — C such that g|A = p.
Likewise, the category C),/ has

e objects: functors f: A *[0] — C such that f|A = p,

e morphisms f — f’: functors g: A« [1] — C such that g|A = p.

24.2. Ezercise. Describe composition of morphisms in €, and C,,.
24.3. Exercise. Show that (C),/)°P ~ (C°P)pep, (isomorphism of categories).

24.4. Ezxercise. Fix a functor p: A — C, and let B be a category. Construct bijections
{functors f: B — C),} <> {functors g: Bx A — C s.t. g|A = p}

and
{functors f: B — C,/} <> {functors g: Ax B — C s.t. g|A = p}.
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24.5. Remark. The notions of limits and colimits can be formulated very compactly in terms of the
general notion of slices. Thus, given a functor p: A — C, a colimit of p is the same data an initial
object of C,/, while a limit of p is the same data as a terminal object of C),,. (Ezercise: prove this;
this will be the starting case for formulating notions of limits and colimits for quasicategories.)

24.6. Joins and colimits of simplicial sets. The join functor *: sSet x sSet — sSet is in some
ways analogous to the product functor x, e.g., it is a monoidal functor.

The product operation (—) x (—) on simplicial sets commutes with colimits in each input, and
the functors X x — and — x X admit right adjoints (in both cases, the right adjoint is Map(X, —)).
The join functor does not commute with colimits in each variable, but almost does so; the only
obstruction is the value on the initial object

More precisely, the functors X * — and — x X : sSet — sSet do not preserve the initial object,
since X x @ ~ X ~ @+ X. However, (the identity map of) X is tautologically the initial object of
Ssetx/.

24.7. Proposition. For every simplicial set X, the induced functors
X *—, —* X sSet — sSetx/,

preserve colimits.

Proof. This is immediate from the degreewise formula for the join:
(X*xY), =X, (X1 xYy)I---11Y,, = X,, II (terms which are “linear” in Y').
O

24.8. Ezercise (Trivial, but important). Show that the functors X x — and — x X : sSet — sSet
preserve pushouts.

24.9. Slices of simplicial sets. We have seen that the functors S * —: sSet — sSetg, and — *
T': sSet — sSetp, preserve colimits, and therefore we predict that they admit right adjoints. These
exist, and are called slice functors, denoted

(p: S — X) = X,,: sSetg, — sSet

and

(q: S — X) = X/4: sSetg — sSet.
I will sometimes distinguish these as slice-under and slice-over, respectively. Explicitly, there are
are bijective correspondences

S—"— X T X
(24.10) 1 - = {K --» X},/}, L - = {K --» X/}
S*x K KT

Taking K = A™ we obtain the formulas
(X /)n = HOmsSets/ (S * An, X), (X/q)n = HOmSSetT/ (An * T, X),

P
which we regard as the definition of slices. (IL.e., these formulas specify the n-simplices of the slices,
and naturality in “A™” specifies the action of simplicial operators.)

24.11. Exercise. Given this explicit definition of slices, verify the bijective corrrespondences (24.10).
In particular, we note the special cases associated to z: A? — X:
(Xy))n = HomssetAO/(AO * A", X) ~ Homggeq, ((A"L,0), (X, z)),
(X/2)a = Homyseq, (A" % A%, X) ~ Hom,ser. (A", 0+ 1), (X, ).
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The notation (X, x) represents a pointed simplical set, the category of which is sSet, := sSet o /-
The associated adjunctions are

Homyser, (K, (X, x)) =~ Homgset (K, X)), Homgser, (K7, (X, x)) =~ Homgget (K, X /).
The slice construction for simplicial sets agrees with that for categories.

24.12. Proposition. The nerve preserves slices; i.e., if p: A — C is a functor, then N(Cp/) =S
(NC)np) and N(Cjp) = (NC) /np-

Proof. Straightforward. O
24.13. Slice as a functor. The function complex Map(—, —) is a functor in two variables, con-
travariant in the first and covariant in the second. The slice constructions also behave something

like a functor of two variables, though it is a little more complicated. A more precise statement is
that every diagram on the left gives rise to commutative diagrams as on the right.

s, x Xp——Ypp Xp) = Yy
I L R N |
=Y Xrpj — Y pp; Xpj) = Yipj/

There seems to be no decent notation for the maps in the right-hand squares. The whole business
of joins and slices can get pretty confusing because of this.

24.14. Remark. A very precise formulation is that slice defines a functor sSet™ — sSet from the
twisted arrow category of simplicial sets, whose objects are maps p of simplicial sets, and whose
morphisms are pairs (j, f): p — fpj, where j and f are themselves maps of simplicial sets.

Let’s spell this out. Given T & § & X EN Y, consider “restriction map” X, — Y},;/. The
composite of a map u: K — X, with this restriction map is described as follows. The map u
corresponds to a dotted arrow in

T4 g P  x T,y
A
I I 2
7
TxK——SxK
g*xK

The composite K — X, — Yypi/ corresponds to fu(jx K).

25. INITIAL AND TERMINAL OBJECTS

We now show that for a vertex x in a quasicategory C, the slice objects €, and C,, are also
quasicategories. Using this, we can make a definition of initial and terminal object in a quasicategory.

25.1. Left and right horns, fibrations, and anodyne maps. We introduce the following
notation. The left horns are the set of inclusions

LHorn := {A} CA"|0<k<n,n>1}=InmHornU{Aj CA" |n>1}
and the right horns are set of inclusions
RHorn:={A} CA"|0<k<n,n>1}=InnHornU{A]} CA" |n>1}.

The associated saturations LHorn and RHorn are the left anodyne and right anodyne maps.
The associated right complements

LFib := LHorn?, RFib := RHorn?
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are the left fibrations and right fibrations. Note that LFib U RFib C InnFib.
These classes correspond to each other under the opposite involution (—)°P: sSet — sSet; i.e.,
LHorn°® = RHorn, LFib°? = RFib.

25.2. Proposition. Let C be a quasicategory and x € Cy. The evident maps C,; — C and C), — C
which “forget x” are left fibration and right fibration respectively. In particular, C,, and C,, are
also quasicategories.

Proof. 1 claim that m: C/, — C is a right fibration. Explicitly, this map sends the n-simplex
a: A" — C),, which corresponds to a: A" x A? — C such that @|(@ * A%) = z, to the n-simplex
al(A™ x @) — C'. Using the join/slice adjunction, there is a bijective correspondence between lifting
problems

T

f

A7 »Cryp n n =

f ZJ @*AO>—>(Aj *AO)UA;L*@ (A" % @) (f9—2C
// ™ I ////

A" ——C -

N
The right hand diagram is isomorphic to

/_m
{n+1} A} zC

Ve
7
7

An+1

If C is a quasicategory, then an extension exists for 0 < j < n.

Since right fibrations are inner fibrations, the composite C, — C' — * is an inner fibration, and
thus C, is a quasicategory.

The case of €, — C' is similar, using the correspondence

Af — Gy op—— A —c

j+1 8

A
V2 7
7

A" ——C A

O

25.3. Initial and terminal objects. An initial object of a quasicategory C is an x € Cy such
that every f: OA™ — C (for all n > 1) such that f|{0} = z, there exists an extension f’: A™ — C.

A terminal object of C is an initial object of C°P. That is, a y € Cj such that every f: 0A™ — C
with f|{n} = y extends to A™.

x Yy
) N R () = T

I by
7/ 7/
s/
Ve 3 Ve g 3
A" A"
If C is the nerve of a category, then these definitions turn out to coincide with the usual notion

of initial and terminal objects in a category. For instance, consider the definition of initial object
applied to z € Cy.

e The condition for n = 1 says that for every object y in C there exists f: z — vy,
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e The condition for n = 2 says that for every triple of maps f: ¢ =y, g: y = z, and h: * — z,
we must have h = ¢gf. In particular (taking f = 1,), we see there is at most one map from
x to any object.
e The conditions for n > 3 are trivially satisfied.
We can characterize the property of being initial or terminal in terms of the “forgetful” functor
from the slice.

25.4. Proposition. If C is a quasicategory, then x € Cq is initial iof and only if C,y — C is a trivial
fibration, and terminal if and only if C;, — C' is a trivial fibration.

Proof. Left as an exercise. O

25.5. Remark. This implies that if x is initial, then C,, — C'is a categorical equivalence. Later (?7)
we’ll be able to show the converse: if €, — C'is a categorical equivalence, then x is initial.

A crucial fact about initial and terminal objects in a category is that they are unique up to unique
isomoprhism. One way to formulate this is as follows: given a category C, let C™™* C C be the
full subcategory spanned by the initial objects. Then one of two cases applies: either there are no
initial objects, so C™™* is empty, or there is at least one initial object, and C™? is equivalent to the
terminal category [0].

This leads to an analogous formulation for quasicategories.

25.6. Proposition. Let C be a quasicategory. Let C'™' and CY*™ denote respectively the full
subquasicategories spanned by initial objects and terminal objects. Then (i) either C™ is empty
or is categorically equivalent to the terminal quasicategory A°, and (ii) either C**™ is empty or is
categorically equivalent to the terminal quasicategory A.

Proof. Since C'**™ = ((C°P)Mt)°P e just need to consider the case of initial objects. By definition
of initial object, any f: QA" — C'™! with n > 1 can be extended to g: A™ — C, and the image
of g must lie in the full subquasicategory C™ since all of its vertices do. If C'™* £ &, then this
extension condition also holds for n = 0, whence C — AY is a trivial fibration, and thus C is
categorically equivalent to A by (20.1). O

There are some seemingly obvious facts about initial objects that we can’t prove just yet.

D. Deferred Proposition.
(1) Given an object x in a quasicategory C, the object i, in the slice Cy; corresponding to the
edge 1, € Cy is an initial object of Cy.
(2) Any object in a quasicategory isomorphic to an initial object is also an initial object.

Proofs will be given in (77).

25.7. Initial and terminal objects in functor categories. A functor whose values are all initial
(or terminal) objects is itself initial (or terminal) in its functor category.

25.8. Proposition. Consider a map f: X — C from a simplicial set to a category. Suppose that
for every vertex x € X the object f(x) € Cy is initial (resp. terminal) in C. Then the functor f is
initial (resp. terminal) viewed as an object of Fun(X, C).

As a consquence, if C' has an initial (or terminal) object ¢y, then Fun(X, C) also has an initial
(or terminal) object, e.g., the fubnctor which is the composite of X — {c¢y} — C.

Proof. Assume f(x) € Cj is initial for all x € X. Suppose given g: JA™ — Fun(X, C) with n > 1
and g|{0} = f. We want to show that there exists an extension ¢': A" — Fun(X,C) of g. We
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convert this to the adjoint lifting problem:

{O}XXHGA"XXL;C

e
Ve
e
e

A" x X
Consider the skeletal filtration Fj, = (OA™ x X) U Skg(A™ x X), k > 0 (15.16) of the inclusion
OA™ x X — A" x X. Note that any k-simplex h = (a,b): A¥ — A" x X which is not contained
in in the subcomplex A" x X must necessarily be such that a: A¥ — A" is surjective, whence a
takes the vertex 0 € (A¥)g to 0 € (A™)g, and therefore uh(0) = u(0,b(0)) = f(0,b(0)) is an initial
object in C' by hypothesis. Thus we can construct the desired lift by inductively extending u to
each Fj: in

OAF u|F_
H@Ak(h‘ )kal [ E, Lo

A
/
/
[ ]
/
[[a— £
(h)
the square is a pushout and for each h: A*¥ — F; we have that (hu)|0A* sends the vertex 0 to an

initial object of C. g

26. JOINS AND SLICES IN LIFTING PROBLEMS

Recall that for an object x in a quasicategory C, the slice objects C,, and C/, are also qua-
sicategories. It turns out that the conclusion remains true for more general kinds of slices of
quasicategories.

26.1. Proposition. Let p: S — C be a map of simplicial sets, and suppose C is a quasicategory.
Then both C,, and C/, are quasicategories.

The proof is just like that of (25.2): we will show below (26.13) that C,,) — C' is a left fibration
and C/, — C'is a right fibration.
To set this up, we need a little technology about how joins interact with lifting problems.

26.2. Pushout-joins. We define an analogue of the box-product for the the join. Given maps
i: A— Band j: K — L of simplicial sets, the pushout-join (or box-join) i & j is the map

i@ (A% L) e (BxK) 2229 g,

Warning: unlike the pushout-product, the pushout-join is not symmetric: i ®E j # jEi. o

26.3. Ezample. We have already observed examples of pushout-joins in the proof of (25.2), namely

(A cAM @ (o c A~ (AT A", (@cA)®@ (A} C A" = (AT c AT,

A straightforward calculation shows that the pushout-join of a horn with a cell is always a horn:
(A7 C A") @ (0AF C AF) m (AR C AR,

(0AF C AF)ym (A} C A™) & (AT L) C ARt

Also, the pushout-join of a cell with a cell is always a cell:
(DA™ c A™) B (0AF ¢ AF) =~ (9ATHITE ¢ AnTITR)
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26.4. Ezercise. Prove the isomorphisms asserted in (26.3).

26.5. Remark. Both pushout-product and pushout-join are special cases of a general construction:
given any functor F': sSet x sSet — sSet of two variables, you get a corresponding “pushout-F”
functor: F: Fun([1], sSet) x Fun([1], sSet) — Fun([1], sSet). We will meet more examples later.

26.6. Pullback-slices. Just as the pushout-product is associated to the pullback-power, so the
pushout-join is associated to two kinds of pullback-slices (or box-slices). Given maps K 2 L %

X Y, we define the map
.
h=97: Xy = X g5 X0y Vg
where the components X, — X ,; and X, — Y/, are the evident maps constructed by “restricting”
along p: K — L in the first case, and “composing” with A: X — Y in the second case.

Similarly, given maps A 4 B2 X My we have
hip: Xp/ — Xpi/ XYhm‘/ th/.
26.7. Remark. When Y = x, these pullback-slice maps are just the restriction maps X, — X 4,
and Xp/ — Xpi/-

26.8. Joins, slices, and lifting problems. The pushout-join and pullback-slice interact with
lifting problems in much the same way that pushout-product and pullback-power do.

26.9. Proposition. Giveni: A — B, j: K — L, and h: X =Y, the following are equivalent.
(1) (im@j) @ h.
(2) i@ (h¥7) for all q: L — X.
(3) j @ (h'®») for all p: B — X.

Proof. A straightforward exercise. The equivalence of (1) and (2) is

q

A—>X/q
P @*L—)(A*L)UA*K(B*K X
i 7 thﬂ‘ — J
- FAE3g) h

B == X4j X¥pngs Yrna Bl v

26.10. Proposition. Let S and T be sets of maps in sSet. Then SET C S®ET.

Proof. This is formal and nearly identical to the proof of the saturation result for box-products

(16.8). O
26.11. Proposition. We have

Cell @ Cell C Cell, RHorn ® Cell C InnHorn, and Cell ® LHorn C InnHorn.
Proof. Use (26.3). O

26.12. Corollary. Given T Leh x i> Y, consider the pullback-slice maps
£ Xp/ — ij/ XYfpj/ Yfp/7 T X/p — X/pj XY/fpj Y/fp
We have the following.
(1) j € Cell, f € TFib implies £,r € TFib.
(2) j € Cell, f € InnFib implies ¢ € LFib, r € RFib.
(3) j € RHorn, f € InnFib implies ¢ € TFib.
(4) j € LHorn, f € InnFib implies r € TFib.
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Proof. Exercise, using (26.11). O

We are mostly interested in special cases when X = C' is a quasicategory, and Y = x.

26.13. Corollary. Given T Iy 8P 0 with C a quasicategory and j a monomorphism, the induced
map Cy, = C,; 15 a right fibration, and C,; — Cy;/ is a left fibration. In particular, C/, — C'is a
right fibration and C,) — C is a left fibration (case T = & ).

26.14. Corollary. Given T’ Iy 82 ¢ with C a quasicategory, if j is right anodyne then Cp,, — Cp,;/
is a trivial fibration, while if j is left anodyne then C), — C,; is a trivial fibration.

Another case we will need is when T = &.

26.15. Corollary. Given S LNS'¢ i) Y where f is a trivial fibration, all of the maps in

X

p/ = X Xy Y = Yy and Xpp =2 XXy Y =Yg

are trivial fibrations.

Proof. The two pullback-slice maps are trivial fibrations by (26.12). The projections are each base
changes of the trivial fibration f, and so are trivial fibrations. O

26.16. Composition functors for slices. Here is a nice consequence of the above. Let C be a
quasicategory and f: x — y a morphism in it. We obtain two functors

C, & Cp 50y,

associated to the inclusions {0} C A! D {1}. The first inclusion {0} C A! is a left-horn inclusion,
and thus by (26.14) the restriction map p is a trivial fibration, and hence we can choose a section
5:Cry — C)y of p.

The resulting composite gs: C/, — C/, can be thought of as a functor realizing the operation

which sends an object (¢ % z) of C /o to “the object” (c EEN y) of C), defined by “composing f and
g” (but remember that such composition is not uniquely defined in a quasicategory C'; the choice of
section s gives a collection of such choices for all g.)

26.17. Exercise. Show that if C' is a category, then p is an isomorphism, and that gs is precisely the
functor €/, — C), described above.

27. LIMITS AND COLIMITS IN QUASICATEGORIES

27.1. Definition of limits and colimits. Now we can define the notion of a limit and colimit of
a functor between quasicategories (and in fact of a map from a simplicial set to a quasicategory).
Given a map p: K — C where C is a quasicategory, a colimit of p is defined to be an initial object
of the slice quasicategory C),,. Explicitly, a colimit of p: K — C'is a map p: K x AV =K> 5 C
extending p, such that for n > 1 a lift exists in every diagram of the form

p
K+ A0 L K% 9A" >(C

e
7
e

K+ A"

Sometimes it is better to call p a colimit cone, in which case the restriction p|@ « A° to the cone
point is an object in C which can be called a “colimit of p”.
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Similarly, a limit of p is a terminal object of C',,; explicitly, this is a map p: AV« K =K<= C
extending p such that for n > 1 a lift exists in every

D
Al Ky S OA" « K ZC

e
e
7

A" x K
27.2. Example. Consider the empty simplicial set K = &. Then Cg, = C, so a colimit of p: & — C

is precisely the same as an initial object of C. Likewise, a limit of p is precisely the same as a
terminal object of C.

27.3. Ezample. Consider K = A(Q), which is the nerve of a category which we can draw as the picture
(1 +~ 0= 2). Then (A2)” ~ A® x Al is also an ordinary category; explicitly it has the form of a

commutative square
0 1
2 v

where v is the “cone vertex”. A colimit cone (A2)”> — C is called a pushout diagram in C.
Similar considerations give (A3)9 ~ Al x Al; a limit cone (A3)? — C is called a pullback
diagram in C.

L]

>

27.4. Ezercise. Let C' C C be an inclusion of a full subquasicategory. Show that if p: K — C’ has
a colimit p in C, and if the image of p is contained in C’, then p is in fact a colimit of p in C’.

27.5. Uniqueness of limits and colimits. Limits and colimits are unique if they exist.

27.6. Proposition. Let p: K — C be a map to a quasicategory, and let (Cp/)“’hm C G,/ and
(C/p)lim C €, denote the full subquasicategories spanned by colimit cones and limit cones respectively.
Then (i) either (Cp/)whm is empty or is categorically equivalent to A°, and (ii) either (C/p)lim is
empty or is categorically equivalent to AC.

Proof. This is just the uniqueness of initial and terminal objects (25.6). O

We have noted above (25.4) that an object z in a quasicategory C is initial iff C;,, — C'is a
trivial fibration, and terminal iff €'/, — C'is a trivial fibration. There is a similar characterization
of limit and colimit cones.

27.7. Proposition. Let C' be a quasicategory. Let p: K¥ — C be a map, and write p :== p|K. Then
p is a colimit diagram if and only if C5) — C,, is a trivial fibration.

Likewise, let ¢: K< — C be a map, and write q := q|K. Then q is a limit diagram if and only if
Crz — Cq 1s a trivial fibration.

Proof. T'll just do the case of colimits.

We make an elementary observation: (C,/)5 ~ C5/. In this isomorphism, the symbol “p” refers
to both a morphism p: K — C,, and the corresponding object p € (C),/)o. The point is that in
either simplical set, a k-simplex corresponds to a map K = A? x A¥ — C which restricts to p on
Kx A% @.

Using this, the statement amounts to the special case for initial and terminal objects (25.4). O
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27.8. Limits and colimits in slices. Given a map p: S — C to a quasicategory, we have “forgetful
functors” C), — C and C},; — C from the slices to C'. The following proposition says that colimits
in €y, or limits in €, can be “computed in the underlying quasicategory” C (if the corresponding
colimit or limit in C' exists).

27.9. Proposition. Let C' be a quasicategory, p: S — C a map of simplical sets, and K a simplical
set.

(1) A functor f: K" — C), is a colimit cone if and only the composite K" EN Cp—Cisa
colimit cone. Furthermore, if f: K — C, is such that the composite K — C/, — C has a
colimit in C, then [ has a colimit in C/,.

(2) A functor f: K< — C,) is a limit cone if and only the composite K= EN Cp) — C is a limit
cone. Furthermore, if f: K — C), is such that the composite K — C,; — C' has a limit in
C, then f has a limit in Cy,.

(3) A functor f: K< — C, is a limit cone if and only if Wf: K — C is a limit cone. Further-
more, if f: K — Cy/ is such that wf has a limit, then f has a limit.

27.10. Ezxercise. Fix amap g: ST — C. Write ¢ =g|S: S — C and p = g|T: T — C, and observe
that g is adjoint to maps ¢': T'— C,, and g": S — C,. Construct an isomorphism

(Co) /g (C/p)g"/'

Proof. (See [Lur09, 1.2.13.8].) We will just prove (1). First consider f: K* — C,, and let f = f|K.
Using the exercise (27.10), we see that the forgetful map (C/p)f/ — (C)p) ¢/ is isomorphic to the
map

(Cfo/)/p’ - (Cfo/)ﬂ’iﬂ’/

induced by the sequence S 2o o Cy,/, where ]70 and fy are the composites K* i> Cp—C

fo/
and K L C)p — C, and p' is adjoint to f.
We will just prove (1). First, consider f: K" — C), such that ﬂfis a colimit cone in C. To show

that fvis a colimit cone for f = ﬂK , it suffices to show produce a lift in any diagram of the form

7
KxA'« @ — 5 (Kx A"« 0A™) U (K x @+ A") 3C)p

—
—
—

K« A% % A"

According to the definition of slice, this is equivalent to producing a lift in any diagram of the form

(nf.p)

(KxA'x @+ )T (DD x D xS)—— (K% A% A" % S) U (K x D+ A" % 5) —3C

—
—
—
—
—
—
—

K*xA"xA"x S
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which in turn is equivalent to producing a lift in
p

— oAn o T
@*S>—>6A"*S—>C7rf/

b
-
- q
-
-

A" 4§ —— Cpy

Because wf is a colimit, we know ¢ is a trivial fibration (27.7). It is clear that OA™ xS C A" x S is
a monomorphism (26.11), so the desired lift exists. We have shown that if Tl'f is a colimit then fis
a colimit. B
Next suppose given f: K — C),, and a colimit fo: K — C of nf: K — C. Then (27.7)
C o/ — C, /o
O

28. THE JOYAL EXTENSION AND LIFTING THEOREMS

We are now at the point where we can state and prove Joyal’s theorems about extending or
lifting maps along outer horns. This will allow us to prove many of the results whose proofs we
have deferred up to now.

28.1. Joyal extension theorem. The following gives a condition for extending maps from outer
horns into a quasicategory.

28.2. Theorem (Joyal extension). [Joy02, Thm. 1.3] Let C be a quasicategory, and fix a map
f: At — C. The following are equivalent.

(1) The edge represented by f is an isomorphism in C.

(2) Every a: A — C with n > 2 such that f = a| A%} Al — C admits an extension to a
map A" — C.

(3) Every b: A — C with n > 2 such that f = b|AI*=1n}: Al — C admits an extension to a
map A™ — C.

I'll call (01) € A™ the leading edge, and (n — 1,n) € A" the trailing edge. Thus, the
implications (1) = (2) and (1) = (3) say that we can always extend Aj — C to an n-simplex if the
leading edge goes to an isomorphism in C', and extend A]! — C' to an n-simplex if the trailing edge
goes to an isomorphism in C.

The implications (2) = (1) and (3) = (1) are easy, and are left as an exercise.

28.3. Ezercise. Suppose C is a quasicategory with edge f € (4, and suppose that every map
a: A} — C with n € {2,3} and f = a|A{%!} admits an extension along A} C A™. Prove that f is
an isomorphism.

The non-trivial implications of Joyal extension will lead to proofs of the deferred propositions
(A), (C), and (D).

The proof of the Joyal extension theorem will be an application of the fact that left fibrations
and right fibrations are conservative isofibrations.

28.4. Conservative functors. A functor p: C' — D between categories is conservative if when-
ever f is a morphism in C' such that p(f) is an isomorphism in D, then f is an isomorphism in C'.
The definition of a conservative functor between quasicategories is precisely the same.

28.5. Proposition. All left fibrations and right fibrations between quasicategories are conservative.
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Proof. Consider a right fibration p: C — D, and a morphism f: x — y in C such that p(f) is an
isomorphism. We first show that f admits a preinverse.

Let a: A3 — C such that a1 = f and ag2 = 1,. Let b: A% — C be any 2-simplex exhibiting a
preinverse of p(f), i.e., such that bia = p(f) and boz2 = 1,,), so that by is a preinverse. Now have a
diagram with a lift

A2 C

bl

s
v p
[]
A2T>D

which exhibits a preinverse of f, which we will call g.
Because p(f) was assumed invertible, its preinverse p(g) is also invertible, and therefore by the
above argument g admits a preinverse as well. We conclude that f is invertible by (11.2). ([l

28.6. Isofibrations. We say that a functor p: C' — D of quasicategories is an isofibration®’ if
(1) pis an inner fibration, and
(2) we have “isomorphism lifting” along p. That is, for any ¢ € Cy and isomorphism g: p(c) — d’,
there exists a ¢ € Cy and isomorphism f: ¢ — ¢ such that p(f) = g.

Recall that if C' and D are nerves of ordinary categories, then any functor C' — D is an inner
fibration. Thus in the case of ordinary categories, being an isofibration amounts to condition (2) only.
Also, it is clear that in the case of ordinary categories we can replace (2) with the dual condition

(27) for any ¢ € Cy and isomorphism ¢': d' — p(c), there exists a ¢ € Cy and isomorphism

f': d = csuch that p(f) = g.
To prove (2) from (2’), just apply condition (2’) to the (unique) inverse of g.

The symmetry between (2) and (2’) also holds for functors between quasicategories, by the
following.

28.7. Proposition. An inner fibration p: C' — D between quasicategories is an isofibration if and
only if h(p): h(C) — h(D) is an isofibration of ordinary categories.

Proof. (=) Straightforward. (<=) Suppose given an isomophism g: p(c) — d’ in D. If h(p) is an
isofibration, there exists an isomorphism f’: ¢ — ¢’ in C such that p(f’) ~, g. Now choose a lift in

e

N
/
I /S P
s

A2T>D

where b exhibits p(f’) ~, g and a({01)) = f" and a({12)) = 1. The edge f = sp2 is a lift of g, and
is an isomorphism since f’ ~, f. O

28.8. Ezercise. (i) Let Group denote the category of groups, whose objects are pairs G = (S, u)
consisting of a set S and a function p: .S x .5 — 5 satisfying a well-known list of axioms. Show that
the functor U: Group — Set which on objects sends (S, 1) — S is an isofibration between ordinary
categories.

(ii) Consider the functor U’: Group — Set defined on objects by G — Hom(Z, G). Explain why,
although U’ is naturally isomorphic to U, you don’t know how to show whether U’ is an isofibration
without explicit reference to the axioms of your set theory. The moral is that the property of being
an isofibration is not “natural isomorphism invariant”.

20Joyal uses the term “quasifibration” in [Joy02]. Later in [JoyO8a] this is called a “pseudofibration”. Lurie uses
this notion, but never names it. The term “isofibration” is used by Riehl and Verity [RV15].



STUFF ABOUT QUASICATEGORIES 69

28.9. Left and right fibrations are isofibrations.
28.10. Proposition. All left fibrations and right fibrations between quasicategories are isofibrations.

