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Abstract

Many of the classes of objects studied in geometry are defined by first choosing a
class of nice spaces and then allowing oneself to glue these local models together
to construct more general spaces. The most well-known examples are manifolds
and schemes. The main purpose of this thesis is to give a unified account of this
procedure of constructing a category of spaces built from local models and to
study the general properties of such categories of spaces. The theory developed
here will be illustrated with reference to examples, including the aforementioned
manifolds and schemes.

For concreteness, consider the passage from commutative rings to schemes.
There are three main steps: first, one identifies a distinguished class of ring homo-
morphisms corresponding to open immersions of schemes; second, one defines
the notion of an open covering in terms of these distinguished homomorphisms;
and finally, one embeds the opposite of the category of commutative rings in
an ambient category in which one can glue (the formal duals of) commutative
rings along (the formal duals of) distinguished homomorphisms. Traditionally,
the ambient category is taken to be the category of locally ringed spaces, but fol-
lowing Grothendieck, one could equally well work in the category of sheaves for
the large Zariski site—this is the so-called ‘functor of points approach’. A third
option, related to the exact completion of a category, is described in this thesis.

The main result can be summarised thus: categories of spaces built from local
models are extensive categories with a class of distinguished morphisms, sub-
ject to various stability axioms, such that certain equivalence relations (defined
relative to the class of distinguished morphisms) have pullback-stable quotients;

moreover, this construction is functorial and has a universal property.






If names be not correct, language is not in accordance with
the truth of things. If language be not in accordance with
the truth of things, affairs cannot be carried on to success.
When affairs cannot be carried on to success, proprieties and
music will not flourish. When proprieties and music do not
flourish, punishments will not be properly awarded. When
punishments are not properly awarded, the people do not
know how to move hand or foot. Therefore a superior man
considers it necessary that the names he uses may be spoken
appropriately, and also that what he speaks may be carried
out appropriately. What the superior man requires is just that
in his words there may be nothing incorrect.

Analects, Book XIII, translated by James Legge
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Introduction

Context

Many of the classes of objects studied in geometry are defined by first choosing a
class of nice spaces and then allowing oneself to glue these local models together
to construct more general spaces. The most well-known examples are manifolds
and schemes. In fact, manifolds comprise a whole family of examples: after all,
there are smooth manifolds, topological manifolds, complex analytic manifolds,
manifolds with boundaries, manifolds with corners, etc. All of these notions of
manifold are defined in roughly the same way, namely, as topological spaces
equipped with a covering family of open embeddings of local models such that
certain regularity conditions are satisfied. On the other hand, the traditional defin-
ition of scheme is much more involved: because the local models are not given
directly as geometric objects, one has to first find a suitable geometric incarnation

of the local models, which is highly non-trivial.

Another manifold-like notion is the notion of sheaf. Indeed, a sheaf on a topo-
logical space is a topological space obtained by gluing together open subspaces
of the base space. This heuristic can be made precise and remains valid for Gro-
thendieck’s notion of sheaf on a site: a site is a category equipped with a notion
of covering, and a sheaf on a site can be regarded as a formal colimit of a diagram
in the base. Thus, it should come as no surprise that manifold-like objects can be
represented by sheaves on the category of local models, in the sense that there is
a fully faithful functor from the category of manifold-like objects to the category

of sheaves.

There is an alternative definition of scheme based on the aforementioned sheaf

representation: this is called ‘the functor-of-points approach to algebraic geo-

Xili
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[1]

Xiv

metry’ and can be found in e.g. [Demazure and Gabriel, 1970]. The great advant-
age of the definition in terms of functors over the traditional one in terms of locally
ringed spaces is that one no longer needs to explicitly model affine schemes—
the local models—as geometric objects; instead, one can just glue together affine
schemes formally. In exchange, one has to give up a certain sense of concreteness,
but it is precisely the high level of abstraction that makes the functor-of-points
approach so amenable to generalisation: one can mimic the functorial definition
of ‘scheme’ in any reasonable geometric situation to get a manifold-like notion.

Of course, one should say what one means by ‘reasonable geometric situation’
here. For the purposes of defining manifold-like notions, not much is needed: it
would suffice to have a class of well-behaved morphisms—akin to local homeo-
morphisms of topological spaces or étale morphisms of schemes—and a com-
patible notion of covering. Joyal and Moerdijk [JM] have previously investigated
this idea, albeit without discussing the problem of defining manifold-like notions.

In a sense, this thesis is a fulfilment of a suggestion of Shulman [2012]:

It should be possible to axiomatize further “open map structure”,
along the lines of [JM] and [DAG 5], enabling the identification of a
general class of “schemes” in [the exact completion] as the congru-

ences where gluing happens only along “open subspaces.”

Summary

The primary goal of this thesis is to give a uniform account of manifold-like
notions. Although the concept is straightforward enough, as ever, the devil is
in the details. In essence, the difficulty is the tradeoff between having a bad cat-
egory of nice objects and having a nice category of bad objects.“] It is not very
hard to develop an elegant theory of manifold-like notions if one assumes that all
the categories and functors involved behave nicely with respect to limits of finite
diagrams. Unfortunately, the category of manifolds is the classical example of a
bad category of nice objects—not all pullbacks exist—so such a theory would

not account for manifolds. Similarly, one cannot easily account for the functor

Of course, this is only an empirical observation, sometimes attributed to Grothendieck.



Summary

that sends a scheme to its underlying topological space because this functor does
not preserve pullbacks.

For better or worse, the theory that is developed in this work can accommodate
the two examples mentioned above. While the theory may not be as elegant as
one may have hoped for at first, it is at least general enough to include well-
known examples. What follows is a summary of this theory; some details have
been changed or omitted in order to simplify the exposition.

First, let us fix what it means to have a category of local models. An admiss-

ible ecumene consists of the following data:
* An extensive category,m C.

* A class of morphisms in C, E, with the following properties:

Every isomorphism in C is a member of E.

E is closed under composition.

E is closed under coproduct.

E is a quadrable class of morphisms in C, i.e. C has pullbacks of members

of E along arbitrary morphisms and, for every pullback square in C of the

form below,
X —s X

f’l lf

Y —> Y
if f: X — Y isamember of E, then f’ : X’ — Y’ is also a member of E.
— Every member of E is an effective epimorphism in C.

— Every finite diagram in C has an E-weak limit.1%!

* A class of morphisms in C, D, with the following properties:

— Every isomorphism in C is a member of D.
— D is closed under composition.

— D s a quadrable class of morphisms in C.

[2] See definition 1.5.5.
[3] See definition 1.4.9.
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For every object X in C and every small set I, the codiagonal morphism
V:1l,c; X = X is a member of D.

D is closed under coproduct.

Given morphisms f : X - Yandg:Y - ZinC,ifbothg: Y — Z and
geof : X —» Z are members of D, then f : X — Y is also a member of D.

Given amember f : X - Y of E and a morphism g : Y — Z in C, if both
f:X>»>Yandgof : X —» Z are members of D,theng : Y — Z is also

a member of D.

- If f: X — Y is a member of D, then there is a small set ®@ of objects in

C,x with the following properties:

* The induced morphism H(U,x)ecb U — X in C is a member of E.
* For every (U,x) € ®,bothx : U - X and fex : U — Y are

monomorphisms in C that are members of D.

— Every member of E is also a member of D.
For example, the following data define admissible ecumenae:

(a) C is the category of Hausdorff spaces, D is the class of local homeomorph-

isms, and E is the class of the class of surjective local homeomorphisms.

(b) C is the category of disjoint unions of small families of affine schemes,
D is the class of local isomorphisms, and E is the class of surjective local

isomorphisms.

(c) C is the category of disjoint unions of small families of open subspaces of
euclidean spaces, D is the class of local diffeomorphisms, and E is the class

of surjective local diffeomorphisms.

Next, we make precise what it means to have a category of spaces built from
local models. We say that an admissible ecumene as above is effective if the

following additional condition is satisfied:

« For every object X in C and every tractable equivalence relation'*! (R, dy,d 1)
on X in C, there is a morphism f : X » Y inCsuchthat f : X » Y isa
member of E and (R, dy, a’l) is a kernel pairof /' : X » Y.

[4] See definition 2.2.14.
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The main result of this thesis says that every admissible ecumene can be embed-
ded in an effective admissible ecumene that is universal with respect to admissible
functors.l>! The category of charted objects is (the underlying category of) this

universal effective admissible ecumene. For example:

(a) For (C,D,E) as in example (a), the category of charted objects is (equival-

ent to) the category of locally Hausdorft spaces.

(b) For (C, D, E) as in example (b), the category of charted objects is (equival-

ent to) the category of schemes.

(c) For (C,D,E) as in example (c), the category of charted objects is (equi-
valent to) the category of manifolds, possibly neither second-countable nor

Hausdorft.

As one might expect, every charted object can be obtained as a quotient (in the
category of charted objects) of an object in C by a tractable equivalence relation
(not necessarily in C). This fact is easily deduced from the explicit construction
of the category of charted objects as a full subcategory of the exact completion
of C relative to E, which is an exact category that C embeds into and is universal
with respect to functors that preserve limits of finite diagrams and send members
of E to effective epimorphisms. Since C is an extensive category and E is closed
under coproduct, the exact completion is a pretopos.[é] This is very convenient
for technical purposes: recalling the tradeoff discussed in the first paragraph,
what we are doing is embedding a bad category of nice objects in a nice category
of bad objects, which means that many proofs boil down to showing that certain
constructions on nice objects— which are guaranteed to exist in the nice category
—yield nice objects.

To make a tighter connection with the previously mentioned work of Joyal and
Moerdijk [JM], we propose the following definition. A gros pretopos consists

of the following data:

* A pretopos, S.

[5] See definition 2.5.5 and theorem 2.5.7.
[6] See proposition 1.5.13.
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[7]
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* A class of morphisms in S, D, with the following properties:

— Every isomorphism in C is a member of D.
— D s closed under composition.
— D is a quadrable class of morphisms in S.

— For every object X in S and every small set I, the codiagonal morphism
V:[l,c; X = X is a member of D.

— D s closed under coproduct.

— Given morphisms f : X - Yandg:Y — Zin S,ifbothg : Y - Z and
geof : X —» Z are members of D, then f : X — Y is also a member of D.

— Given an effective epimorphism f : X » Y in S, amorphismg:Y — Z
in S and a kernel pair (R,dy,d;) of f : X - Y in S,ifdy,d; : R - X
and go f : X — Z are all members of D, then both f : X -» Y and

g : Y — Z are also members of D.

The axioms on D are almost the same as Joyal’s axioms for a class of étale morph-
isms—the difference being that we omit the descent axiom and strengthen the
quotient axiom. Here, ‘gros’ is used in opposition to ‘petit’: given an object X
in S, the petit pretopos D,y is the full subcategory of the slice category S, x
spanned by the objects (F, p) such that p : F — X is a member of D.

Of course, a pretopos equipped with a class of étale morphisms as defined in
[JM, §1] is a gros pretopos, but we require a bit more generality. For instance,
the pretopos associated with an admissible ecumene admits the structure of a
gros pretopos such that the intersection of the class of distinguished morphisms
in the pretopos with the original category is the original class of distinguished
morphisms—in fact, we will see two different constructions: one that yields a
class of étale morphisms and one that does not.”! It turns out that the latter is
what we need to construct the category of charted objects.

Given a full subcategory C C S, a (C, D)-atlas of an object Y in S is an
effective epimorphism f : X - Y in S where X isanobjectinCand f : X » Y
is a member of D, and a (C, D)-extent in S is an object that admits a (C, D)-atlas.

See proposition 2.3.2 and paragraph 2.5.3.



Outline

Under certain hypotheses on C and D, the category of (C, D)-extents in S admits
the structure of an effective admissible ecumene. For instance, if S is the exact
completion of an admissible ecumene, C is the image of the original category, and
D is the induced class of local homeomorphisms, then this is part of the statement
of the main result.

Although we define the category of charted objects for an admissible ecumene
to be the category of extents in the exact completion with respect to a certain gros
pretopos structure, we should distinguish between ‘charted object’ and ‘extent’
because there exist gros pretoposes that do not arise in this way. Indeed, whereas
the petit pretopos over a charted object is guaranteed to be localic,'® the petit
pretopos over an extent can fail to be localic. The extra generality afforded by
defining extents in the setting of a general gros pretopos makes it possible to fit
algebraic spaces— generalised schemes—into our framework, but exploring that

possibility will be left for future work.

Outline

Abstract topology

In the first chapter, we study various aspects of what it means to be a category of

spaces.

* In §1.1, we discuss the relative point of view of Grothendieck, i.e. the idea
that a morphism is a family of objects (the domain) parametrised by the base
(the codomain), and we define some related terminology that will be used

throughout this work.

* In § 1.2, we consider what it means for a morphism to have a property locally
on the domain, locally on the base, or locally, with respect to a coverage. This
is partially a generalisation of earlier work by Joyal and Moerdijk [JM, §§1
and 5].

* In § 1.3, we study categories with a class of morphisms that have good prop-

erties with regards to pullbacks and images, such as regular categories.

[8] See definition 2.1.4 and lemma 2.3.12(a).
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* In § 1.4, we consider the problem of adding exact quotients—i.e. coequalisers

of equivalence relations that behave well under pullback—to a category with
a class of covering morphisms. Specifically, we will see a sheaf-theoretic con-
struction of the exact completion of a category equipped with a unary topology
in the sense of [Shulman, 2012].

In §1.5, we study extensive categories and we examine properties of their
exact completions. In particular, we will see that the exact completion of an

extensive category equipped with a superextensive coverage is a pretopos.

Charted objects

In the second chapter, we use the concepts introduced in the first chapter to con-

struct categories of charted objects, i.e. spaces built from local models.

In §2.1, we consider full subcategories of pretoposes for which the associated
Yoneda representation is fully faithful and we identify the essential image of

such Yoneda representations.

In §2.2, we define various notions of categories equipped with structure mak-
ing it possible to interpret basic notions of topology such as open embeddings

and local homeomorphisms.

In §2.3, we examine the properties of the category of extents—i.e. objects in

a gros pretopos equipped with an étale atlas.

In §2.4, we investigate sufficient conditions for a functor between gros pre-
toposes to preserve atlases and extents. Specifically, we will see that a func-
tor between gros pretoposes will preserve local homeomorphisms between
extents if it preserves coproducts, some coequalisers, and pullbacks of local

homeomorphisms between distinguished objects.

In §2.5, we characterise the category of extents by a universal property in a
special case, namely, when étale morphisms coincide with local homeomorph-

isms and the coverage is generated by local homeomorphisms.



Guide for readers

Specificities

In the final chapter, we see specific examples of the notions introduced in the

preceding chapters.