Proof. Suppose p: C' — D is a right fibration (and hence an inner fibration) between quasicategories,
and consider
{1} —0C

l fo ”J
. P
Ve
Al ——D
where g represents an isomorphism. Because p is a right fibration, there exists a lift f. Because
right fibrations are conservative, f represents an isomorphism. [l

Note that the above proof checked explicitly isofibration condition (2’) for right fibrations; thus,
by symmetry we conclude that isofibration condition (2) holds for right fibrations. It seems difficult
to give an elementary direct proof that right-fibrations satisfy (2).

28.11. Proof of the Joyal extension theorem.

Proof of (28.2). We prove (1) = (2). Suppose given a: A} — C such that f = a|A{®1} represents
an isomorphism. Using the join/slice adjunction applied to

(A € A™) = ({0} ¢ A @ (9A" 2 C A"7?),

there is a correspondence of lifting problems

_ 2
- q
AL P Y - J
I / = g A{Ovl} —g— C/(a‘aA{Q AAAAA n})
, !
A" !

C

where g is adjoint to a|(A%1} x 9ALZ-}) and h is adjoint to a|(A1} « Al2-n}), Because C is a
quasicategory, both p and ¢ are right fibrations (26.13), and therefore are conservative isofibrations
(28.5), (28.10). Thus since f represents an isomorphism, so does g since p is conservative, and
therefore a lift exists since ¢ is an isofibration.

The proof of (2) = (1) is left as an exercise (28.3). The proof of (1) <= (3) is similar. O

28.12. The Joyal lifting theorem. There is a relative generalizaton.

28.13. Theorem (Joyal lifting). Let p: C — D be an inner fibration between quasicategories, and
let f € Cy be an edge such that p(f) is an isomorphism in D. The following are equivalent.

(1) The edge f is an isomorphism in C.
(2) For alln > 2, every diagram of the form
f
A AR C
2
L]
P P
Ve
A" —— D

admits a lift.
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(3) For alln > 2, every diagram of the form
!
Afn=lnk, A7 C
L]
, P
Ve
A" —— D
admits a lift.

Proof. The implications (2) = (1) and (3) = (1) are elementary, as in (28.3).
For (1) = (2), the first step is to prove that

.....

are both right fibrations. For instance, the map ¢ is the slice-power of the inner fibration p by a
monomorphism, so is a right fibration by (26.12). The map p is the composite

p p
Jpapa(smty Dipalatz -1y = Crajpatz..ny — G,

where p is the base change of the right fibration D/ (pea2(2,..n}) = D/paloaz{2,..n}), and p” is
a right fibration (in both cases by (26.13)) Then the proof of (1) = (2) proceeds exactly as in
(28.2). O

As a consequence of Joyal lifting is a characterization of conservative inner fibrations between
quasicategories in terms of a lifting property.

28.14. Corollary. Let p: C'— D be an inner fibration between quasicategories. The following are
equivalent.

(1) The functor p is conservative.
(2) For alln > 2, every diagram of the form

f
AL AR C
A
L
p P
/
A" —— D

such that p(f) represents an isomorphism in D admits a lift.
(3) For alln > 2, every diagram of the form

f

A{nfl,n} AP C

m b
Ve
Ve
A" —— D
such that p(f) represents an isomorphism in D admits a lift.
29. APPLICATIONS OF THE JOYAL EXTENSION THEOREM

We can now prove all the statements whose proofs we have deferred until now, as well as some
others.
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29.1. Quasigroupoids are Kan complexs. First we prove (A), the identification of quasi-
groupoids with Kan complexes.

29.2. Proposition. Fvery quasigroupoid is a Kan complex.

Proof. In a quasigroupoid, the Joyal extension property applies to all maps from A{ and A}, since
every edge is an isomorphism. O

From now on we will use terms “quasigroupoid” and “Kan complex” interchangeably.

29.3. Invariance of slice categories. Here is an equivalent reformulation of the Joyal extension
theorem in terms of maps between slices.

29.4. Ezercise (Reformulation of Joyal extension). If f: z — y is an edge in a quasicategory C,
then the following are equivalent: (1) f is an isomorphism; (2) C'y; — C, is a trivial fibration; (3)
Cyy — C), is a trivial fibration.

29.5. Corollary. If f:x — y is an isomorphism in a quasicategory C, then C,, and C,, are
categorically equivalent, and C,, and C), are categorically equivalent.

Proof. Consider C,, & Cyy 2, Cy/. We have already observed (26.14) that p € TFib, since
{1} c Al is right anodyne. The reformulation of Joyal extension (29.4) implies that 7 € TFib when
f is an isomorphism. O

29.6. Initial objects. Now we prove (D) about initial objects.

29.7. Proposition. If x is an object in a quasicategory C, then the vertex i, € (Cx/)o corresponding
to 1, € Cy 1is an initial object of Cy.

Proof. The map 1,: x — x in C' is obviously an isomorphism. We have a correspondence of lifting
problems

iz 1z
A
{0} oA™ Cy/ A% % {0} —— A% x 9A™ 19
I e — J( -
Ve g 7 g
A" A% x A"

and (A% DA™ € A% x A™) ~ (AJT" C A1*™), 50 a lift exists by the Joyal extension theorem. [J
29.8. Proposition. Any object in a quasicategory isomorphic to an initial object is also initial.

Proof. Let x be an initial object in C', and let ¢ be an object isomorphic to x. It is easy to see that
z is initial in the homotopy category hC, and therefore c is initial in AC also. This has a useful
consequence: any map between x and ¢ must be an isomorphism in C.

To show that c¢ is initial in C', we want to extend a: JA™ — C with ag = ¢ to A™. Consider the
left-hand diagram in

AOL)CI/ /\‘
,{ j/‘ Jp = (A% @) [ (2 xIA")—— A x 9A" A4 A0 0 X

A" —© 'L

C _ -
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Because x is initial, p is a trivial fibration (25.4), and so a lift s exists. On vertices y of C, the map
s determines a choice, of a morphism s(y): z — y; by what we said above, s(c):  — ¢ must be an
isomorphism if ¢ is isomorphic to x.

Now consider the right-hand diagram, in which 3 is adjoint to s. Write b := 3(A% x a), a map
from the horn A%+ OA™ to C, so that so by = z and b|(@ * JA™) = a. The leading edge b|A" x {0} is
the edge s(c): ¢ — ¢ in C, and we have observed any such is an isomorphism. Thus a lift ¢ exists in
the right-hand diagram by the Joyal lifting theorem since (A% x DA™ C A%« A™) = (AT" € Al*™).
The face t|(& x A™) is the desired extension of a. O

29.9. The objectwise criterion for natural isomorphisms. Next we prove (C), the fact that
natural isomorphisms are the same as natural transformations which are isomorphisms objectwise.
We can restate this as follows. Consider the map
Fun(j,C): Fun(D,C) — Fun(Sko D, C) ~ H C
de Dy

induced by restriction along j: Skg D — D. The statement of (C) amounts to showing that this
Fun(j, C) is conservative. This is a special case of the following proposition.

29.10. Proposition. Let j: K — L be a monomorphism of simplicial sets such that j: Ko = Ly is
a bijection. Then for every quasicategory C' the restriction map Fun(j,C): Fun(L,C) — Fun(K, C)
18 conservative.

The proof we give uses ideas from [Lur(09, §3.1.1].

Proof. Note that p = Fun(j,C) is always an inner fibration between quasicategories (since j is a
monomorphism and InnHornCell C InnHorn). Therefore we can apply the criterion of (26.14) to
show p is conservative: we show that for every n > 2 and every diagram of the form

f

e
AT s A2 Fun(L, O)

A
/a‘/ JPZFUH(]',C)
-

A" —— Fun(K, C)

such that p(f) represents an isomorphism in Fun(K, C), a lift a exists.
We reduce this lifting problem to a different one using a retraction. For n > 2 we can define maps

A" 2 AL AT DL AT
uniquely characterized by their effect on vertices: s(z) = (1,z), and 7(0,1) = 0 and r(z,y) = y if
(z,y) # (0,1). We check that
rs = id,
S(AB) = {1} x Aj C ({0} x A™) U (AL x Ap),
r({0} x A?) = AP C A7 and
r(A x AN = AN if § #£ 0, whence (Al x AZ) = AR
Therefore we can form the solid arrow diagram

AR — ({0} x AM) U (A x AD) ——— A? —— Fun(L, C)

=T
— e o .
I I _ b I _a lpFunu,C)
- - -

e

AM S Al AT T A" Fun(K, C)

and observe that to produce a lift a, it suffices to produce a map b which is a lift in its rectangle:
given b, take a = bs.
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Note that r sends each edge Al x {k} in ({0} x A") U (A! x AZ) to either: the degenerate edge
(kk) in Ay (if k # 1), or the leading edge (01) in Af (if £ = 1). Thus for all k& € [n] the restriction
of pur to A' x {k} represents an isomorphism in Fun(K, C).

By adjunction this amounts to showing that a lift exists in

{0} —— Fun(7,C)
Pt
.7 JFun(i,C)
AT Fun(S, )

where i: S — T is the monomorphism (Aff x L) U (A™ x K) — A™ x L, and the edge in Fun(S, C)
represented by v is such that for every k € [n] the restriction v|[{k} x K represents an isomorphism
in Fun({k} x K).

Note that ¢: .S — T induces a bijection on vertices, and that the hypothesis on v implies that the
restriction v|{z} of v to every vertex x € Sy represents an isomorphism in Fun({z},C) ~ C. Thus
the proposition follows from the following lemma. O

29.11. Lemma. Let C be a quasicategory, and leti: S — T be a monomorphism such that i: Sy — Ty
s a bijection. Then for every diagram

{0} —— Fun(7,C)
2
e JF‘un(i,C)
Al /T> Fun(S, C)

such that v represents an objectwise natural isomorphism of functors S — C (i.e., such that the
image of v under Fun(S,C) — Fun({z},C) =~ C represents an isomorphism in C for all vertices
x € 80), alift t exists.

Proof. First note that in the case that a lift ¢ does exist, it necessarily represents a natural
transformation between functors T'— C which is an objectwise isomorphism, since i: Sy — Tp is a
bijection and we have assumed v is so.

Let C denote the class of monomorphisms ¢: S — T such that i: Sg — Tp is a bijection, and such
that the conclusion of the lemma holds. A straightforward exercise shows that C is a saturated class.
(Note that for the cases of composition and transfinite composition, this requires the observation of
the previous paragraph, which is why we need to assume here that elements of C induce a bijection
on vertices.)

Let Cell>; = {0A™ C A"™},,>1. From the skeletal filtration (15.16) we see that Cell>; is precisely
the class of monomorphisms which are bijections on vertices. Thus the proposition follows once we
show that Cell>; C C, which follows from the following lemma applied to the case of D = * and
(,7) = (0,0). O

The following lemma is a kind of “pushout-product” version of Joyal lifting.

29.12. Lemma. Suppose p: C' — D is an inner fibration of quasicategories, and suppose n > 1, and
either (i,7) = (0,0) or (i,7) = (1,n). For any diagram

f

Al x [ ({i} x A u{i}xfm (Al x OAT C

—
—
_
—
- p
—
—

—

Al x AT D

such that f represents an isomorphism in C, a lift exists.




74 CHARLES REZK

Proof. This is a calculation, given in the appendix (59.4). O

Now that we have proved the objectwise criterion for natural isomorphisms (C), we can reinterpret
the conclusion of (29.11): the functor Fun(7,C) — Fun(S,T) is an isofibration when Sy — T is
a bijection. Perhaps show here that the bijection condition can be dropped, and do a
relative version here, rather than in a later section.

29.13. Older proof. I want this to go away.

Proof. Let C be the class of monomorphisms j: K — L for which the conclusion holds, i.e., such
that Fun(j, C) is conservative for all quasicategories C. To prove the claim, it suffices to show (a)
that C is a saturated class, and (b) that C contains the inclusions 0A™ C A™ for all n > 1. Given
this, the result follows using the skeletal filtration (15.16).

Note that Fun(j,C) is always an inner fibration between quasicategories, and recall the “lifting
characterization” (28.14) of conservative inner fibrations between quasicategories which follows from
the Joyal lifting theorem. Using this, the proof of (a) is a straightforward exercise.

To show (b) that Fun(A”,C) — Fun(0A™,C) is conservative for n > 1, we again use (28.14),
which we convert into its adjoint form. In fact, it suffices to prove that in any diagram of the form

fo

AL} % f0}—— (AT x A") U (A™ x HA™) C
]I -7

A? x A"

with m > 2 and n > 1 such that fy represents an isomorphism in C, a lift exists. This reduction
uses that fj is the composite

AL L pun(A™, 0) 2 Fun(9A", C) — Fun({0}, O)

induced by restriction along {0} C 9A™ C A", so that if p(f) represents an isomorphism in
Fun(0A™,C), then fy represents an isomorphism in C'.
This statement is a consequence of the following lemma (29.14). O

29.14. Proposition (Pushout-product version of Joyal lifting). Suppose p: C — D is an inner
fibration between quasicategories. Suppose m,n > 1. For any diagram

AL {0 (AF" x A™) Upprcoan (A™ x 9AT)

C
-7 lp

A 5 A" D

such that f represents an isomorphism in C, a lift exists.

Note: if we take instead m > 2 and n = 0, the above statement becomes the Joyal lifting theorem.
Proof. Proved as [Joy08a, 5.8] (though there it is the A" C A™ case that is proved). O

The idea is to produce the map j by iteratively attaching simplices along horns, which in each
case are either:
(1) an inner horn A¥ C A* for 0 < i <k, or
(2) a horn AE C A* with k& > 2 along a map from AL such that the restriction to its leading
edge A{01} Alg of the map to C is identical to f.
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The existence of the lifting follows, by applying the definition of inner fibration in cases of type (1),
or the Joyal extension theorem in cases of type (2).
Here is a picture for the case m = 1, n = 1. The source of (A} ¢ A)O(OA C A1) looks like

01 — 11

T

First attach the 2-simplex (00,01, 11), which intersects the sounce along the inner horn A2. Then
attach the 2-simplex (00, 10, 11), which intersects what we have already built along the horn A2,
whose leading edge (00, 11) is sent to an isomorphism in C.

Here are pictures for the case m = 2, n = 1. Here is the source of (A2 C A?)O(0A! C Al).

/\

11 ¢+—01——>21

I

10 +=— 00— 20
\_/r

The following chart lists all non-degenerate simplices in the complement, with “\/” marking those

in the source.
(10,21)  (10,20,21) (10,11,21) (00,10,21) (00,11,21) (00, 10,20,21) (00,10,11,21) (00,01,11,21)

V@Iy  /(20,21y  /(i1,21) (10,21) (11, 21) {10, 20, 21) (10,11,21) (01, 11, 21)
V/(10) (10, 21) (10,21)  /(00,21) (00,21) /{00, 20,21) (00,11, 21) (00,11, 21)
V(10,20)  /(10,11)  /(00,10) /{00, 11) (00,10, 21) (00,10,21) /(00,01 21)

V(00,10,20)  /(00,10,11) (00,01, 11)
Note that the simplices (10,21), (00, 10,21), and (00,11, 21) of the complement appear multiple
times as faces. We attach simplices to the domain in the following order:

M(10,11,21), @(00,01,11,21), @)(00,10,11,21), @{00, 10,20, 21).

Only the final step involves attaching along a non-inner horn; in that case, the attaching map sends
the leading edge of A3 to (00, 10).

Part 4. The fundamental theorem

Recall that a functor f: C'— D between quasicategories is said to be an equivalence there exists
a g: D — C such that gf and fg are naturally isomorphic to the respective identity functors. When
C and D are ordinary categories, there is a well-known criterion for the existence of such a g,
namely: f is an equivalence if and only if f is fully faithful and essentially surjective. Here

o fully faithful means that Home(z,y) — Homp(f(x), f(y)) is a bijection of sets for every
pair of objects x,y € ob C, and

e essentially surjective means that for every object d € ob D there exists an object ¢ € ob C
such that f(c) is isomorphic to d.

I like to call this fact the Fundamental Theorem of Category Theory. This is non-standard and
frankly pretentious terminology (I am unaware of any standard descriptive name for this result?!). I
want to give this fact a fancy name in order to signpost it, as it is quite nonconstructive: to prove it
requires making a choice for each object d in D of an object ¢ of C such that f(c) ~ d (so it in fact
relies on an appropriate form of the axiom of choice). (Ezercise: prove the “Fundamental theorem”
by first assuming an arbitrary choice of object g(d) € ob C' and isomorphism «(d): f(g(d)) — d for
each object of d, and extending this to the data of a categorical inverse of f.)

217 also don’t know when it was first formulated.
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Ezxample. Fix a field k. Let C be the category whose objects are non-negative integers n > 0, and
whose morphims A: n — m are (m X n)-matrices with entres in k, so that composition is matrix
multiplication. Let D be the category of finite dimensional k-vector spaces and linear maps. Every
basic class in linear algebra proves that the evident functor F': C' — D is fully faithful and essentially
surjective. Therefore F' is an equivalence of categories. However, there is no canonical choice of an
inverse functor, whose construction relies on making an arbitrary choice of basis for each vector
space.

We are going to state and then prove an analogue of this result for functors between quasicategories.
This will first require an analogue of hom-sets, namely the quasigroupoid of maps between two
objects.

30. MAPPING SPACES OF A QUASICATEGORY

Given a quasicategory C and objects z,y € Cj, the mapping space (or mapping quasi-
groupoid) from z to y is the simplicial set defined by the pullback square

mapg¢ (CC, y) — Fun(Ala C)

J |

{(z,y)} —CxC

That is, mapq(z,y) is the fiber of the restriction map Fun(A!, C) — Fun(9A!, C) over the point
(x,%), where we the isomorphism Fun(90A!, C') ~ C x C induced by the isomorphism OA ~ A°TTAY.

If C = N(A) is the nerve of a category, then mapq(z,y) is a discrete simplicial set (2.5)
corresponding to the set Home(z, y).

30.1. Mapping spaces are Kan complexes. The terminology “space” is justified by the following

30.2. Proposition. The simplicial sets mapq(x,y) are quasigroupoids (and hence Kan complexes
by (A)).

This is a special case of the following, applied to Fun(A!,C) — Fun(0A!,C), the restriction
along j = (OA! C Al).

30.3. Proposition. Let C' be a quasicategory, and let j: K — L be a monomorphism which is a
bijection on vertices. Then the fibers of the restriction map p = Fun(j,C): Fun(L,C) — Fun(K, C)
are quasigroupoids.

Proof. Consider a vertex g € Fun(K,C)g, and let F' denote the fiber of p over g, i.e., the pullback
of p along the inclusion {g} — Fun(X,C).

Note that p: Fun(L,C) — Fun(K,C) is a inner fibration, a case of enriched lifting using
InnHornOCell C InnHorn (16.7). Therefore F' — {g}, which is a pullback of p, is also an inner
fibration, so F' is a quasicategory.

To show that the quasicategory F' is a quasigroupoid, it suffices to show that every Ag — F
extends to a 2-simplex. Thus we must consider the lifting problem

f
A2 F Fun(L, C)

L

A? —— {g} —— Fun(K, C)

0
A0}

Since the right hand square is a pullback, it suffices to produce a lift A? — Fun(L, C). Since p(f) is
an identity map and hence an isomorphism in Fun(K, C), by the lifting criterion for conservative
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inner fibrations (28.14) it suffices to show that p is conservative, which is the case by (29.10) since j
is a bijection on vertices. O

30.4. Mapping spaces and homotopy classes. The set of morphisms x — y in a quasicategory
is precisely the set of 0-simplices of mapq(z,y).

30.5. Proposition. Let C be a quasicategory. For any two maps f,g: x — y in C, we have that
f =~ g (equivalence under the relation used to define the homotopy category hC') if and only if f and
g are isomorphic as objects of the quasigroupoid mapq(x,y). That is,

Homy,c(z,y) ~ mo mapq(z,y)

for every pair x,y of objects of C.

Proof. Suppose f, g € mapq(x,y)o are isomorphic, so that in particular there is a morphism f — g
in the quasigroupoid map.(x,y). This amounts to a map A' x A' — C which can be represented
by a diagram of simplices in C' of the form:

g
—_—

T——y
ui/hb/gly

—
f

This explicitly exhibits a chain f ~, h ~; g of homotopies, so f ~ g as desired.
Conversely, if f ~ g, we can explicitly construct a map H: f — ¢ in mapg(x,y): in terms of the
above picture, let h = g, let b be an explicit choice of right-homotopy f ~, g, and let a = ggo1. [

30.6. Extended mapping spaces and composition. Given a finite list zq,...,x, € Cp of
objects in a quasicategory, we have an extended mapping space. These are the simplicial sets
defined by the pullback squares

mapc(zo, . .., Tn) — Fun(A", C)
{(z0,...,2p)} —— Cx(0+D)

where the right-hand vertical arrow is induced by restriction along Sko A" — A", using the
isomorphism Skg A" ~ (AO)H(”+1). By (30.3) the extended mapping spaces are quasigroupoids.

We can compare the extended mapping spaces to the fibers of Fun(I",C) — C x(n+1) which is
seen to be an n-fold product of mapping spaces.

30.7. Lemma. The map

gn: mapg(zo, ..., Tn) = mapo(Tn_1,%n) X -+ X mapqs(xo, 1)

induced by restriction along the spine inclusion I™ C A™ is a trivial fibration. In particular, this
map is a categorical equivalence between Kan complexes.

Proof. The map g, is a base change of p: Fun(A",C) — Fun(/",C). Since I" C A" is inner
anodyne (10.12), and C is a quasicategory, the map p is a trivial fibration by enriched lifting using
InnHorn{Cell C InnHorn (16.7). O

The inclusions 12 ¢ A2 > A{%2} induce restriction maps
Fun(1%, C) + Fun(A", C) — Fun(A{%% ©).



78 CHARLES REZK

Restricting to the fibers over a triple (zg,x1,x2) of objects, we obtain a zig-zag of maps of Kan
complexes

mapc (1, ¥2) X mape(wo, 1) % mapc (2o, 1, 22) — mapg (o, 22),

where the second map is induced by restriction along A{%2} c A2 and the first map g¢» is a
categorical equivalence, and in fact a trivial fibration. After choosing a categorical inverse to go
(perhaps a section, by (20.10)), we obtain a “composition” map

(30.8) comp: map¢ (1, r2) X mape (2o, 1) — mape(wo, ¥2).

This map is not uniquely determined, since it depends on a choice of categorical inverse to go.
However, any two categorical equivalences to g2 are naturally isomorphic (proof?), and therefore
comp is defined up to natural isomorphism. That is, it is a well-defined map in hKan, the homotopy
category of Kan complexes (defined as a full subcategory of hQCat).

30.9. Proposition. The two maps obtained by composing the sides of the square

id X comp
mapc (2, £3) X mape (22, 1) X mape(ro, £1) ——— mape (2, 23) X mape(wo, r2)

comp X idl lcomp

mapc (21, z3) X mape (2o, ¥1) comp mapc (2o, 3)

are naturally isomorphic. That is, the diagram commutes in hKan C hQCat.

Proof. Here is a diagram of simplicial sets which actually commutes on the nose, i.e., not merely in
the homotopy category. I use “(z,y,2)” as shorthand for “mapq(z,y, 2)”, etc.

(w2, 3) X (71, 22) X (20, 21) ¢ (T2, T3) X (X0, T1,T2) — (2, 73) X (20, T2)

1~ 1~ 1~
(71, w2, 23) X (20, 21) +— (20, T1, T2, T3) — (T0, T2, T3)
l 1 l

~

(x1,23) X (20, 21) — (20, 21, 23) —— (20, 3)

The maps labelled “=” are categorical equivalences, and in fact are trivial fibrations. All the maps
in the above diagram are obtained via restriction along inclusions in

A{2’3} U A{l,?} U A{O’l} %A{Q,S} U A{0’1’2} - A{2,3} U A{O,Q}

I- J- I-
AS

A{1’2’3} U A{O’l} ~ A{0’2’3}
A{1,3} U A{O’l} ~ A{0,1,3} A{O’S}

where the maps labelled “=5” are inner anodyne, and which therefore give rise to trivial fibrations
in the previous diagram by the same argument we used to define comp. After passing to hKKan the
categorical equivalences become isomorphisms, and the result follows. ]

30.10. Segal categories. Thus, a quasicategory does not quite give rise to a category “enriched
over quasigroupoids”. Although we can define a composition law, it is not uniquely determined,
and is only associative “up to homotopy”.

What we do get is a Segal category. A Segal category is a functor

M: A°P — sSet

such that
(1) the simplicial set M ([0]) is discrete, i.e., M([0]) = Sko M (]0]), and
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(2) for each n > 1 the “Segal map”
((n—1,n)*,...,(0,1)*)
M([n])

is a “weak equvialence” of simplicial sets.

We will define “weak equivalence” of simplicial sets below. For now, we note that a map between
Kan complezes is a weak equivalence if and only if it is a categorical equivalence, and that if each
M ([n]) is a Kan complex, then so are the fiber products which appear in the above definition.

Given a quasicategory C, we obtain a functor Mg : A°P — sSet by

Mc([0]) := Sko C,
Mc([n]) := Fun(A", C) Xpun(sk, an,cy Fun(Sko A", Sko C)

M ([1]) X arqop - -+ X mrqo)) M([1])

3

~ H mapc(zo, - .., Tn).

0., 2n €CH

This object encodes all the structure we used above. For instance, the zig-zag

Mo([1]) % arqop Me() <22 are(12) 25 ()

is a coproduct over all triples xg, x1,x2 € Cy of the zig-zag (30.8) used to define “composition”.

You also get a Segal category from any “simplicially enriched” category. Suppose C is a (small)
category which is enriched over the category of simplicial sets, with object set obC, and function
objects C(z,z") € sSet for each x,2’. Then we can define M¢: A°P — sSet by

Me([0]) := obC,
Mc([n]) = J[ Clwn-1,2n) x -+ x Clxo, z1).

Z0,...,xn€0bC

We thus obtain functors
QCat — SeCat + sCat

relating quasicategories, Segal categories, and simplicially enriched categories. Simplicially enriched
categories were proposed as a model for co-categories by Dwyer and Kan??2, while Segal categories
were proposed as a model for co-categories by Hirschowitz and Simpson [HS01]?%. All of these
models are known to be equivalent in a suitable sense; see [Ber10] for more about these models and
their comparison.

30.11. The enriched homotopy category of a quasicategory. Given a quasicategory C we
can produce a vestigial version of a category enriched over quasigroupoids, called the enriched
homotopy category of C and denoted HC 24 This object will be a category enriched over hKan,
the homotopy category of Kan complexes, whose underlying category is hC.

We now define HC. The objects of HC' are just the objects of C'. For any two objects x,y € Cj,
we have the quasigroupoid

HCO(z,y) == mapc(z,y)

which we will regard as an object of the homotopy category hKan of Kan complexes. Composition
HC(x1,22) X HC(z0,21) — HC(z0,x2) is the composition map defined above. Composition is
associative as shown above (30.9).

The underlying ordinary category of HC' is just the ordinary homotopy category hC', since

HomhKan(Aoa mapC(x7 y)) ~ Tp Mapc (:B: y) ~ Homhc(x7 y)

22They called them “homotopy theories” instead of “co-categories; see [DS95, §11.6].

231y fact, they generalize this to “Segal n-categories”, which were the first effective model for (oo, n)-categories.

24 urie usually calls this “hC”, though he also uses that notation for the ordinary homotopy category of C that
we have already discussed. I prefer to have two separate notations.
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30.12. Warning. A quasicategory C' cannot be recovered from its enriched homotopy category HC,
not even up to equivalence. In fact, there exist hKKan-enriched categories which do not arise as
HC for any quasicategory C. A proof is outside the scope of these notes; however, we note that
counterexamples may be produced from associative H-spaces which are not loop spaces.

30.13. Ezercise. Let C' and D be quasicategories. Show that there is an isomorphism H(C x D) ~
HC x HD of hKan-enriched categories.

30.14. Exercise. Let C be a quasicategory. Describe how to use the enriched homotopy category
HC' to define, for each morphism f: x — y in C and object ¢ in C, maps

f*: mapq(y, c) — mapqs(z, ¢), f«: mapg(c, ) — mapg(c,y)
in hKan corresponding to pre- and post-composition with f. Show that these fit together to give a

well-defined functor
map(—, —): hC°? x hC' — hKan.

31. THE FUNDAMENTAL THEOREM OF QUASICATEGORY THEORY

31.1. Fully faithful and essentially surjective functors between quasicategories. Note
that any functor f: C' — D of quasicategories restricts to maps mapq(x,y) — map(f(x), f(y)) for
every pair of objects z,y in C. We say that a functor f: C' — D between quasicategories is
e fully faithful if for every pair ¢, ¢’ € Cj, the resulting map mapq(c,c’) — mapp(fe, fc) is
a categorical equivalence, and
e essentially surjective if the induced functor hf: hC' — hD is essentially surjective; i.e., if
for every d € Dy there exists ¢ € Cy and an isomorphism fc — d in Dj.

Another way to say this: f: C' — D is fully faithful and essentially surjective iff the induced
hKan-enriched functor Hf: HC — HD is an equivalence of enriched categories.

31.2. Proposition. If f: C — D is a categorical equivalence between quasicategories, then f is fully
faithful and essentially surjective.

Proof. We already know that Af: hC — hD is an equivalence of ordinary categories, which implies
essential surjectivity.

To show that f is fully faithful, choose a categorical inverse g of f. Given z,y € Cy, consider the
induced diagram of quasigroupoids

af

mape(, y) 1 mapp(fz, fy) — mapc(gfz, gfy) 7 mapp(fgfz, fafy)

fg

We will need the following lemma, which assert that being fully faithful is a natural isomorphism
invariant of functors. Given this, and since ¢gf ~ id¢c and fg = idp, we see that the maps in the
diagram marked gf and fg are categorical equivalences, i.e., they are isomorphisms in the ordinary
category hQCat. Therefore the map marked g and both maps marked f are also isomorphisms in
hQCat, i.e., are categorical equivalences. O

31.3. Lemma. If f, f': C — D are functors which are naturally isomorphic, then f is fully faithful
if and only if f' is.

Proof. Proof needed. Use lemma below? O

The converse is true, but not as straightforward.
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E. Deferred Proposition (Fundamental Theorem of Quasicategory Theory). A map f: C — D
between quasicategories is a categorical equivalence if and only if it is fully faithful and essentially
surjective.

This is a non-trivial result. It gives a necessary and sufficient condition for f: C' — D to admit
a categorical inverse, but it does not spell out how to construct such an inverse. After many
preliminaries, we will give the proof in §39.

31.4. 2-out-of-3 for fully faithful essentially surjective functors. The following result will
be useful in the proof of the fundamental theorem. Recall the 2-out-of-3 property of a class of
morphisms (22.5), and that the class of categorical equivalences has this property (22.9).

31.5. Proposition. The class C of fully faithful and essentially surjective functors between quasicat-
egories satisfies the 2-out-of-8 property.

Proof. Any identity functor id: C — C' is manifestly fully faithful and essentially surjective.

Next note that if a functor f: C — D between quasicategories is fully faithful and essentially
surjective, then the induced hf: hC — hD is an equivalence of ordinary categories. Conversely, if
hf is an equivalence, then f is essentially surjective.

Therefore if C i) D 2 E are functors of quasicategories such that two of {f,g,gf} are fully
faithful and essentially surjective, then the third is also essentially surjective. Thus, we only need to
deal with the fully faithful property, for which there are 3 cases: showing that f, g, or gf is fully
faithful assuming the other two are categorical equivalences.

Given objects z, 2’ € Cy, we have induced maps

/
mapc (2, 2') < mapp(fx, f2') % mapg(gfz, gf ).
Proofs of two of the three cases (for f and for gf) follow immediately using (22.9).
For the case of g, note that if f and gf are categorical equivalences, it follows by the same

argument that mapp(y,y’) 9y map 5(9y, gy’) is a categorical equivalence for any y,y’ in the image
of f: Cy — Dg. This is good enough, which follows from the following lemma. O

31.6. Lemma. Let f: C — D be a functor between quasicategories, and let a: x — y and b: y — 2’
be isomorphisms in C. Then there is a commutative square

mapg(x, 2') *f> mapp (fz, fo')

mapc(y,y') — mapp(fy, fy')

in hKan, where the vertical maps are categorical equivalences (i.e., isomorphisms in hKan) induced
by composition with a and b.

Proof. Use (30.14). O

31.7. Fully faithful and essentially surjective functors between quasigroupoids. The spe-
cial case for quasigroupoids is already interesting. Here, (E) specializes to the “Fundamental
Theorem of Quasigroupoid Theory”, which says that a map f: X — Y between Kan complexes is a
categorical equivalence if and only if it

e induces categorical equivalences mapy (zg, 1) — mapy (fxo, fz1) on “path spaces”, and

e induces a surjection mpX — mY.

31.8. Remark. A mild variant of this says that a map f: X — Y between Kan complexes is a
categorical equivalence if and only if it
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e induces categorical equivalences 2, X — €1;,Y on “loop spaces”, and

e induces an isomorphism mX — mY.
Here Q, X := mapy(x,z). Under the correspondence between quasigroupoids and classical homotopy
theory, this turns out to be an analogue of the Whitehead theorem?’, which says that a map between
CW-complexes is a homotopy equivalence iff it induces an isomorphism on all homotopy groups.

We will prove (E) after first considering the special case of quasigroupoids=Kan complexes.

32. ANODYNE MAPS AND KAN FIBRATIONS

In the next few sections, we will develop some properties related to Kan complexes. As a
byproduct, we’ll obtain the proof of the specialization of (E) to Kan complexes.

32.1. Weak equivalence. Say that a map f: X — Y is a weak equivalence of simplicial sets if
and only if Map(f, G): Map(Y, G) — Map(X, G) is a categorical equivalence for every quasigroupoid
(i.e., every Kan complex) G.

Every categorical equivalence is a weak equivalence, but not conversely. For maps between Kan
complexes, weak equivalences and categorical equivalences coincide, as is straightforward to show
via the same proof as (19.5).

32.2. Proposition. Weak equivalences of simplicial sets satisfy the 2-out-of-3 property.
Proof. Proved just as for categorical equivalences (22.9). O

32.3. Remark. Given the analogy to categorical equivalence, a more sensible name might be
“groupoidal equivalence”. However, the term “weak equivalence” is historically well-established.

32.4. Simplicial homotopy equivalence. A simplicial homotopy inversetoamap f: X — Y
of simplicial sets is a map ¢g: ¥ — X such that there exists a chain of edges in Map(X, X') connecting
idx with gf, and a chain of edges in Map(Y,Y') connecting idy with fg. Such an f is called a
simplicial homotopy equivalence, and of course any homotopy inverse is also a simplicial
homotopy equivalence.

32.5. Proposition. Any simplicial homotopy equivalence is a weak equaivalence.

Proof. First, if f: X — Y is a simplicial homotopy equivalence between Kan complexes, then it is
clearly a categorical equivalence, because Map(X, X) and Map(Y,Y") are quasigroupoids.

In general, suppose K is a Kan complex and consider f*: Map(Y, K) — Map(X, K). By the
same reasoning as used in the proof of (19.5), we see that f* is a simplicial homotopy equivalence
between Kan complexes, so a categorical equivalence. ]

32.6. Anodyne maps and Kan fibrations. Let
Horn = {A7 CA"[n>1, 0<j<n}=RHornULHorn

denote the set of all horn inclusions. A map is anodyne if it is in Horn, and is a Kan fibration if
it is in KFib := Horn?.

Since Horn is a set, the small object argument (13.10) applies to it: any map can be factored
f =pj with 7 € Horn and p € KFib.
32.7. Proposition. We have that Horn[JCell C Horn.

Proof. This amounts to showing Horn[JCell C Horn. See [JT08, Theorem 3.2.2], or [GZ67], or
appendix. [l

25The “Fundamental Theorem of Classical Homotopy Theory”?



STUFF ABOUT QUASICATEGORIES 83

Thus, we have that
Map(L7 X) - Map(Ka X) X Map(K,Y) Map(L7 Y)

is a Kan fibration whenever K C L and X — Y is a Kan fibration, and is a trivial fibration if
K C L is also anodyne.

As a special case, we learn that if X is a Kan complex and K C L, then Fun(L, X) — Fun(K, X)
is a Kan fibration. Here is another consequence.

32.8. Proposition. Every anodyne map is a weak equivalence.

Proof. If f: A — B is anodyne, then Map(f, G) is a trivial fibration for every Kan complex G, and
hence a categorical equivalence (20.9). O

32.9. Exercise. Show that the inclusion {j} C A" of any vertex into any standard n-simplex is
anodyne.

32.10. Ezample. From (32.9) it follows that any map f: A" — A" between standard simplicies is a
weak equivalence, using the 2-out-of-3 property (32.2). Any such f which is not an isomorphism is
an example of a weak equivalence between quasicategories which is not a categorical equivalence.

32.11. Exercise. Let f: X — Y be any map between Kan complexes. Show that f is a Kan fibration
if and only if it is an isofibration. (Hint: Joyal lifting.)

32.12. Exercise. Give an example of an inner fibration between Kan complexes which is not a Kan
fibration.

43

32.13. The universal isomorphism. Let Iso be the “walking isomorphism”, i.e., the category
with two objects 0 and 1, and a unique isomorphism between them. Let u: A' — Nlso be the
inclusion representing the unique map 0 — 1 in Iso.

32.14. Proposition. The map u: A' — NIso is anodyne, and hence a weak equivalence.

Proof. The k-simplicies of N(Iso) are in one-to-one correspondence with sequences xgzy - - - xx with
x; € {0,1}. For each k > 0 there are exactly two non-degenerate k-simplices, corresponding to the
alternating sequences 0101... and 1010....

Let uy: AF — NTso be the non-degenerate simplex 0101 ..., and let Fj, C Nlso be the smallest
subcomplex containing ug. Note that NIso = |J Fy, and Fy = u(A'). The commutative square

A]g E— Fk,1

I

AF R
Uk

is a pushout square for all £ > 1. This is by (21.3), since (1) it is a pullback, and (2) any simplex in
the complement of Fj_; C F} is the image of a unique simplex under uy.
It follows that u is anodyne. O

We obtain as a consquence the following criterion for an edge to be an isomorphism, which we
will use later.

32.15. Proposition. Let C be a quasicategory, and f: Al — C a map representing morphism in C.

Then there exists f': N(Iso) — C such that f'u = f if and only if f represents an isomorphism in
C.

Proof. (=) Clear: consider induced maps on homotopy categories. (<=)If f represents an
isomorphism then it factors through A! — Cre C (. Since the core is a quasigroupoid, and hence
a Kan complex, an extension along the anodyne map v to a map NIso — C C C exists. ]



84 CHARLES REZK

32.16. Remark. Let X C Nlso be the subcomplex which is the union of the images of 2-simplices
010 and 1012, The inclusion v: A' — X representing the edge 01 has the same property described
in (32.15): f: A! — C represents an isomorphism if and only if it extends along v. The proof is
easy: an extension of f to a map f’: X — C exactly encodes a choice of morphism ¢ in C (i.e.,
17((10))) together with explicit homotopies gf ~, 1 and fg ~; 1, (i.e., f/((010)) and f’({101))).

However, it turns out that A! — X is not a weak equivalence (and therefore that X — Nlso is
not a categorical equivalence). In particular, a map X — C to a quasicategry can fail to extend
along X C Nlso.

32.17. Exercise. Show that X — NIso is not anodyne, by constructing a map X — K(Z,2) which
does not extend over NIso. (See (8.11).)

32.18. Covering homotopy extension property. This is the special case of Horn[JCell C Horn
which we will use several times in the next few sections: for any inclusion K C L, the map

(K x A1) Urxgsy (L x{j}) = L x Al
with either j = 0 or j = 1 is anodyne. This amounts to saying that

(K x AYU(Lx {(j}) —3 X

-
-
- p
~
-

LxA'— Y

has a lift whenever p is a Kan fibration. This is sometimes called the “covering homotopy extension

property”.
It may be helpful to think of this in the equivalent form, which asserts a lifting in

{4} %Map(L»X)

—
—
—
—
—
—

A' “— Map(K, X) Xpap(x,y) X Map(L,Y)

when K C L and p: X — Y a Kan fibration. This gets used the following way: to demonstrate
(K C L)@p for a given Kan fibration p and inclusion K C L, we “deform” a lifting problem of this
type along a “path” in the space Map(K, X) Xytap(k,y) Map(L,Y’) of commutative squares to a
lifting problem which we know has a lift.

32.19. Fundamental theorem for Kan complexes: reduction to Kan fibrations. We are
going to show the following

32.20. Theorem. A map f: X — Y between Kan complexes is a weak equivalence if and only if it
18 fully faithful and essentially surjective.

We will prove this by reducing to Kan fibrations.
32.21. Lemma. To prove (32.20), it suffices to prove it for the case when f is a Kan fibration.

Proof. (=) Weak equivalences between Kan complexes are categorical equivalences, and we have
already shown that these are fully faithful and essentially surjective (31.2).

(«<=) Given f between Kan complexes which is fully faithful and essentially surjective, use the
small object argument (13.10) applied to Horn to factor it as

xLvihy,

26T his is isomorphic to the complex discussed in (20.6).



STUFF ABOUT QUASICATEGORIES 85

where j is anodyne and p is a Kan fibration. It follows that V is a Kan complex, j is a weak
equivalence (32.8) between Kan complexes, and so is fully faithful and essentially surjective. Since
the class of fully faithful and essentially surjective maps satisfy 2-out-of-3 (31.5), it follows that p
also has this property. If we can use this to show p is a weak equivalence, it follows that f is a weak
equivalence as desired. O

We will prove the needed special case (that for Kan fibrations between Kan complexes, fully
faithful and essentially surjective implies weak equivalence) in the next couple of sections, after
analyzing Kan fibrations in more detail.

33. KAN FIBRATIONS BETWEEN KAN COMPLEXES

In the next few sections, we are going to be considering various properties of Kan fibrations, with
particular interest in Kan fibrations between Kan complexes.
In particualar, we are going to show that for a Kan fibration p: X — Y where X and Y are Kan
complexes, all of the following are equivalent.
(1) pis a trivial fibration;
(2) p is a weak equivalence;
(3) pis a fiberwise deformation retraction;
(4) p has contractible fibers;
(5) p is fully faithful and essentially surjective.
The equivalence of (2) and (5) will complete the proof of the fundamental theorem for Kan complexs
(32.20). (In fact, (1)—(4) are equivalent without the hypothesis that the objects are Kan complexes,
though we will not prove that in all cases.)

33.1. Fiberwise deformation retraction. A map p: X — Y is said to be a fiberwise defor-
mation retraction if there exists

e 5: Y — X such that ps =idy, and
e k: X x A’ — X such that k|X x {0} = idx, k|X x {1} = sp, and pk = pm, where
7m: X x A = X is projection; that is, the diagram

(idx,sp)

Xx{01}7X
X><A14>X—>Y

comimutes.
Any fiberwise deformation retraction is a weak equivalence: s is a simplicial homotopy inverse to p
(32.5).

33.2. Ezercise. Show that the term “fiberwise” is justified: for each y € Yy, the projection p~!(y) —
{y} of a fiber to its image is a simplicial homotopy equivalence.

33.3. Ezercise. Show that if p: X — Y is part of a fiberwise deformation retraction as above, then
any base change of p is also part of a fiberwise deformation retraction.

Fiberwise deformation retractions of Kan fibrations are always trivial fibrations, as can be shown
with the covering homotopy extension property.

33.4. Lemma. Let p: X — Y be a Kan fibration between simplicial sets. Then p is part of a
fiberwise deformation retraction if and only p is a trivial fibration.
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Proof. [JT08, Prop. 3.2.5]. (=) We need to solve the lifting problem
A L;X
{ v Jp
7/
B — Y

where ¢ is a monomorphism. Using the data s and k of the fiberwise deformation retraction we
obtain a commutative square

(k(axid1),sb)

(AxAl)U(Bx{l})ﬁX
| P J

J - p
BxA'————B——Y

Because p is a Kan fibration and j is anodyne by (32.7), a lift ¢ exists. Then u := ¢|B x {0} is the
desired lift.
(<=) Left as an exercise. O

33.5. Ezercise. Show that any trivial fibration is a fiberwise deformation retraction.

33.6. Trivial Kan fibrations between Kan complexes. We know that trivial fibrations are
always categorical equivalences (20.9). We now show that any Kan fibration between Kan complexes
which is also a categorical equivalence is a trivial fibration.

33.7. Proposition. A Kan fibration p: X — Y between Kan complexes is a trivial fibration if and
only if it is a weak equivalence.

Proof. [JT08, Prop. 3.2.6] (=) We have already shown that trivial fibrations between quasicate-
gories are always categorical equivalences, which implies they are weak equivalences if between Kan
complexes.

(«<=) On the other hand, suppose p is a Kan fibration and a weak equivalence. Being a categorical
equivalence between Kan complexes, p admits a categorical inverse: there exists f: Y — X and
maps u: X x Al - X and v: Y x A = Y which give natural isomorphisms u: fp — idx and
v: pf — idy. We will “deform” this data to a fiberwise deformation retraction.

Step 1. Since Y x {0} C Y x Al is anodyne by (32.7), a lift « exists in

Yx{O}L>X
P

o 7
// J{p
7

Y x Al ——Y

Let s := a]Y x {1}, so ps = idy. The map « exhibits a natural isomorphism «: f — s of functors
Y — X. Since fp is naturally isomorphic to idx, we have idx =~ fp = sp, i.e., there exists a natural
isomorphism w: sp — idx.

Step 2. Consider the natural isomorphism (sp)w: sp = spsp — sp of functors X — X. We have
a commutative diagram

A2 —2 Map(X, X)
P

t
7

A2 Map(X,Y)
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where ag1 = w, agp2 = spw, and b is the degeneracy b = (pw)p11; this commutes since pspw =
pw. Since p is a Kan fibration, so is Map(X,p) by (32.7), and therefore a lift ¢ exists. Let
k= t]A{LZ}: A' — Map(X, X). It is clear that this is a natural isomorphism k: idy — sp, and
that this is “fiberwise”, i.e., pk = bjo = pm as maps X x Al =Y.

Thus, we have exhibited p as a fiberwise deformation retraction, so p is a trivial fibration by
(33.4). O

33.8. Contractible Kan complexes.

33.9. Corollary. Let X be a simplicial set. The following are equivalent.

(1) X is a quasicategory which is categorically equivalent to A°.
(2) X — A is a trivial fibration.
(3) Bvery OA™ — X extends over OA™ C A™.

Such an X is necessarily a Kan complex.

Proof. We have (2) < (3) by definition, and we know that (2) = (1). Given (1), we have that X
is a quasigroupoid, and hence a Kan complex (29.2), and (2) follows by the previous proposition
(33.7). 0

We say that an X satisfying these conditions is a contractible Kan complex.

33.10. Monomorphisms which are weak equivalences. We can now characterize the monomor-
phisms which are weak equivalences, in terms of maps into Kan complexes.

33.11. Proposition. Let j: A — B be a monomorphism of simpicial sets. Then j is a weak
equivalence if and only if Map(j, X): Map(B, X) — Map(A, X) is a trivial fibration for all Kan
complexes X.

Proof. Assume X is an arbitrary Kan complex. We know that Map(j, X) is always a Kan fibration
between Kan complexes by (32.7). We have by definition that j is a weak equivalence iff all
Map(j, X) are weak equivalences, which holds iff all Map(j, X) are trivial fibrations by (33.7). O

33.12. Remark. The class WkEqN Cell of monomorphisms which are weak equvialences is a saturated
class. In fact, using (33.11) it is easy to show that it is the left complement of the class of maps of
the form p™7, where p: X — A is a projection from a Kan complex X, and j: OA™ — A" is a cell
inclusion. Furthermore, WkEq N Cell contains the saturated class Horn of anodyne maps.

It turns out that Horn = WkEq N Cell, i.e., the injective weak equivalences are precisely the same
as the anodyne maps. This is a fairly non-trivial fact, and we will address it again later. Maybe.
As a consequence, it will follow that (33.7) and (33.15) hold without the condition that the objects
be Kan complexes.

33.13. Enriched lifting for Kan fibrations between Kan complexes.

33.14. Proposition. If j: A — B is a monomorphism and a weak equivalence of simplicial sets,
and p: X =Y is a Kan fibration between Kan complezes, then

p~": Map(B, X) — Map(A, X) Xppap(ay) Map(B,Y)

1$ a trivial fibration.

i

Proof. The map p™ is a Kan fibration between Kan complexes, using Horn[JCell C Horn (32.7).
Consider the diagram

4 2
Map(B, X) —— Map(4, X) Xpgap(a.y)y Map(B,Y) —— Map(4, X)

| |

Map(B,Y) Map(A,Y)
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in which the square is a pullback. By (33.11) the maps ¢ and q (p':'i) are trivial fibrations. The
pullback ¢’ of ¢ is also a trivial fibration, and so p’ is a weak equivalence by 2-out-of-3 (32.2), and
therefore a trivial fibration since it is a Kan fibration between Kan complexes (33.7). u

We also obtain another characterization of Kan fibrations between Kan complexes.

33.15. Corollary. A map p: X — Y between Kan complexes is a Kan fibration if and only if j B p
for all j which are monomorphisms and weak equivalences.

Proof. (<=) Straightforward, since inner horn inclusions are monomorphisms and weak equivalences.
(=) Immediate from the previous proposition. O

34. THE FIBERWISE CRITERION FOR TRIVIAL FIBRATIONS
We give another criterion for Kan fibration to be a trivial fibration, in terms of its fibers.

34.1. Fiberwise criterion for trivial fibrations. The fiber p~!(y) of a map p: X — Y over a
vertex y € Yp is the pullback of p along {y} — Y.

If p: X — Y is a trivial fibration, then since TFib = Horn”? we see immediately that every
projection p~!(y) — * from a fiber is a trivial fibration; i.e., the fibers of a trivial fibration are
necessarily contractible Kan complexes.

34.2. Proposition. Let p: X — Y be a Kan fibration. Then p is a trivial fibration if and only if
every fiber of p is a contractible Kan complex.

Proof. We have just observed (=) . So suppose p is a Kan fibration whose fibers are contractible
Kan complexes, and consider a lifting problem

OA™ 2+ X

A
,Jp
s
ot

We will construct a lift ¢ by using the covering homotopy extension property to “deform” this to a
lifting problem involving a single fiber of p, which admits a solution by the hypothesis on the fibers
of p.

Let v: A" x Al — A" be the unique map given on vertices by v(i,0) =i and ~(i,1) = n. Thus
v|A™ x {0} = id, while v|A™ x {1} factors through the vertex {n} C A™. Since (0A™ x {0} C
OA™ x Al) is anodyne by Horn[ICell C Horn, a lift exists in

OA™ x {0} a4 —= X

c/////

8A"><A1>;>A”><A17>A"T>Y

Since by|A™ x {1} factors through a vertex y € Yp, we have a lift d in

DA x {13 AT gy T

[ 7 )

A" x {1} g} ———Y
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since by hypothesis p~!(y) is a contractible Kan complex. Putting this together we obtain a
commutative square
(c,§d)

(DA™ x AY) Uparmery (A" x {1}) —2 x
- /5/ - P
A" x AlZ Y

by
which admits a lift s since (QA™ C A™)J({1} € Al) is anodyne. The restriction ¢ := s|A™ x {0}
provides a solution to the original lifting problem, since t|0A™ x {0} = ¢|0A™ x {0} = a and
pt = (by)|A™ x {0} =b. O

We often apply the above result in the following way.

34.3. Corollary. Suppose
X ——X
pl lp
Y’ ——Y
is a pullback square such that (1) p is a Kan fibration and (2) go: Yy — Yy is surjective. Then p is a

trivial fibration if and only if p' is a trivial fibration. Furthermore, if all objects are Kan complexes,
then p is a weak equivalence if and only if p’ is a weak equivalence.

Proof. The fibers of p all appear as fibers of p’ by (2). Use the fiberwise criterion (34.2) and
(33.7). O

34.4. Criterion for fully faithful map between Kan complexes. As an application of the
fiberwise criterion, we have the following criterion for a Kan fibration between Kan complexes to be
fully faithful.

34.5. Proposition. A Kan fibration p: X — Y between Kan complezxes is fully faithful iff the
induced map

1 1
q= pEl((‘)A CA ): 1\/[ap(A]-7 S{) — Map(A17 Y ) XMap(aAI,Y) Map(aAl,X)
s a trivial fibration

Proof. Consider the pullback square

Hmapx(x,:r’) Map(Al,X)

x,x’
J{ q

H mapy(fa:, f.%',) — Map(A17 Y) XMap(BAl,Y) Ma'p<8A17 X)

z,x’

where the products are over all pairs of elements of Xy. The map along the bottom is a bijection
on vertices. The map ¢ is a Kan fibration by enriched lifting (32.7), and all the objects are Kan
complexes, again using (32.7). The result follows using (34.3). O
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35. FUNDAMENTAL THEOREM FOR KAN COMPLEXES

In this section, we will prove quasigroupoid version of the fundamental theorem (32.20), i.e., that
fully faithful and essentially surjective maps between quasigroupoids (=Kan complexes) are weak
equivalences. We note that we have already reduced (32.21) to the case of Kan fibrations.

35.1. Proposition. A Kan fibration p: X — Y between Kan complexes which is fully faithful and
essentially surjective is a weak equivalence.

Proof. Consider

Map(AL,Y) xy X ™5 Map(al,v) 255 y

where the fiber product is constructed from Map(A!,Y) % Y& X, andi: Y — Map(Al,Y) is

adjoint to the projection Y x Al — Al. Since (1)*i = idy we see that (1)*mj = p.

A straightforward argument shows that the map (0)*: Map(A!,Y) — Y is the projection part
of a fiberwise deformation retraction, with section i; the homotopy is the adjoint to restriction
along a suitable map A! x A — Al. The projection map m: Map(A!,Y) xy X — X is the base
change of (0)* along p, and so is also a fiberwise deformation retraction (33.3), and so is a simplicial
homotopy equivalence, and hence a weak equivalence.

Since myj = idy, it follows that j is a weak equivalence by 2-out-of-3 (32.2). Again using
2-out-of-3, we see that to show p is a weak equivalence it suffices to show that r; := (1)*m is a weak
equivalence.

Now consider the diagram

X j=(ip,idx)

!
™1

Map(ALY) xyxy (X x X) —— X x X —3 X

T T2
id x (id x p)l J{p

Map(AL,Y) xyxy (X xY) —/—5 X xY —5 Y
T1

in which the composite along the bottom is also r1, and the rectangle is a pullback. We complete
the proof using the fiberwise criterion (34.3) to show that r; (which is a Kan fibration) is a trivial
fibration; i.e., we need that p is surjective on O-simplices and that | is a trivial fibration.

First, note that since p is an essentially surjective Kan fibration, p must actually be surjective on
0-simplices, by a straightforward argument using the fact that ({0} C A') & p.

Both projections on the top row are Kan fibrations, since X — A% and Map(A!,Y) —
Map(dAL,Y) are Kan fibrations. Thus r} is a Kan fibration between Kan complexes, so we
only need to show that r] is a weak equivalence, since then (33.7) will give that | is a trivial
fibration.

Now consider

Map(AL, X) % Map(AL,Y) Xppapoaty) Map(9AL, X) =5 X

where ¢ is the evident box-power map. The composite ¢ is equal to the evident restriction map
along {1} C Al. Since {1} C A! is anodyne it follows that r}q is a trivial fibration. Finally, since
p is fully faithful, (34.5) gives that ¢ is a trivial fibration, and hence it follows that 7] is a weak
equivalence by 2-out-of-3. The proof is complete. U

36. ISOFIBRATIONS

In this section, we return to isofibrations, which were defined in (28.6). The moral is that
isofibrations between quasicategories play a role analogous to Kan fibrations between Kan complexes.
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36.1. Characterizations of isofibrations. Recall that a functor f: C' — D between quasicate-
gories is an isofibration if (1) it is an inner fibration, and (2) every

{iy—C

A
g s
/

A17>D

with j = 0 such that f represents an isomorphism admits a lift g which is also represents isomorphism.
Furthermore, it is equivalent to require (2’) instead of (2), where (2) is the same statement with
j=1

Note that C' — * is an isofibration for any quasicategory C' (because identity maps are isomor-
phisms).

We have the following “lifting criterion” for isofibrations.

36.2. Proposition. An map p between quasicategories is an isofibration iff (1) it is an inner fibration

and (2) ({0} C N(Iso)) @ p.