* In §3.1, we examine three classes of continuous maps of topological spaces

that arise by relativising the notion of compactness.

* In §3.2, we construct a combinatorial example of a gros pretopos based on
discrete fibrations of simplicial sets, which are closely related to discrete fibra-

tions of categories.

* In §3.3, we construct an admissible ecumene for which the charted objects are

the smooth manifolds of fixed dimension and cardinality.

* In §3.4, we construct admissible ecumenae from categories of topological
spaces and investigate when a topological space is representable by a charted

object.

* In §3.5, we see two prima facie different ways of defining schemes as extents

in a gros pretopos and show that they are the same.

Guide for readers

Prerequisites

Iassume the reader is familiar with category theory—at least Chapters I-V and X

of [CWM]. The appendix contains some material on topics not covered in op. cit.

Conventions

Following [CWM], ‘category’ always means a category with a set of objects and
a set of morphisms, whereas ‘metacategory’ refers to a category with a class of
objects and a class of morphisms. Nonetheless, from time to time, it is convenient
to use terminology previously only defined for categories for metacategories as
well. This can be justified by adopting a suitable universe axiom, but we will not

do so.

XXI
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Internal structure

The following is one possible reading order: §§1.1, A.1, A.2, 1.2, 3.1, 1.3, A.3,
1.4, 1.5, 2.1, 2.2, 2.3, 3.2, 3.3, 2.4, 2.5, 3.4, 3.5. That said, because concrete
examples are deferred to chapter III, readers may find it helpful to peek ahead
from time to time. An index for finding definitions appears at the end of the
document, after the bibliography.

The material within each chapter and each section is laid out linearly; readers
should avoid skipping to the middle of a section as there may be local conventions
in force. Each section is divided into “paragraphs”, which are identified by a label

printed in the margin.



CHAPTER |

Abstract topology

1.1 The relative point of view

Synopsis. We discuss the relative point of view of Grothendieck and

define related terminology.
I.I.I X Throughout this section, C is an arbitrary category.

1.1.2 9 The central tenet of the relative point of view of Grothendieck is to
regard morphisms f : X — Y in C as objects (X, f) in the slice category
C,y. In turn, objects in Cy are to be regarded as “families” of objects in
C indexed (or parametrised) by Y. This can be made precise in special
cases: for instance, there is a canonical equivalence between Set,; and
Set’ "l Of course, from the relative point of view, pullback of morphisms
is reindexing (or reparametrisation), so we should focus our attention on

those properties and constructions which are compatible with pullback.

1.1.2(a) DEFINITION. A morphism f : X — Y in C is quadrable if it has the
following property:

* For every morphism y : Y’ — Y in C, there is a pullback square in C

of the form below:

X — X

Ll

Y,—y>Y

We write qdbl C for the set of all quadrable morphisms in C.

[1] Depending on the definition of Set’, this may depend on the axiom of replacement.
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1.1.2(b)

1.1.2(c)

I.1.3

1.1.4(a)

DEFINITION. A subset 7 C mor C is closed under pullback in C if it has

the following property:

* For every pullback square in C of the form below,

X — X

A

Y — Y
if f: X — Y is amember of F, then f’' : X’ — Y’ is also a member

of F.

DEFINITION. A quadrable class of morphisms in C is a subset F C
mor C with the following properties:
* Every member of F is a quadrable morphism in C.

* F is closed under pullback in C.

LEMMA. Let F be a quadrable class of morphisms in C. Given a morphism
f X = Y inC and a monomorphism g : Y — Z in C, if the composite
go f 1 X — Z isamember of F, then the morphism f : X — Y is also

a member of F.

Proof. The following is a pullback square in C:

X:X

1 b

Thus the left vertical arrow is a member of F if the right vertical arrow is

a member of F. [ |

DEFINITION. A class of fibrations in C is a subset F C mor C that satisfies

the following axioms:
* T is a quadrable class of morphisms in C.
* For every object X in C, id : X — X is a member of F.

* F is closed under composition.



1.1.  The relative point of view

1.1.4(b)

1.1.4(c)

1.1.4(d)

1.1.4(e)

I.1.5

Pullbacks

and fibrations

DEeFINITION. Let F be a class of fibrations in C and let .S be an object in
C. Anobject (X, f) in C,g is F-fibrant if the morphism f : X — Sisa
member of F.

We write 7(.5) for the full subcategory of C, g spanned by the F-fibrant

objects.

EXAMPLE. iso C, the class of isomorphisms in C, is the smallest class of

fibrations in C.

ExAmPLE. The class of quadrable morphisms in C is the largest class of
fibrations in C. (Note that the pullback pasting lemma implies that the

class of quadrable morphisms in C is closed under composition.)

ExamPLE. The class of quadrable split epimorphisms in C is a class of

fibrations in C.

€ Let F be a class of fibrations in C. Consider a commutative diagram

in C of the form below,

X 1 ,z58 vy
A O
A——Ce— B

where the vertical arrows are members of 7. Suppose C has pullbacks. It
is not true that the induced morphisma X, b : X X, Y - AXc Bisa

member of F in general. Rather:

LEMMA. If{a, ) : X = AXcZ isamember of F, thenaX b : XX,Y —

A Xc B is also a member of F.

Proof. By considering the following commutative diagram in S,

axcidY
Xx, ¥ 255 Ax, Y —> ¥

l idgXiq8 l lg

X — > AxXc Z — Z

@f)
ok

AT)C
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1.1.6

Diagonal
criterion for

separatedness

we see that a X, idy : X X, Y — A X Y is a member of 7. On the
other hand, by the pullback pasting lemma, we also have the following

pullback square in S,

AXcY —> Y

idAXidC bl lb

AxoB —> B

0 idy X;q. b+ AXcY — A Xc Bis also a member of 7. Hence,

aX.b: XX,Y — AXc Bisindeed a member of F. |

€ Let F be a quadrable class of morphisms in C. The following can be
regarded as a generalisation of the Hausdorff separation axiom, particu-

larly when F is regarded as a class of closed embeddings.

DEFINITION. An object X in C is F-separated if, for every object T in C
and every parallel pair xy, x; : T — X in C, there is an equaliser diagram

in C of the form below,

X0

)t N

T —— T xEX
1

where 7 : T' — T is a member of F.
EXAMPLE. Anobjectin C is subterminal if and only if itis (iso C)-separated.

LEMMA. Let X be an object in C. Assuming X X X exists in C, the fol-

lowing are equivalent:
(1) X is an F-separated object in C.

(it) The diagonal Ay : X — X X X is a member of F.

Proof. (i) = (i1). The following is an equaliser diagram in C,

A
X —5 XxX —3X

where the parallel pair of arrows are the two projections. Thus the diag-

onal Ay : X — X X X is a member of F.



1.1.  The relative point of view

I.1.7

Properties
of separated

morphisms

(i1) = (1). Given any parallel pair xyp,x; : T — X in C, we have the

following pullback square in C,

T"N—— X

| s

T — XXX

(xg:x1)

and given any such pullback square,

X0
)t —
T"—— T xEX
1

is an equaliser diagram in C. Note that ¢ : T’ — T is a member of F, as

required. H

€ Let F be a quadrable class of morphisms in C. Given an object Y in
C, let Fy be the class of morphisms in C,y whose underlying morphism
in C is amember of F. It is not hard to see that Fy is a quadrable class of
morphisms in Cy. This allows us to extend the definition of ‘separated’

from objects in C to morphisms in C.

DEFINITION. A morphism f : X — Y in C is F-separated if the object
(X, f)in C/y is Fy-separated.

REMARK. Assuming 1 is a terminal object in C, an object X in C is F-

separated if and only if the unique morphism X — 1 in C is F-separated.

PROPOSITION.

(1) Assuming every isomorphism in C is a member of F, every mono-
morphism in C is F-separated.

(i) Givenmorphisms f : X - Y andg:Y — Z inC, ifthe composite
geo f 1 X — Z is F-separated, then the morphism f : X — Y is also
F-separated.

(iii) The class of F-separated morphisms in C is closed under pullback
in C.

(iv) Assuming F is closed under composition, the class of F-separated

morphisms in C is closed under composition.
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Proof. (1)—(ii). Straightforward.
(iii). Consider a pullback square in C:

X X5 X

f/l lf

Y/T>Y

Suppose f : X — Y is an F-separated morphism in C. We must verify
that f' : X’ — Y’ is also an F-separated morphism in C.

Let x, x] : T — X' be morphisms in C such that f’ o x; = f" o x].
Then f o xexy = foxex],andsince f : X — Y is F-separated, there
is an equaliser diagram in C of the form below,

!

XeoX
t >
T"—— T s X
xox!

1

where ¢t : T' — T is a member of F. Note that the universal property of
pullbacks implies that x o t = x/ o . Thus,

/
X

0
T LT 3 X
!

X1

is also an equaliser diagram in C, and this completes the proof.

(iv). Let xg, x; : T — X be morphisms in C such that ge fox; = geo fox;.

Since g : Y — Z is F-separated, there is an equaliser diagram in C of the

form below,
t —>f°x0
T —— T Y
f °Xq

where ¢ : T’ — T is a member of F. Since f : X — Y is F-separated,
there is an equaliser diagram in C of the form below,

’ Xq°t
) —>
T s X
X1°t

t
T”

where ¢’ : T" — T' is a member of F. It is straightforward to verify that

the following is an equaliser diagram in C,

’ X0
tot —
T" — T s X
X1
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1.1.8

Properties of

separated objects

1.1.9

and since F is closed under composition, this completes the proof that
f 1 X — Y is F-separated. [ |

€ Let F be a quadrable class of morphisms.

PROPOSITION.

(1) Assuming every isomorphism in C is a member of F, every subter-
minal object in C is F-separated.

(i1) Given a morphism f : X — Y in C, if X is a F-separated object
inC, then f : X — Y is a F-separated morphism in C.

(ii1) Given objects X and Y in C, if X X Y exists in C and Y is F-
separated, then the projection X XY — X is F-separated.

(iv) Assuming F is closed under composition, if f : X — Y is an F-
separated morphism in C and Y is an F-separated object in C, then X

is also an F-separated object in C.

Proof. Omitted. (The arguments are similar to those in the proof of pro-
position 1.1.7.) O
9 Let F be a class of fibrations in C.

LEMMA. Let f : X - Y andg :Y — Z bemorphismsinC. Ifg:Y — Z
is F-separated and g o f : X — Z is a member of F, then f : X — Y is

also a member of F.

Proof. Consider a pullback square in C of the form below:

Xx, Y —15vy

r| lg

X —
gf

By proposition 1.1.7, the projection p : X X, Y — X is F-separated.
The following is an equaliser diagram in C, y,

(X.idy) S8 (X x, v, p) id; (X %, Y. p)
p.fop

thus (idy, f) : X = X X, Y isamember of F. Since ge f : X — Z is
a member of F, the projection g : X X, Y — Y is also a member of F.
Thus, f = ¢ge° (idy, f) : X — Y is indeed a member of F. [ |
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I.I.10 DEFINITION. A class of separated fibrations in C is a subset 7 C mor C

that satisfies the following axioms:
e F is a class of fibrations in C.

* Givenmorphisms f : X - Yandg:Y — ZinC, assuming g : ¥ —
Z 1s a member of F, the composite g f : X — Z is a member of F

if and only if the morphism f : X — Y is a member of F.

Recognition LEMMA. Let F be a class of fibrations in C. The following are equivalent:

principles for

(1) F is a class of separated fibrations in C.
classes of separ-

ated fibrations (i) Given morphisms f : X - Y andg:Y - ZinC,if f: X >Y
is a monomorphismin C and bothge f : X — Zandg:Y — Z are
members of F, then f : X — Y is also a member of F.
(iii) Given morphisms f : X - Y andg:Y — X inC,ifge f =idy
and g : Y — X is a member of F, then f : X — Y is also a member
of F.
(iv) If g 1 Y — Z is a member of F, then the relative diagonal A, :

Y - Y X, Y is amember of F.

(v) Every member of F is an F-separated morphism in C.

Proof. (1) = (ii), (i) = (iii), (iii) = (iv). Immediate.
(iv) & (v). Apply the diagonal criterion for separatedness (lemma 1.1.6).

(iv)y= (). Let f: X > Y and g : Y — Z be morphisms in C. Suppose
bothge f: X > Zand g : Y —» Z are members of . We must show
that f : X — Y is also a member of 7. Since F is a quadrable class of

morphisms in C, we have the following commutative diagram in C,

x — vy

<idX,f>l lAN

! ! |

X Y V4
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I.I.II

Properties
of perfect

morphisms

I.I.12

Limits of finite
diagrams of
separated

fibrations

I.I1.I3

where every square and every rectangle is a pullback diagram in C. By
hypothesis, A, : Y — Y X Y is a member of F, so (idy, f) : X —
X XY is also amember of 7. Similarly, go f : Y — Z is a member of
F, so the projection X X, Y — Y is also a member of 7. But F is closed

under composition, so f : X — Y is indeed a member of F. [ |

REMARK. Let F be a class of fibrations and let F, be the class of

mono

monomorphisms in C that are members of . Then F is a class of

mono

separated fibrations in C.

9 Let F be a class of fibrations in C.

DEFINITION. A morphism in C is F-perfect if it is F-separated and also

a member of F.

PROPOSITION.

(1) Every monomorphism in C that is a member of F is F-perfect.

(i1) The class of F-perfect morphisms in C is a class of separated fibra-

tions.
Proof. Straightforward. (Use proposition 1.1.7 and lemma 1.1.10.) ¢

€ Let.S be an object in C and let F be a class of separated fibrations.

PROPOSITION. The inclusion F(S) < C,g creates limits of all finite dia-

grams.

Proof. 1Itis clear that (S, id S) is a terminal object in both 7(.5) and C 5.
Similarly, since F is a class of fibrations, F(.S') has binary products and
the inclusion 7(.S) < C, g preserves binary products. Thus, it suffices to
show that 7(5) has equalisers and the inclusion F(S) < C,g preserves

equalisers, but this is a corollary of lemma 1.1.10. [ |

€ We briefly recall the notion of orthogonality.
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Limits of objects

right ortho-

gonal to a class

10

of morphisms

I.1.14

DEFINITION. An object .S in C is right orthogonal to a morphism f :

X — Y in C if the induced map
C(f,S):C(Y,S)— CX,S)

is a bijection.
More generally, .S is right orthogonal to a subset £ C morC if S is

right orthogonal to every member of L.

PROPOSITION. Let L be a subset of mor C. The full subcategory of C
spanned by the objects that are right orthogonal to L is closed under

limits of all diagrams.
Proof. Straightforward. ¢

REMARK. In particular, every terminal object in C is right orthogonal to
every morphism in C. (However, C may not have any terminal objects at
all.)