Proof. (<=) Straightforward, using the fact (32.15) that every f: A — D representing an isomor-
phism factors through a map N(Iso) — D.
(=) Let p be an isofibration. To solve the lifting problem

{0} ——

A
Ve
I 8/ J/p
Ve
Ve

N(Iso) —— D

recall from the proof of (32.14) that N(Iso) = |J F}, where F}, is obtained from Fj_; by gluing along
A’g C AF; we construct lifts s: Fj, — C inductively. A lift s;: F; = A — C exists by the definition
of isofibration, and we may assume that s; is an isomorphism in C. Then the Joyal lifting theorem
(28.13) provides lifts s, for k > 2. O

In other words, the isofibrations are precisely the maps between quasicategories which are contained

in (InnHorn U {{0} C N (Iso)})z. In particular, the pullback of an isofibration along a map from a
quasicategory is also a quasicategory.

36.3. Remark. We have deliberately excluded maps between non-quasicategories from the definition
of isofibration. The correct generalization of isofibration to arbitrary simplicial sets is called
“categorical fibration”, and will be discussed later.

Here is another characterization of isofibrations in terms of cores (=maximal sub-quasigroupoids,
defined in (11.5)). Remember that any functor p: C'— D restricts to a functor pre: Cr® — pDeore
between Kan complexes.

36.4. Proposition. A map p: C — D between quasicategories is a isofibration if and only if (1) it
is an inner fibration, and (2) p*°r¢: C°™ — D' s a Kan fibration.

Proof. (=) Let p be an isofibration. Then p®™ is also an isofibration, by an elementary argument.
(The point is that the relevant lifting problems for p® clearly have lifts s with target C, since p is
an isofibration; an easy argument shows that the image of such lifts s must actually land in C°"®.)
Thus have reduced to showing that any isofibration between Kan complexes is a Kan fibration,
which is a straightforward exercise using Joyal lifting (32.11).
(«<=) If p°® is a Kan fibration, then it is immediate that property (2) of an isofibration holds. [

In particular, isofibrations between Kan complexes are precisely Kan fibrations. (This can be
proved directly using Joyal lifting, as in (32.11).)
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36.5. Lifting properties for isofibrations. We are now ready to prove the following proposition,
which will be the key tool in what follows.

36.6. Proposition. Let p: C' — D be an isofibration between quasicategories, and i: K — L any
monomorphism of simplicial sets. Then the induced pullback-power map

p™': Fun(L,C) = Fun(K, C) Xpun(,p) Fun(L, D)
is an isofibration.

Proof. Fix a map p: C' — D between quasicategories. We first note that the class maps i: K — L
such that p™% is an isofibration is saturated. In fact, let S := InnHorn U {{0} C N(Iso)}. Two
applications of (16.4) show that S @ (p™) iff (S0i) @ p iff i @ (p™°). Therefore, (36.2) implies that
the class C := {1 | pl e IsoFib } is the left complement of p7°, and thus saturated.

Therefore, to show that C contains all monomorphisms, it suffices show that it contains i =
(0A™ Cc A™) for n > 0.

Note that we will certainly have that p
InnHorn (16.7).

If n =0, then p* = p so the claim is trivial®’.

Now assume n > 1. Since p™ is an inner fibration between quasicategories, it suffices to solve the
lifting problem

{0} Fun(An, C) ({0} % An) U (Al % aAn) % C

_ T

Al % Fun(0A", C) Xpun(oar,p) Fun(A™, D) -

Di is an inner fibration, using using InnHorn[JCell C

Al xA" — D

where f represents an isomorphism in the target.
The edge f':= (g|A! x A0}) is the same as the composite

A" L Fun(0A™, €) xpungoar p) Fun(A™, €) = Fun(9A™, C) — Fun({0}, C).

Since f is an isomorphism in the fiber product, it follows that f’ is an isomorphism in C. Therefore
a lift exists by the pushout-product version of Joyal lifting (29.12), since n > 1. g

One consequence of the above is that if p is an isofibration and ¢ is a monomorphisms, then
(pDi)Core: Fun(L,C)*"® — (Fun(K, ) X Fun(K,D) Fun(L,D))COre

is a Kan fibration (36.4). It turns out we can replace the target (the core of a pullback) with a
pullback of cores.

36.7. Corollary. If p: C — D is any functor between quasicategories and K C L, then
(36.8) (Fun(K, C) X pun(x,p) Fun(L, D))" = Fun(K, C)°°" X puy(x, pyeore Fun(L, D).

Proof. Both sides of (36.8) can be regarded as subobjects of Fun(K, C) Xpun(x,py Fun(L, D), which
we note is a quasicategory since r: Fun(L, D) — Fun(K, D) is an inner fibration and Fun(X, C) is
a quasicategory. The left-hand side is clearly contained in the right-hand side, since any functor
between quasicategories takes isomorphisms to isomorphisms. By (36.6), r: Fun(L, D) — Fun(K, D)
is actually a isofibration, and so 7°*® is a Kan fibration (36.4). Thus the right-hand side of (36.8) is
a pullback of Kan complexes along a Kan fibration, and thus is a Kan complex, which is necesarily
contained in the left-hand side of (36.8). O

27T his step is the only place in the proof where we actually use the fact that p is an isofibration, and not merely
an inner fibration! In fact, if p is merely an inner fibration, but K¢ = Lo, then pD’ is a isofibration. This proof is
closely related to that of (29.10).
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36.9. Trivial fibrations between quasicategories. Now we can prove a generalization of (33.7),
which identified trivial fibrations between Kan complexes as the Kan fibrations which are weak
equivalences.

36.10. Proposition. Let p: C'— D be a map between quasicategories. Then p is a trivial fibration
if and only if it is an isofibration and a categorical equivalence.

Proof. [Joy08a, Theorem 5.15]. (=) If p is a trivial fibration, it is an inner fibration and ({0} C
N(Iso)) Ap, so it is an isofibration (36.2). We have already shown that p is a categorical equivalence
(20.9).

(«<=) Conversely, suppose p is isofibration and categorical equivalence. It suffices to show that
for any inclusion i: K C L, the map

g = (7 Fun(L, €)™ — Fun(K, C)°® X pun(.pyeore Fun(L, D)

is surjective on 0-simplicies. In fact, we will show that g is a trivial fibration, which implies what
we want. By (36.6), the map p”*: Fun(L,C) — Fun(K, C) X pun(k,p) Fun(L, D) is an isofibration;
by (36.4), the restriction (p~¥)°™ of this map to cores is a Kan fibration; by (36.7), this restriction
is precisely g. Thus g is a Kan fibration between Kan complexes. It will therefore suffice by (33.7)
to show that ¢ is also a categorical equivalence.
The maps
Fun(L,C) — Fun(L, D), Fun(K,C) — Fun(K, D)

are categorical equivalences since p is, and so induce categorical equivalences on cores. These maps
are also isofibrations by (36.6), and therefore the restrictions to cores are Kan fibrations. Thus
Fun(L, C)*" — Fun(L, D)™ and Fun(K, C)°" — Fun(K, D)%™ are Kan fibrations and weak
equivalences between Kan complexes, and thus are trivial fibrations (33.7). Thus in

Fun(L, C)*° % Fun(K, C)* X Fun(K,D)eore Fun(L, D) — Fun(L, D)™

the second map is a trivial fibration being a pullback of Fun (K, p)®', and the composite is a weak
equivalence. It follows that g is a weak equivalence by the 2-out-of-3 property for weak equivalences
(32.2), and the result is proved. O

This proof made essential use of our characterization of trivial fibrations between Kan complexes,
which is why we had to prove that special case first.

Now we show that isofibrations have liftings with respect to all monomorphisms which are
categorical equivalences.

36.11. Proposition. A map p: C — D with D a quasicategory is an isofibration if and only if j A p
for every j: K — L which is both a monomorphism and a categorical equivalence.

Proof. (<=) Immediate from the the characterization of isofibrations as maps between quasicate-
gories in the right complement of InnHorn U {{0} C NIso} (36.2).
(=) Suppose p is an isofibration. It suffices to show that for j € Cell N CatEq,

q: Fun(K,C) — Fun(L, C) Xpun(r,p) Fun(K, D)

is a trivial fibration, whence it is surjective on O-simplices and thus j @ p. Since j is a monomorphism,
(36.6) says ¢ is an isofibration between quasicategories, so by the criterion for an isofibration to
be a trivial fibration (36.10) it suffices to show that ¢ is a categorical equivalence. Since j is
a categorical equivalence both Fun(j,C) and Fun(j, D) are categorical equivalences. The map
Fun(j, D) is also an isofibration by (36.6), so it is a trivial fibration by (36.10). Therefore the
basechange Fun(L, C') X pyy(r,py Fun(K, D) — Fun(L, C) of Fun(j, D) is a trivial fibration, and the
result follows using the 2-out-of-3 property of categorical equivalences (22.9). (|
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36.12. Monomorphisms which are categorical equivalences. We can now prove a generaliza-
tion of (33.11), which characterized the injective weak equivalences.

36.13. Proposition. Let j: K — L be a monomorphism of simplicial sets. Then j is a categor-
ical equivalence if and only if Map(j,C): Map(L,C) — Map(K,C) is a trivial fibration for all
quasicategories C'.

Proof. Straightforward using the fact that Map(j, C') is an isofibration for any inclusion (36.6), and
that isofibrations which are categorical equivalences are trivial fibrations (36.10). g

36.14. Remark. As a consequence of (36.13), we see that the class CellnCatEq of injective categorical
equivalences between simplicial sets is a saturated class: it is the left complement of the class of
maps of the form p™~ where p: C — A is a projection from a quasicategory, and i is a cell inclusion.
Furthermore, this class contains the class of inner anodyne maps.

This class is not the same as InnHorn. For instance, every inner anodyne map is a bijection on
vertices, but {0} — NIso which is not bijective on vertices is an injective categorical equivalence.
Neither is it the same as the saturation of InnHorn U {{0} C NIso}. (Proof?) This is a significant
way in which the theory of quasicategories is not entirely parallel with the theory of Kan complexes.

37. LOCALIZATION OF QUASICATEGORIES

37.1. Quasigroupoidification. Let C be a quasicategory, and X a simplicial set. Let
Fun®) (X, C) C Fun(X, C)

denote the full subquasicategory spanned by objects which are functors f: X — C with the property
that f(X) C Ccore.

Note that Fun®) (X, C) is a quasicategory, but not necessarily a quasigroupoid: for instance,
morphisms are functors f: X x Al — C such that f(X x {0}) € C°™ and f(X x {1}) C C°re,
but need not satisfy f(X x Al) C Ceore.

37.2. Lemma. Consider A' C N(Iso) representing the map 0 — 1 in Iso. The restriction map
Fun(N (Iso), C) — Fun(Al, C) factors through a trivial fibration

Fun(N(Iso),C) — Fun(Al)(Al, Q).

Proof. We've already proved this is surjective on zero-simplices (32.15). In that proof, we noted
that N(Iso) = J Fy with Fj, = Fj,_4 Upk AF and F; = A, and the result was immediate using the
Joyal extension theorem.

To prove this lemma, it suffices to show that each Fun(Al)(Fk, C) — Fun(Al)(Fk_l, () is a trivial
fibration for £ > 2. There are pullback squares

Fun(®") (Fy,C) —— Fun(®") (AF )

J J

Fun(Al)(Fk_l, C)—— Fun(A{O’l})(AIS, C)
so it suffices to solve the lifting problems (0A™ C A™) 1 (Fun(A{o’l})(Ak, C)— Fun(A{O’l})(Alg, )
when n > 0 and k > 0. This adjoints to the lifting problem
f
AT Ak Run(A, €)

|~

AFZ s Fun(9A™, )
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where f is such that for each j € [n] the composite A{%1} — Fun(A™ C) — Fun({j},C) ~ C
represents an isomorphism in C'. By the objectwise criterion for natural isomorphisms (C) we see
that f itself represents an isomorphism in Fun(A™, ('), so the desired lift exists by Joyal lifting
(28.13). O

37.3. Proposition. Leti: X — X' be any anodyne map to a Kan complex X'. Then the restriction
map Fun(i,C): Fun(X’,C) — Fun(X, C) factors through a trivial fibration

¢: Fun(X’,C) — Fun®) (X, C).

Proof. Every edge in X maps to an isomorphism in X’. Therefore Fun(i, C') must factor through
a map ¢ into the subcomplex Fun™) (X, C) C Fun(X,C). We also know that Fun(i,C) is an
isofibration by (36.6), and therefore the map ¢ is also an isofibration. Therefore by (36.10) it is
enough to show that for each such ¢ the map ¢ is a categorical equivalence.

Given any two anodyne maps i: X — X’ and ¢/: X — X" to Kan complexes, there exists a
categorical equivalence f: X’ — X" such that fi =4’ (because Fun(X’, X”) — Fun(X, X") is a
trivial fibration by (32.7)). Therefore in the commutative diagram

Fun(f,C)

Fun(X’, C) Fun(X”,C)

Fun™) (X, 0)

the map Fun(f,C) is a categorical equivalence, so ¢ is a categorical equivalence iff ¢’ is.

Thus, given a simplicial set X, to show that any anodyne i: X — X’ to a Kan complex induces
a categorical equivalence ¢: Fun(X',C) — Fun®) (X,0), it suffices to do so for a single choice of
such an 1.

Now given any simplicial sets X, construct maps f and g of the form

XLy = xuga [[N(so) & X/,

where the coproducts defining Y are taken over all maps A! — X, and ¢ is any inner anodyne map
to a quasicategory. By construction f and g are anodyne, and therefore ¢ = g f is anodyne.

I claim that the quasicategory X’ is actually a Kan complex, i.e., a quasigroupoid, i.e., a
quasicategory such that h(X') is a groupoid. To see this, note that every edge in Y factors through
a map Iso — Y by construction; from this, we see that every edge in the simplicial set Y must be
a preisomorphism, whence its fundamental category hY is a groupoid. Since g is inner anodyne,
hY — hX' is an equivalence, so hX' is a groupoid as desired.

Now Fun(i, C') is the composite of

Fun(X’, C) Fun(e.0), Fun(Y,C) & Fun™) (X, C) € Fun(X, C).
Since ¢ is inner anodyne, Fun(g,C) is a trivial fibration by (36.6). The map p is a pullback of

maps Fun(N(Iso),C) — Fun(Al)(Al, ('), which are also trivial fibrations by (37.2). The result is
proved. O

We write X — Xgka, for any choice of anodyne map to a Kan complex, and call it a quasi-
groupoidification of X. What we have shown is that for any quasicategory C' we get a categorical
equivalence

Fun(Xkan, C) = Fun™) (X, C).

We can apply this construction when X is a quasicategory, or even when X is the nerve of an

ordinary category, and obtain interesting new Kan complexes.
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37.4. Fxample. It turns out that every simplicial set is weakly equivalent to the nerve of some
ordinary category, and in fact the nerve of some poset [Tho80]. Thus, for every Kan complex K,
there exists an ordinary category A and a weak equivalence NA — K, and hence a categorical
equivalence (N A)kan — K between Kan complexes.

We note that there is also a classical groupoidification construction, which given an ordinary
category A produces an ordinary groupoid Agpq by “formally inverting all maps”. We have that
h((NA)kan) = N(Agpa), but in general (N A)kan is not weakly equivalent to N(Agpd)-

37.5. Ezercise. Let A be the poset of proper and non-empty subsets of {0,1,2,3}. Show that Agpq
is equivalent to the one-object category, but that N Axay is not equivalent to the one-object category.
(In the second case, the idea is that the geometric realization of N A is a 2-sphere. Explicitly, you can
prove non-equivalence by showing mo Fun(N A, K(Z,2)) ~ Z, using the Eilenberg-MacLane object
of §8.8.)

37.6. Localization of quasicategories. There is a more general construction, which applies to a
simplicial set X equipped with a subcomplex W C X. Let

Fun™) (X, C) C Fun(X, C)

denote the full subcategory spanned by objects f: X — C such that f(IW) C C". Note that this
really only depends on the 1-simplices in W.

37.7. Proposition. Given an inclusion W C X, choose an anodyne map W — Wxan to a Kan
complex, and then choose an inner anodyne map g: Y := X Uy Wgkan — X' to a quasicategory.
Then for any quasicategory C, the restriction map Fun(X', C') — Fun(X, C) factors through a trivial
fibration

Fun(X’,C) — Fun™) (X, C).

Proof. We have

Fun(X’, C) M) Fun(Y, C) —— Fun™) (X, C)—— Fun(X, C)

J | |

Fun(Wxan, C) — Fun™)(W, C')—— Fun(W, C)

in which both squares are pullbacks. The map Fun(g,C) is a trivial fibration since ¢ is inner
anodyne, while p is a trivial fibration as we have shown (37.3). O

We sometimes write X — Xy for any map X — X " obtained as in the proposition. Note that
any X — X(x) is an example of X — Xkan. The observation is that for any quasicategory C, we
have a categorical equivalence

Fun")(X,C) ~ Fun (X, C).

37.8. Quasicategories from relative categories. A relative category is a pair W C C con-
sisting of an ordinary category C' and a subcategory W containing all the objects of C'. The above
construction gives, for any relative category, a map

C — C(W),

unique up to categorical equivalence. We may call Cy) the localization of C' with respect to W.
It turns out that many quasicategories of interest arise as such localizations.



STUFF ABOUT QUASICATEGORIES 97

38. THE PATH FIBRATION

To prove the fundamental theorem of quasicategories for a general map between quasicategories,
we will reduce to the special case of isofibrations. We do this by means of the “path fibration”
construction, which provides a factorization of a map into a categorical fibration followed by an
isofibration.

38.1. The path fibration for quasicategories. Let f: C' — D be a functor between quasicate-
gories. We define a factorization C' Lp (f) 5D by means of the following diagram.
P

C 1 P(f) = Fan®) (AL, D) —= D

Nl b

C———D
!
Here the the square is a pullback square. The map j is the unique one so that sgj = id¢, and tj is

induced by C ENYSRR Fun(A', D) where 7 is adjoint to the projection D x Al — D. The maps
ri: Fun®)(Al, D) C Fun(A!, D) — D are induced by restriction along {i} c AL

In particular, the objects of P(f) are pairs (¢, ) consisting of an object ¢ € Cjy and an isomorphism
a: f(e) = din D. The map j sends an object c to (c, 1), while p sends (c, @) to d.

The factorization C' % P(f) & D is called the path fibration of f, because of the following.
38.2. Lemmma. The map j is a categorical equivalence and p is an isofibration.

Proof. For i € {0,1} the inclusion {i} C N(Iso) is an equivalence of ordinary categories, hence a
categorical equivalence. Therefore the composite map

Fun(N (Iso), D) % Fun®")(A', D) % D

induced by restiction along {i} C N(Iso) is a categorical equivalence. We have shown (37.2) that ¢
is a trivial fibration, and therefore the r; are categorical equivalences by 2-out-of-3 (22.9).

The restriction map Fun(A!, D) — Fun(dA!, D) = D x D is an isofibration (36.6). We claim that
T Fun(Al)(Al, D) — D x D is also an isofibration. It easily seen that r is an inner fibration, since
Fun(Al)(Al7 D) C Fun(Al, D) is full. To show that r is also isofibration is then straightforward
(e.g., if a@: ap — oy is a natural isomorphism of functors Al — D, and ag(A!) € D, then
Oél(Al) C Dcore)_

Since the projections D x D — D are isofibrations, it follows that the r; are isofibrations, and
hence trivial fibrations since they are categorical equivalences (36.10).

Therefore sg, being a pullback of rg, is a trivial fibration. Therefore P(f) is a quasicategory and
7 is a categorical equivalence.

In the commutative diagram

P(f) —— Fun®)(Al, D)

/ SJ J(r(ro,rl)

D+—CxD——DxD
™ fxidp

the square is a pullback. We have shown that r is an isofibration, and hence so is its pullback s.
Therefore p = 7s is an isofibration, as desired. O
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38.3. The path fibration for Kan complexes. If f: C — D is a functor between quasicategories,
and D is a Kan complex, then Fun(Al)(Al, D) = Fun(A', D), and the diagram defining the path

fibration takes the form
p

€ P(f) = Pun(Al, D) —% D

4>f D

38.4. Proposition. If f: C' — D is a functor between Kan complezes, then j is a weak equivalence
and p is a Kan fibration.

Proof. Immediate. O

39. PROOF OF THE FUNDAMENTAL THEOREM
We are ready to finish the proof of (E), The Fundamental Theorem of Quasicategories.

39.1. Proposition. If f: C — D is a fully faithful and essentially surjective functor between
quasicategories, then f is a categorical equivalence.

We will prove this below. First note that the quasigroupoid version of this result (which we
proved earlier) gives us the following.

39.2. Lemma. If f: C — D is a fully faithful and essentially surjective functor between quasicate-
gories, then f: C°™ — D" 4s a categorical equivalence (in fact, a weak equivalence).

Proof. Note that if f is fully faithful and essentially surjective, so is f°". Apply (32.20). O

Note that the path fibration construction gives us a factorization of f into C' 2 P(f) 2, D, where
j is a categorical equivalence and p is an isofibration. Because both categorical equivalences and
(fully faithful + essentially surjective) are classes which satisfy 2-out-of-3 (22.9), (31.5), proving the
fundamental theorem reduces to the case that f is itself an isofibration.

To prove the isofibration case of (39.1), we will deduce it from the following.

39.3. Proposition. If p: C' — D is an isofibration which is fully fathiful and essentially surjective,
then q¢ = (p=H)°°re: Fun(L, C)*°*® — Fun(K, C)®r® X Fun(K,D)eore FUn(L, D)™ is a trivial fibration
for every monomorphism i: K — L.

Proof that (39.3) implies (39.1). As noted above, it is enough to consider isofibrations p: C — D
which are fully faithful and essentially surjective. By (39.3), for any monomorphism i: K — L the
map g = (p™%)°°™ is a trivial fibration, and therefore surjective on vertices. The core of a quasicategory
has all its objects, and thus the box power map p™*: Fun(L,C) — Fun(K, O) X Fun(k,D) Fun(L, D)
is surjective on vertices. Thuse, we have i 1 p for every monomorphism i, whence p is a trivial
fibration, and thus a categorical equivalence. O

39.4. Proof of (39.3). We start with the following lemma, which says that isofibrations between
quasicategories which are trivial fibrations on cores are characterized by a lifting property.

39.5. Lemma. There exists a set of maps S such that for any isofibration q: C — D between
quasicategories, we have S 14 q iff ¢°°*° € TFib.
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Proof. Given an inclusion K C L of simplicial sets, we can use two applications of the small object
argument (13.10) to construct
K —— Kgan

| I

L r Lian

in which the square is pushout, the horizontal maps are anodyne, and the objects Kkan and Lgan
are Kan complexes. (So K — Kgan, and L — L,y are examples of quasigroupoidification as in
(37.1).

We will show that (K C L) 4 ¢°" iff (Kgan C Lkan) @ ¢. The lemma will follow immediately by
taking S = {(8An)Kan C (An)Kan | n >0 }

(=) Suppose (K C L) 4 ¢°*®. Since Kkan and Li,, are Kan complexes, any maps from them
to quasicategories must factor through cores. Thus it suffices to find a lift in the right-hand square
of

K— KKan KKan ﬁ ceore

-z
/S/ - - - // qcorc
B /’/// //s”
- ="
L L'= Lgan — D™

By hypothesis, a lift s exists, and therefore a lift s’ since the left-hand square is a pushout. Because
L' — Lian is anodyne and ¢ is a Kan fibration (36.4), an extension to a lift s” exists.
(«<=) Suppose (Kkan € Lkan) @ ¢q. Consider a lifting problem

K a Ccore

2
7 core
< q
s
s
L pcore

Because C°°™ is a Kan complex and K — Kxa, is anodyne, the map a factors through some
a': Kgan — C°', and there is a unique compatible map b': L' — D" from the pushout along
K C L. Again, V' factors through b”: Lkan — D". Thus we have extended the original square to
a diagram

K—— KKan . KKan 2 gcore P C
R s
<A q

//// —
L Ll LKan DCOI‘e D

bl/
A lift ¢ exists by hypothesis, and since Lk,, is a Kan complex it factors through a unique lift ¢
(using that C°°*® — C' and D" — D are monomorphisms). The composite L — Lga, — C*¢ is
the desired lift. O

Fix an isofibration p: C — D between quasicategories which is fully faithful and essentially
surjective. Consider the class
Cp:= {i | i is a monomorphism and (p~")°® € TFib }.
The statement of (39.3) amounts to showing that C, contains every monomorphism.
39.6. Lemma. The class Cp is saturated.
Proof. First note that for any monomorphism i, the map p™ is an isofibration since p is (36.6).
Using the set of maps S provided by the previous lemma (39.5), for a monomorphism ¢ we have

that (pP)cre C TFib iff S @ (p™) iff i @ (pP5). Thus C, is the intersection of 2 (p=) with Cell, and
so is saturated. O
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39.7. Lemma. Let p: C — D be an isofibration between quasicategories. If K C L, and if (& C K)
and (@ C L) are elements of Cp,, then (K C L) € C,,.
Proof. Consider the commutative diagram

Map(L7p)C0re

Map(L, C)*" —— (Map(K, C) Xnpap(x,p) Map(L, D))" —— Map(L, D)<

Di)core

(p J J

Map(K, C)core Map(K, D)COI"G

Map(K,p)°°re

where the square is a pullback (36.7). By hypothesis, both Map(K, p)®*® and Map(L, p)°°™ are
trivial fibrations, whence ¢ is also a trivial fibration. By 2-out-of-3, we have that (p™?)®'® is a
categorical equivalence. Since p is an isofibration, we have that (p™)°°® is a Kan fibration (36.6),
(36.7) between Kan complexes, and therefore is a trivial fibration (33.7) as desired. O

Next we observe that (& C A") € C, if p is fully faithful and essentially surjective.

39.8. Proposition. If p: C'— D is an isofibration which is fully faithful and essentially surjective,
then Fun(A™, C)°" — Fun(A"™, D) is a trivial fibration for all n > 0.

Proof. In the case n = 0, this means showing that p®*¢: C°"® — D' is a trivial fibration, which
we have already observed (39.2).
For n > 1, consider the diagram

H mapc(co, - -, Cn) Fun(A™, C)*"¢
C05---,Cn un(An’p)core
HqCO ..... cnl J(q
H map p, (pco, - . . , pen ) —— (CXMHL)core X (pxnt1yeore Fun(A", D) —— Fun(A", D)
J
€05--+Cn
><\£L+1 Xnil core (pxn+1)core an{Ll core
Co (Gl (D7)

in which all the squares are pullbacks. The map r is a base change of (p*mt1)core. (Cxntljcore
(D*nt1)core which is isomorphic to the (n 4 1)-fold product of p®©*®: C*® — D¢ which we have
just noted is a trivial fibration. Thus, r is a trivial fibration, so it will suffice to show that ¢ is a
trivial fibration, for which we will use the fiberwise criterion (34.3).

We know that pH(SkoA"CA™) g an isofibration (36.6), and thus g = (pH(SkoA"CA™)jcore jg o
Kan fibration (36.4). Because p is an essentially surjective isofibration, p®™ is surjective on
vertices, and thus j is surjective on O-simplices. Thus by the fiberwise criterion (34.3) we need
to show that [[qe,..c, is a trivial fibration. Since coproducts of trivial fibrations are trivial
fibrations (20.2) we thus reduce to showing that each g, .., (which is a Kan fibration between
Kan complexes being a pullback of ¢) is a weak equivalence, and hence a trivial fibration (33.7).
This is immediate from the fact that p is fully faithful and induces maps compatible with the weak
equivalences mapg(co, ..., ¢p,) — mapgo(co, 1) X -+ - X mapg(cp—1,¢,) and mapp(pco, ..., pen) —
mapp (pco, pc1) X + - - map p(Pen—1, pen).- O

Proof of (39.3). As we have already noted it suffices to show that
CellC C, = {i| i€ Cell, (p7") c TFib}

for any fully faithful and essentially surjective isofibration p: C'— D. As C, is saturated (39.6), it
is enough to show that (OA™ C A™) € C, for all n > 0. We will do this by induction on n.
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For the case n = 0, this is immediate from (39.8). For n > 1, suppose we have (A C AF) € C,
for k < m. Since OA™ is equal to its own (n — 1)-skeleton, skeletal filtration (15.16) gives that
(@ C 0A™) € Cp. Then use (39.7) and (39.8) to conclude that (OA™ C A™) € C,, as desired. O

Part 5. Model categories
40. CATEGORICAL FIBRATIONS

A map p: X — Y of simplicial sets is a categorical fibration if and only if j &7 p for all j
which are monomorphisms and categorical equivalences. I'll write CatFib for the class of categorical
fibrations.