€ In consideration of the relative point of view, it behoves us to extend

the notion of orthogonality from objects to morphisms.

DEFINITION. A morphism p : Z — .S in C is right orthogonal to a

morphism f : X — Y in C if the following is a pullback square in SET:

cv.z) X2 ey, )

C(f,Z)l lC(f,S)

C(X,Z) m C(X,S)

More generally, p : Z — S is right orthogonal to a subset £ C mor C
if p: Z — § is right orthogonal to every member of L.

We write £ for the set of all morphisms in C that are right orthogonal
to L.

REMARK. Assuming 1 is a terminal object in C, an object X in C is right
orthogonal to L if and only if the unique morphism X — 1 is a member

of 1.
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Alternative LEMMA. Letp : Z — S and f : X — Y be morphisms in C. The

criteria forright  following are equivalent:

orthogonality (1) The morphism p : Z — S in C is right orthogonal to the morphism
f:X->YinC.
(i1) The object (Z, .S, p)in (C | C) is right orthogonal to the morphism
(f.idy) 1 (X,Y, f)— (Y,Y,idy) in (C | C).
(i) For every morphism q : Y — S in C, the object (Z,p) in C;g is
right orthogonal to the morphism f : (X,q° f) = (Y,q) in Cg.
Proof. Straightforward. ¢

Properties of PROPOSITION. Let L be a subset of mor C.

morphisms (i) Every isomorphism in C is a member of L.

right ortho-
(i) The full subcategory of (C | C) corresponding to L* is closed under

gonal to a class
of morphisms limits of all diagrams.

(i) £t is closed under pullback in C.

(iv) Given morphisms f : X - Y and g : Y — Z in C, assuming
g:Y>Z isamemberof[ll, f:X->Y isamemberof[ll if and
onlyifge f : X = Z is a member of L.

(v) Givenamorphism f : X — Y inC, assuming Y is right orthogonal
to L, X is right orthogonal to L ifand only if f : X — Y is a member
of L.

Proof. (1) and (i1). Apply proposition 1.1.13 to lemma 1.1.14.
(ii1) and (iv). Use the pullback pasting lemma.
(v). This is a consequence of the fact that the pullback of a bijection is

again a bijection. [

I.I.15 REMARK. In particular, for any subset £ C mor C, if rtc qdbl C, then

£ is a class of separated fibrations in C.

I.I.16 9 Itis sometimes useful to weaken the notion of right orthogonality by

replacing ‘bijection’” with ‘injection’.

11
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Right orthogon- LEMMA. Let f : X — Y be a morphism in C and let S be an object in C.

ality of diagonals  Agsyming the product S x S exists in C, the following are equivalent:

(1) The induced map
C(f,S):C,S)— C(X,S)

is injective.

(i1) The diagonal Ag : S — S X S is right orthogonalto f : X = Y.

Proof. Consider the diagram below:

Acw,s)

CY,S) —> CY,S)XC(Y,S)
C(f,S)l lc(f,S)XC(f,S)
C(X,S) — CX,S)xXCX,.S)
Acx,s)

Clearly, this is a pullback square if and only if Ag : § — .5 X .S is right
orthogonal to f : X — Y. On the other hand, this is a pullback square if
andonlyif C(f,S) : C(Y,S) — C(X, S)isinjective, so we are done. [l

12



1.2.  Local properties of morphisms

1.2

I.2.1

1.2.2

Local properties of morphisms

Synopsis. We consider variations on what it means for a morphism to

have a property locally with respect to a coverage.
PREREQUISITES. §§ 1.1, A.1, A.2.

€ Ingeneral, given a topological space X and a property P of topological
spaces, we say that X has property P locally if, for every open subspace
U C X, there is a cover @ of U such that every element of ® has property
P.

On the other hand, in the relative setting, there are at least two pos-
sible ways to interpret ‘locally’. For instance, given a continuous map
f ¢ X — Y and a property P of continuous maps, we may say that
f + X = Y has property P locally on the domain if, for every open sub-
space U C X, there is a cover ® of U such that, for every U’ € @, the
restriction f : U’ — Y has property P. Or, we may say that f : X - Y
has property P locally on the base if, for every open subspace V' C Y,
there is a cover ¥ of V such that, for every V' € P, the restriction
f : 7' = V' has property P. We could go even further by com-
bining the two interpretations.

In this section, we study generalisations of these ideas in the abstract
setting of a category with a coverage. It should be noted that the notion of
having a property locally on the base is straightforwardly generalised to
objects in a fibred category, as is the notion of having a property locally
on the domain, but combining the two is difficult. As such, we will only
discuss the case of morphisms. This is partially a generalisation of earlier

work by Joyal and Moerdijk [JM, §§1 and 5].
> Throughout this section:
* C is a category.

* Jis acoverage on C.

* Bis a set of morphisms in C containing all identity morphisms and

closed under composition.

13
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* Gis a set of morphisms in C.

1.2.3(a) DEFINITION. The class G is B-sifted if it has the following property:

eIf f: X > Yisamemberof Band g : Y — Z is a member of G,

then the composite g f : X — Z is also a member of G.

1.2.3(b) DEFINITION. The class G is B-cosifted if it has the following property:

eIf f: X > Yisamemberof Gand g : Y — Z is a member of /3,

then the composite g o f : X — Z is also a member of G.
1.2.3(c) DEerINITION. The class G is B-bisifted if it is both B-sifted and /3-cosifted.
ExAMPLE. B itself is B-bisifted.

1.2.4 DEFINITION. A morphism f : X — Y inC is of G-type (13, J)-semilocally

on the domain if it has the following property:

* There is a J-covering B-sink ® on X such that, for every (U, x) € ©,

foex:U — Y is amember of C.

A morphism in C is of G-type J-semilocally on the domain if it is of

G-type (mor C, J)-semilocally on the domain.

Properties of PROPOSITION. Let G be the class of morphisms in C of G-type (1B, ))-semi-

morphisms of  Jocally on the domain.
a given type

semilocally (i) We have G C G.
onthe domain (i) If G is B-cosifted, then G is also B-cosifted.

(iii) Assuming B is a quadrable class of morphisms in C, if G is B-sifted,
then é is also B-sifted.

(iv) Assuming both B and G are quadrable classes of morphisms in C,

for every pullback square in C of the form below,

X — X

f’l lf

Y — Y
if f: X = Y is a member of G, then f' : X' = Y' is also a member

of é

14
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(v) Every morphism in C of G-type (B, J)-semilocally on the domain is

a member of .
Proof. Straightforward. (For (iii)—(v), use proposition A.2.14.) ¢

1.2.5 DEFINITION. A morphism f : X — Y in C is of G-type (13, J)-locally on
the domain if it has the following property:
* For every object (U, x) in C/X, if x : U - X is a member of /3, then
fex:U =Y is of G-type (BB, J)-semilocally on the domain.
A morphism in C is of G-type J-locally on the domain if it is of G-type

(mor C, J)-locally on the domain.

Properties of PROPOSITION. Let G be the class of morphisms in C of G-type (B, J)-locally

morphisms of a oy the domain.

given type locally R
(1) Every member of G is a morphism in C of G-type (I3, ))-semilocally

on the domain
on the domain.

(i) C is B-sifted.

(iii) If G is B-sifted, then G C C.

(iv) If G is B-cosifted, then é is also B-cosifted.

(v) Assuming G is B-sifted and both B and G are quadrable classes of

morphisms in C, for every pullback square in C of the form below,

X — X

f’l lf

Y — Y
if f: X > Y isamemberof G, then f' : X' = Y' is also a member
of C.
(vi) Assuming both B and G are quadrable classes of morphisms in C,

if G is closed under composition, then the class of morphisms in C of

G-type (B, ))-locally on the domain is also closed under composition.

(vii) Every morphism in C of G-type (B,J)-locally on the domain is a

member of C

15
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1.2.6

When semi-
locally on

the domain
implies locally

on the domain

Proof. (1)—(iv). Straightforward.
(v). Use the pullback pasting lemma to reduce to proposition 1.2.4.

(vi). Let f : X - Y and g : Y — Z be morphisms in C of G-type
(B, J)-locally on the domain. Then there is a J-covering B-sink ® on X
such that, forevery (U, x) € @, fox : U — Y is amember of G, and there
is a J-covering B-sink ¥ on Y with the same property mutatis mutandis.
For each (U,x) € ® and each (V,y) € ¥, we may choose a pullback

square in C of the form below,

T 25U

I b
whereu : T — U isamemberof Band v : T — V is a member of G;
thus, by hypothesis, xeu : T'— X isamember of Band go fexou =
geyeu : T — Z is amember of G. Hence, by proposition A.2.14,

ge f: X — Z is of G-type (3, J)-locally on the domain.

(vii). Let G, be the class of morphisms in C that are of G-type (3, J)-semi-
locally on the domain. By (1), é C G,, and we know that every morphism
in C of G,-type (3, J)-semilocally on the domain is a member of G,, so
every morphism in C of G-type (3, J)-semilocally on the domain is also a
member of G,. Thus, every morphism in C of C-type (13,J)-locally on the

domain is a member of C. [ |

LEMMA. Let f : X — Y be a morphism in C. If B is a quadrable class
of morphisms in C and G is a B-sifted class of morphisms in C, then the

following are equivalent:
(1) f: X — Yisof G-type (B,J)-locally on the domain.

(i) f : X = Y is of G-type (1B, J)-semilocally on the domain.

Proof. (1) = (ii). Immediate.

(i) = (1). Let f : X > Y beamember of Bandletg : Y — Z be
a morphism in C of G-type (53, J)-semilocally on the domain. We must

show that g f : X — Z is of G-type (3, J)-semilocally on the domain.
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There is a J-covering B-sink ¥ on Y such that, for every (V,y) € ¥,
gey:V — Zisamember of G. For each (V, y) € ¥, choose a pullback

square in C of the form below:

vV — v

o)

Since G is B-sifted, go f o f*y: f*V — Z is a member of G. Moreover,
by proposition A.2.14, { (f*V, f*y) | (V,y) € ¥} is a J-covering B-sink
on X. The claim follows. [ |

1.2.7 DEFINITION. A morphism f : X — Y in FAM(C) is of G-type if it has the
following property:
* For every (j,i) € idx f, the morphism f(j,i) : X(i) — Y(j)is a

member of G.

Properties of PROPOSITION.
matrices of (1) If every isomorphism in C is a member of G, then every coproduct

morphisms of

injection in FAM(C) is of G-type.

a given type
(1) If G is closed under composition, then the class of morphisms in

FaM(C) of G-type is also closed under composition.
(iii) IfGis a quadrable class of morphisms in C, then the class of morph-
isms in FAM(C) of G-type is a quadrable class of morphisms in FAM(C).

Proof. Straightforward. ¢

1.2.8 DEFINITION. A morphism 2 : A — B in PsH(C) is familially of ¢-type
if there is a pair (@, ¥) with the following properties:

* @ is a familial representation of A.
* ¥ is a familial representation of B.

* For each (X,a) € ®, there exist a unique (Y, b) € ¥ and a unique
morphism f : X - Y inCsuchthath(a)=b-fand f : X - Yisa

member of G.

17
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Recognition
principle for
morphisms of
presheaves of
a given type
semilocally

on the base
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LEMMA. Let h : A — B be a morphism in PSH(C). The following are

equivalent:
(1) The morphism h : A — B is familially of G-type.

(ii) There is a morphism f : X — Y in FAM(C) of G-type such that
(UX,Hay,Uf) = (A, B, h) (in (PsH(C) | PsH(C))).

Proof. Straightforward. ¢

DEFINITION. A morphism 2 : A — B in PsH(C) is of G-type J-semi-
locally on the base if there is a J-local generating set ¥ of elements of B

that satisfies the following condition:

» Foreach (Y, b) € W, there is arepresentation (X, (f, a)) of Pb(b - —, h)
such that the morphism f : X — Y in C is a member of G.

ExampPLE. If f : X — Y is a member of G, then ﬁf : Ay — hy is of

G-type semilocally on the base.

LEMMA. Let h : A — B be a morphism in PSH(C). The following are

equivalent:
(1) The morphism h : A — B is of G-type semilocally on the base.

(i1) There exist a family (fl- | i€ I) where each f; is a morphism X; —
Y; in C that is a member of G and a pullback square in PSH(C) of the

form below,
Hier ﬁX,» —» A
ier ﬁfl lh
Hics iy, —> B
where [],c, ﬁY,- > B is J-locally surjective.
Proof. Straightforward. ¢
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Properties of PROPOSITION.

morphisms of (1) The class of morphisms in PSH(C) of G-type J-semilocally on the

presheaves of base is closed under (possibly infinitary) coproduct in PSH(C).

a given type
semilocally (i1) Given a pullback square in PSH(C) of the form below,

on the base

l

S by

l

o >

where B - B is J-locally surjective, if h : A — B is of G-type J-
semilocally on the base, then h : A — B is also of G-type J-semilocally

on the base.
Proof. Straightforward. ¢

1.2.10 DEFINITION. A morphism 4 : A — B in PsH(C) is of -type J-locally on

the base if it has the following property:

* For every element (Y, b) of B, the projection Pb(b - —, h) — hy is of
G-type J-semilocally on the base.

EXAMPLE. Assuming G is a quadrable class of morphisms in C, if f :
X — Y is a member of G, then f; : fiy — hy is of G-type J-locally on
the base.

Properties of PROPOSITION.
morphisms of (1) Every morphism in PSH(C) that is of G-type J-locally on the base is

presheaves of a also of G-type J-semilocally on the base.

given type locally
on the base (i1) The class of morphisms in PSH(C) of G-type J-locally on the base

is a quadrable class of morphisms in PSH(C).

(iii) The class of morphisms in PSH(C) of G-type J-locally on the base
is closed under (possibly infinitary) coproduct in PSH(C).

(iv) If every identity morphism in C is a member of G, then every iso-

morphism in PSH(C) is of G-type J-locally on the base.

19
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I.2.11X

When semiloc-
ally on the base
implies locally

on the base

20

(v) Given a pullback square in PSH(C) of the form below,

A—s A
~l lh
B—> B

where B - B is J-locally surjective, if h : A — B is of G-type J-
locally on the base, then h : A — B is also of G-type J-locally on the

base.

Proof. (1). Apply lemma 1.2.13, proposition A.2.14, and the pullback

pasting lemma.
(i1)—(iv). Straightforward.