Categorical fibrations generalize isofibrations. In fact, a map p: C' — D with D a quasicategory
is a categorical fibration if and only if it is an isofibration, as we proved in (36.11).

40.1. Proposition. A map p: X — Y of simplicial sets is a trivial fibration if and only if it is a
categorical fibration and a categorical equivalence.

Proof. (=) We have already proved this: (?7) and (??). (<) If p is a categorical fibration and a

categorical equivalence, factor p as X L 7L Y with j a monomorphism and ¢ a trivial fibration.
Then the usual argument shows that p is a retract of ¢, using the fact that j @ p since j is a
categorical equivalence by 2-of-3. O

40.2. Proposition. Ifp: X — Y is a categorical fibration and j: K — L is a monomorphism, then
q: Map(LvX) — Map(Ka X) X Map(K,Y) Map(L’Y)
is a categorical fibration. Furthermore, if either j or p is also a categorical equivalence, then so is q.

Proof. For the first, let i: A — B be a monomorphism which is a categorical equivalence. We have
i q iff ({07) @ p. By definition of categorical fibration, it suffices to show that i(Jj is a categorical
equivalence, i.e., to show Map(ilJj, C') is a categorical equivalence for every quasicategory C. In fact,
Map(i, C) is an isofibration and a categorical equivalence, hence a trivial fibration, and therefore
jOMap(i, C).

If p is also a categorical equivalence, then it is a trivial fibration, and the result follows.

If j is also a categorical equivalence, then for any monomorphism i, we have i 1 ¢ iff (iC0j) @ p iff
j 2 (7). But p is a categorical fibration by what we have just proved, so the result holds. [

40.3. Categorical fibrations and the small object argument. Clearly, CatFib = (Cell N

Ca‘cEq)z is a right complement to a class of maps. We would like to know that CatFib is the right
complement to a set of maps; then we could use the small object argument to factor any map into
an injective categorical equivalence followed by a categorical fibration.

Unfortunately, it’s apparently not known how to write down an explicit set of maps S so that
SY = CatFib. What is known is that such a set ezists.

40.4. Proposition. There exists a set S of maps of simplicial sets such that S = Cell N CatEq,
whence SY = CatFib.

In the rest of this section we will sketch a proof. The idea is to show that CatFib is the right
complement of the class of all injective categorical equivalences K — L for which the number
of simplices in K and L is bounded by some explicit cardinal x. We obtain S by choosing one
representative for each isomorphism class in this class; then S is a set because of the cardinality
bound.

We will define a detection functor F': Fun([1], sSet) — Fun([1], Set) on categories of morphisms.
This will have the following properties:

e For each map f: X — Y, the map F(f) is a monomorphism of sets.
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e Amap f: X =Y is a categorical equivalence if and only if F'(f) is a bijection.
e The functor F' commutes with k-filtered colimits for some regular cardinal .
e The functor F' takes x-small simplicial sets to x-small sets.

We define F' as the composite of several intermediate steps.

Step 1: Recall that the small object argument gives a functorial way to factor a map f as f = pi,
with i € S and p € S2. “Funtorial factorization” means that we get a section of the functor
Fun([2], sSet) — Fun([1], sSet) defining composition.

We can apply this using S = InnHorn. Thus, given any simplicial set, we functorially
obtain an inner anodyne map X — Xqcat to a quasicategory Xqcas. As a result, we have a
functor f — fqcat: Fun([1], sSet) — Fun([1], sSet), with the property that f is a categorical
equivalence if and only if fqcat is, and both source and target of fqcat are quasicategories.

Step 2: Form the path fibration Q(f): P(fqcat) = Yqcat of fqcat- The map Q(f) is thus an
isofibration between quasicategories, and is a trivial fibration if and only if f is a categorical
equivalence.

Step 3: Write Q(f): X’ — Y'. Define E(f) to be the map of sets

E(f): []Hom(A", X') — [ Hom(0A™, X") X trom(oan vy Hom(A", Y").

Thus, f is a categorical equivalence if and only if E(f) is surjective.
Step 4: Write E(f): Eo(f) — E1(f), and define F(f) by

F(f): colim[Ey(f) xg,(5) Eo(f) = Eo(f)] = E1(f).

In other words, F'(f) is the map from the image of E(f) to E1(f). Thus, F(f) is always a
monomorphism, and f is a categorical equivalence if and only if F'(f) is a bijection.

There exists a regular cardinal x such that F' commutes with k-filtered colimits, and takes x-small
simplicial sets to x-small sets. (In fact, we can take x = w™, the sucessor to the countable cardinal).
Using the detection functor, we can prove the following key lemma.

40.5. Lemma. Let f: X CY be an inclusion which is a categorical equivalence. Fvery k-small
subcompler A CY is contained in a k-small subcomplex B C'Y with the property that BN X C B
18 a categorical equivalence.

Proof. For a subcomplex A C Y let f4 denote the inclusion AN X C A. The collection of all k-small
subcomplexes of Y is k-filtered. Thus

COhmn—small ACY F(fA) = F(f)7

which we have assumed is an isomorphism. Thus for any k-small A C there must exist a x-small
A’ D A such that a lift exists in
Fo(fa) — Fo(far)

Fi(fa) — Fi(f)

This is because Fj(f4) is a k-small set, so any lift Fi(f4) — Fy(F) factors through some stage of
the k-filtered colimit.

We use transfinite induction to obtain a sequence {4;} indexed by i < k, where at limit ordinals
we take a colimit. Set B := colim A;. Because « is regular |B| < k, and we have that F(fg) is an
isomorphism by construction. O

Consider the collection of monomorphisms i: A — B such that i is a categorical equivalence and
|B| < k. Choose a set S of such spanning all isomorphism classes of such maps; this is a set because
of the cardinality bound. Clearly S C Cell N CatEq.
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40.6. Proposition. We have S = Cell N CatEq.

Proof. [Joy08a, D.2.16]. Given an injective categorical equivalence X C Y, we consider the following
poset P. The objects of P are subobjects P C Y such that X C P so that the inclusion X — P is
contained in S. The morphisms of P are inclusions P — @ of subobjects of Y which are contained
in S. Because S is saturated, the hypotheses of Zorn’s lemma apply to give a maximal element M
of P. Since X CY is assumed to be a categorical equivalence, 2-out-of-3 gives that M C Y is a
categorical equivalence.

If M =Y we are done, so suppose M # Y. Then there exists a x-small A C Y not contained
in M, which by the above lemma can be chosen so that AN M C A is a categorical equivalence,
and thus an element of S. The pushout M C AU M of this map is thus in S contradicting the
maximality of M. O

In particular, we learn that every map can be factored into an injective categorical equivalence
followed by a categorical fibration.

41. THE JOYAL MODEL STRUCTURE ON SIMPLICIAL SETS

41.1. Model categories. A model category (in the sense of Quillen) is a category M with three
classes of maps: W, Cof, Fib, conventionally called weak equivalences, cofibrations, and fibrations,
satisfying the following axioms.

e M has all small limits and colimits.

e W satisfies the 2-out-of-3 property.

e (Cof "W, Fib) and (Cof, Fib N W) are weak factorization systems (13.12).
Conventionally, an object X is cofibrant if the map from the initial object is a cofibration, and
fibrant if the map to the terminal object is a fibration.

41.2. Remark. The third axiom implies that Cof, Cof N W, Fib, and Fib "W are closed under
retracts.

41.3. Ezercise. Show that in a model category (as defined above), the class of weak equivalences is
closed under retracts. Hint: construct a factorization of f which is itself a retract of a factorization
of ¢°8.

41.4. Ezercise (Slice model categories). Let M be a model category, and let X be an object of M.
Show that the slice categories My, and M,y admit model category structures, in which the weak
equivalences, cofibrations, and fibrations are precisely the maps whose images under M ,x — M or
M, — M are weak equivalences, cofibrations, and fibrations in M.

41.5. The Joyal model category.

41.6. Theorem (Joyal). The category of simplicial sets admits a model structure, in which

o W = categorical equivalences (CatEq),

e Cof = monomorphims (Cell),

e Fib = categorical fibrations (CatFib).
Furthermore, the fibrant objects are precisely the quasicategories, and the fibrations with target a
fibrant object are precisely the isofibrations.

Proof. Categorical equivalences satisfy 2-out-of-3 by (22.9). We have that

e Cof = Cell by definition,
e FibN'W = TFib = Cell® by (40.1),

281 many formulations of model categories, weak equivalences being closed under retracts is taken as an axiom.
The formulation we use is described in Riehl, “A concise definition of a model category” [Rie09], which gives a solution
to this exercise.
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e Cof "W = S for some set S (40.4),
e Fib = CatFib = (Cof N W)¥ = S¥ by definition,
so both (Cof N W, Fib) and (Cof, Fib N W) are weak factorization systems via the small object
argument (13.10). Thus, we get a model category.
We have shown (36.11) that the categorical fibrations p: C' — D with D a quasicategory are
precisely the isofibrations. Applied when D = x, this implies that quasicategories are exactly the
fibrant objects, and thus that fibrations with fibrant target are precisely the isofibrations. O

41.7. Remark. 1t is a standard fact that a model category structure is uniquely determined by its
cofibrations and fibrant objects. Thus, the Joyal model structure is the unique model structure on
simplicial sets with Cof = monomorphisms and with fibrant objects the quasicategories.

41.8. Cartesian model categories. Recall that the category of simplicial sets is cartesian closed.
A cartesian model category is a model category which is cartesian closed, with the following
properties. Suppose i: A — B and j: K — L are cofibrations and p: X — Y is a fibration. Then
[ ]
i0j: (AX L)Uaxg (Bx K)— BxL
is a cofibration, and is in addition a weak equivalence if either ¢ or j is also a weak equivalence,
and

ij : Map(L7 X) - Map(Ka X) X Map(K,Y) Map(Lv Y)
is a fibration, and is in addition a weak equivalence if either j or p is also a weak equivalence.
In fact, we only need to specify one of the above two properties, as they imply each other.

41.9. Proposition. The Joyal model structure is cartesian.
Proof. This is just (40.2). O

42. THE KAN-QUILLEN MODEL STRUCTURE ON SIMPLICIAL SETS

A map p: X — Y is a groupoidal fibration if and only if j&Ap for all j which are monomorphisms
and weak equivalences. I write GpdFib for the class of categorical fibrations.

42.1. The Kan-Quillen model structure.

42.2. Theorem (Cisinski). The category of simplicial sets admits a model structure, in which

o W = weak equivalences,

o Cof = monomorphims,

e Fib = groupoidal fibrations.
Furthermore, the fibrant objects are precisely the Kan complexes, and the fibrations with target a
fibrant object are precisely the Kan fibrations.

Proof. This goes very much the same way as the Joyal model structure, and I won’t spell it out
in detail. First build a detecting functor F' so that a map f is a weak equivalence iff F(f) is a
bijection; this is just as in the categorical equivalence case, except that we make use of functorial
replacement X +— Xk, by Kan complexes, rather than by quasicategories. Using this, we can
show that Cell " WkEq = S and GpdFib = S? for some set S, giving the factorization system
(Cof N W, Fib).

We know that trivial fibrations are weak equivalences and are certainly groupoidal fibrations. The
converse is proved just as in the categorical fibration case (40.1). This gives the other factorization
system (Cof, Fib N W).

We have already proved that Kan fibrations between Kan complexes have the lifting property
of groupoidal fibrations (33.15), so the statements about fibrant objects and fibrations to fibrant
objects follow just as in the categorical case. O
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42.3. Proposition. The Quillen model structure is cartesian.

Proof. We must show that p™7 is a groupoidal fibration if j is a monomorphsm and p a groupoidal
fibration, and also that it is a weak equivalence if either j or p is. This is proved by an argument
nearly identical to the proof of (40.2). O

42.4. Kan fibrations are groupoidal fibrations. The above model structure was actually first
produced by Quillen. In Quillen’s formulation, the fibrations were taken to be the Kan fibrations.
In fact, this is the same model structure, by

42.5. Proposition (Quillen). KFib = GpdFib.

We will not give a proof of this here. The non-trivial part is to show that KFib C GpdFib; note
that we already know that a Kan fibration between Kan complexes is a groupoidal fibration by
(33.15). This is usually done via an argument (due to Quillen) based on the theory of minimal
fibrations. See for instance Quillen’s original argument [Qui67, §11.3] or [GJ09, Ch. 1].

These arguments work by showing that KFib is the cosaturation of the class of Kan fibrations
between Kan complezes. In fact one can even show that every Kan fibration is a base change of a
Kan fibration between Kan complexes, see [KLV12].

43. MODEL CATEGORIES AND HOMOTOPY COLIMITS

We are going to exploit these model category structures now. The main purpose of model
categories is to give tools for showing that a given construction preserves certain kinds of weak
equivalences.

43.1. Creating new model categories. Given a model category M, many other categories related
to it can also be equipped with model category structures, such as functor categories Fun(C, M)
where C' is a small category. We won’t consider general formulations of this here, but we will
consider some special cases.

As an example, we consider the case of C' = [1] = {0 9, 1}.

43.2. Proposition. There exists a model structure on N := Fun([1], M) in which a map a: X — X’
18
e a weak equivalence if a(i): X (i) = X'(i) is a weak equivalence in M for i = 0,1
e a cofibration if a(i) is a cofibration in M for i =0,1, and
e a fibration in M if both a(1) and the map (X (01),a(0)): X(0) — X(1) xx:1) X'(0) are
fibrations in M.

Proof. Tt is clear that N has small limits and colimits, and that weak equivalences in it have the
2-out-of-3 property. It remains to show that (Cof "W, Fib) and (Cof, FibNW) are weak factorization
systems.
Let a: X — X’ be a map in NV. Choose
e a factorization X (1) — Y (1) — X'(1) of a(1) of the form Fib o Cof N W, and
e a factorization X (0) — Y(0) = X'(0) x x/1) Y(1) ...

43.3. Reedy lemma.

43.4. Proposition (Reedy lemma). Let F': M — N be a functor between model categories which
takes trivial cofibrations to weak equivalences. Then I takes weak equivalences between cofibrant
objects to weak equivalences.
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Proof. Let f: X — Y be a weak equivalence between cofibrant objects in M. Form the commutative
diagram

where the square is a pushout, and we have chosen a factorization X I1Y — C' — Y into a cofibration
followed by a weak equivalence (e.g., a trivial fibration). Because X and Y are cofibrant, the maps
X — XIIY < Y are cofibrations. Using this and the 2-of-3 property, we see that a and b are
trivial cofibrations. Applying F gives

F(X)—
F(a)

in which F(b) and F'(a) are weak equivalences by hypothesis, whence F'(b) is a weak equivalence by
2-0f-3, and therefore F'(f) = F(p)F(b) is a weak equivalence, as desired. O

The opposite of a model categry is also a model category, by switching the roles of fibrations and
cofibrations. Thus, there is a dual formulation of the Reedy lemma.

43.5. Proposition (Reedy lemma, dual form). Let G: N' — M be a functor between model categories
which takes trivial fibrations to weak equivalences. Then G takes weak equivalences between fibrant
objects to weak equivalences.

43.6. Quillen pairs. Given an adjoint pair of functors F': M < N : G between model categories,
we see from the properties of weak factorization systems that

e F preserves cofibrations if and only if G preserves trivial fibrations, and
e F preserves trivial cofibrations if and only if G preserves fibrations.

If both of these are true, we say that (F,G) is a Quillen pair.
Note that if (F,G) is a Quillen pair, then the Reedy lemma (43.4) applies to F, and the dual
form of the Reedy lemma (43.5) applies to G.

43.7. Good colimits. We can apply the above to certain examples of colimit functors.

43.8. Ezxercise. Let S be a small discrete category (i.e., all maps are identities). Show that if M is a
model category, then Fun(S, M) is a model category in which a: X — X' is

e a weak equivalence, cofibration, or fibration iff each a,: Xy — X! is one in M.
Thes show that colim: Fun(S, M) < M : const is a Quillen pair, and use this to prove the next
proposition.

43.9. Proposition. Given a collection fs: X5 — X! of weak equivalences between cofibrant objects
in M, the induced map I fs: 1] Xs — [[ X} is a weak equivalence.

43.10. Exercise. Let V be the category

02129

Show that if M is a model category, then Fun(V, M) is a model category in which a: X — X' is
e a weak equivalence if a(i): X (i) — X'(i) is a weak equivalence for i = 0,1,2 (i.e., an
objectwise weak equivalence), and is
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e a cofibration if «(0) and a(1) are cofibrations, and the evident map X (2)Ux 1) X'(1) — X'(2)
is a cofibration.

Then show that colim: Fun(V, M) < M : const is a Quillen pair, and use this to prove the next
proposition. (Hint: determine what the fibrations in Fun(V, M) must be according to the lifting

property.)
43.11. Proposition. Given a natural transformation o: X — X' of functors V.— M, i.e., a
diagram

X'(12
X'(0) —— x'(1) X x7(9

in which the vertical maps are weak equivalences, all objects X (i) and X'(i) are cofibrant, and
the maps X (12) and X'(12) are cofibrations, the induced map colimy X — colimy X' is a weak
equivalence.

43.12. Exercise. Let w be the category
0—=1—=2—---

with objects indexed by natural numbers. Show that if M is a model category, then Fun(w, M) is a
model category in which a: X — X' is

e a weak equivalence if each a(i) is a weak equivalence,
e a cofibration if (i) a(0) is a cofibration, and X'(i) Ux(;) X (i +1) — X'(i + 1) is a cofibration
for all ¢ > 0.
Then show that colim: Fun(w, M) = M : const is a Quillen pair, and use this to prove the next
proposition.

43.13. Proposition. Give a natural transformation «: X — X' of functors w — M such that all
maps «(i): X (i) = X'(i) are weak equivalences, all objects X (i) and X (i') are cofibrant, and the
maps X (1) — X (i+1) and X' (i) — X'(i+1) are cofibrations, the induced map colim,, X — colim,, X'
s a weak equivalence.

In the Joyal and Quillen model structures, all objects are automatically cofibrant, which makes
the above propositions especially handy.

We will call any colimit diagram in a model category, satisfying the hypotheses of one of (43.9),
(43.11), (43.13) a good colimit. Thus, we see that good colimits are homotopy invariant. These
“good colimits” are examples of what are called homotopy colimits.

Since the opposite of a model category is also a model category, all of the results of this section
admit dual formulations, leading to the observation that good limits are homotopy invariant.

43.14. Exercise. State and prove the dual versions of all the results in this section.

44. A SIMPLICIAL SET IS WEAKLY EQUIVALENT TO ITS OPPOSITE

Recall the opposite construction X — X°P on general simplicial sets. We will now prove the
following, which is a kind of a generalization of the fact that every groupoid is isomorphic to its
own opposite.

44.1. Proposition. Fvery simplicial set X is weakly equivalent to its opposite, in the sense that
there exists a zig-zag of weak equivalences connecting X and X°P.

Note that for any ordinary groupoid G, it is straightforward to construct an isomorphism G — G°P,
by sending each map to its inverse. Unfortunately, this proof cannot be replicated in our setting,
even if we assume that X is a quasigroupoid.
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44.2. Remark. Here is one possible proof (in some sense, the most natural proof). Note that there is a
homeomorphism of geometric realizations | X | ~ | X°P|. Then use the fact that geometric realization
induces an equivalence h(sSet, WkEq) ~ h(Top, WkEq). Of course, we haven’t actually proved this
fact about homotopy categories yet.

I’ll give some different proofs which are internal to simplicial sets. I do this in part because it’s
interesting to see how this is done, but also because it allows me to set up some technology which
will be useful later.

44.3. General “singular” and “realization” functors. Consider a functor C': A — A into
some category A, i.e., a cosimplicial object in A. Often we write C™ € A instead of C([n]) for
the values of this functor, and so write C'* for the whole functor. In most of our examples, we will
actually have A = sSet, so C*® will be a cosimplicial simplicial set.

Given such a C*, realization and singular functors are an adjoint pair

Re = Rege: sSet &2 A : Sige = Si
associated to C'*. The singular functor Si is always defined, and is defined by
(SiX), := Homgget (C([n]), X),

with simplicial operators induced by the fact that C' is a functor on A. The left adjoint Re is defined
if A is cocomplete®.

44.4. Exercise. Show that if A is cocomplete, and X € sSet, then

Re X ~ Cok ]_[ ]_[ ij]_[ ]_[ crl.

fi [m]—[n] zeXn [p] z€Xp
(Part of the exercise is to figure out what the two maps are.)

44.5. Example. For the cosimplicial space Af,: A — Top taking [n] to the topological n-simplex,
ReA:(,p and SIA:OP are just the usual geometric realization and singular complex functors.

44.6. Example. For the tautological functor A®*: A — sSet sending [n] — A", the functors Reae
and Sipe are isomorphic to the identity functor on simplicial sets.

44.7. Example. For the functor (A®)°? = A® oop: A — sSet, the functors Reaeoop and Siaecop are
both isomorphic to the opposite functor X — X°P.

44.8. The cosimplicial object Iso®. Consider Iso®: A — sSet, where Iso” is the (nerve of the)
groupoid with objects {0,1,...,n} and unique isomophisms between every object. This has
corresponding realization and singular functors

Re = Repgoe : sSet — sSet : Sifgee = Si.

There is an evident natural transformation a: A® — Iso®, by the unique functors [k] — Iso* sending
object j to j. This gives an adjoint-related pair of natural transformations

Nx: X — Regee X, €x: Sipgee X — X.

If we precompose with op, we obtain a cosimplicial object Iso® o op = (Iso®)°P. One sees that
there are natural isomorphisms

(44'9) ReIso oop ™~ (Relso ) p7 SlIso oop ~~ (Sllso ) p7

and that the evident natural transformation acoop: A®ocop — Iso®ocop gives rise to an adjoint-related
pair of natural transformations

/o, [¢) /. : o
Nx: X ReIso'oop X, €x: SlIso'oopX — X°P,

29This means that A has colimits for all functors F: B — A from small categories B.
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Furthermore, under the isomorphisms of (44.9) the maps 1’y and €y are identified with nxor and
€Xxop.

44.10. Ezxercise. Prove the statements of the previous paragraph.

Although A® and A® o op are not isomorphic as functors A — sSet, it is the case that Iso® ~
Iso® o op, using the isomorphisms of categories Iso” — Iso™ given on objects by x — n — . Putting
all this together, we obtain natural transformations

. . €
X ™5 Repeoe X & Repgge XOP <22 XP X (X Gip o X A& Sijgge X X2 XOP,

We’ll show that that nx, and hence nxor, are always weak equivalences, and that ex, and hence
exop, are weak equivalences whenever X is a Kan complex. In the following, Re = Rep,* and
Si = Sijgge.

44.11. Lemma. For each monomorphism K — L, the induced map (Re K) lIx L — ReL is a
monomorphism. In particular,

e Re preserves monomorphisms and Si preserves trivial fibrations, and
e 11: L — Re L s always a monomorphism.

Proof. Formally, it is enough to check the case of 0A™ C A™. To see this, check that the lifting
problems

(ReK)Ux L—— X L ——8iX
R
Rel — v L7 (SiY) xy X

are equivalent. This means we need to show that all monomorphisms are contained in the saturated
class 2C, where C is the class of all the maps (Sip,ex): SiX — (SiY) xy X such that p € TFib,
which means we only need to show that Cell is contained in it.

This is a calculation: Re(0A™) — Re(A™) = N(Iso™) is isomorphic to inclusion of the subcomplex
K C N(Iso"™) whose k-simplices are sequences zg — --- — xj, such that {zo,...,zx} # {0,...,n}.
To show this, use the fact that A™ is a colimit of its (n —1)-dimensional faces along their intersections,
and that Re preserves colimits. The image of the simplex (0,1,...,n) in Re(A") intersects K
exactly in its boundary, so (Re 9A™) Ugan A™ — Re A™ is a monomorphism as desired. O

44.12. Remark. Given any natural transformation \: F' — G of functors, and map f: X — Y, we
get induced maps

F(Y)Upx) G(X) = G(Y), F(X) = F(Y) Xgy) G(X).

These can be thought of as a variant of the “box” construction we’ve considered elsewhere (26.5),
but associated to the “evaluation pairing” Fun(sSet, sSet) x sSet — sSet rather than a functor
sSet x sSet — sSet.

44.13. Skeletal induction. The next step is to show that K — Re K is a weak equivalence for
every simplicial set K. To do this, we will use the following bit of machinery.

44.14. Proposition (Skeletal induction). Let C be a class of simplicial sets with the following
properties.

(1) If X € C, then every object isomorphic to X is in C.
(2) Every A™ e C.
(3) The class C is closed under good colimits. That is:
(a) any coproduct of objects of C is in C;
(b) any pushout of a diagram Xy < X1 — Xo of objects in C along a monomorphism
X1 — X2 18 1N C,‘
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(c) any colimit of a countable sequence Xg — X1 — X9 — -+ of objects in C, such that
each Xy — Xpi1 18 a monomorphism, is in C.

Then C is the class of all simplicial sets.

Proof. This is a straightforward consequence of the skeletal filtration (15.16). To show X € C, it
suffices to show each Sk, X € C by (3c). So we show that all n-skeleta are in C by induction on

n, with base case n = —1 (the empty simplicial set), which is really a special case of (3a). Since
Sk, 1 X C Sk, X is a pushout along a coproduct of maps 0A™ = Sk,,_1 A" — A™, this follows
using (2), (3a), (3b), and the inductive hypothesis. O

44.15. Proposition. For every simplical set X, the map X — Re X is a weak equivalence.

Proof. Let C be the class of X such that n: X — Re X is a weak equivalence. We verify the
hypotheses of the above proposition. Property (1) is obvious.

To prove property (2) recall that nai: Al — Iso! is anodyne (32.14). We can identify nan» as a
retract of (na1)*™: (A1)*"™ — (Iso!)*™, which is necessarily anodyne since a product of an anodyne

map with any identity map is anodyne (similar to (21.9)). The retractions A" EN (A1yxn 2y An
and Tso” L (Isot)xm Iy Iso™ are maps which are given on vertices by
f(k)=(1,...,1,0,...,0), glki,...,ky) =max{j|k;j=1}.
k k
n

Property (3) involves colimits, which in every case are good colimits. In each case, we need to
show that a map colim X; — Recolim X; is a weak equivalence when each X; — Re X, is. The
functor Re preserves colimits and monomorphisms (44.11), so in every case we are comparing good
colimits, so the result follows from (43.9), (43.11), (43.13). O

We thus obtain the desired result.
44.16. Corollary. FEvery simplicial set is weakly equivalent to its opposite X°P.
Proof. Both maps in X 2% Re X ~ Re X°P <X X°P are weak equivalences (44.15). O

44.17. Proposition. For each monomorphism K — L, the induced map (Re K) g L — ReL is a
monomorphism and a weak equivalence.

Proof. Both squares

K—" LReK Re K —9 L ReK
L—— (ReK) ik L ReL —4 3 RelL

are good pushouts, using (44.11). The evident map from the left square to the right square is a
weak equivalence at the upper left, upper right, and lower left corners (44.15), so the result follows
from the invariance of good pushouts (43.11). O

44.18. Corollary. If p: X — Y is a Kan fibration, then Si X — SiY xy X is a trivial fibration. In
particular, if X is a Kan complex, then Si X — X is a trivial fibration.

In particular, for any Kan complez X, both maps in X < Si X ~ Si X°P
fibrations.

Proof. Straightforward, using (44.17). O

€xop ..
—— X°P qre trivial

44.19. Remark. The object Re X is not generally categorically equivalent to X.
It can be shown that if C' is a quasicategory, then SiC' is categorically equivalent to C°®.
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45. INITIAL AND TERMINAL OBJECTS, REVISITED

Recall the definition of initial and terminal objects in a quasicategory. One characterization was:
z is an initial object of C' iff the left fibration p: €, — C' is a trivial fibration, and a terminal
object iff the right fibration p’: C/, — C'is a trival fibration.

When C' is the nerve of an ordinary category, these reduce to the usual definitions of initial
and terminal object. In this case, there is an equivalent characterization: z is initial if and only
if Homg(z,y) is a singleton set for all objects y of C, and terminal if and only if Hom¢c(y, z) is a
singleton set for all .

We would like to generalize this to the case of quasicategories.

F. Deferred Proposition. An object x of a quasicategory is initial if and only if mapy(x,c) is
contractible for all objects ¢ of C, and terminal if and only if map-(c,z) is contractible for all
objects ¢ of C.