(v). Let (Y, b) be an element of B and V be the sieve on Y consisting
of the objects (V/,y) in C/Y such that b - y is in the image of B — B.
By construction, V is a J-covering sieve on Y. Since h : A — B is
of G-type J-locally on the base, we may then apply the pullback pasting
lemma and proposition 1.2.9 to deduce that Pb(b - —, h) — fy is of G-type

J-semilocally on the base. [ |

LEMMA. Let h : A — B be a morphism in PSH(C). If G is a quadrable

class of morphisms in C, then the following are equivalent:
(1) The morphism h : A — B is of G-type J-locally on the base.
(i) The morphism h : A — B is of G-type J-semilocally on the base.

(ili) The subpresheaf B' C B is J-dense, where B’ consists of the ele-
ments (T, b) of B such that there exist a morphismt : U — T in C that

is a member of G and a pullback square in PSH(C) of the form below:

ﬁU—>A

| l

by —— B

Proof. Apply proposition A.2.14 and the pullback pasting lemma. [ |



1.2.  Local properties of morphisms

I.2.12 DEFINITION. A morphism f : X — Y in C is of G-type J-locally on
the base (resp. of G-type J-semilocally on the base) if 4, : iy — fy
is a morphism in PSH(C) that is of G-type J-locally on the base (resp. of
G-type J-semilocally on the base).

Properties of PROPOSITION. Let G be the class of morphisms in C of G-type J-locally on

morphisms of 2 ¢f0 pase.

given type locally

on the base (1) Ifeveryisomorphismin C is a member of G, then every isomorphism

in C is also a member of é
(i) If G is a quadrable class of morphisms in C, then G C C.

(i) For every pullback square in C of the form below,

X — X

f'l lf

Y — Y
if f: X - Y isamemberof G, then f' : X' = Y' is also a member
of é
(iv) Every morphism in PSH(C) that is of G-type J-locally on the base is
also of G-type J-locally on the base.

Proof. Apply proposition 1.2.10. [ |

1.2.13 DEFINITION. A morphism 4 : A — B in PsH(C) is J-semilocally of G-
type if there is a J-local generating set ¥ of elements of B that satisfies

the following condition:

* Foreach (Y, b) € V¥, there is a J-local generating set @y , of elements
of Pb(b - —, h) such that, for every (X, (f, a)) € @y p, the morphism
f :X — Y in C is a member of G.

ExampLE. If f @ X — Y is a member of G, then i, : Ay — hy is

J-semilocally of G-type.
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Recognition LEMMA. Let h : A — B be a morphism in PSH(C). The following are

principle for  egyivalent:
morphisms

(1) The morphism h : A — B is J-semilocally of G-type.

of presheaves

semilocally of  (ii) There is a J-weak pullback square in PSH(C) of the form below,

a given type

X — A

o b
oy —— B

where f : X — Y is a morphism in FAM(C) of G-type and 1Y - B

is J-locally surjective.
Proof. Straightforward. ¢

Properties of PROPOSITION.

morphisms (i) Every morphism in PsH(C) that is familially of G-type is also J-
of presheaves semilocally of G-type.

semilocally of

a given type (i1) The class of morphisms in PSH(C) J-semilocally of G-type is closed

under (possibly infinitary) coproduct in PSH(C).

(ii1) Given a J-weak pullback square in PSH(C) of the form below,
—» A

|
—» B

where B » B is J-locally surjective, if h : A — B is J-semilocally of

T —

G-type, then h : A — B is also J-semilocally of G-type.

Proof. Straightforward. (Use lemma 1.2.13 and proposition A.2.14; for

(ii1), also use the weak pullback pasting lemma (lemma A.2.19).) ‘

1.2.14 DEFINITION. A morphism 4 : A — B in PsH(C) is J-locally of G-type if
it has the following property:

* For every element (Y, b) of B, the projection Pb(b - —, h) — hy is J-
semilocally of G-type.
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1.2.  Local properties of morphisms

EXAMPLE. Assuming G is a quadrable class of morphisms in C, if f :

X — Y is amember of G, then fi; : iy — hy is J-locally of G-type.

Properties of PROPOSITION.
morphisms (1) Every morphism in PSH(C) that is J-locally of G-type is also J-

of presheaves

semilocally of G-type.

locally of a

given type (i1) The class of morphisms in PSH(C) J-locally of G-type is a quadrable

class of morphisms in PSH(C).

(iii) The class of morphisms in PSH(C) J-locally of G-type is closed
under (possibly infinitary) coproduct in PSH(C).

(iv) Assuming every identity morphism in C is a member of G, for every
presheaf A on C and every set I, the codiagonal [[,c; A — A is J-
locally of G-type.

(v) If every identity morphism in C is a member of G, then every iso-

morphism in PSH(C) is J-locally of G-type.

(vi) Given a J-weak pullback square in PSH(C) of the form below,

A—>» A
~l lh
B—> B

where B » B is J-locally surjective, if h : A — B is J-locally of
G-type, then h : A — B is also J-locally of G-type.

(vii) If every identity morphism in C is a member of G, then every J-
locally bijective morphism in PSH(C) is J-locally of G-type.

Proof. (1). Apply lemma 1.2.13, proposition A.2.14, and the weak pull-
back pasting lemma (lemma A.2.19).
(i1)—(v). Straightforward.

(vi). Let (Y, b) be an element of B and V be the sieve on Y consisting
of the objects (V, y) in C/y such that b - y is in the image of B - B.
By construction, V is a J-covering sieve on Y. Since h : A — B is J-

locally of G-type, we may then apply the weak pullback pasting lemma
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1.2.15
When semi-
locally implies

locally

1.2.16

24

and proposition 1.2.13 to deduce that Pb(b - —, h) — Ay is J-semilocally
of G-type.

(vil). Let h : A — B be a J-locally bijective morphism of presheaves on

C. Then the following is a J-weak pullback square in PSH(C):

A _id A
o |
Thus, by (vi), the claim reduces to (v). [ |

LEMMA. Let h : A — B be a morphism in PSH(C). If G is a quadrable

class of morphisms in C, then the following are equivalent:
(1) The morphism h : A — B is J-locally of G-type.

(i) The morphism h : A — B is J-semilocally of G-type.

Proof. Apply proposition A.2.14 and the weak pullback pasting lemma

(lemma A.2.19). |

€ The following definition is a variation on the collection axiom intro-

duced in [JM, §1].

DEeFINITION. The J-local collection axiom for G is the following:

* Given a morphism f : X — Y in C and a J-covering sieve U" on X, if
f : X — Y is a member of G, then there is a J-covering sink ¥ on Y
such that, for each (7', y) € ¥, there is a J-local generating set @y
of elements of Pb(y e —, f o —) such that, for each (U, (¢, x)) € @7 ),
t:U — T isamember of Gand (U, x)isin U.

REMARK. Assuming G is closed under composition, if every J-covering
sink contains a J-covering G-sink, then G satisfies the J-local collection

axiom.



1.2.  Local properties of morphisms

Alternative
criteria for the
local collec-

tion axiom

1.2.17
Composition
of morphisms
of presheaves
locally of a
given type

LEMMA. The following are equivalent:
(1) G satisfies the J-local collection axiom.

(i) Forevery morphism f : X - Y inC, if f : X — Y is a member of

G, then for every J-covering sieve U on X, there is a J-weak pullback
square in PSH(C) of the form below,
X —2s fy
o] I
HY’ —q)) ﬁY
where q : UY' — hy is J-locally surjective, f' : X' — Y' isa
morphism in FAM(C) of G-type, and for every element (T, x") of LX',
(T, p(x")) isin U.
Proof. Straightforward. ¢
ProrosITION. If G is a quadrable class of morphisms in C that satisfies

the J-collection axiom and is closed under composition, then the class of

morphisms in PSH(C) J-locally of G-type is also closed under composition.

Proof. In view of proposition 1.2.14, it suffices to prove the following

statement:

* Given morphisms h: A - Band k : B—- CinPsH(C),ifh: A —> B
is J-locally of G-type and k : B — C is J-semilocally of G-type, then
the composite ke h : A — C is also J-semilocally of G-type.

So suppose h : A — B is J-locally of G-type and k : B — C is J-
semilocally of §-type. By lemma 1.2.13, there is a J-weak pullback square

in PsH(C) of the form below,

ay —— B

W |

Uz — C

where LIZ - C is J-locally surjective and g : Y — Z is a morphism in

FaM(C) of G-type. The projection (LIY) Xz A — LY is also J-semilocally
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of G-type, so there is a J-weak pullback square in PsH(C) of the form

below,
X" — (IY) x5 A

1| f’l l
oy’ ——» 1Y
satisfying the conditions mutatis mutandis. Then, using lemma 1.2.16
and the hypothesis that G satisfies the J-local collection axiom, we may

find a J-weak pullback square in PSH(C) of the form below,

ay” — 1Y

Hg”l lﬂg

Hz" —s 1z

where 1Z"” - 11Z is J-locally surjective, Y” — Y factors as a morphism
Y” - Y’ in FAM(C) followed by the J-covering morphism Y' - Y in
FaM(C), and g” : Y" — Z" is a morphism in FAM(C) of G-type. Since
G is a quadrable class of morphisms in C, by proposition 1.2.7, there is a

pullback square in PSH(C) of the form below,

nx” — 1x’

Uf//l J(Uf/

ay” —— 1y’

where f” : X” — Y” is a morphism in FAM(C) of G-type. Hence, we

obtain a commutative diagram in PSH(C) of the form below,

X" — A
]_Ig"l lh
ny” —s B
]_If”l lk
Hz" —» C

where, by the weak pullback pasting lemma (lemma A.2.19), both squares
and the outer rectangle are all J-weak pullback diagrams in PSH(C). Since
the horizontal arrows are J-locally surjective, it follows from the hypo-
thesis that G is closed under composition that k e h : A — C is J-
semilocally of G-type, as claimed. [ |



1.2.  Local properties of morphisms

1.2.18 DEFINITION. A morphism f : X — Y in C is J-locally of G-type (resp.
J-semilocally of G-type) if /i, : iy — fy is a morphism in PsH(C) that
is J-locally of G-type (resp. J-semilocally of G-type).

LEMMA. Letr : F — A be a J-locally surjective morphism in PSH(C) and
let h : A — B be a morphism in PSH(C) J-locally of G-type. Assuming
G satisfies the J-local collection axiom, there is a J-weak pullback square

in PSH(C) of the form below,

p
—

o b
W — >

—»
q

where g : B - B is J-locally surjective, p : A — A factors through
r:F — A and h: A — B is familially of G-type.

Proof. By lemma 1.2.13 and proposition 1.2.14, there is a J-weak pull-

back square in PSH(C) of the form below,

ox —— A

o b

Y —» B
where LIY - B is J-locally surjective and f : X — Y is a morphism in
FAaM(C) of G-type. By proposition A.2.14, the projection IX X , F — L[IX
is J-locally surjective, so we may apply lemma 1.2.16 to obtain a J-weak

pullback square in PsH(C) of the form below,

X' — X

]

oy’ —— 1Yy

where IY'" -» 1Y is J-locally surjective, f’ : X’ — Y’ is a morphism
in FAM(C) of G-type, and LIX' - LIX factors through the projection
IIX x, F — 1IX. We can then take A = IX', B = 1Y, and h = LI f'
and use the weak pullback pasting lemma (lemma A.2.19) to complete the

proof. |
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Properties of
morphisms
locally of a

given type

1.2.19

1.2.19(a)
Recognition
principle for
monomorph-
isms of a given
type semilocally

on the domain

1.2.19(b)
Recognition
principle for
quadrable mono-
morphisms
semilocally of

28 .
a given type

PROPOSITION. Let G be the class of morphisms in C J-locally of G-type.
(1) Ifeveryisomorphismin C is a member of G, then every isomorphism
in C is also a member of é
(1) If G is a quadrable class of morphisms in C, then G C é
(ii1) G is closed under pullback in C.

(iv) If G satisfies the J-local collection axiom, then G also satisfies the

J-local collection axiom.

(v) If Gis a quadrable class of morphisms in C that satisfies the J-local
collection axiom and is closed under composition, then Q is also closed

under composition.

(vi) Every morphism in PsH(C) that is J-locally of G-type is also J-
locally of G-type.

Proof. Apply propositions 1.2.14 and 1.2.17, lemma 1.2.18, and the weak

pullback pasting lemma (lemma A.2.19). [ |

€ The following is a generalisation of Proposition 1.9 in [JM].

LEMMA. Let f : X — Y be a monomorphism in C. Assuming B is a
quadrable class of morphisms in C, the following are equivalent:

(1) f: X = Y is of B-type (B, J)-semilocally on the domain.

(i) f : X = Y is of B-type J-semilocally on the domain.

Proof. (1) = (ii). Immediate.

(i1) = (1). Let ® be a J-covering sink on X such that, for every (U, x) € @,
fex : U — Y is amember of B. Then, by lemma 1.1.3, x : U —
X itself is a member of B. Hence, f : X — Y is indeed of B-type
(B, J)-semilocally on the domain. [ |

LEMMA. Let f : X — Y be a quadrable monomorphism in C and let BB be
the class of morphisms in C of B-type (B, J)-semilocally on the domain.

The following are equivalent:

(1) f: X — Y is J-semilocally of B-type.



1.2.  Local properties of morphisms

1.2.20

Recognition
principle for
separated morph-
isms of a given
type semilocally

on the domain

Perfect morph-

isms and locality

(i) f: X — Y is of B-type J-semilocally on the base.

Proof. (1) = (ii). Apply lemma 1.2.19(a).

(i) = (i). Immediate. [ ]

€ The following is a generalisation of Proposition 1.10 in [JM].

LEMMA. Let f : X — Y be a B-separated morphism in C. Assuming B

is a class of fibrations in C, the following are equivalent:
(1) f: X — Y isof B-type (13, ))-semilocally on the domain.
(i) f : X = Y is of B-type J-semilocally on the domain.

Proof. (i) = (ii). Immediate.

(i1) = (1). Let @ be a J-covering sink on X such that, for every (U, x) € @,
fex : U — Y is amember of B. Then, by lemma 1.1.9, x : U —
X itself is a member of B. Hence, f : X — Y is indeed of B-type
(B, J)-semilocally on the domain. [ ]

REMARK. Since monomorphisms are always 3-separated, lemma 1.2.20
can be regarded as a generalisation of lemma 1.2.19(a), at least in the case

where B is a class of fibrations.

PrROPOSITION. Suppose G is the class of morphisms in C J-semilocally of

B-type. Assume the following hypotheses:
* B is a class of fibrations in C.

* Every morphism in C of B-type (I3,J)-semilocally on the domain is a

member of B.

» Every quadrable morphism in C of B-type J-semilocally on the base is

a member of B.

Let f : X — Y be a quadrable morphism in C such that the relative
diagonal Ay : X — X Xy X is also a quadrable morphism in C. The

ollowing are equivalent:

J g are eq
(1) f: X — Y is a B-perfect morphism in C.
(1) f: X — Y is a G-perfect morphism in C.
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(iii) f : X — Y is a member of G and is B-separated.

Proof. (1) = (ii). By proposition 1.2.18, we have B C G; thus, every
B-perfect morphism in C is also G-perfect.

(i) = (i11). The relative diagonal A Fi X o XXy X is a quadrable
monomorphism, so we may apply lemma 1.2.19(b) to deduce that it is a

member of B. Thus, by lemma 1.1.6, f : X — Y is indeed B-separated.

(ii1) = (i). Suppose f : X — Y is a member of G. Then there is a J-
covering sink ¥ on Y such that, for every (V', y) € ¥, we have a pullback
square in C of the form below,

U
|
14

X
—

S

&
~

~

—_—
y

where v : U — V is of B-type J-semilocally on the domain. In addition,
suppose f : X — Y is B-separated. By proposition 1.1.7,v : U = V
is also B-separated. Thus, by lemma 1.2.20, v : U — V is of B-type
(B, J)-semilocally on the domain, so v : U — V is a member of 5.
Hence, f : X — Y is of B-type J-semilocally on the base,so f : X - Y

is a member of . [ |



1.3. Regulated categories

1.3

I.3.1

1.3.2(a)

1.3.2(b)

Properties
of fibrant
embeddings

1.3.3

Properties

of calypses

[1]

Regulated categories

Synopsis. We study categories with a class of morphisms that have good
properties with regards to pullbacks and images, such as regular categor-

ies.
PREREQUISITES. §1.1.

»* Throughout this section, C is a category and F is a class of separated

fibrations in C.

DEFINITION. An F-embedding in C is a monomorphism in C that is a

member of F.

DEeFINITION. An F-subobject of an object Y in C is an object (X, f) in
C,y where f : X — Y is an F-embedding in C.

PROPOSITION. The class of F-embeddings in C is a class of separated

fibrations in C.
Proof. Straightforward. ¢
DEFINITION. An F-calypsis“] in C is a morphism f : X — Y in C with
the following property:

* If f = moe for some F-embeddingm : Y’ — YinC,thenm:Y' - Y

is an isomorphism in C.

REMARK. If every object in C is F-separated, then every F-calypsis in C

is an epimorphism.

PROPOSITION.

(1) Every extremal epimorphism in C is an F-calypsis in C.

(i) Every F-embedding in C is right orthogonal to every F-calypsis in
C.

(iii) The class of F-calypses in C is closed under composition.

Proof. Straightforward. ¢

— from Greek «xdAvyicy, covering.
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1.3.4(a)

1.3.4(b)

1.3.5(a)

1.3.5(b)

[2]

32

DEFINITION. An F-calypsis f : X — Y in C is quadrable if it has the
following properties:
* f: X — Y is a quadrable morphism in C.

* For every pullback square in C of the form below,
X — X
f’l lf
Y —> Y
the morphism f' : X' — Y is an F-calypsis in C.
DEFINITION. An exact F-image of a quadrable morphism f : X — Y
in C is an F-embedding im(f) : Im(f) — Y in C with the following
property:
* There is a (necessarily unique) quadrable F-calypsis ny : X — Im(f)
in C such that im(f) e n, = f.

REMARK. Exact images are unique up to unique isomorphism, if they

exist.

EXAMPLE. If f : X — Y is an F-embedding in C, then f : X — Y isits

own exact F-image.
DEFINITION. A quadrable morphism f : X — Y in C is F-eucalyptic'®’

if it has the following property:
* For every F-embeddingm : X' - X inC, fom : X' — Y admits an
exact F-image.
DEFINITION. A quadrable morphism f : X — Y in C is quadrably
F-eucalyptic if it has the following property:
* For every pullback square in C of the form below,

X — X

f’l lf

Y — Y

the morphism f' : X’ — Y’ is F-eucalyptic.

— from Greek «&dy, well, and «koldmtoy, I cover.
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Properties of PROPOSITION.

eucalyptic (i) Every F-embedding in C is quadrably F -eucalyptic.
morphisms
(ii) The class of F-eucalyptic morphisms in C is closed under compos-

ition.
(iii) The class of quadrably F-eucalyptic morphisms in C is a class of

fibrations in C.
Proof. Straightforward. (For (ii), use proposition 1.3.3.) ¢

1.3.6 DEFINITION. A quadrable morphism in C is F-agathic!®! if it is both 7-
separated and quadrably F-eucalyptic.

Propertiecs PROPOSITION.

of agathic (1) Every F-embedding in C is F-agathic.
morphisms
(i) Assuming every quadrable F-calypsis is an extremal epimorphism

in C, every F-agathic monomorphism in C is an F-embedding.

(iii) The class of F-agathic morphisms in C is a class of separated fibra-

tions.

Proof. (1). By proposition 1.1.7, monomorphisms in C are F-separated;

and by proposition 1.3.5, F-embeddings in C are quadrably F-eucalyptic.

(i1). Let f : X — Y be an F-agathic monomorphism in C. Then it factors
as a quadrable F-calypsis e : X — Im(f) followed by an F-embedding
im(f) : Im(f) - Y. Bute : X — Im(f) is both a monomorphism and an
extremal epimorphism, so it must be an isomorphism. Hence f : X — Y

is also an F-embedding.

(i11). We know that the class of F-agathic morphisms in C is a class of

fibrations in C, so we may apply lemma 1.1.10 to (i) to deduce the claim.

1.3.7 9 LetY be an objectin C.

[3] — from Greek «dayafucdo», good.
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Recognition
principle for
calypses in

regular categories
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DEFINITION. An exact F-union of a set @ of F-subobjects of Y is an

F-subobject (X, /) of Y with the following property:

* For every object (T', y) in Cy, y! (X f ) is a coproduct of

X, NHIKX, f) e d)

in the category of F-subobjects of T, where y~! denotes pullback
alongy: T — Y inC.

REMARK. Exact unions are unique up to unique isomorphism, if they exist.

€ There are numerous variations on the definition of ‘regular category’;

we shall use the following.

DEFINITION. A regular category is a cartesian monoidal category S with
pullbacks of monomorphisms and exact M-images of every morphism,

where M is the class of monomorphisms in S.

LEMMA. Let f : X — Y be a morphism in S. Assuming S is a regular

category, the following are equivalent:

(1) f: X — Y is an effective epimorphism in S.
(i) f : X — Y is a regular epimorphism in S.
(i) f : X — Y is a strong epimorphism in S.
(iv) f : X = Y is an extremal epimorphism in S.

v) f: X =Y isan M-calypsis in S, where M is the class of mono-

morphisms in S.

Proof. (1) = (i1), (i1) = (iii), (iil) = (iv), (iv) = (v). Straightforward.

(v) = (i). See Proposition 1.3.4 in [Johnstone, 2002, Part A]. O

REMARK. Thus, every kernel pair in a regular category is also a kernel

pair of some effective epimorphism.
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1.3.9 LEMMA. Consider a pullback square in C:

Descent of mono-

S

p
—

)

morphisms

~

h<l<_l
—

~ ~

—_—
q
Ifq: Y — Y is a quadrable morphism in C such that every pullback of
q: Y = Y is an epimorphism in C, then the following are equivalent:

i) f: X->7Yisa monomorphism in C.

(1) f: X — Y is a monomorphism in C.

Proof. (i) = (ii). Let xy, x; : T — X be a parallel pair of morphisms in
C. Suppose f o xy = f o x;. Since f : X — Y is a monomorphism, the
pullback pasting lemma implies that there exist morphisms ¥ : T — X

andt : T — T in C such that both of the following are pullback squares

in C:
T 5T T—L>T
)?J/ J{XO )?l lxl

But?: T — T is an epimorphism in C, so we have x, = x.

(i1) = (1). Straightforward. [ |

1.3.10 DEFINITION. A functor F : C — D is regular if C is a regular category
and F : C — D preserves limits of finite diagrams and extremal epi-

morphisms.

Criteriafora LEMMA. Let F : C — D be a regular functor. The following are equival-
regular functor to  gp¢-

be conservative
(1) F : C — D reflects extremal epimorphisms.

(i) F : C — D reflects extremal epimorphisms and monomorphisms.

(i) F : C — D is conservative.
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1.3.11

Initial objects
in coherent

categories

1.3.12

[4]

Proof. (i) = (ii). Since C has kernel pairs and F : C — D preserves
kernel pairs, if F : C — D reflects extremal epimorphisms, then F : C —

D also reflects monomorphisms.

(i1) = (ii1). A morphism (in any category) is an isomorphism if and only

if it is both a monomorphism and an extremal epimorphism.

(iii)) = (1). Let f : X — Y be a morphism in C. Since F : C — Dis
a regular functor, F f : FX — FY is an extremal epimorphism in D if
and only if Fim(f) : F Im(f) — FY is an isomorphism in D; and since
F : C — Disconservative, Fim(f) : FIm(f) — FY is anisomorphism

in Dif and only if f : X — Y is an extremal epimorphism in C. [ |

€ Let x be a regular cardinal.

DEFINITION. A k-ary coherent category is a regular category S with
exact M-unions of every kx-small set of M-subobjects of every object,

where M is the class of monomorphisms in S.

LEMMA. Let S be a x-ary coherent category.

(1) S has an initial object 0.

(i1) For every objectY in S, the unique morphism Ly : 0 = Y in S is
a monomorphism.
(iii) For every object X in S, every morphism X — 0in S is an iso-
morphism.
Proof. See Lemma 1.4.1 in [Johnstone, 2002, Part A]. ]
DEFINITION. A regulated category is a pair (C, D) where C is a category

and D is a (not necessarily full) subcategory[4] of C with the following

properties:
* Dis a class of separated fibrations in C.

* Every morphism in D is an D-agathic morphism in C.

However, abusing notation, we will also regard D as a subset of mor C.
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1.3.12(a)

1.3.12(b)

1.3.12(c)

Recognition prin-
ciple for regu-

lated categories

1.3.13

1.3.14

The category

of regulated
objects in a regu-

lated category

Given such, a regulated morphism in C is a morphism in D.
We will often abuse notation by referring to C itself as a regulated

category, omitting D.

ExampLE. Every category is a regulated category in which the regulated

morphisms are the isomorphisms.

ExampLE. Every regular category is a regulated category in which every

morphism is regulated.

ExAmPLE. If every F-agathic monomorphism in C is an F-embedding in
C, then (C, D) is a regulated category, where D is the subcategory of C

consisting of the F-agathic morphisms in C.

LEMMA. Let D be a subcategory of C. Assuming D is a class of separated

fibrations in C, the following are equivalent:
(1) (C,D) is a regulated category.

(i1) Every morphism in D factors as a quadrable D-calypsis in C fol-
lowed by a D-embedding in C.

Proof. Straightforward. ¢

REMARK. In particular, if (C, D) is a regulated category, then (D, D) is

also a regulated category.
» For the remainder of this section, (C, D) is a regulated category.

PROPOSITION.
(i) For every object X in C, the slice category D x is a regular cat-
egory in which the extremal epimorphisms are the morphisms that are

quadrable D-calypses in C.

(ii) For every morphism f : X — Y in C, the pullback functor f* :

D,y — D,y is a regular functor.
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1.3.15

Recognition prin-

38

ciple for quad-

rable calypses

Proof. (1). By hypothesis, every morphism in D,y is D-agathic as a
morphism in C, so it factors as a quadrable D-calypsis followed by a
D-embedding in C. Furthermore, by proposition 1.1.12, the inclusion
D,x & C,x creates limits. But every monomorphism in D,y is a D-
embedding in C, so it follows that every morphism in D,y has an exact
M -image, where My is the class of monomorphisms in D,y. Thus,
the extremal epimorphisms in D,y are indeed the morphisms that are

quadrable D-calypses in C.

(ii). It is clear that f* : D 1y = D/x preserves limits of finite diagrams,
and the argument above implies that extremal epimorphisms are also pre-

served. [ |

PROPOSITION. Let f : X — Y be a quadrable morphism in C. The

following are equivalent:
(1) f: X — Y is a quadrable D-calypsis in C.

(1) f : X — Y admits an exact D-image and the pullback functor

[*: D)y = D,y is conservative.

Proof. (i) = (i1). Consider a commutative diagram in C of the form below,

" r" "
X" —Y

X ——Y

where the vertical arrows are morphisms in D and both squares are pull-
back squares in C. Suppose x" : (X”,xox') — (X’,x) is an extremal
epimorphism in D,y. Then, by proposition 1.3.14, x : X" — X' is
a D-calypsis in C. Since f : X — Y is a quadrable D-calypsis in C,
f" X' - Y’ is a D-calypsis in C, hence y’ : Y” — Y’ is also an
D-calypsis in C. But y’ : Y"” — Y’ is D-eucalyptic, so it follows that
y (Y”, yo y’) - (Y', y) is an extremal epimorphism in D y. Thus,
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we see that f* : D /vy = D, x reflects extremal epimorphisms. We may
then apply lemma 1.3.710.

(ii) = (i). Observe that /™ : D/Y - D/X sends the object (Im(f), im(f))
in Dy to a terminal object in D, y. Since o D,y — D/ is conser-
vative, it follows that im(f) : Im(f) — Y is an isomorphism in C, so

f 1 X — Y is indeed a quadrable D-calypsis in C. [ |

1.3.16 9 Let (Cy, Dy) and (C, D) be regulated categories.
DEFINITION. A regulated functor (Cy,Dy) — (C;,D;) is a functor
F : Cy — C; with the following properties:
* F preserves regulated morphisms, i.e. I sends morphisms in Dy, to
morphisms in D;.
» F preserves pullbacks along regulated morphisms, i.e. given a pull-

back square in C, say

T —— T

L)

X — X
if x : T — X isin D, then F preserves this pullback square.

» F preserves exact images of regulated morphisms, i.e. given a morph-
ism f : X = Y in Dy, Fim(f) : FIm(f) — FY is an exact D;-
imageof Ff : FX — FY.

Recognition prin-  LEMMA. Let F : Cy = C; be a functor. Assuming F preserves regulated

ciple for regu-  morphisms and pullbacks along regulated morphisms, the following are

lated functors .
equivalent:

1) F: (CO, DO) N (Cl,Dl) is a regulated functor.

(i1) For every object X in C, the evident functor

Fy : (Do)/x - (Dl)/FX
given on objects by (T, x) — (FT, FXx) is a regular functor.

Proof. This is a consequence of proposition 1.3.14. [ ]

39



Abstract topology

1.4

I.4.1

Recognition prin-
ciple for strict

epimorphisms

Properties
of strict

epimorphisms

1.4.2

1.4.2(a)

40

Exact quotients

Synopsis. We consider the problem of freely adding exact quotients to a

category with a class of covering morphisms.
PREREQUISITES. §§1.1, 1.3, A.1, A.2, A.3.