To prove this, you need to be able to relate mapping spaces of a quasicategory to the join/slice
constructions that we used to define initial and terminal. We will establish such a relation in the
next few sections.

45.1. Right and left mapping spaces. Let x,y be objects of a quasicategory C. We define the
right mapping space mapg(:v, y) and left mapping space mapé(x, y) by pullback diagrams

map@(z,y) — Cyy mapg(z,y) — C,
A ————C A————C

where the maps labelled 7 are the evident forgetful maps.

For instance, an n-simplex of mapg(x, y) is precisely a map a: A"t — C such that a]A{O’“""} is
the constant simplex at x, and a|A{”+1} = y. In particular, a O0-simplex in mapg(az, y) is a morphism
x — y in C, while a 1-simplex in mapg(a;, y) is a 2-simplex in C exhibiting the ~, relation between
two maps, which we used to define the homotopy category in §9.

Recall (26.14) that when C' is a quasicategory, the maps C,; — C and C/, — C are left fibrations
and right fibrations respectively. Thus both mapZ(x,y) and map5(z,y) are Kan complexes, by the
following.

45.2. Ezercise. Show that if X — AY is a left fibration or a right fibration, then X is a Kan complex.
(Hint: Joyal lifting.)

Furthermore, by the above remarks relating 1-simplices in the right and left mapping spaces to
the homotopy relation, we have that mo mapZ(x, y) ~ mo mapZ(z, y) ~ Hompc(z, y).

We will show below that both mapf(z,y) and mapZ(z,y) are actually weakly equivalent to the
standard mapping space mapq(x,y).

45.3. Box products and right and left anodyne maps. Recall that InnHorn[JCell C InnHorn
(16.7) and Horn[OCell C Horn. We have an analogous fact for left or right anodyne maps.

45.4. Proposition. We have that LHorn[JCell C LHorn and RHorn(Cell C RHorn.

Proof. See appendix. O
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45.5. Fiberwise criterion for trivial fibrations, revisited. Recall the fiberwise criterion for
trivial fibrations (34.2): a Kan fibration p is a trivial fibration if and only if the fibers of p are
contractible Kan complexes. In fact, this still holds if we only know p is a left or right fibration.

45.6. Proposition. Suppose p: X — Y is a right fibration or left fibration of simplicial sets. Then
p s a trivial fibration if and only if it has contractible fibers.

Proof. [Lur09, 2.1.3.4]. Let’s consider the case of p: X — Y a left fibration. The direction (=) is
immediate, so we only need to prove (<=) .

We attempt to carry out the argument of the proof of (34.2), and show that (0A™ C A™) @ p for
all n > 0. The case of n = 0 is immediate, since the fibers of p must be non-empty, since they are
contractible, so we can assume n > 1.

Examining that proof of (34.2), we see that we used only the hypothesis that p is a Kan fibration
in order to have that

(OA™ x {0} coA™ x AYy@p,  ((0A™ c AMT({1} c AY)) @p.

In the first case, the inclusion (QA™ x {0} C JA™ x Al) is left anodyne by (45.4), so the lifting
problem stil has a solution when p is only a left fibration.

In the second case, we need to argue a little differently. In the proof of (34.2) this lifting problem
appears when producing a lifting (for n > 1) in a diagram of the form

n n (c,4d)
(DA™ x AY) Uganseqiy (A" x {1}) ——3 X

—
—
—
—
—
— 4
-~ s

—

A" x AlZ Y
by

Pulling back along the factorization of the bottom map by, we obtain a diagram

(DA™ x A1) Uganxq1y (A" x {1}) —3C X
|
- - S
A" x Al A" Y
v b

where the right-hand square is a pullback. Observe that (i) p’ is a left fibration, and hence an inner
fibration, between quasicategories, and that (ii) the map ~ (as defined in the proof of (34.2)) sends
the edge {n} x A! to the degenerate edge (nn) in A™. Therefore we can apply the pushout-product
version of Joyal lifting (29.12) to produce a lift s'. O

45.7. Corollary. An object x of a quasicategory C' is initial if and only if mapg($, ¢) is contractible
for all objects ¢ of C, and is final if and only if mapé(c,a:) is contractible for all objects ¢ of C.

Proof. The fibers of the left fibration C,, — C' are precisely the right mapping spaces mapg(x, c).
By what we just proved (45.6) these fibers are all contractible if and only if C,, — C is a trivial
fibration, which we have noted (25.4) is equivalent to = being initial in C'. O

46. THE ALTERNATE JOIN AND SLICE

We now want to compare the right and left mapping spaces, which are fibers of the projections
C,y — C and C), — C, to the ordinary mapping spaces, which are fibers of Fun(Al,C) —

Fun(dA!,C). We do this using constructions called the “alternate join” and “alternate slice”
[Lur09, §4.2.1].
Given an object x in C, consider the map

q: FUH(AI,C) X Fun({0},0) {l‘} - Fun({1}70) =C
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induced by restriction along {0} C Al. Note that the fiber of ¢ over some object ¢ of C' is precisely
the quasigroupoid mapq(x,c). The domain of ¢ is an example of what we will call the “alternate
slice” construction, for which we will use the (unmemorable) notation C*/.

46.1. Ezercise. Show that if C' is an ordinary category, then C*/ is isomorphic to the usual slice
category C,/, and g is isomorphic to the usual projection p: C,; — C'.

For a general quasicategory, g is not isomorphic p. What is true is that there is a commutative
diagram

x/—>0$/ = Fun(Al, C) ) XFun(fo},c) {7}

N7

The map f sends a simplex a: A* — Cz, which corresponds to a: AR+l 5 C such that ag = z, to
a simplex in C%/ corresponding to ar: A¥ x Al — C, where r: AF x A — A*H1 ig the unique map
given on vertices by r(i,0) =0, 7(i,1) = ¢ + 1.

The characterization (F) of initial objects in terms of contractible mapping spaces thus amounts
to the claim that p is a trivial fibration if and only if ¢ has contractible fibers. In fact, we’ll prove
that

e both p and ¢ are left fibrations,

e f is a categorical equivalence.
Because p and ¢ are left fibrations, they are trivial fibrations iff their fibers are contractible (45.6).
Because f is a categorical equivalence, p is a categorical equivalence if and only if ¢ is by 2-out-of-3
(22.9). The result follows because p and ¢ are in particular isofibrations (28.10), and an isofibration
is a trivial fibration if and only if it is a categorical equivalence (36.10).

In other words, we can regard C*/ as an alternate version of the slice construction, so we call it
the “alternate slice”. It is related to an alternate version of the join, denoted X ¢ Y and called the
“alternate join”, which we define first.

46.2. The alternate join. Given simplicial sets X and Y, define the alternate join by the
pushout diagram
(X x{0}xY) I (X x {1} xY)— X x Al xYV

| |

(X x {0} x AT (A’ x {1} xY)—— X oY
where the maps on top and left are induced by the evident inclusion and projection maps.
The alternate join comes with a natural comparison map
XoY — X «Y,

defined as follows. Using the recipe of (23.9) for constructing maps to a join, we get a map
X x A XY = X %Y corresponding to the triple (g,f(o),f(l))7 where g: X x Al x Y — Al
fO: X x {0} xY — X, and fU: X x {1} x Y — Y are the evident projections. A similar
procedure produces compatible maps to X xY from the other vertices of the pushout square defining
X ¢oY. Note that the comparison map induces a bijection on vertices.

46.3. Ezample. We have
XoA%~ (X x AY) /(X x {1}), AVoY ~ (Al xY)/({0} x Y),

simplical sets obtained by collapsing subcomplexes to a single point. These come with evident maps
XoA?—» X and AoY — Y.
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Like the true join, X 0 ~ X ~ @¢ X, and the functors X o—: sSet — sSety, and —oY: sSet —
sSety, commute with colimits.

Warning: when X and Y are non-empty, X x Al x Y — X oY is surjective, but this is not the
case when either X or Y are empty.

Unlike the true join, the alternate join is not monoidal: (X ¢Y)o Z % X ¢ (Y ¢ Z) in general.
Also, the alternate join of two quasicategories is not usually a quasicategory.

The alternate join is a categorically invariant construction.

46.4. Proposition. The alternate join ¢ preserves categorical equivalences in either variable. That
is, if Y — Y is a categorical equivalence, then so are X oY — X oY andY o Z —Y' o Z.

Proof. The ¢ product is constructed using a “good” pushout, i.e., a pushout along a cofibration.
The result follows because both products and good pushouts preserve categorical equivalences
(43.11). O

46.5. Alternate slice. Given p: S — X and ¢: T — X, we define the alternate slices X?/ and
X/ via the bijective correspondences

Soo » / goT . /
1 — {K --» XV}, 1 = (K --» X/1},
SOKB‘»X K<>T>‘X

just as we defined ordinary slices using joins. These constructions give right adjoints to the alternate
join functors:

So(—): sSet = sSetg, : (p xr/, (=) oT: sSet = sSety, : (q X/9).
Alternate slices are “functorial” in exactly the sense that ordinary slices are (24.13): a sequence

of maps T ENFN i> Y induces X?/ — YPi/ and X/P — Y /1P,
46.6. Exercise. Show that there are pullback squares of the form

XP s Map(S x A, X) X s Map(A! x S5, X)
X ﬁMap(S x {0}, X)) x Map(S x {1}, X) X ﬁMap({O} x S, X) x Map({1} x S, X)
p’c C’p

where p: X — Map(S, X) is adjoint to X x S 2% § 2 X, and ¢: X — Map(S, X) is adjoint to
X xS 2% x 4 x

Using the adjunction relation between joins and slices, and alternate joins and slices, the natural
comparison map X ¢Y — X xY induces natural comparison maps on alternate slices. That is,
given p: S — X and ¢q: T'— Y we have natural comparison maps

X,) = X? and Y, - Y/

46.7. Joins, slices, and function complexes. Recall the function complex Map(X,Y) € sSet,
defined for any pair of simplicial sets X, Y. Recall also (20.13) the relative function complex under
S, which for objects p: S — X and ¢: S — Y in sSetg, is a simplicial set

Mapg/(X,Y) := Map(X,Y) Xnap(s,y) {a}
with bijective correspondences

KxSLOj>S

{KW»MaPS/(X,Y) } == Q idxp| La
KxX--3Y
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natural in the simplicial set K. The set of vertices of Maps/(X, Y) is precisely the set
Hom,get g, (X,Y) of morphisms in the category sSetg;.
Given X and p: S — Y, we have join/slice adjunctions

Homget (X, Yp/) ~ Homssets/ (S*X,Y), Homget (X, Y/p) ~ Homssets/ (XxS8,Y).
We now construct maps
Map(X,Y),/) — Mapg, (S * X,Y), Map(X,Y),) = Mapg,(X xS, Y).

which are natural in both X and p, and which on vertices are exactly the join/slice adjunctions. We
will call these the enriched adjunction maps for join/slice; they are not isomorphisms in general.
I write this out in the case of slice-over, by constructing a transformation

{K"»Map(x,yp/) } — { K - - + Mapg/ (S X, Y) }

natural in the simplicial set K. Applying the product/function complex adjunction, and the
join/slice adjunction, this amounts to defining natural maps

Sxo K x (S%2) 2% g
l — 1 |»
Sx(KxX)--2Y Kx(S+«X)---Y

Thus it suffices to produce natural maps
Kx(S*X)—S*(K xX)

which in the case that X = @ reduce to the projection map K x § — 5. We take this to be the
map corresponding by (23.9) to the triple (g, f{oy, f{1}) so that g is the composite

Kx(8%X)—= Kx(A"*xAY%) = AP x A0 = Al
and
FO =proj: K x (S+@2) =5, fY=id: K x (@xX) = K x X.

It is now straightforward to derive explicit formulas for the desired transformation (by specializing
to K = A™), and to show that is is natural.

46.8. FEzercise. Construct a natural “distributivity” map K x (X xY) — (K x X)x (K x Y).

46.9. Alternate joins, alternate slices, and function complexes. We can carry out the same
procedure for alternate joins and slices, to obtain maps

Map(X,Y?/) = Mapg/(So X,Y),  Map(X,Y/?) = Mapg/(X ©5,Y)

which are natural in both X and p, and which on vertices are exactly the alternate join/slice
adjunctions. We will call these the enriched adjunction maps for alternate join/slice.

Tracing through the same steps as in the previous section, we see that (in the first case) we need
natural maps

Kx(SoX)— So(K xX)

which when X = @ reduce to the projection map K x.5 — S. In this case it is entirely straightforward
to construct such a map, since both objects are naturally quotients of the product K x S x Al x X ~
S x Al x K x X. In fact, examination of the constructions shows that the evident diagram

KXSLS

J |

Kx(SoX)——So(KxX)
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is a pushout square. (Ezercise: prove this.) Given this consideration, we see that we have actually
defined natural isomorphisms

Map(X,Y?/) = Mapg,(So X,Y),  Map(X,Y/?) 5 Mapg/(X ©S,Y).
Furthermore, these natural isomorphisms are compatible with the transformations for join/slice.

46.10. Proposition. The evident diagrams

Map(X,Y,/) — Mapg,/(S* X,Y) Map(X,Y),) — Mapg/ (X x 5,Y)
Map(X, Y?/) —— Mapg, (S o X,Y) Map(X,Y/?) —— Mapg, (X © S,Y)

commute.
Proof. This amounts to showing that the evident diagram

Kx(SoX)——So(K x X)

J |

Kx(S*X)—— Sx(K x X)
commutes, which we leave to the reader. O

Below we will show that if Y = C' is a quasicategory, then all of the maps in these diagrams are
categorical equivalences. As a consequence, we will obtain categorical equivalences C,, — C?/ and

C/p — C/p
47. EQUIVALENCE OF THE TWO JOIN AND SLICE CONSTRUCTIONS

47.1. The enriched adjunction map for joins/slices preserves isomorphism classes of
objects. We now consider the natural maps

Map(X, C),;) — Mapg, (S * X, C), Map(X,C/,) — Mapg, (X x S,C)
in the case when p: S — C is a map to a quasicategory C. In this case both sources and targets of
the natural maps in question are themselves quasicategories, and both induce bijections on sets of

objects. Eventually we will show that these functors are categorical equivalencs. Right now we will
just prove that these functors induce bijections on isomorphism classes of objects.

47.2. Proposition. For X a simplicial set and p: S — C a map to a quasicategory, the enriched
adgunction map for join/slice induces bijections

~ ~

wo(Map(X, Cp/)core) — T (Maps/(S*X, C)Core), Wo(Map(X, C/p)core) — wo(Maps/(X*S, C’)Core),

Proof. We give the proof in the slice-over case. Since the enriched adjunction map gives a bijection
on objects, it suffices to prove injectivity on sets of isomorphism classes. o

Let fo, f1: X — C},; be objects of Map(X, C,/), which correspond to objects fy, f1: S+ X = C
of MapS/(S * X, (), with E\S =p. If ﬁ) and fl are isomorphic objects, then there exists a map
Nlso — Mapg,(S * X, C) representing such an isomorphism (32.15). The data of such a map

amounts to a an arrow J?ﬁtting in the commutative diagram

S C Map(NTso, C)
S*xX CxC

(fo.f1)
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where C' — Map(NIso,C) — C x C are induced by restriction along * <— Nlso < {0,1}. Write
D = Map(NIso,C) and p: S — D for the map along the top of the rectangle. Applying the
join/slice adjunction, we see that we have a diagram

Dﬁ/

P
X oy Cet % Cv

That is, we have produced an object f in Map(X, D; /) which under the two evident projections
mo, M1 Map(X, Dp/) — Map(X, C) is sent to fo and fi respectively.

We have that both projections D — C are trivial fibrations, whence so are both projections
Dy — Cy (this needs a proof), and hence both projections 7y and 7;. Considering the induced

commutative diagram
/id—) Map(X, Cp))
=

Map(X, Cp/) *>Map(X, Dﬁ/) .

T 3
" Map(X, Cp/)

we see that every arrow in this diagram is a categorical equivalence, and therefore both 7y and m;
induce the same bijection on isomorphism classes on objects. Therefore fo and f; are isomorphic
objects, as desired. ([l

47.3. Equivalence of join and alternate join. The key result of this section is the following.

47.4. Proposition. The canonical comparison map X oY — X xY is a categorical equivalence for
all simplicial sets X and Y.

What we have proved implies the categorical invariance of the usual join.

47.5. Corollary. The join x preserves categorical equivalences in either variable. That is, if Y — Y’
is a categorical equivalence, then so are X Y — X xY' and Y xZ = Y' x Z.

Proof. Immediate using (47.4), the invariance of the alternate join under categorical equivalence
(46.4), and the 2-out-of-3 property of categorical equivalences (22.9). O

The proof is based on the following general strategy.

47.6. Proposition. Let a: F — F’ be a natural transformation between functors sSet — M, where
M is some model category. If

(1) F and F' preserve colimits,
(2) F and F' take monomorphisms to cofibrations,
(3) F and F' take inner anodyne maps to to weak equivalences in M, and
(4) a(AY): F(AY) — F'(AY) is a weak equivalence in M,
then a(X): F(X) — F/(X) is a weak equivalence in M for all simplicial sets X.

Proof. [Lur09, 4.2.1.2] Consider the class of simplicial sets C := { X | a(X) is a weak equivalence }.
We use skeletal induction (44.14) to show that C contains all simplicial sets.

It is clear that C is closed under isomorphic objects. Because F' and F’ preserve colimits (1) and
cofibrations (2), they take good colimit diagrams in sSet to good colimit diagrams in M. Since
good colimits are weak equivalence invariant (43.9), (43.11), (43.13), we see that C is closed under
forming good colimits. It remains to show that A™ € C for all n.
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We have Al € C by (4). Since A is a retract of Al we get that A? € C since weak equivalences
in M are closed under retracts (41.3).

The spines I" can be built from A and A! by a sequence of good pushouts (glue on one 1-simplex
at a time), so the I"™ € C. The inclusions I" C A" are inner anodyne (10.12), so by (3) and the
2-out-of-3 property of weak equivalences in M it follows that A™ € C. O

We will apply this idea to functors sSet — sSetx/, where the slice category sSety, inherits its
model structure from the Joyal model structure on sSet (41.4).

Proof of (47.4). The functors X o (=), X x (=), (=) ¢ X, (=) » X : sSet — sSetx, satisfy the first
three properties required of the functors in the previous proposition (47.6). That is, they (1)
preserve colimits, (2) take monomorphisms to monomorphisms, and (3) take inner anodyne maps
to categorical equivalences. Condition (3) for ¢ follows from (46.4), while condition (3) for % this
follows from (26.11) since InnHorn C LHorn N RHorn.

Thus, to show X ¢Y — X xY is a categorical equivalence for a fixed X and arbitrary Y, it
suffices by the previous proposition to show that X ¢ A! — X x Al is a categorical equivalence.
The same argument lets us reduce to the case when X = Al, i.e., to showing that a single map
f: Ao Al — Al x Al is a categorical equivalence.

We will show f is a categorical equivalence by producing a map g: A' x Al — Al ¢ Al such that
fg =ida1,a1 and Gf is preisomorphic to the identity map of Al o Al, via (20.7) .

Since Al o Al is a quotient of a cube, we start with maps involving the cube. I will write vertices
in (A1) as sequences (ajaga3) where a; € {0,1}. Let

fr(AH 5 A3 = Al % Al

be the map which on vertices sends

(aragas) — sup{k |ap=1}.

On passage to quotients this gives the comparison map f: Al ¢ Al — Al « Al of the proposition.
Let g: A3 — (A1)*3 be the map classifying the simplex ((000), (100), (110), (111)), and let
g: A® = Al o Al be the composite with the quotient map. We have fg = idas = f3.
Let h € Map((AY)*3, (A1)*3)g and a,b € Map((A1)*3, (A1)*3); be as indicated in the following

picture.

010 010 /1%0\
TN N
110 000 011 110 000 011 110 000 111

T T TYE X1 ) T <1

a

100 111 001 <«—— 100 111 000 —— 100 111 000

~N TS N TS ~N T

101 100 100

id h gf
These pass to simplices h, @, b in Map(A' oAl Al o Al). The edges @ and b are preisomorphisms, as

aorb

one sees that for each vertex v € (A'oA'), the induced maps A' x {v} € Al x(AloAl) === AloAl
represent degenerate edges. Thus fg and gf are preisomorphic to identity maps, and hence f is a
categorical equivalence as desired. ([l

47.7. Equivalence of slice and alternate slice.

47.8. Proposition. For any quasicategory C and map p: S — C, the comparison maps C,, — cr/

and C;, — C/? are categorical equivalences.
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Proof. We do the first case. We use the following fact: if f: A — B is a functor between quasicat-

egories, then f is a categorical equivalence if and only if the induced maps g (Fun(X , A)Core) —

(Fun(X , B )Core) are bijections for all simplicial sets X. I probably did this before somewhere.
Recall (46.10) that we have a commutative diagram

Map(X, C,/) — Mapg, (S x X, C)

J |

Map(X, C?/) —— Mapg, (5o X,C)

in which the bottom map is an isomorphism. By (47.2) the top map is a bijection on isomorphism
classes of objects By (47.4) So X — S+ X is a categorical equivalence, and thus the right-hand map
is a categorical equivalence, and hence a bijection on isomorphism classes of objects. It follows that
the left-hand map is a bijection on isomorphism classes of objects, and the proposition is proved. [

47.9. Corollary. For any quasicategory C and map p: S — C, the enriched adjunction maps
Fun(X, C,/) — Mapg, (S x X, C) and Fun(X, C/,) — Mapg,(X xS, C) are categorical equivalences.

47.10. Alternate pushout-join. Just as we defined the “pushout-join” H, we can define the
“alternate pushout-join” ©: given f: A — B and ¢g: K — L, we obtain

fog: (BOK) UAok (AOL) — Bo L.
47.11. Proposition. We have that
RHornw Cell U Cellw LHorn C Cell N CatEq.

Proof. We'll show that RHornwCell C CellNCatEq. It is straightforward to show that the &-product
of two monomorphisms is a monomorphism. Thus, it suffices to show that for f: A — B right
anodyne and any inclusion g: K — L, the map f © g is a categorical equivalence. We know that
RHorn @ Cell € InnHorn C CatEq (26.11), so f ® g is a categorical equivalence. Furthermore, in

(BoK)Ugox (AoL)—— Bo L

J

(BxK)Uapwx (AxL)—— BxL

the vertical maps are categorical equivalences; this uses the result proved above (47.4), as well as
the fact that since f and g are monomorphisms, the domains of f ©g and f ® g are constructed
from good pushouts. 0

Question: is LHorn g Cell C InnHorn?

47.12. Proposition. Given K ENY AN C, if C is a quasicategory and j is a monomorphism, then
crl — CPil s a left fibration, and C/P — C/PI is a right fibration.

Proof. Follows from LHorn g Cell C Cell N CatEq and Cell @ RHorn C Cell N CatEq. O

47.13. Equivalence of various mapping spaces. Finally we can prove our original goal.

47.14. Proposition. For any quasicategory C and object x € Cy, the natural comparison maps
mapZ(z,y) — mapg(z,y) < maph(z,y) are weak equivalences.

Proof. In

Cpp—t s o

A
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the map f is a categorical equivalence (47.8) and p and ¢ are left fibrations by (??) and (?7?)
respectively, and hence are categorical fibrations (??). It follows that the induced maps on
fibers mapg(:v, ¢) — mapq-(x, ¢) are categorical equivalences and hence weak equivalences, since the
pullbacks describing the pullbacks are good pullbacks (with respect to the Joyal model structure). [

47.15. Slices as fibers. Rewrite this in terms of the enriched adjunction maps.
The alternate slice C// has another convenient characterization: it is the fiber over f of a map
between functor categories.

47.16. Proposition. For a map f: S — X of simplicial sets, the alternate slice X/ is isomorphic
to the fiber of the restriction map

Map(S o A%, X) — Map(S, X).
over f.

Proof. Let F' be the fiber of the restriction map. There is an evident correspondence

SxK———8
K---F — l lf
(So A x K- -5C
The claim follows by showing that the evident quotient map S x Al x K — (S o A%) x K extends
to an isomorphism
SoK = ((SoA%) x K)Ugxi S
compatible with the standard inclusions of S. [l

We can also consider the fiber of the inclusion S C S % A into the standard cone. This gives yet
another version of the slice.

47.17. Corollary. Let C be a quasicategory, and let F(f) := the fiber of Fun(S*,C) — Fun(S, C)
over f. Then there is a chain of categorical equivalences

F(f) = C/ ).

Furthermore, F(f) and Cy/ have the same set of 0-simplices, and both arrows above coincide on
0-stmplices.

Proof. The second equivalence is just (47.8). For the first equivalence, note that

Fun(S x A, C) —— Fun(S o A%, C)

J J

Fun(S, ') =————=Fun(S,C)

the top horizontal map is a categorical equivalence using (47.4), while the vertical maps are both
categorical fibrations. Therefore the induced map on fibers over f is a categorical equivalence, since
the pullback squares in question are good.

The 0-simplices of F'(f) and Cy, are exactly the set {S” — C}. Both inclusions F(f)o —

(CIg « (C /)0 are induced by restriction along the standard comparison map SoA% — Sx A", [
Part 6. Cartesian fibrations
Part 7. Old stuff

Note. From this point forward, these notes are not an organize narrative, but rather a collection
of bits and pieces that might be worked into something useful at some point.
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48. QUASICATEGORIES AS A QUASICATEGORY

48.1. Functors to sets and categories. In ordinary category theory, the category Set of sets
plays a distinguished role. Notably, for every category®® C' and every object & € ob C, we have the
representable and corepresentable functors

pz = Home(—, z): C°P — Set, p* = Home(z,—): C — Set.

These are found everywhere, and are the subject of the Yoneda lemma: natural transformations
pz — F are in natural bijective correspondence with elements of F(z).
In many situation we have examples of functors C' — Cat to the category of categories.

48.2. Example. Let C' be the category of associative rings. We have a functor
Mod: C°? — Cat,

which sends R to Modpg, the category of left R-modules, and sends a homomorphism f: R — S to
the restriction functor f*: Modgs — Modpg, so f*M has underlying abelian group M and R-module
structure given by r - m = f(r)m.

Sometimes we have something that looks like a functor C' — Cat, but isn’t quite: these are
pseudofunctors.

48.3. Example. Let C be associative rings as in the last example. We have an operation
Mod’: C' — Cat,

which sends R to Modg, but sends a homomorphism f: R — S to the “extension of scalars functor”,
given on objects by
f«M =S ®r M.

Given R L s % T, we only have a natural isomorphism 7' ®g (S®@r M) =~ T ®@r M, so g« f« # (9 )+,
and thus Mod’ is not really a functor. If we incorporate the data of suitable natural isomorphisms
9« [« =~ (gf)« and id, = id into the definition, we get the notion of a pseudofunctor. Give reference
here.

48.4. Functors to oco-groupoids and oo-categories? Given a quasicategory C and an object z,
we would like to consider the functor represented by x. Roughly, this associates to an object ¢ in C
the object mapq(c, z), which is a Kan complex. Thus, we might imagine that we get a functor
mapg(—,z): CP — Kan.

Of course, mapq(—,x) is not a functor: given a morphism f: ¢ — ¢ in C, we only know how to
produce a zig-zag map(c/, ) < e — mapq(c, ).
48.5. Three models for an co-category. We have touched on several different models for an
oco-category:

(1) quasicategories,

(2) categories enriched over Kan complexes.

Although QCat and Kan are not “naturally” quasicategories, they can be regarded naturally as of
type (2).

Thus, we have a simplicially enriched category QCat
egories, and whose mapping spaces are

s.cores Whose underlying objects are quasicat-

Fun(C, D)™,

30locally small category: the hom-sets of C must actually be objects of Set
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We can extract an actual quasicategory from this by using some kind of machine. For instance,
Lurie defines
Cato, := N (QCat
where N denotes the “simplicial nerve” construction.
If we are interested in functors from C°P to oo-categories, we can model this by the simplicially
enriched category

s,core)

(sSet%rt)&core.
Here, sSet ¢ is the slice category, which has a simplicial enrichment with function objects

Map ¢ (p,p') € Map(E, E')

for p: E — C and p': E/ — C. We can consider a full subcategory consisting of p: E — C which
are “Cartesian fibrations” (to be defined below). Cartesian fibrations are a special kind of inner
fibration, so Map /C (p,p’) is a quasicategory in this case. We obtain a category enriched over Kan
complexes, with function objects

)core‘

Map, ¢ (p, p'
This is the candidate for Fun(C°P, Caty).