€ Let C be a category.

DEFINITION. A strict epimorphism (resp. universally strict epimorph-
ism) in C is a morphism f : X — Y in C such that the principal sieve
L{f) is strict-epimorphic (resp. universally strict-epimorphic).
LEMMA. Let f : X — Y be a morphism in C. The following are equival-
ent:
(1) The morphism f : X — Y is a strict epimorphism in C.
(i1) For every morphism h : X — Z inC, if hoxy = h o xy for all
elements (T, (xo, X )) of Kr(f o —), then there is a unique morphism
g:Y > ZinCsuchthatge f = h.

Proof. This is a special case of lemma A.2.6. [ |

PROPOSITION.
(1) Every strict epimorphism in C is an epimorphism in C.
(ii) Every regular epimorphism in C is a strict epimorphism in C.
(iii) A strict epimorphism in C is an effective epimorphism in C if (and

only if) it admits a kernel pair in C.
Proof. Straightforward. (Use lemma 1.4.1.) ¢

€ Let X be an object in a category C.

DEFINITION. An equivalence relation on X in C is a tuple (R, dy, d )

where:
. <ﬁd1, ﬁd0> : hg = Ay X hy is a monomorphism in PSH(C).

* The image of < by, /id0> : hg — hy X fiy is an equivalence relation on
hy.
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REMARK. In other words, an equivalence relation on X is a representation

of some equivalence relation on fy .

1.4.2(b) DEFINITION. An exact quotient of an equivalence relation (R, dy,d 1) on
X in C is a quadrable morphism ¢ : X — X in C with the following

properties:

* The following is a pullback square in S

do
R— X
Wl

e Every pullback of ¢ : X — X is an effective epimorphism in C.

1.4.3 9 Let C be a category. The following is a special case of the notion of
coverage (paragraph A.2.8) and generalises the notion of weakly unary

topology in the sense of [Shulman, 2012, §3].

1.4.3(a) DEFINITION. A unary coverage on C is a subset E C mor C with the

following properties:
* For every object X in C, id : X — X is a member of E.

* For every morphism f : X — Y in C and every morphism y : T — Y
inC,if y: T — Y is a member of E, then there is a commutative

diagram in C of the form below,
U—T
l y
X T) Y
where x : U — X is also a member of E.

1.4.3(b) DEFINITION. A unary coverage E on C is upward-closed if it has the

following property:
* Given morphisms f : X - Yandg:Y - ZinC,ifge f: X - Z

is a member of E, then g : Y — Z is also a member of E.
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REMARK. If E is an upward-closed unary coverage, then:
(1) Every split epimorphism in C is a member of E.

(i) The full subcategory of (C | C) spanned by the members of E is

replete.

1.4.3(c) DEFINITION. A unary coverage E on C is saturated if it has the following
property:

* For every commutative square in C of the form below,

U——T

1l E

X —Y
f

ifbothx:U — Xand f : X - Y are membersof E,theny : T —» Y

is also a member of E.

ExaMmpLE. If C is a category with pullbacks and E is the class of univer-
sally strict epimorphisms in C, then E is a saturated unary coverage on C

(by lemma A.2.3(c) and corollary A.2.3(d)).

1.4.4 X For the remainder of this section, C is a category and E is a unary
coverage on C. Abusing notation, we will conflate E with the associated

coverage on C.

1.4.5 REMARK. Recalling paragraph A.2.13, f : X — Y is a E-covering morph-
ism in C if and only if there is a morphism x : T — X in C such that
fex:T — Y is a composite of some finite (composable) sequence of

members of E.

Recognition LEMMA. Let E be a unary coverage on C. The following are equivalent:

rinciples . .
prneip (1) E is saturated.
for saturated
unary coverages (i1) E is upward-closed and closed under composition.

(i) Every E-covering morphism in C is a member of E.

Proof. Straightforward. ¢
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Properties
of covering

morphisms

1.4.6

1.4.6(a)

1.4.6(b)

1.4.7

Elements of
locally 1-
generable

presheaves

Locally 1-
generable subpre-
sheaves of locally

1-generable

presheaves

PrOPOSITION. The class of E-covering morphisms in C is the smallest

saturated unary coverage on C that contains E.

Proof. Straightforward. ¢

q Let A be a presheaf on C.

DEFINITION. An E-local generator of A is an element (X, a) of A such
that {(X,a)} is an E-local generating set of elements of A.

The presheaf A is E-locally 1-generable if it has an E-local generator.

DEFINITION. An E-local presentation of A is tuple (X, P, a, d, d;) with
the following properties:
* (X, a)is an E-local generator of A.
* (P, (d.dy)) is an E-local generator of the kernel relation Kr(a - (-)),
where a - (=) : iy — A is the unique morphism that sends idy to a.
The presheaf A is E-locally 1-presentable if it admits an E-local present-

ation.

ExaMPLE. For every object X in C, (X, X,idy,idy,idy) is an E-local

presentation of fy.
€ Let B be a presheaf on C and let (Y, b) be an E-local generator of B.

LEMMA. Let (X, a) be an element of B. There exist an E-covering morph-

ismp : X — X in C and a morphism f : X — Y in C such that
b-f=a-p.
Proof. Straightforward. (Recall remark 1.4.5 and paragraph A.2.13.) ¢

COROLLARY. Let A be an E-locally 1-generable subpresheaf of B. There
is a morphism f : X — Y in C such that (X, b- f) is an E-local gener-
ator of A.

Proof. Let (X, a) be an E-local generator of A. By lemma 1.4.7, we have
an E-covering morphism p : X — X in C and a morphism f : X — Y in
Csuchthatb- f = a- p. On the other hand, (X, a - p) is also an E-local
generator of A: for every E-closed subpresheaf A" C A,ifa-p € A’ (X ) ,
thena € A'(X),s0 A’ = A. [
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1.4.8

Local generating
sets of locally
1-generable

presheaves

1.4.9

Recognition
principle for

weak limits

1.4.10

4t

LEMMA. Let A be an E-locally 1-generable presheaf on C. For every E-
local generating set @ of elements of A, there is (X ', a’) € ® such that

(X',a') is an E-local generator of A.

Proof. Let (X, a) be an E-local generator of A. Recalling remark 1.4.5
and paragraph A.2.13, since @ is an E-local generating set of elements of
A, there exist an element (X 'a ) € ®, an E-covering morphism p : X -
X in C, and a morphism f : X — X’ in C suchthata-p=a’ - f. Thus,
every E-closed subpresheaf of A containing (X ' a ) must also contain

(X, a), so (X 'a' ) itself is an E-local generator of A. ]

€ Let X : J — C be adiagram.

DEFINITION. An E-weakly limiting cone on X isacone 4 : AX = X in

C with the following property:

* For every object T in C and every cone & : AT = X in C, there exist
morphisms ¥ : U - X andt: U — T inCsuchthatt: U — T is an

E-covering morphism in C and, for every object j in J, A; e X =¢; ot.
We will often abuse notation by referring to the object X as an E-weak
limit of X, omitting A.

ExAaMPLE. Every limiting cone on X is also an E-weakly limiting cone.

LEMMA. Let X be an object in C and let A : AX = X be a cone in C.

The following are equivalent:
() A:AX = X is an E-weakly limiting cone.
(i1) (X, /1) is an E-local generator of the presheaf [J, C](A—, X).

Proof. Straightforward. ¢

€ The following is due to Shulman [2012].

DEFINITION. The Shulman condition on (C, E) is the following:

* Every finite diagram in C has a E-weak limit.
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1.4.11
Morphisms
of locally 1-
generable

presheaves

1.4.12
Pullbacks of
morphisms
of presheaves
with locally
I-presentable

codomain

REMARK. A (strongly) unary topology in the sense of [Shulman, 2012,
§ 3] is precisely a saturated unary coverage that satisfies the Shulman con-

dition.

ProOPOSITION. Let X : J — C be a diagram in C. Assuming the Shulman

condition on (C, E), the presheaf 1(i11j hy is E-locally 1-presentable.

Proof. By lemma 1.4.9, there is an E-local generator (X , A) of l(iilj hy.
Let R = Kr(4 - (—)) C Ay X fig. Itis not hard to see that R is isomorphic
to the presheaf of cones over the diagram in C obtained by attaching two
copies of the cone A over the given diagram X . Thus, by hypothesis, R is

E-locally 1-generable. Hence, l(ir_n‘7 hy is E-locally 1-presentable. [ ]

LEMMA. Let h : A — B be a morphism in PSH(C). Given E-local gen-
erators (X,a) and (Y,b) of A and B, respectively, there is an element
(T, (x,y)) of by X hy such that x : T — X is an E-covering morphism
inCandb-y= h(a)- x. In particular, there is a commutative square in
PsH(C) of the form below,

ﬁTL)ﬁY

a-(xa—)lC lb'(—)

where the vertical arrows are E-locally surjective.
Proof. Straightforward. (Recall paragraph A.2.13.) ¢

PROPOSITION. Let hy : Ay = Band hy : A; — B be morphisms in
PsH(C). Assuming the Shulman condition on (C,E), if both Ay and A, are
E-locally 1-generable and B is E-locally 1-presentable, then Pb(ho, hl)

is also E-locally 1-generable.

Proof. Choose any E-local presentation of B, say (Y, Q,b,dy,d;). By

lemma 1.4.11, there is a commutative diagram in PSH(C) of the form

below,
Soo— fre—=
hx, hy hy,
ao~(—)i lb-(—) lay(—)
Ay ™ B ™ A
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where the vertical arrows are E-locally surjective. We have the following

commutative diagrams in PSH(C),

R ———— Pb(hy,h}) ——— B

[ [ L

ﬁXO X ﬁxl —»(a0~—)><(a1~—) Ag X A —>hoxh1 BX B

R—— Krb-—-) ———» B

[ [ J+

fiy X hy —— Bx B

ﬁXo X hx o (b-—)x(b-—)

foe—)Xx(f1o-)

where every square is a pullback square in PSH(C); in particular,

R=Pb(hyo(ay-=),hyo(a;-=)) =Pb(b- (foo—)b-(fie=))

as subpresheaves of fiy X hy, . Note that R - Pb(hy, hy) is E-locally
surjective, by proposition A.2.14. By definition, we have an E-locally
surjective morphism A, — Kr(b - —) in PsH(C), so there is a pullback

square in PsH(C) of the form below,

R — #y

L

R —— Kr(b-—-)

where R » R is E-locally surjective. On the other hand, the pullback
pasting lemma implies that R is (isomorphic to) the limit of the following

diagram in PsH(C),

hx,

lfﬁ—

o ——— iy

-

fix, —— fy

so by lemma 1.4.9, the Shulman condition on (C, E) implies that Ris E-
locally 1-generable. But the composite R » R - Pb(hy, h;) is E-locally
surjective, so Pb(ho, hl) is also E-locally 1-generable. [ ]
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Generators
of locally 1-
presentable

presheaves

1.4.13
Recognition prin-
ciple for locally
1-presentable

subpresheaves

1.4.14
Quotients
of locally 1-
presentable

presheaves

COROLLARY. Let A be a presheaf on C and let (X, a) be an element of A.

Assuming the Shulman condition on (C, E), the following are equivalent:

(1) A is an E-locally 1-presentable presheaf on C and (X, a) is an E-
local generator of A.
(ii) There is an element (P, dy, dl) of by X hiy such that (X, P,a,d,, dl)
is an E-local presentation of A.
Proof. This is a special case of proposition 1.4.12. [ ]
LEMMA. Let B be an E-locally 1-presentable presheaf on C and let A

be a subpresheaf of B. Assuming the Shulman condition on (C,E), the

following are equivalent:
(1) A is an E-locally 1-presentable presheaf on C.

(i) A is an E-locally 1-generable presheaf on C.

Proof. (1) = (ii). Immediate.

(i1) = (1). Choose any E-local generator of A, say (X, a). We must show
that Kr(a - —) is E-locally 1-generable. But we have the following pull-

back square in PsH(C),
Kr(a--) —— hy
l la._
so we may apply proposition I.4.12. [ |

LEMMA. Let h : A — B be an E-locally surjective morphism in PSH(C).
Assuming the Shulman condition on (C,E), if A is E-locally 1-presentable,

then the following are equivalent:
(1) B is an E-locally 1-presentable presheaf on C.

(1) Kr(h) is an E-locally 1-generable presheaf on C.

Proof. (1) = (ii). This is a special case of proposition 1.4.12.
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1.4.15

1.4.15(a)
Products of
locally 1-
generable

presheaves

1.4.15(b)
Products of

locally 1-
presentable

presheaves

(i) = (i). Choose any E-local generator of A, say (X, a). We have the

following commutative diagram in PSH(C),

Kr(h(a) - -) Ry hix

l l la._

Ry — Kr(h) —— A

l L b

fiy — A——> B

where every square is a pullback square in PsH(C). Since /iy and Kr(h)
are both E-locally 1-generable and A is E-locally 1-presentable, R, must
also be E-locally 1-generable. But we also have a pullback square in

PsH(C) of the form below,

Kr(h(a) - =) —— hy

l =

Ry——— A

so Kr(h(a) - —) has an E-local generator, say (Q, (xo, X ) ) It follows that
(X, Q. h(a), x|, xy) is an E-local presentation of B. ]

q Let A and B be presheaves on C.

PrROPOSITION. Assuming the Shulman condition on (C,E), if both A and

B are E-locally 1-generable, then A X B is also E-locally 1-generable.

Proof. Let (X,a) and (Y, b) be E-local generators of A and B, respect-
ively. Then, by proposition A.2.14, (a- =) X (b-—) : iy X iy > AX B
is E-locally surjective. But lemma 1.4.9 implies that Ay X fy is E-locally

1-generable, so it follows that A X B is also E-locally 1-generable. |l

PROPOSITION. Assuming the Shulman condition on (C, E), if both A and

B are E-locally 1-presentable, then A X B is also E-locally 1-presentable.

Proof. Let (X,a) and (Y, b) be E-local generators of A and B, respect-
ively. By corollary 1.4.12, both Kr(a - —) and Kr(b - —) are E-locally 1-
generable. Let h = (a- —)X (b —) : iy X iy - A X B. Clearly, Kr(h) =
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1.4.16
Limits of
diagrams of
locally 1-
presentable

presheaves

Morphisms
of locally 1-
presentable

presheaves

Kr(a - =) X Kr(b - =), so by proposition 1.4.15(a), Kr(h) is E-locally 1-
generable. But proposition A.2.14 implies that & : fiy X iy - A X B is
E-locally surjective, and by proposition 1.4.10, Ay X Ay is E-locally 1-
presentable, so we may apply lemma 1.4.14 to deduce that A X B is also

E-locally 1-presentable. [ |

THEOREM. The following are equivalent:
(1) (C,E) satisfies the Shulman condition.

(i1) The full submetacategory of PSH(C) spanned by the E-locally 1-

presentable presheaves on C is closed under limit of finite diagrams.

Proof. (1) = (ii). The terminal presheaf on C is E-locally 1-presentable
(proposition 1.4.10), and the the product of two E-locally 1-presentable
presheaves on C is E-locally 1-presentable (proposition 1.4.15(b)), so it
suffices to verify that the equaliser of a parallel pair of morphisms between
E-locally 1-presentable presheaves on C is E-locally 1-presentable. But
this is a consequence of proposition 1.4.12 and lemma 1.4.13, so we are

done.

(i1) = (i). Apply lemma 1.4.9. [ |

COROLLARY. Let h : A — B be a morphism in PSH(C) and let (Y, b) be
an E-local generator of B. Assuming the Shulman condition on (C,E),
if both A and B are E-locally 1-presentable, then there exist an E-local
generator (X, a) of A and a morphism f : X — Y in C such that the

diagram in PSH(C) shown below commutes,

hy ——> hy

a._l l”'_

and the induced morphism hy — Pb(h, b - —) is E-locally surjective.

Proof. Apply theorem 1.4.16 and proposition A.2.14. [ |
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1.4.17(a)

1.4.17(b)

1.4.17(c)

1.4.17(d)

1.4.17(e)
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1.4.18

DEFINITION. A fork in C is a diagram in C of the form below,

d
P—>d;XL>Y (%)
0

where fod| = f od,.

DEerINITION. The fork (x) is mid-E-exact if the following is an E-weak
pullback square in C:
)
P—X
“ | | (1)
X —Y
f

DEeFINITION. The fork (x) is left-exact if () is a pullback square in C.

DErINITION. The fork (+) is right-E-exact if (X, P, f,d,, d,) is an E-

local presentation of Ay .

DeriNITION. The fork () is E-exact if it is both left-exact and right-E-

exact.
REMARK. Clearly, every left-exact fork is also mid-E-exact.

LEMMA. The following are equivalent:
(1) The fork (x) is right-E-exact.
(ii) The fork (x) is mid-E-exact and f : X — Y is an E-covering
morphism in C.

Proof. Straightforward. (Recall lemma 1.4.9.) ¢

€ The sheaf condition with respect to E can be considered to be a kind

of limit preservation condition. More precisely:
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LEMMA. Let A be a presheaf on C. Assuming (C, E) satisfies the Shulman

condition, the following are equivalent:
(1) A is an E-sheaf on C.

(i) A : C°® — SET sends right-E-exact forks in C to equaliser dia-

grams in SET.
(iii) For every right-E-exact fork in C of the form below,

dy

R—/x Ly
dy

if f + X = Y is a member of E, then the following is an equaliser

diagram in SET:

—d
AY) =L Ax) = AR
—d,

Proof. (1) = (i1). Consider a right-E-exact fork in C:

dy f
R X — Y
d

Let a € A(X) and suppose a - dy = a - d;. We wish to find a’ € A(Y)
such that ¢’ - f = a. Since A satisfies the sheaf condition with respect to
the principal sieve | (), such an element a’ is necessarily unique because
— - f : A(Y) - A(X) is injective. On the other hand, by lemma A.2.6,

such a’ exists if a has the following property:
* For every element (T, (xo,x;)) of fiy X fiy, if f o xy = f o x;, then
a-xy=a-xj.
However, given an element (T, (xo, xl)) of Ay X Ay, if fexy = fox,
there exist an E-covering morphism ¢ : U - T in C and a morphism

r: U — R in C such that the following diagrams in C commute,

Uu—--R U—">5R

tl ldl Zl ldo

T —> X T —> X
XO xl

s0 (a-xq)-t=(a-x;)-1 Since —-1: A(T) - A(U) is also injective,

the claim follows.
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(i1) = (iii). Immediate.

(iii) = (i). Let f : X - Y be a member of E. We must show that
A satisfies the sheaf condition with respect to the principal sieve [{f).
Since (C, E) satisfies the Shulman condition, there is a right E-exact fork

in C of the form below:

do

R—3x sy
d

In particular, — - f : A(Y) — A(X) is injective. Consider a commutative

square of the form below,

Kf)y — El(4A)

l |

Cy — C

where C/y — C and EI(A) — C are the respective projections. Let
(X,a) = s(X, f). Thena-d, = a-d,, so there is a unique a’ € A(Y)
such that @’ - f = a. This defines a functor C/y — EI(A) making the
evident triangles commute, and by the Yoneda lemma, it is the unique

such functor. Thus A indeed satisfies the sheaf condition with respect to

W) |

€ The following technical results will be needed later.

LEMMA. Consider a commutative diagram in C of the form below:

X1

P X,
\ lf 1
X yl
0 Q e Y]
J’ol lg 1
X - Yo —— Z

If the outer square is an E-weak pullback square in C and both f, : X, »
Yy and f; : X; » Y, are E-covering morphisms in C, then the inner

square is also an E-weak pullback square in C.
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Proof. Consider a commutative square in C of the form below:

"
T — Y,

Ak

By remark 1.4.5 and proposition 1.4.5, there is a commutative diagram in

C of the form below,

o 80

where ¢t : S > T is an E-covering morphism in C. Thus, there exist an
E-covering morphism s : U - S in C and a morphism p : U — P in C
such that xpep = xjes and x| o p = x| os. We then have yjeqeop = yjotes
and y;eqep = yi otos,andtos : U —» T is an E-covering morphism in

C, as required. [ |

1.4.19(b) LEMMA. Consider a diagram in C of the form below,
Exact forks

and pullbacks

where:

* The top row is an E-exact fork in C.

» The bottom row is a left-exact fork in C.

* The two parallel squares on the left are pullback squares in C.

» The square on the right commutes.
Then (fo,p) - (—) ﬁXo - Pb(q o—, fo —) is an E-locally bijective
morphism in PSH(C). In particular, if E is a subcanonical unary coverage

on C, then the right square is a pullback square in C.
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Proof. We have the following commutative diagram in C,

1 do

X Y, Yy
dll dll 7
Xo —— Yo —— ¥

where both squares are pullback squares in C. Thus, by the pullback past-

ing lemma, in the commutative diagram in C shown below,

do fo

X Xo Yy
Joob
Xy —» X —— ¥

the outer rectangle is a pullback diagram in C. Hence, by lemma 1.4.19(a),
the right square is an E-weak pullback square in C, so ( fos p) (=): /iXO -
Pb(q o—, fo —) is E-locally surjective, by lemma 1.4.9.

We will now show that (fo,p) (=) : ﬁXo - Pb(q o—, fo —) is a
monomorphism in PSH(C). Let T be an object in C and let x( ¢, x¢; :

T — X, be a parallel pair of morphisms in C such that:

PeXpp=Dpe°Xg] So°x00 = So°xo,

We then have a unique morphism x; : 7" — X such that:

dyex; =X doex; =Xg,
On the other hand,
diefrex; = foexXpp doo frox; = foeXq,

and (by the pullback pasting lemma) we have the following pullback

square in C,

AP
Xg — X,

3 [

YO Tq) Yl

where the horizontal arrows are the respective relative diagonals, so x( g =

X0, 1> a8 claimed.
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1.4.19(c)
Covering morph-
isms and pull-

back squares

Thus, (fo.p) (<) : fix, = Pb(q o —, f o —) is indeed E-locally biject-
ive. To complete the proof, observe that if E is a subcanonical unary cov-
erage on C, then both FLXO and Pb(q o—, fo —) are E-sheaves on C, so, in
that case, by proposition A.3.7, (fo,p) « (-) : fix, = Pb(ge—, fo—)is

an isomorphism. [ |

LEMMA. Consider a commutative diagram in C of the form below,

STl
=
—
—
o

where:

e Bothw: W - W and x : X » X are E-covering morphisms in C.

* Both the left square and outer rectangle are pullback diagrams in C.
Then (p, q)-(—) : hy, — Pb(f o —, g e =) is a E-locally bijective morphism
in PSH(C). In particular, if E is a subcanonical unary coverage on C, then

the right square is a pullback square in C.

Proof. Bylemma 1.4.19(a), the right square is an E-weak pullback square
in C, so (p,q) - (=) : fy — Pb(f o —, ge—)is E-locally surjective, by
lemma 1.4.9.

We will now show that (p, q)- (=) : Ay, — Pb(f o —, g e —) is E-locally
injective. Let T" be an object in C and let wy, w; : T — W be a parallel

pair of morphisms in C such that:
pow():powl qowO:qowl

Since x : X -» X is an E-covering morphism in C, there is a commutative

square in C of the form below,
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where ¢ : T - T is also an E-covering morphism in C. Thus, there exist

unique morphisms 0, 1, : T — W such that:

o

X
Il
=

LU°I;DO=LU()°t

1)

0

Il
=

°Ll~J1 w0LTJ1=w1°t

1)

But (pe—,qewe—): hy — Az X hy is a monomorphism, so W, = Wy,
and therefore wg ot = wy o 1.

Thus, (p, q)- (=) : Ay, = Pb(f o —, g o —) is indeed E-locally bijective.
To complete the proof, observe that if E is a subcanonical unary coverage
on C, then both fy;, and Pb(f o —, g = —) are E-sheaves on C, so by pro-
position A.3.7, (p,q) - (=) : Ay, — Pb(f o —, g o —) is an isomorphism in
that case. [ |

DEFINITION. An exact category is a regular category S with the follow-

ing additional data:

* For each object X in S and each equivalence relation (R, dy,d 1) on

X, an exact quotient g : X — X of (R, dy,d;) in S.

REMARK. In other words, an exact category is a regular category in which

every equivalence relation is a kernel pair. (Recall remark 1.3.8.)

DEFINITION. An E-local complex in C is a tuple (X , P, d, dl) where:
* X and P are objects in C.
* dy and d; are morphisms P — X in C.

* The E-closed support of <ﬁd1, ﬁd0> : hp — hy X hy defines an equi-

valence relation on £ .

ExAMPLE. Let X be an object in C. Then (X, X,idy, idx) is an E-local

complex in C, by lemma A.3.4.
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Recognition LEMMA. Let dy,d; : P — X be a parallel pair of morphisms in C.

principle for  Assuming C has E-weak pullback squares, the following are equivalent:
local complexes

(1) (X, P.d,, a’l) is an E-local complex.
(i1) All of the following conditions are satisfied:
o There exist an E-covering morphism x : X - X in C and a morph-
ismp:XePinCsuchthatdoop=xandd1op=x.
s There exist E-covering morphisms py : P - P and p,; : P — P in
C such thatdo ° Py = dl ° P al’lddl ° Py = do °Ppi.
» There is an E-weak pullback square in C of the form below,
do
— P

do

WS-
N— QO

— s X
d

and there exist an E-covering morphism q : O » Q in C and a
morphism p : Q — P in C such that dy o p = dy ° dy > q and
dl °p:d1 °d2°q.

Proof. Straightforward. ¢

1.4.22 9 Let (X, P.d,, dl) be an E-local complex.

DEFINITION. The E-sheaf presented by (X, P, dj, d, ) is the E-sheaf com-

(1]

pletion' "’ of the quotient presheaf /iy / R where R is the E-closed support

of <d1,d0> . h"P i H'X X ﬁX

The sheaf LEMMA. Let Q(X, P.dy, d, ) be the E-sheaf presented by (X, P.dy, d, )
presented by a  qnd let a be the image of the universal element (X, idX) inQ (X, P.dy, d, )
local complex Then (X, P,a,dy, d, ) is an E-local presentation on(X, P.dy, d, )

Proof. By lemmas A.3.3 and A.3.6, R = Kr(a - —), s0 (X, P,a,dy, d,) is
indeed an E-local presentation of O (X ,P,dy, d; ) [ |

[1] Recall proposition A.3.8(d).
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DEerINITION. The exact completion of (C,E) is the category Ex(C, E)

defined as follows:
* The objects are the E-local complexes in C.

* The morphisms (X, P.,d,, d]) - (Y, 0, eo,el) are the morphisms
O(X,P.,dy,dy) — Q(Y,0, ey e;) in SH(C, E).

* Composition and identities are inherited from SH(C, E).

The insertion functor : : C — Ex(C, E) is the evident functor that sends

each object X in C to the E-local complex (X, X,idy,idy).

REMARK. In view of lemmas 1.4.14 and 1.4.22, the evident functor Q :
Ex(C,E) — SH(C,E) is fully faithful and essentially surjective onto the

full subcategory of E-locally 1-presentable E-sheaves on C.

ProrosiTiON. If (C, E) satisfies the Shulman condition, then:
(1) Ex(C,E) is an exact category.

(i1) The insertion functori : C — EX(C, E) preserves limits of finite dia-
grams and sends E-covering morphisms in C to effective epimorphisms
in Ex(C, E).

Proof. (i). By theorem 1.4.16, EX(C,E) has limits of finite diagrams.
Moreover, lemma 1.4.14 and theorem A.3.9 imply that every equivalence
relation in Ex(C, E) is a kernel pair and that the class of regular epimorph-

isms in Ex(C, E) is quadrable. Thus, Ex(C, E) is indeed an exact category.

(i1). The preservation of limits of finite diagrams is a consequence of
theorem A.3.9. For the remainder of the claim, apply lemmas A.2.18
and A.3.10 to the fact that the Yoneda embedding C — PsH(C) sends

E-covering morphisms in C to E-locally surjective morphisms in PSH(C).

q Let D be a category, let J be a unary coverage on D, and assume both

(C,E) and (D, J) satisfy the Shulman condition.
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The functor
between exact
completions
induced by

an admiss-

ible functor

DEeFINITION. An admissible functor F : (C,E) — (D,J) is a functor
F : C —» D with the following properties:
e F:(C,E) - (D,)) is a pre-admissible functor.
* For every E-locally 1-presentable E-sheaf A on C, there exist a J-
locally 1-presentable J-sheaf FyA on D and a morphism o, : A —
F*F,A in SH(C, E) such that, for every J-locally 1-presentable J-sheaf

B on D, the following is a bijection:

Homgyp, ;) (F,A, B) - Homgycg) (A, F*B)
h— F*heo,

LEMMA. Let F : (C,E) — (D,J) be an admissible functor. Assuming E is
a subcanonical unary coverage on C:
(i) There exist a functor F : Ex(C,E) — Ex(D, J) and an isomorphism
n : 1F = F1of functors C — Ex(D,)) such that F sends right-exact
forks in Ex(C, E) to coequaliser diagrams in Ex(D, J).