49. COHERENT NERVE

49.1. The coherent nerve. The coherent nerve N is a construction which turns a simplicially
enriched category into a simplicial set, and in particular turns a Kan-enriched category into a
quasicategory. It was invented by Cordier [Cor82]. The coherent nerve is constructed as right
adjoint of a “realization/singular” pair

¢: sSet = sCat : .
Given a finite totally ordered set S, define
P(S):={ACS|{min,max} CACS}.

This is a poset, ordered by set containment; here min, max denote the least and greatest elements
of S (possibly the same). If S is empty, so is P(S).
Let €(A™) denote the simplicially enriched category defined as follows.

e The objects are elements of [n] = {0,...,n}.
e For objects x,y € [n], the function complex is
Mapg(An)(fL‘,y) = NP([:E7y])7 [gj,y] = {t € [TL] | r<t< y}v

which is set to be empty if z > y.
e Composition is induced by the union operation on subsets:
(T,8) = TUS: P(ly, 2]) x P([z, y]) = P([z, 2]).

Every f: [m] — [n] in A gives rise to an enriched functor €(f): €(A™) — €(A"), which on
objects operates as f does on elements of the ordered sets, and is induced on morphisms by

S f(8): P([x,y]) = P([f, fy])

We obtain (after identifying A with its image in sSet) a functor €: A — sCat.
Given a simplicially enriched category C, its coherent nerve (or simplicial nerve) is the
simplicial set N'C defined by
(NC),, = Homycat(€(A™), C).
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49.2. Quasicategories from simplicial nerves.
49.3. Proposition. If C is a category enriched over Kan complexes, then N(C) is a quasicategory.

Proof. O

50. CORRESPONDENCES

A correspondence is defined to be an inner fibration p: M — A'. A map of correspondences is
a morphism in the slice category sSet/a1.

50.1. Correspondences of ordinary categories. If M is an ordinary category, then any functor
p: M — Al is an inner fibration. Given such a functor, we can identify the following data:

e categories C := p~1({0}) and D := p~!({1}), the preimages of the vertices, and
e for each pair of objects ¢ € ob C, d € ob D, a set
M(c,d) := Homy(c, d),
which
e fit together to give a functor
M: C° x D — Set.

Conversely, given the data of categories C' and D, and a functor M: C°? x D — Set, we can
construct a category M with functor p: M — Al in the evident way, with

obM :=obCIlobD, mor M := morCH(HM(c,d)> I mor D.
c,d
Under the above, maps f: M — M’ between correspondences which are categories are sent to
data consisting of: functors u: C' — C’" and v: D — D’, and natural transformations

M — M’ o(uxwv) of functors C°P x D — Set.

50.2. Example. If C and D are categories, then the functor C « D — A%+ A? ~ Al is an example of
a correspondence. The corresponding functor M: C°P x D — Set is the one with M(c,d) = {x} for
all objects.

50.3. Exzample. Let F': C' — D be a functor between categories. Then we get a functor M: C°PxD —
Set defined by
M(c,d) := Homp(F(c), D),
and thus an associated correspondence p: M — Al
Similarly, let G: D — C be a functor between categories. Then we get a functor M’': C°P x D —
Set defined by
M'(c,d) := Home (e, G(d)),
and thus an associated correspondence p': M’ — Al
50.4. Example. Suppose F': C = D : (G is an adjoint pair of functors. If we form M and M’ as in

the previous example, we see that the adjunction gives a natural isomorphism M ~ M’ of functors
C° x D — Set. The associated correspondences M — A! and M’ — Al are isomorphic.



124 CHARLES REZK

51. CARTESIAN AND COCARTESIAN MORPHISMS

In the following, we fix an inner fibration p: M — S. We will often assume that S (and thus M)
is a quasicategory.

Consider an edge f:  — yin M. We say that the edge represented by f: Al — M is p-cartesian
if a lift exists in every diagram of the form

for all n > 2.

There is a dual notion of a p-cocartesian edge, where A} is replaced by A{j, and we use the
leading edge of the simplex instead of the trailing edge.

We have already seen examples of this property.

e Let p: C' — x where C' is a quasicategory By the Joyal extension theorem (28.2), we have
that an edge in C is p-cartesian if and only if it is p-cocartesian if and only if it is an
isomorphism.

o Let p: M — S be an inner fibration between quasicategories, and suppose f € M; is an edge
such that p(f) is an isomorphism in S. By the Joyal lifting theorem (28.13), f is p-cartesian
if and only if it is p-cocartesian if and only if f is an isomorphism in M.

e If p: M — S is a right fibration, then every edge in M is p-cartesian. Likewise, if p is a left
fibration, then every edge in M is p-cocartesian.

Thus, Joyal’s theorem completely describe cartesian/cocartesian edges over an isomorphism in a
quasicategory.
We have an equivalent formulation: f is p-cartesian if and only if

My — My X5, Sipf

is a trivial fibration.

51.1. Cartesian edges and correspondence. Let p: M — A! be a correspondence, with M
an ordinary category. We write C := p~1({0}), D := p~}({1}), and M: C°? x D — Set for the
associated functor.

Suppose f: ¢ — d is an edge such that p(f) = (01).

51.2. Lemma. The edge f is p-catesian if and only if, for each u: x — d with p(u) = (01), there
exists a unique v: x — ¢ such that fv = u.

In particular, if f is p-cartesian, then composition
f«: Homps(x, ¢) — Homps(x, d)
is a bijection for all x € ob C. Equivalently, the map
Hom¢(z, ¢) - M(zx,d), v fo
is a bijection, so M(—,d): C°? — Set is represented by c.
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51.3. Box criterion for cartesian edges.

51.4. Proposition. [Lur09, 2.4.1.8] Let p: M — S be an inner fibration, and f € M; an edge.
Then f is p-cartesian if and only if a lift exists in every diagram of the form

f
Al x {n}—/— ({1} x A") Uf1}xaan (Al x DA™) = M

|
_
-

Al x A" S

for allmn > 1.
Proof. The if part is just like the proof of the box version of Joyal lifting. 0
We reformulate this criterion. Consider the box power map
g = pP{UCAY Map(AL, M) — Map(A', ) Xpgap(1).5) Map({1}, M).
Then the above proposition says that f is p-cartesian iff a lift exists in every diagram

o0A" = Map(A', M)
>

—
—
—
— q
—
—
—

A" %) Map(Al, S) X Map({1},S) Map({1}7 M)

such that n > 1 and a(n) = f € Map(Al, M)j.

51.5. Uniqueness of lifts to Cartesian edges. Let U C Map(A!, M) be the full subsimplicial set
spanned by the vertices which represent p-cartesian edges. Likewise, let V' C Map(Al, S) X Map({1},5)
Map({1}, M) denote the essential image of U under ¢, i.e., the full subsimplicial set spanned by the
vertices q(Up). Obviously, the map ¢ restricts to a map ¢': U — V.

Note in particular that Vj is the subset of { (g,y) € S1 X My | g1 = p(y) } such that there exists a
Cartesian edge f € M; with f; = y and p(f) = g, and the preimage of (g,y) under ¢': U — V is the
set of all choices of lifts. The following in particular asserts a kind of uniqueness for choices of lifts.

51.6. Proposition. The map ¢': U — V is a trivial fibration.
Proof. Consider

oA" U Map(Al, M)

PIU Jq
A" —— V—— Map(Al, S) XMap({l},S) Map({l}, M)

If n > 1, then a lift s: A® — Map(A!, M) exists by the previous proposition, since a(n) € Uy C
Map(Al, M)y represents a p-cartesian edge. Because (0A™)g = (A™)g when n > 1, we see that s
maps into the full subcomplex U.

If n = 0, this amounts to Uy — V| being surjective, which holds by definition. (|

51.7. Cartesian fibration. A cartesian fibration is a map p: M — S which is an inner fibration,
and is such that for all (g,y) € S1 x My with g; = p(y), there exists a p-cartesian edge f with
p(f) =gand fi=y.

51.8. Ezample. Every left or right fibration is a cartesian fibration, since all edges are cartesian.

By the above, we see that an inner fibration p: M — S is a cartesian fibration if and only if
V= Map(Al, S) X Map({1},5) Map({1}7 M)
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51.9. Cartesian correspondences. Given a map p: M — S, for any simplex a € S write
M, := Map 5(A*, M) = Map 5(a, p).
Note that if a = bf for some simplicial operator f: [k] — [l], we obtain an induced restriction map
f*: My — M,.
Given a correspondence p: M — Al we obtain
C = Mgy <2 Mgy, 25 My, = D.
Note that these are all quasicategories. The objects of M) are precisely the edges in M lying over
(01).
51.10. Proposition. Let p: M — S be a cartesian fibration, and let M&?{; C My be the full

subcategory spanned by elements corresponding to cartesian edges. Then M&?{; — My is a trivial
fibration.

Proof. Every square in

M U

7

M(01> Map(Al, M)
q
M(l) E— Map(Alv Al) X Map({1},A1) Map({l}a M) — Map({1}7 M)

J

{ida1} Map(A', AY) Map({1},A")

is a pullback. The result follows because ¢qi = ¢’ is a trivial fibration. ]

More generally, given an inner fibration p: M — S and a simplex a € Sk, the objects of the
quasicategory M, correspond to k-simplices b € M}, such that p(b) = a. Let M C M, denote the
full subcategory spanned by objects corresponding to b € M} such that all edges of b are p-cartesian.

51.11. Proposition. Let p: M — S be an inner fibration, and f € My an edge. Consider
f

AR {np = (A x A") Uys g (AF x AT == M1
J / / J
I _ - -7 p

Al x A" S

where A? C AF is a right horn inclusion, and f represents a p-cartesian edge. Then a lift exists
whenever n, k > 1, and also when k > 2, n = 0.

Proof. This should also be like the box version of Joyal lifting. Note that if £k = 0, we recover the
definition of p-cartesian edge. 0
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This admits a reformulation: if f is p-cartesian, then if 0 < j < k and a(n) = f is p-cartesian
there is a lift in

HA™ e Map(A*, M)

T

A" % Map(AF, S) X Map(A,9) Map(A?, M)
J’
when k> 1and n > 1, or for all n > 0 if & > 2.
51.12. Cartesian fibrations and right fibrations.

51.13. Proposition. [Lur09, 2.4.2.4] A map p: M — S is a right fibration iff it is a cartesian
fibration whose fibers are Kan complexes.

Proof. We have already seen that a right fibration is a cartesian fibration, and has Kan complexes
as fibers.

Now suppose p is cartesian fibration with Kan complex fibers. Let f: x — y be an edge in M.
Since p is cartesian, there exists a p-cartesian edgee f’: ' — y over p(f). Since p is cartesian
fibration and f’ a cartesian edge, there exists a € My with age = f and a12 = f" and p(a) = (p(f))oo1-
Thus g := ap is an edge in the fiber over (p(f))o, so is an isomorphism in that fiber. O

51.14. Mapping space criterion for cartesian edges.

51.15. Proposition. [Lur09, 2.4.4.3] Let p: C — D be an inner fibration between quasicategories,
and f: x —y a morphism in C. The following are equivalent.

(1) f is p-cartesian.

(2) For every c € Cy, the diagram

f*
map¢ (¢, ) ————— map¢(c, y)

J |

mapp (p(c), p(2)) -~ mapp (p(c), p(y))
is a homotopy pullback.

52. LIMITS AND COLIMITS AS FUNCTORS

Suppose J and C' are categories. We say that C has all J-colimits if every functor F: J — C
has a colimit in J. It is a standard observation that if F' is such a functor, then we can assemble a
functor

colimy: Fun(J,C) — C.

In fact, we can regard this functor as a composite of functors

Fun(J,C) 3 Fun(J", O) oval at v, C,

where s is some section of the restriction functor Fun(J%,C) — Fun(J, C) which takes values in
colimit cones.
Even when C' does not have all J-colimits, we can assert the following. Consider the diagram

Funcolim cone(JD’ C) Fun(JD, C)

g |

Fun? (., ') »——— Fun(J, C)
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in which the objects on the left are the evident full subcategories of the corresponding objects on
the right, i.e., the ones consisting of colimit cones, and of functors which admit colimits. Then p
is an equivalence of categories, and in fact is a trivial fibration. Therefore there is a contractible
groupoid of sections of p, and any section s gives rise to a colimit functor

Funﬂ colim(J’ C) i> Funcolim cone(JD’ C) eval. at v C.

We want to prove the analogous statement for quasicategories. Thus, given a quasicategory
C and a simplicial set S, let Fun®!m con¢(§> ') C Fun(S™, ) denote the full subquasicategory
spanned by S — C which are colimit cones, and let Fun? (S, C') C Fun(S, C') denote the full
subquasicategory spanned by S — C' for which a colimit exists.

52.1. Proposition. The induced projection q: Fun®im ©r¢(§> () — Fun® ©%™ (S, C) is a trivial
fibration.

We refer to this as the functoriality of colimits. We will prove it below.

The strategy is to show (1) that ¢ is an isofibration, and (2) that ¢ is fully faithful and essentially
surjective. Then (39.1) applies to show that ¢ is a categorical equivalence, and so a trivial fibration
by (40.1).

Parts of this are already clear. For instance, ¢ is certainly an inner fibration, since
p: Fun(S”,C) — Fun(S, C) is one, and ¢ is the restriction of p to full subquasicategories. Likewise,
q is manifestly essentially surjective.

52.2. Conical maps. In what follows, C will be a quasicategory and S a simplicial set, and we
write
V =V(S) := Fun(S",C), U =U(S) :=Fun(S,C).

Let p: V — U be the evident restriction map.

Let’s say that a morphism a: f—> g in V is conical if its evalutation a(v): f(v) —
cone point of S is an isomorphism in C.

What follows are two propositions involving conical maps. We will prove them soon. The first
says that any morphism in U can be lifted to a conical morphism in V' with prescribed target.

~

g(v) at the

52.3. Proposition. Fiz a quasicategory C and a simplicial set S. Suppose given
e a functor g: S® — C, and
e a natural transformation o: f = g of functors S — C such that g = g|S.

Then there exists a conical morphism a: f—> g in V such that a|S = a.

(1} — 5 Fun(s”,C) = v

N P
o -
~
_ “conical l

The second says that morphisms in V' can be “transported” along conical maps.

52.4. Proposition. Fir a quasicategory C, simplicial set S, and a map Q: f—) g iV, and let
a: f— g denote a|S. For any object h of V, consider the square

~

mapv(ﬁy f) s mapv(ﬁ, 5)

J |

mapy; (h, f) — 5= mapy (h, g)
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where h = iAL|S, and the horizontal maps are induced by postcomposition with @ and « respectively.
If @ is conical, then the above square is a homotopy pullback square.

We will explain and prove these two propositions soon. For the time being, you should con-
vince yourself that if C' is the nerve of an ordinary category, then both propositions are entirely
straightforward to prove.

52.5. Proof of functoriality of colimits, using properties of conical maps. Recall that
f: 8% — C extending f: S — C'is a colimit cone if and only if it corresponds to an initial object of
Cy. Using the categorical equivalences

F(f) = C! «cy,

where F(f) C V is the fiber of p: V' — U over f, we see that it is equivalent to say that fis initial
in F(f).

The following gives a criterion for being a colimit cone in terms of the whole functor category
V = Fun(S*, C), rather than just in terms of the fiber over some f.

52.6. Proposition. A functor f: S® — C is a colimit cone if and only if

'+ mapy(f,9) — mapy(f,9)
is a weak equivalence for every g: S — C, g = g|S = p(9).

Proof. Since p: V — U is a categorical fibration, the induced maps p’ on mapping spaces are Kan
fibrations. Thus, p’ is a weak equivalence if and only if its fibers are contractible.

(«<=) Suppose every p’ is a weak equivalence. Then in particular p’' is a weak equivalence for
any g: S — C such that g|S = f. In this case, the fiber of p’ over 1; € mapy(f, f) is precisely

the mapping space mapF(f)(j?, 9) in the fiber quasicategory F'(f) C Fun(S”,C), and this fiber is
contractible. Therefore, fis an initial object of F(f), and therefore fis initial in C'y, by the above
discussion. We have shown that J?is a colimit cone.

(=) Suppose fis a colimit cone. Therefore for ]?’ such that f’|S = f the fiber of mapv(f, ]‘A”) —
mapy(f, f) over 1y is contractible. We need to show that the fiber of p': mapy (f, ) — mapy (£, 9)
over a general o € map;(f,g) is contractible.

Given such an «, choose a conical map a: f’ — g with @|S = « (52.3), and consider the resulting
square

mapy(f, ') 2 mapy-(f, 3)

/| b

mapy; (f, f) TmapU(f,g)

lj—————a
Since @ is conical, the square is a homotopy pullback square (52.4). Therefore, the fiber of p” over
« is weakly equivalent to the fiber of p’ over 15, which is contractible since f is a colimit cone. [

Proof of (52.1). First we show that ¢: Funlim cone(§> ) — Fun? (S () is an isofibration;
we have already observed that it is an inner fibration. Given an isomorphism «a: f — g between
objects in Fun? ™ (S§ (') C U and a choice of colimit cone § over g, chose a conical lift a: f—> qg.
The arrow a: S® x Al — C restricts to an isomorphism at each vertex of S, and so is a natural
isomorphism by the objectwise criterion for natural isomorphisms. Thus J?is also a colimit cone by
(52.6), so @ is an isomorphism in Fun®lim cone(g> ¢y,
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We have already observed that ¢ is essentially surjective (in fact, it is surjective on 0O-simplices).
That ¢ is fully faithful is immediate from (52.6). O

52.7. Proof of properties of conical maps.
Proof of (52.3). Recall the situation: we are given a natural transformation a: f = g of functors

S — C, and a lift g: S® — C of the target to the cone, and we want to find a conical lift of a:

{1} 7, FLLH(SD,C')
| e |
Al —— Fun(S,0)
We make use of a natural map
k: S" x K — (S x K)~.
Note that this map sends {v} x K to the cone point {v}. Consider the composite
At (8% AM) Ugyqry (87 x {1}) = 8% x AT 5 (5 x Ah)F

where the first map is the box-product (S C S*)O({1} ¢ Al). By inspection, we see that the
composite map can be identified with the box-join
(Sx{1}CcSxAYm(zcAY.

Since RHorn[(JCell € RHorn (45.4) we have that (S x {1} C S x A!) is right anodyne. Likewise,
since RHorn @ Cell C InnHorn (26.11), we conclude that A is inner anodyne. Therefore, an extension
a exists in

(8 x AY) Ugupy (57 x {1}) =2 ¢

P
\f .
S” x Al P /a/
rl 7
(S x AhH>
We set a :=@o k. It is clear that & is conical: @(v) is the identity map of a@(v). O

For the proof of (52.4), let’s first note that, as stated, it actually doesn’t make sense! This
proposition asserts that for conical @, the diagram

mapv(ﬁ, J?) 2 mapv(ﬁ §)

J |

mapy (h, f) oo mapy; (h, 9)

is a homotopy pullback. However, the horizontal maps (“postcomposition” with o and @) are only
defined as a homotopy class of maps in hKan. For instance, “ao” is the homotopy class defined by
the zig-zag around the left and top of the diagram

mapU(h‘7 f7g>a E— mapU(h7 fag) &) mapU(h7g)

Nl JN

mapg;(h, f) x {a} —— mapy(h, f) x map(f, g)
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where the left-hand square is a pullback. The correct statement of (52.4) is that in

mapv(ﬁa J?) — mapv(ﬁ
| |

mapy (h, f) «——= mapy (h

|

7?7@\)@ BE— mapV(};g)
7f7 g)Oc —_— ma‘pU(hvg)

the right-hand square is a homotopy pullback.

We can refine this a little further. Fix a map e: A{b2} — €. For a simplicial set S, let
K C 5% x A? be a subcomplex containing the edge {v} x A2} and define Map(K, C). by the
pullback square

Map (K, C)e—— Map(K, C)

| J

{e}——— Map({v} x AlL2 )
To prove our proposition, it suffices to show that for every isomorphism e in C, the map
Map(S” x A%, C). — Map((S” x A3) Ugxaz (S x A?),0).
is a trivial fibration. Equivalently, we must produce a lift in each diagram of the form

(SD X OAm) Ugxagam (S X Am) —_— Map(AQ,C’)

-
~
~
~
~
—
—

—

{v} x At} 5% x AT Map(A2, C') —— Map(A{h2 ©)

{e}
We reduce to producing a lift in

e

{n} x A2 (A" X A3) Upanyaz (A™ x A?) C

A" x A?
where e is an isomorphism in C'. This is precisely the box-version of Joyal extension.

53. MORE STUFF

Recall that the join constructions K x — and —* K are colimit preserving functors sSet — sSet;,
to the category of simplicial sets under K. In particular, viewed as functors sSet — sSet to plain
simplicial sets, they preserve pushouts, and transfinite compositions.

53.1. Proposition. If A is a class of maps in sSet, then Kx AC Kx A and AxK C Ax K.

Proof. Check that K x —: sSet — sSet preserves isomorphisms, transfinite composition, pushouts,
and retracts. 0

53.2. Remark. Given f: X — Y and K, we have a factorization of K x f as

(eCK)®mf

KxX = (KxX)1gx (xY) KxY.
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53.3. Proposition. We have A° x Cell C LHorn and Cell x A° C RHorn.

53.4. Proposition. Let C' be a quasicategory and x an object of C. Then x is an initial object iff
{z} — C is left anodyne, and x is a terminal object iff {x} — C' is right anodyne.

Proof. (=) Let x be terminal, and consider j: {x} — C. Since j* is right anodyne, it suffices to
show that j is a retract of 5¥. To do this, we construct a map r fitting into

id
e (1) —3 ()

N

Cr—s O -"-3C

id
This amounts to solving the lifting problem
id, 15 x
cu 2y e {2} 25,
[ = ].7]
Ve Ve
b 7/
c* C=——=C

Since z is terminal, C,; — C'is a trivial fibration (?7?), so a lift exists.
(«<=) Suppose j: {z} — C' is right anodyne. Since C/, — C is a right fibration, a lift exists in

{2} — C,y

L]
//
C C

which is equivalent to x being terminal. O

53.5. Corollary. Let p: D — C be a right fibration between quasicategories, and let x be an object
of C. Then the induced map
Map(C'/x, D) — Map({lx}, D) XMap({lz}7C) Map(C/x, C)
18 a trivial fibration. In particular, the map
MapC(C/aca D) - MapC({le}7 D)

induced by restriction over the projection map (C), — C) € Map(C/,,C) is a trivial fibration
between Kan complexes.

54. INTRODUCTION: THE COVER/FUNCTOR CORRESPONDENCE

Consider the following classes of maps between simplicial sets, called respectively covers, left
covers and right covers.
Cover := (Horn IT Horn")?,
LCover := (LHorn II LHorn")?, RCover := (RHorn II RHorn")?.
Thus, Cover is the subclass of Kan fibrations, which admit unique lifting for every lifting problem

with respect to horns, and therefore with respect to all anodyne maps. Similar statements hold for

LCover and RCover.
We obtain for each simplicial set X full subcategories sSet%‘?’er, sSetI/“)(go"er, sSet%go"er, of the

slice category sSet,x. We will see that each of these categories is equivalent to a certain category of
functors from hX to sets.
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54.1. Simplicial covering maps. Covers p: £ — X are precisely the simplicial analogues of
covering maps of spaces. To see this, will first note that covers are “locally trivial”.

54.2. Lemma. Cover = (S IT1 SV)?, where S is the set of all maps A™ — A" between standard
simplices. Thus, p: E — X is a cover if and only if for each simplex a € X, and each simplicial
operator §: [m] — [n], the function x +— z8: p~1(a) — p~1(ad) is a bijection of sets.

Proof. Given a class B of maps, let ?'B denote the class of maps f which have unique lifting with
respect to maps in B; i.e., such that {f, fV} @ B. An easy argument shows that 2B is saturated,
and also has the property that if f,go f € Z!B, then g € 2R,

Because any inclusion A? — A" of a vertex is anodyne and thus in IZ“COVGI‘, applying the
observation of the previous paragraph to a composite A? — A™ % A" shows that every such
5 € ?'Cover. Hence Cover C (ST SV)2.

Conversely, let B := (S I1.5V)?, so that S C 2'B. Since ?'B is saturated, we can show that
Horn C ‘Z”B, by building horn inclusions out of (injective) maps between simplices. Thus (STI.SY)? C
Cover. O

54.3. Corollary. A map p: E — X is a cover if and only if for each map f: A" — X there is a
pullback square of the form

HA"—>E

o J

Proof. Left as an exercise, using the lemma. O

Given a cover p: E — X, we define a functor F': hX — Set®'® as follows. For each object x € X,
we let F(z) := p~!(z). For each edge f € X1, we define a bijection F(f): F(fy) — F(f1) as the
composite

p (o) <L () syl (),

where both maps are bijections by the lemma. For each 2-simplex a € X5, we have a commutative
diagram of bijections which shows that F(a12)F(ap1) = F(ag2). By the universal property of
fundamental category, this extends uniquely to a functor F': hX — Set®"®.

Conversely, given a functor F': hX — Set®'®, we define a cover p: E — X as follows. Set

E, = H F(xo),
[L'GXn
and for each simplicial operator d: [m] — [n], define 6*: E,, — E,, by
5% (x,t) := (26, F(xo,6(0))(t))-
54.4. Proposition. The above constructions give an adjoint equivalence of categories

sSet%?’er ~ Fun(hX, Set®").
Proof. Left as an exercise, including showing that Un(F) is in fact a cover. O

Let II1 X := (hX)gpd, the groupoid obtained by formally inverting all morphisms in hX. The
above passes to an equivalence of categories sSet%}"er ~ Fun(II; X, Set). This is the simplicial set
analogue of the classification of covering spaces.
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54.5. Left and right covers correspond to functors to sets. I'll state the analogues of the
above results for left and right covers. Proofs are left for the reader.

54.6. Lemma. LCover = (SILSV)? and RCover = (TUTY)? , where S = {§: A™ — A" | §(0) =0}
and T = {d: A™ — A" | 6(m) =n }.

Given a left cover p: E — X, we define a functor F': hX — Set much as we did above, so that
F(z) := p~!(x), while F(f) is the map obtained as the composite

p (o) <2ty s i),

where the first map is a bijection by the lemma. We write St(p) := F and call it the straightening
of p.
Conversely, given a functor F': hX — Set, we define a left cover p: F — X by
B, = ] Flxo), 6" (x,t) = (20, F(xo500))(t))-
re€Xy

The constructions for right covers are similar, except that the corresponding functors are con-
travariant. Thus, given a right cover p: F — X we obtain a straightening St(p) = F': hX°P — Set
given by F(z) = p~!(x) and F(f) the composite

p (o) <L 5 () S p (),

while for a functor F': hX°P — Set, we obtain a right cover p: E — X by
E, = H F(zy,), 0" (z,t) := (xé,F(:E(;(m)m)(t)).
reX,
54.7. Proposition. The above constructions give adjoint equivalences of categories
St: sSetIfgo"er = Fun(hX, Set) : Un, St: sSet%go"er = Fun(hX°P,Set) : Un.
Note also that left covers of X correspond to right covers of X°P.

54.8. Straightening and unstraightening over a category. Suppose X = hX = C is itself a
category and F': C — Set a functor, and consider its unstraightening p: £ — C. It is straightforward
to show that F is the nerve of a category, namely the category of elements of F', which has

e objects: pairs (c,z), c € Cp and xz € F(z), and

e morphisms (¢, z) — (¢, 2’): morphisms a: ¢ — ¢’ in C such that F(«)(z) = '
The left cover map p is then just the evident forgetful functor. An analogous statement holds for
contravariant functors.

Given any object  in C, we have the slice projections C,, — C and C/, — C.

54.9. Proposition. The projections C,;y — C and C;, — C are left and right covers respectively.
Their straightenings are representable functors: St(C,, — C) = Homg(z, —) and St(C), — C) =
Homg(—, ).

Proof. Exercise. O

54.10. Fiber product corresponds to tensor product. Let C be a category. Given functors
F: C° — Set and G: C — Set, the tensor product is the set defined by

F®cG:= colim[ H F(c1) x G(cp) = H F(c) x G(c)].
co—c1€CT ceC

54.11. Ezercise. Given x € Cy, let p, := Homg(—, z): C°? — Set and p® := Home(z, —): C — Set
denote the representable functors. Show that p, ®c G =~ G(x) and F ®¢ p* ~ F(x).
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If A— C and B — C are the unstraightenings of F' and G respectively, then
F ] G~ 7('0(A Xc B)

54.12. The universal left cover. What happens if we unstraighten the identity functor of Set?
We get the category of elements of Set, which is precisely Set. := Set,/, the category of based sets.

55. STRAIGHTENING AND UNSTRAIGHTENING

Let ®an: €(A™)°P — sSet be the simplicialy enriched functor defined as follows.
e For each object = € {0,...,n}, set
Dan(z) := NPy(x),
the nerve of the poset
Pe(a) = {S | {z} €5 C [z,n]}
of subsets of the interval [z,n] = {z,...,n} which contain the left endpoint.
e The structure of enriched functor is induced by the union operation on subsets:
(T,S) =~ TUS: Plx,y) x Pi(y) — Pe(x).
e For each map §: A™ — A", we define a natural transformation
Ds: Dam — Dan 0 €(H)P
of simplicially enriched functors €(A™)°P — sSet, which at each object x of €(A™)°P is a
map Dam(x) = Dan(dz) induced by the map of posets
S (5(5): 'PZ(ZL‘) — Pg((SZL').
55.1. Remark. The functor Dan: €(A™)°P — sSet is isomorphic to the representable functor
Mapg((an)>)(—;v), where v represents the cone point of (A™)”. Likewise, the natural transformation
Ds: Dam — Dan 0 €(6)°P coincides with the transformation

()
Mapg(amy>)(—;v) —— Mapg(any>)(6(=),v)

induced by 6% : (A™)> — (A™)".
Fix a simplical set S, and consider a simplicially enriched functor F': €(S)°? — sSet. We define
a morphism
Ung(F): X — S
of simplicial sets, called the unstraightening of F' over S, as follows.
e An n-simplex of Ung F' is a pair
f: A" = S| t: Dan — Fo€(f),
where f is a map of simplicial sets, and ¢ is a map of simplicially enriched functors
C(A™)°P — sSet.
e To a map 6: A™ — A"™ we have an induced map (Ung F'), — (Ung F),,, which sends an
n-simplex (f,t) to the pair

to€(§)°P
b 10€(5)

A" S AT 5 Dam 25 D 0 €(5)° Fo@(f)oc(s)°.



136 CHARLES REZK

56. PULLBACK OF RIGHT ANODYNE MAP ALONG LEFT FIBRATION
The arguments here are based on the appendix to [Mos15].
56.1. Lemma. Consider a pullback square

A——B

.

p— A"
If p is a left fibration and k > 1, then A — B is right anodyne.

56.2. Contraction maps. Let Ag denote the category whose

e objects are totally ordered sets [n]f := [n]U{R} ={0 <1< ---<n < R} forn>—1, and
e morphisms are order preserving functions which take the “right basepoint” R to R.
There is an evident “inclusion” functor A — Apg sending [n] — [n]g.

A right contraction of a simplicial set X is a choice of extension of X : A°? — Set to a functor
X: (AR)°? — Set. There is an evident dually defined category Ay, and corresponding notion of left
contraction.

A right contraction of a simplicial set X is completely determined by the inclusion X 1 — Xj
together with its contraction operators, which are the maps X,,_1 — X, for n > 0 induced by
the surjective map Q: [n|g — [n — 1] which sends n — R.

Let A% C Ap denote the subcategory consisting of all objects, and all surjective maps. Given a
right-contracted simplicial set X : (Af)°P — Set, say that a € X,, is contracted if there exists a
non-identity o: [n]gr — [k]r in AR" and b € X}, such that a = bo. That is, a contracted simplex
is one which is either degenerate or in the image of the contraction operators ). Say a € X, is
non-contracted if a = bo for o € AL" we have o = id.

We have an anologue of the Eilenberg-Zilber lemma (15.9) for right contracted simplicial sets,
which is proved in the same way.

56.3. Proposition. For a in X, there exists a unique pair (b, o) consisting of a map o € A?rj and
a non-contracted simplexr b € X such that a = bo.

56.4. Corollary. For any right contracted simplicial set, the evident maps

H H HomA;l:rj([n]R, (k]r) — X([n]r)

k>—1beXxpe

defined by (b,o) — bo are bijections. Furthermore, these bijections are natural with respect to
surjective morphisms [n]g — [n]g.

There is an analogue of the skeletal filtration: let F, X C X denote the smallest subobject
containing all simplices of dimensions < n. Then the simplices of F,, X consist of those which are
degeracies or contractions of noncontracted simplices of dimension < n.

Comparing this with the skeletal filtration, we discover the following.

56.5. Lemma. For all n > 0, the contraction operators @Q: Xn,—1 — X, restrict to bijections
X0, — (Xnd Xne),

56.6. Proposition. Let X be a simplicial set equipped with a right contraction. Consider the evident
inclusion f: S — X, where S is the discrete simpicial set with underlying set X_1. Then f is right
anodyne; in fact, f € {A" C A" |n>1}.

We note that for z € X,,_1,
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e d;Q(z) = Qd;(x) if i € {0,...,n — 1}, i.e., the contraction operators commute with most
face maps;

e we have d,Q(x) = z;

e 5,Q(x) = Qsi(z) if i € {0,...,n — 1}, i.e., the contraction operators commute with most

degeneracy maps;
e we have 5,Q(z) = QQ(z).
In fact, a right contraction for a simplicial set X is equivalent to choosing data (X_1,dy: Xo —
X_1,{Q: X1 — X, }), where the @ satisfy the above identities.
There is an evident complementary notion of left contraction.
If X admits a right contraction, then it is “right contractible” to a discrete simplicial set.

56.7. Proposition. Let X be a simplicial set equipped with a right contraction. Consider the evident
inclusion f: S — X, where S is the discrete simpicial set with underlying set X_1. Then f is right
anodyne; in fact, f € {A" C A" |n>1}.

Proof. Consider the collection X" of non-degenerate simplices of X not contained in S. Partition
X" into disjoint subsets X! IT X/, where X! = (X" < ") N Q(X), the set of nondegenerate
simplices which are in the image of the contraction operators.
The claim is that the contraction operators define bijections ¢: X,IZI_ 1= X£ for n > 1. To see
this, we note the following.
o If Qv = s;y € X, with i € {0,...,n — 2}, then z = d,,Qz = d,s;y = s;dpy. Thus, z is
degenerate.
o If Qu = 5,1y € X, then v = d,Qx = dpSp—1y = y and Qdp— 10 = dp_1Qx = dp_15p-1Yy =
y. Thus, z is in the image of Q.
e Taken together, the last two statements imply that @ applied to an element of X!/ is
non-degenerate. Thus, ¢ is a well-defined map.
o Ifx=sy€ X,_1withie{0,...,n—2}, then @s;y = s;Qy, i.e., Qx is degenerate whenever
x is degenerate. Thus, ¢ is surjective.
e We have d,Qx = x for x € X,,_1. Therefore, ¢ is injective.
Now we can filter X by subcomplexes F,,, where E_; = S, while F, is the smallest subcomplex
containing Sk,_; X and X/. For each Qz € X! we have d;Qz = Qd;z € E,,_1 when i € {0,...,n—
1}, while d,,Qz = x ¢ E,,_1. Thus each inclusion E,_; C E,, is obtained by attaching the collection
X! of n-simplices along A C A™. O

56.8. Proposition. Let X be a simplicial set and x € Xo. Then the inclusion {1,} — X, is right
anodyne, and the inclusion {1} — X, is left anodyne.

Proof. The functor A — sSet, to pointed simplicial sets defined by [n] — (A™)” manifestly extends
to a functor A" — sSet,. From this we obtain a canonical contraction on X /- O

56.9. Proposition. Suppose X is a contractible Kan complex. Then for any choice of verter x € Xy,
the inclusion {x} — X admits a right contraction.

Proof. We define a right contraction by inductively constructing contraction operators. Set X_1 :=
{x}, and let @Q: X_1 — X denote the evident inclusion.

Suppose we have already defined contraction operators ): X;_1 — Xj for k < n, which satisfy
all the identities which make sense. That is, we have a presheaf of sets on the subcategory of At
generated by A and by the contraction operators [k|gp — [k — 1] for £ < n. We will construct
Q: X,—1 — X, so that the following hold.

(1) If z = s;y, then Qz = 5;Qy.

(2) If z = Qy, then Qz = s,_1Qy.
(3) We have that d,Qz = x and d;Qx = Qd;x for i € {0,...,n — 1}.
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Doing so precisely gives an extension of the given presheaf to the subcategory of A% generated by
A and contraction operators [k|r — [k — 1] g for k < n.
The idea is to use the above as a prescription for @): X,,_1 — X,,: that is,

(1) if = = sy, set Qx = 5;Qy;

(2) if 2 = Qy, set Qx := 5, 1Qy;

(3) otherwise, choose any Qx such that d,,Qz = x and d;Qx = Qd;z for i € {0,...,n — 1}.
We need to check that this makes sense: that cases (1) and (2) agree when they overlap, and that a
choice in (3) is always possible. We consider the various cases, for z € X,,_1.

e Suppose = = s;y = sjz for some 4,5 € {0,...,n —2}. Thus, both y and z are common
degeneracies of some non-degenerate simplex, i.e., y = ou and z = Tu for some u € Xy
with d < n — 3, while o,7: [n — 2] — [d] are surjective operators with os; = 7s;. Then
yYQs; = uoQs; = uQos; = uQTs; = uTQs; = 2Q)s;.

e Suppose x = s;y = Qz for some i € {0,...,n — 2}. Then there exists

That a choice in (3) exists follows from the fact that the collection of Qdyz,...,Qdy—1z,x fit
together to give a map 0A™ — X. g

Fix a vertex k of A”. We define the excess of a simplex §: A™ — A" (relative to k) as follows.

e If some vertex of A™ other than k is not in the image of J, the excess of § is —1.
e Otherwise, the excess of § is

{je(A™)o|6(j) # K} —n.
Note that the simplices of excess = —1 form the subcomplex A}.
Given a map p: B — A", define the excess of a simplex A™ — B (relative to k and p) to be
the excess of pxr: A™ — A™. Observe that the collection of simplices B with excess < d form a
subcomplex Ey C B, and that E_; is the pullback of B over A7.

56.10. Lemma. If k € {1,...,n} and p is a left fibration, then each map Eq_1 — Ey is right
anodyne.

Here is a formalism for “simplicial operators”3!. Given a finite totally ordered set I, we can define

Al := N(I). We have that A’ is isomorphic to a unique standard simplex A" (or to the empty
simplicial set if I is empty) by a unique isomorphism. The I-simplices X; of a simplicial set X
are the set of maps A/ — X; we have a canonical identification X; ~ X,, where |I| = n + 1.
We define the following maps between totally ordered sets.
o d*: I~ {a} — I for a € I is the evident inclusion.
o syt —=1TUp {a} for consecutive elements b < ¢ in I is a projection map; the target is
the totally ordered set obtained by identifying b and ¢ and relabelling the new element as
“a” (which is assumed not to be an element of I \ {b, c}, though we are allowed to consider
52, or sb,)
e sj: I — I Uy {a} is an isomorphism, where the target is obtained by removing b and
replacing it with a.
The resulting operators on a simplicial set are d,: X; — X 4 (face operators), s‘Z;C: XIU{b,C}{a} —
X7 (degeneracy operators), and s%: X, wwy{ay = X1. Then we have the following simplicial identities:

L4 dadb = dbdav
b b - .

. Sa’CSZ’f = sZ’fsa’c if a,b,c,d, e, f are pairwise distinct,
d,c bye _ bd bc

o s5csg" =5, %5q",

d d; - . ..
. dasf)’ = sg’ dg if a, b, ¢, d pairwise distinct,

b

b,c b,c
o dpsq =S, desd = s,

31Adapted from the appendix to [Mos15].
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In other words, these identies say that simplicial operators generally commute, except when we
compose f s2¢ where f is an operator involving b or c.

Fix a map p: B — A" and a vertex k of A”. For each simplex u: A? — B such that pu factors
through the face A"M*H € A™ opposite k, we obtain a coaugmented simplicial set B(u): (AT)P —
Set. Here B(u); is the the set of fillers in

Al ~ A 5 g x AR “ — B

~
—
—
—
— p
—
—
—

A % AT AR AP LR % AP 5 AT

Note that any simplicial operator 8: A% — A% induces a map B(): B(u) — B(ud) of coaugmented
simplicial sets.

56.11. Lemma. Suppose there exist, for each simplex u: A* — B such that the image of pu is
equal to AMNE g right contraction Q of B(u), and that these contraction maps are compatible with
degeneracy operators, in the sense that for surjective o: A¥ — A% we have Q o B(o) = B(o) o Q.
Then A — B is right anodyne.

Proof. Observe that the set of simplices of B in the complement of A is precisely the disjoint union
of the B(u), where u ranges over simplices such that pu surjects to the face opposite k.

Let S, := B2\ A" the set of non-degenerate n-simplices in the complement of A. Let S/, =
the set of such which are in the image of the degeneracy operators, and let S/ be its complement in
Sp. We claim that the @s induce a bijection

¢: SI_, — S,
To see this, we observe the following for simplices in the complement of A.

e If Q(z) is a degenerate simplex, then z is also degenerate. Therefore @) induces a function
¢: S, — Sl

e If z is a degenerate simplex, then so is Q(x). Therefore ¢ is surjective.

e We have that d,(Q(z)) = z, where z = sup V,.. Therefore ¢ is injective.

Furthermore, we have for = € S_, that

e For a € Viy(,) but a # sup V), we have that du(Q(z)) = Q(da(x)). Therefore these faces
d,(Q(x)) are either degenerate or are in the image of Q.

e For a € [n] \ Vg, we have that d,(Q(z)) has strictly smaller excess than z and Q(z).

e z =sup V() is not equal to 0 (since k > 0.).

We can now construct B from A by attaching right horns. Let E,,, C E, denote the smallest
subcomplex of E, containing S/, for d < n; let E, 1 = E,_;. Then each inclusion E, ,_1 — E,.,
is obtained by attaching right horns of dimension n, according to the elements of S/, which have
excess . ]

56.12. Lemma. Suppose B — A" is a left fibration. Then contraction maps as in the previous
lemma exist.

Proof. For non-degenerate simplices in the complement of A, we define () inductively, as follows.

(1) Ifz = sg’cy, set Q,x := SZ’Csz-

(2) If z = Quy, set Q,x := sw” Quy.

(3) Otherwise, choose @,z to be any n-simplex such that d,Q.z = x and d,Q.z = Q.d,x for
a€V,.

O
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57. CARTESIAN FIBRATIONS

Let p: C — D a functor between ordinary categories. A morphism f: 2/ — z in C is called
p-Cartesian if for every object ¢ of C the evident commutative square

Home¢ (e, 2) P, Hom¢ (¢, x)

Homp (p(c), p(z)) e Homp (p(c),p(x))

is a pullback square of sets.

Given an object € obC and a morphism g: y' — p(z) in D, a Cartesian lift of g at = is a
p-Cartesian morphism f: 2’ — x such that p(f) = g.

We say that p: C — D is a Cartesian fibration of categories if every pair (x € obC,g: ¢y —
p(z) € D) admits a Cartesian lift.

Here are some observations, whose verification we leave to the reader. Fix a functor p: C' — D.

e Every isomorphism in C' is p-Cartesian.

e Every Cartesian lift of an isomorphism in D is itself an isomorphism.

o If f: 2/ — x is p-Cartesian, then for any g: 2’/ — 2/ in C, we have that g is p-Cartesian if
and only if gf is p-Cartesian.

e Any two Cartesian lifts of g at & are “canonically isomorphic”.

Explicitly, fix g: ¥’ — y in D and an object x in C such that y = p(x). If f1: 2f — = and
fa: a, — x are any two Cartesian lifts of g, then there exists a unique map u: zj — x4 such
that p(u) = 1,/ and fou = f1; the map u is necessarily an isomorphism.

e The map p is a right fibration if and only if it is a Cartesian fibration and every morphism
in C is p-Cartesian.

Now suppose that p: C' — D is a Cartesian fibration. For an object y of D, we write Cy := p1(y)
for the fiber of C' over y.
e The map p is an isofibration.
e For each morphism g: ¥y’ — y in D and object z in C' with p(z) = vy, fix a choice of Cartesian
lift g, of g at x. Using this data, we obtain functors

g:Cy—Cy
so that for morphism a: 1 — x2 in C,, the map g!(a) in C, is the unique one fitting into

! gay
T —— T

y(a)l Ja

f]}'lz — T2
Gxo
The functor ¢' depends on the choices of Cartesian lifts of g. Any two set of choices of lifts

give rise to isomorphic functors.

/

e For each pair of morphisms y” LN v 2 y, we obtain a natural isomorphism of functors
=

v:htog S (hg): Cy — Cyr.
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This natural transformation is given by the unique maps 7, in Cy~ fitting into
I
) —
S
2 ——

Similarly, there is a natural isomorphism id = (1,): Cy, — C,. The data of the functors ¢'
together with these natural isomorphisms define a pseudofunctor D°P — Cat, which on
objects sends y — C,.

e We can produce an actual functor F': D°? — Cat with F(y) equivalent to Cy as follows.
Given functors p’: C' — D and p: C — D, let Funp(C’, C') denote the category of fiberwise
functors and natural transformations; i.e., the fiber of po: Fun(C’,C') — Fun(C’, D) over q.
Let Funf(C’, C) € Funp(C’,C) denote the full subcategory of functors f: C’ — C which
take p’-Cartesian morphisms to p-Cartesian morphims.

We obtain a functor F': D°? — Cat, given on objects by

F(y) := Fun},(D/,, C).
One can show that restriction to {1,} C D/, defines an equivalence of categories F'(y) — C,.
e Given D, there is a 2-category Fp, whose objects are Cartesian fibrations p: C' — D; for any

two objects p: C'— D and p': ¢’ — D we take Fun},(C’, C) as the category of morphisms
from p’ to p. One can show that Fp is 2-equivalent to the 2-category Fun(D°P, Cat).

AP

Part 8. Appendices

58. APPENDIX: GENERALIZED HORNS

32 is a subcomplex A% C A" of the standard n-simplex, where S C [n] and

(AS)w = A{f: [k = [n] [ S Z F([K]) }-

In other words, a generalized horn is a union of some codimension 1 faces of the n-simplex:

— U A[n]\s.

seS

A generalized horn

In particular,
no_ n n A [n]~j n o __
Afy=0A" AL =47, Ay =AY, AL =02
In general S C T implies A C A%

58.1. Proposition (Joyal [Joy08a, Prop. 2.12]). Let S C [n] be a proper subset.
(1) (A% Cc A™) € Horn if S # @.
(2) (A% C A™) € LHorn ifn € S.
(3) (A% C A™) € RHorn if 0 € S.
(4) (A% c A™) € InnHorn if S is not an interval; i.e., if there exist a < b < ¢ with a,c € S and
b¢sS.
32This notion is from [Joy08a, §2.2.1]. However, I have changed the sense of the notation: our A% is Joyal’s AlRINS,

I find my notation easier to follow, but note that it does conflict with the standard notation for horns. Maybe I should
use something like A™5?
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Proof. Consider S C [n] and t € [n] \ S. Observe the diagram

A[n}\t N Ag A[n]\t

|

n n n
S ASUt A

Nt

in which the square is a pushout, and the top arrow is isomorphic to the generalized horn Agl C

AP Thus, (A% C A™) is contained in the saturation of the set contaning the two inclusions
A[gf]\t c AN and AR, c A™

Each of the statements of the proposition follows by an evident induction on the size of [n] \ S.
I'll do case (4). If S C [n] is not an interval, there exists some s < u < s’ with s,¢’ € S and u ¢ S.
If [n] ~ S = {u} then we already have an inner horn. If not, then choose t € [n] \ (S U {u}), in
which case S Ut is not an interval in [n], and S is not an interval in [n] \ ¢. The proofs of the other
cases are similar. O

58.2. Proposition (Joyal [Joy08a, Prop. 2.13]). For all n > 2, we have that (I" C A™) € InnHorn.

Proof. We can factor the inclusion spine inclusion h,, = g, f, as
I Al g 2 A

We show by induction on n that f,, g, € InnHorn, noting that the case n = 2 is immediate.
To show that f, € InnHorn, consider the pushout square

I{l,...,n} A{l,...,n}

| |

& A{l,...,n} U
fn
in which the top arrow is equal to h,—1 = gn—1fn_1, which is in InnHorn by induction.
To show that g, € InnHorn, consider the diagram

Al{Lon=1} ) [{0...,n—1} gn—1 A{0n—1}

| J

A{l,...,n} U A{l,...,n} U A{O,...,n—l} A"

in which the square is a pushout, the top horizontal arrow is equal to g,_1, an element of InnHorn
by induction, and the bottom right horizontal arrow is equal to A?O,n} C A", which is in InnHorn
by (58.1)(4).

O

59. APPENDIX: BOX PRODUCT LEMMAS

Here is where I'l prove various statements mentioned in the text.
InnHornOCell C InnHorn (16.9).

LHorn[OCell C LHorn (45.4).

RHorn[OCell € RHorn (45.4).

Horn[OCell € Horn.
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59.1. Left and right horns. Joyal [Joy08a, 2.25]** observes that (A? C A") is a retract of
(A7 ¢ AMO({0} c A') when 0 < k < n. This reduces showing LHorn[(JCell C LHorn to
{({0} c AYH}OCell C LHorn. The retraction is

A" 5 A" x AT D AT

defined by s(z) = (x,1) and

r ifx <k, B
r(z,0) = {k o>k r(z,1) = z.

Note that (AN x AYY = AN if § £ k. and r(A” x {0}) = A0k € AlINERD g6 this gives
the desired retraction.

59.2. Inner horns. Here is an argument for the key case for inner horns.
Consider A™ 2 A? x A 5 A", the unique maps which are given on vertices by

(0,y) ify<j, y ifz=0andy<j,
s(y) =< (Ly) ify=yj, r(z,y)=qy ifz=2andy>j,
(2,y) ify>j, 7 otherwise.

These explicitly exhibit (A} C A") as a retract of (A2 C A2)D(A§-" C A"), so
InnHorn C {A? ¢ A?}OCell.

We have (17.4) that CellJCell C Cell, so the above implies that InnHorn(ICell C {A2 C A2}00Cell.
Thus the assertions “InnHornOCell C InnHorn” and “{A3 c A?}00Cell C InnHorn” are equivalent.
Thus both assertions follow from the following.

59.3. Lemma. For all n > 0 we have that (A3 C A?)00(0A™ C A™) € InnHorn.

Proof. [Lur09, 2.3.2.1].
For each 0 < a < b < n, let 04, be the (n + 1)-simplex of A% x A" defined by

oap = ((0,0),...,(0,a), (1,a),...,(1,b), (2,b+1),...,(2,n)).
For each 0 < a < b < n, let 74 be the (n + 2)-simplex of A? x A" defined by
Tab = ((0,0),...,(0,a), (1,a),...,(1,b), (2,b),...,(2,n)).
The set {745} consists of all the non-degenerate (n + 2)-simplices. Note that o, is a face of 7,5 and

of T p+1, but not a face of any other 7.
We attach simplices to K := (A2 x A™) U (A? x dA") in the following order:

000, 001,011, 002,012,022, ... O0n—1y---,0n—1n—1,

followed by

700, 701,711, 702,712,722, --- TOns--->Tnn:
The 7s range through all the non-degenerate (n+2)-simplices of A2 x A", so that K U|J o, Ul Tab =
A% x A™.

The claim is that each attachment is along an inner horn inclusion. More precisely, each o, gets
attached along the horn at the vertex (1,a) in o4, i.e., via a Aerrll C A" horn inclusion, which is
always inner since a < b < n. Likewise, each 7,5 gets attached along the horn at vertex (1,a) in 74,
i.e., via a AZI% C A™*2 horn inclusion, which is always inner since a < b < n.

The proof of the claim amounts to the following lists of elementary observations.

For o,:

33Lurie [Lur09, 2.1.2.6] states this incorrectly.
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e Every codimension-one face is contained in A? x A", except the following: the face opposite
vertex (0,a), and the face opposite vertex (1, a).

e The face opposite vertex (0, a) is either contained in AZ x A" if a = 0, or a face of Oa—1p if
a > 0.

e The face of o, opposite vertex (1,a) is not contained in A? x A", nor in A3 x A™, nor in
any o0;, with ¢ < a (because of the vertex (0,a)), nor in any o; ; with i < j < b (because of
the vertex (1,b) if a < b, or the vertex (0,a) if a = b).

For 74, when a < b:

e Every codimension-one face is contained in A2 x A™ except the following: the face opposite
vertex (0,a), the face opposite vertex (1,a), the face opposite vertex (1,b), and the face
opposite vertex (2, ).

e The face opposite vertex (2,b) is 0,5, while the face opposite vertex (1,b) is ogp—1.

e The face opposite vertex (0, a) is either contained in A? x A™ if a = 0, or is a face of 7,1
ifa > 0.

e The face opposite vertex (1,a) is not contained in A% x JA™, nor in A} x A, nor in any o;
(because of the vertices (1,b) and (2,b)), nor in any 7;;, with ¢ < b (because of the vertex
(0,a)), nor in any 7; ; with ¢ < j < b (because of the vertex (1,b)).

For 74, when a = b:

e Every codimension-one face is contained in A? x JA™ except the following: the face opposite
vertex (0,a), the face opposite vertex (1,a) = (1,b), and the face opposite vertex (2,b).

e The face opposite vertex (2,b) is o4p.

e The face opposite vertex (0, a) is contained in A x A™ if a = 0, or is a face of 7,1 if @ > 0.

e The face opposite vertex (1,a) = (1,b) is not contained in A2 x JA™, nor in A} x A" nor in
any o0;; (because of the vertices (0,a) and (2,b)), nor in any 7;;, with i < b (because of the
vertex (0,a)), nor in any 7;; with i < j < b (because of the vertex (0,a)).

O

59.4. A pushout-product version of Joyal lifting. We now give a proof of (29.12): we will
prove the case of (i,j) = (0,0), i.e., given p: C — D an inner fibration of quasicategories, n > 1,

and
/
Al x {0}/ ({0} x A™) Ugo} xaan (Al x 9A™) C

Al x A" D
such that f represents an isomorphism in C, we will construct a lift. (Note that if n = 0 such a lift

does not generally exist.)
For each 0 < a < n let 7, be the (n + 1)-simplex of Al x A" defined by

7o = ((0,0),...,(0,a), (1,a),...,(1,n)).
Let K = ({0} x A") U (A! x 9A™). We obtain an ascending filtration of A! x A" by starting with
K and attaching simplices in the following order:

TnsTn—1s---5T1570-
The 7s range through all non-degenerate (n + 1)-simplices of Al x A", so K U|J7, = Al x A",
The claim is that each attachment is along a specified horn inclusion. More precisely, for a € [n]
the simplex 7, is attached to K U|J,., 7 along the horn at the vertex (0,a) in 7, i.e., via a
A" C A" horn inclusion. Note that if when a > 0 this is an inner horn, while when a = 0 this is
the inclusion Aj™ C A™ and the edge A! x {0} is the leading edge of 7.
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Given the claim, we thus construct the desired lift by inductively choosing a lift defined on each
7, relative to the given lift on its A?T!1-horn. When a > 0 such a lift exists because p is an inner
fibration, while when a = 0 a lift exists by Joyal lifting (28.13).

The proof of the claim amounts to the following list of elementary observations. For 7,:

Every codimension-one face is contained in A x JA™ except: the face opposite vertex (0, a),
and the face opposite vertex (1,a).

The face opposite vertex (1, a) is contained in {0} x A™ if a = n, or is a face of 7,41 if a < n.
The face opposite vertex (0, a) is not contained in A! x A™, nor in {0} x A", nor in any 7;

with ¢ > a (beacuse of the vertex (1,a)).

The proof of the other case (i, j) = (1,n) proceeds analogously; in that case simplices are attached
to K in the order: 19, 71,..., Th.

[Bar14]
[Ber10]
[BV73]
[Cors2]
[DS95]
[Fri12]
(GZ67]
[GJ09]
[Hat02]
[HSO1]
[Joy02]
[Joy08a]

[Joy08b]
[JTO8]

[KLV12]
[Lur09]
[Mos15]
[Qui67]
[Rie16]
[Riel4]
[Rie09]
[RV15]

[TS14]
[Tho80)]
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