(i) Moreover, any such (F, ;1) is a pointwise left Kan extension of 1F :
C — Ex(D,J) along1: C - Ex(C,E).

Proof. By proposition A.3.13, the restriction functor F* : SH(D,J) —
SH(C, E) has a left adjoint, say F, : SH(C,E) — SH(D,J). Moreover,
for every object A in Ex(C, E), there exist an object F A in Ex(D,J) and
an isomorphism 1"z, = F h, in SH(D,J). This defines a functor F :
Ex(C,E) — Ex(D,)).

By definition, we have the a natural bijection of the form below:
HomEX(D,J) (FA’ B) = HomSH(C,E) (l*ﬁA, F*l*ﬁB)

In particular, taking A = 1.X and applying the Yoneda lemma, the functor

1 : C - Ex(C, E) induces a natural map
Homg,p 5y (F1X, B) — Homgyp (1F X, B)

and hence a natural transformation # : 1F = Fi. The pair (F,n) is then

a pointwise left Kan extension of 1F : C — Ex(D,J) along: : C —
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Ex(C,E). Furthermore, because 1 : C — Ex(C,E) is fully faithful, # :
1F = F1is an isomorphism.

Since the Yoneda representation Ex(C, E) — SH(C, J) preserves right-
exact forks, F : Ex(C,E) — Ex(D, J) sends right-exact forks in Ex(C, E)
to coequaliser diagrams in Ex(D, J). It is clear that any pair (F , n) as in
(i) is determined (up to isomorphism) by F1 : C — Ex(D, J), so any such

(F , 71) must be a pointwise left Kan extension as constructed above. [l

REMARK. We will later see a converse to the above result, i.e. that the
restriction of an appropriate functor between the exact completions is

admissible.

¥ Assume (C, E) satisfies the Shulman condition. Let S be an exact cat-
egory, let K be the class of effective epimorphismsin S,andlet F : C - S

be a functor with the following properties.
* F: C — S sends E-local complexes in C to K-local complexes in S.

* F:C — S sends right-E-exact forks in C to right-K-exact forks in S.

EXAMPLE. If C has limits of finite diagrams and F : C — S is a functor
that preserves limits of finite diagrams and sends members of E to effective

epimorphisms in S, then F : C — S has the above properties.

LEMMA. Under the above hypotheses, F : (C,E) — (S,K) is an admiss-

ible functor.

Proof. Recalling lemma 1.4.18, it is not hard to see that F : (C,E) —
(S,K) is a pre-admissible functor. Thus, by proposition A.3.13, F* :
SH(S,K) — SH(C,E) has a left adjoint, say F, : SH(C,E) — SH(S, K).
The Yoneda embedding S — SH(S, K) preserves right-exact forks, and
F, : SH(C,E) — SH(S,K) preserves coequalisers, so for every E-local
complex (X, P.d,, dl) in C, F, : SH(C,E) — SH(S,K) sends the E-
sheaf presented by (X , P, a’o,dl) to a representable K-sheaf on S, as
required. H
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1.5.2

Strict coproducts

Synopsis. We study extensive categories, i.e. categories in which coprod-
ucts behave like disjoint unions, and we examine the properties of exact

completions of extensive categories.
PREREQUISITES. §§1.1, 1.3, 1.4, A.1, A.2, A.3.

€ Let C be a category and let k be a regular cardinal.

DEerINITION. The x-ary canonical coverage on C is the coverage J where

J(X) is the set of k-small sinks ® on X with the following property:

* Forevery object (7', x) in C x, there is a k-small strict-epimorphic sink

©® on T such that |(®) C x™* [(®).

REMARK. In general, the x-ary canonical coverage may fail to be upward-
closed, but it is always composition-closed (by lemma A.2.3(c) and corol-

lary A.2.3(d)).

 Let C be acategory, let Y be an object in C and let ® be a set of objects
inCjy.
DEFINITION. The object Y is the disjoint union of @ if the following
conditions are satisfied:
* The cocone (f | (X, f) € ®) is a coproduct cocone in C.
* For every (X, f) € @, the morphism f : X — Y is a monomorphism
in C.

* For every commutative square in C of the form below,

Xq
T — X

4T

X, —Y
S

if (XO, fo) and (Xl,fl) are in @, then either (XO, fo) = (Xl,fl) or
T is an initial object in C (or both).
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DEeFINITION. The cocone (f | (X, f) € @) is a strict coproduct cocone

in C if it has the following properties:
* Forevery (X, f) € @, f : X — Y is a quadrable morphism in C.

* For every object (7', y) in Cy, given pullback squares in C of the form

below
Sx.p — X

t(X,f)l lf

TT)Y

for every (X, f) € @, the object T is a disjoint union of the following

set:
{(Seeprtoen) | (X, ) € @)

REMARK. In particular, when ® = @, this reduces to the notion of strict
initial object. More explicitly, Y is a strict initial object if and only if, for

every morphism y : T'— Y in C, T is an initial object in C.

PrROPOSITION. Assuming (f | (X, f) € ®) is a strict coproduct cocone,

the functor

cy— 1 ¢x
(X,f)ed

defined by pullback is fully faithful.
Proof. Straightforward. ¢
> For the remainder of this section, « is a regular cardinal.

€ Let C be a k-ary coherent category.

LEMMA. Let Y be an object in C and let ® be a x-small set of subobjects
of Y. The following are equivalent:

(1) Y is a disjoint union of ®.

(i1) (Y, idY) is a coproduct of @ in the category of subobjects of Y and,

for every commutative square in C of the form below,

T — X,

| [

Xy — Y
Jo
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[1]

if(XO,fO) and (Xl,fl) are bothin ®, then either (Xo,fo) = (Xl,fl)

or T is an initial object in C (or both).

Proof. (1) = (ii). Immediate.

(i1) = (i). For the case where ® has two elements, see the proof of Propos-

ition 1.4.3 in [Johnstone, 2002, Part A]. The general case is similar. []]

DEFINITION. A k-ary extensive category is a category C with the fol-

lowing data:

* Forevery family (X i | iel ) of objects in C where I is a k-small set,!"]
an object [ [,.; X; in C and a strict coproduct cocone (f,- | i€ I) inC
where dom f; = X; and codom f; = [].; X;.

REMARK. In particular, a xk-ary extensive category has a (chosen) strict

initial object, say O.

DEFINITION. A k-ary pretopos is an exact category that is also a x-ary

extensive category.
LEMMA. Every k-ary pretopos is a k-ary coherent category.

Proof. Straightforward. (Define the union of a set of subobjects to be the

exact image of their coproduct.) ¢

LEMMA. Let C be a k-ary coherent category and let B be a set of objects
in C. Assume the following hypotheses:

* C is an exact category.

e For every object X in C, there is an effective epimorphismp : X » X

in C where X is in B.
e Strict coproducts of k-small families of objects in BB exist in C.

Then C is a k-ary pretopos.

Since there is a proper class of x-small sets, strictly speaking, one should restrict to e.g.
hereditarily x-small sets here.
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Proof. Let (X, |i € I) beafamily of objects in C. Foreach i € I, choose
an effective epimorphism p; : X; » X, in C with X; in B, and then choose

a pullback square in C of the form below:

do
LN

Ri Xi
dll lPi

Let X = [[,; X;. Itis not hard to verify that the canonical morphism

H X, xX, - XxX
(. k)ETXI
in C is an isomorphism. Thus, for each i € I, the composite R, —
X; x X, » X x X is a monomorphism in C. Let (d;,dy) : R = X x X
be the union. Then (R, dy, d,) is an equivalence relation on X, so there

is an exact fork in C of the form below:

d 3
R—3X 1Ltsx
dy

Moreover, for each i € I, there is a unique morphism m; : X; - X in C

such that the following diagram in C commutes,

X;

I : m; (*)
X

where X; » X is the coproduct injection. Consider a commutative dia-

gram in C of the form below,

Rj,k ° Xk
[ 1,1
° R 0, X
| a l”
Xj X - X

where each square is a pullback square in C. Then, either j = k or R; ; is

an initial object in C (or both). In view of lemma 1.3.11, it follows that,
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for every pullback square in C of form below,

T — X,

Ll

X; —— X

either j = k or T is an initial object in C (or both). Hence, (x) is a
pullback square in C, and by lemmas 1.3.8 and 1.3.9, m; : X; - X isa
monomorphism. We then apply lemma 1.5.4 to deduce that X is a disjoint

union of {(X,., ml.) | i€ I}, as required. B

q Let C be a category and let Fam,(C) be full subcategory of FAM(C)

spanned by those families X such that idx X is a hereditarily x-small set.
ProposITION. Fam, (C) is a k-ary extensive category.
Proof. Straightforward. ¢

THEOREM. Let D be a category with k-ary coproducts, let F : C — D be
a functor, and let y : C — Fam, (C) be defined as in proposition A.1.8.
(i) There exist a functor F : Fam(C) — D that preserves k-ary co-
products and an isomorphism n : F = Fy of functors C — D.
(i) Moreover, any such (F,n) is a left Kan extension of F : C - D
along y : C = Fam(C).

Proof. (i). Straightforward.

(i1). Let G : Fam,(C) — D be a functor and let ¢ : F = Gy be a
natural transformation. For every object X in Fam, (C), there is a unique
morphism 0y : F(X) — G(X) making the diagram in C shown below

commute for every i € idx X,

F(X(i)) —— F(X)
(PX(i)l : Ox

G(y(X G(X
(r( ))m (X)

where u; : y(X(i)) - X and v; : F(X(i)) — F(X) are the respective
coproduct insertions. It is clear that we obtain a natural transformation

6 : F = G, and it is unique one such that 8y ¢ = @. [ |
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€ Let C be a category with a strict initial object 0 and let E be a unary

coverage on C.

LEMMA. Let A be a E-locally 1-generable presheaf on C. Then A(0) has

a unique element.

Proof. Let (X, a) be an E-local generator of A and let Ly be the unique
morphism 0 — A in C. Of course, a- Ly € A(0); it remains to be shown
that it is the unique element of A(0). Suppose a’ € A(0). Since every
morphism in C with codomain 0 is an isomorphism, by lemma 1.4.7, there
is a morphism f' : 0 > X in C such thata’ = a- f'. But f' = Ly, so

we indeed have o’ = a - L. [ |

PROPOSITION. The representable presheaf fy is an initial object in the

metacategory of E-locally 1-generable presheaves on C.

Proof. Itis clear that £ is E-locally 1-generable, and the Yoneda lemma

reduces the claim to lemma 1.5.8. [ |
> For the remainder of this section, C is a k-ary extensive category.

DEFINITION. A complemented monomorphism in C is a monomorph-
ism f : X - Y in C for which there is an object (X’,f’) in C/y such
that Y is a disjoint union of {(X, f), (X', f')}.

PROPOSITION.

(1) Every isomorphism in C is a complemented monomorphism in C.

(i1) The class of complemented monomorphisms in C is closed under

composition.

(iii) The class of complemented monomorphisms in C is a quadrable

class of morphisms in C.

(iv) The class of complemented monomorphisms in C is closed under

k-ary coproduct in C.

Proof. Straightforward. ¢
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DEFINITION. A unary coverage E on C is k-summable if it has the fol-
lowing property:
* For every family ( fi | iel ) of E-covering morphisms in C, if [ is a
k-small set, then the coproduct
Hfi : Hdomf,- - Hcodomf,-
iel iel i€l
is also an E-covering morphism in C.
REMARK. The above is a condition on the whole class of E-covering

morphisms in C, not just the members of E.

€ Let E be a k-summable unary coverage on C.

LEMMA. Let B be a E-locally 1-generable presheaf on C. The set of E-
locally 1-generable E-closed subpresheaves of B (partially ordered by

inclusion) has k-ary joins.

Proof. Let (Y, b) be an E-local generator of B and let ® be a k-small set
of elements of B. We must show that the set of E-closed subpresheaves
of B generated by the members of @ admit a join in the set of E-locally
1-generable E-closed subpresheaves of B. By corollary 1.4.7, we may
assume that, for each (X, a) € ®, there is some morphism f : X — Y
inCsuchthath- f = a. Let X = [[x 4o X, let f : X — Y be the
induced morphismin C, leta = b- f,and let A be the E-closed subpresheaf
of B E-locally generated by (X , d). Clearly, for every (X, a) € ®, we
have a € A(X). It remains to be shown that A is the smallest E-locally
1-generable E-closed subpresheaf with this property.

Let A’ be an E-closed subpresheaf of B E-locally generated by (X', a’)
and suppose, for every (X, a) € ®, we have a € A'(X). As before, we
may assume that ' = b - f’ for some morphism f’ : X’ — Y in C.
By lemma 1.4.7, for each (X, a) € ®, we have an E-covering morphism
pEX,a) in C and a morphism f(’X’a) in C such that a’ - f(’X,a) =a- pEX,a). Let
X = H( X.a)ep d0m f(’X,a) and let ' : X — Y be the induced morphism
inC. Thena - f' =a- ]y fixa» 50a€ A (X). Thus, AC A", 50 A
is the desired join. [ |

67



Abstract topology

1.5.12(b)
Pullbacks of

joins of locally 1-

generable closed

68

subpresheaves

LEMMA. Assuming (C,E) satisfies the Shulman condition, k-ary joins of
E-locally 1-generable E-closed subpresheaves of E-locally 1-presentable

presheaves on C are preserved by pullback.

Proof. Let h : A — B be a morphism of E-locally 1-presentable pre-
sheaves on C. By corollary 1.4.16, we may choose E-local generators
(X,a) and (Y, b) of A and B (respectively) and a morphism f : X — Y
in C such that b- f = h(a) and the induced morphism fiy — A Xp Ay is E-
locally surjective. Note that, for every E-locally 1-generable subpresheaf
B’ C B,lemma 1.4.13 and theorem 1.4.16 imply that A~ B’ is a E-locally
1-generable subpresheaf of A. On the other hand, by corollary 1.4.7, there
is a morphism y : Y’ — Y in C such that B’ is E-locally generated by
(Y',b-y). We may then choose an E-weak pullback square in C of the

form below,

and by the weak pullback pasting lemma (lemma A.2.19), (X "a- x) is
an E-local generator of A’ = h™' B'.
Now, let I be a k-small set, and for each i € I, let x; : Xl.’ - X,

y; Y/ = Y,and f/ : X/ = Y/ be morphisms in C such that:

1
. f°xi:yi°fi,'

. (Xl.’, a- xi) is an E-local generator of A} = h_lBl.’, where B! is the

E-closed subpresheaf of B E-locally generated by (Y,, b - y;).

We will show that the join of {A] |i € I} is the pullback of the join of
{B/|iel}. Let X' = [I;c; X/, letY' =[], Y/  letx : X' > X,
y:Y =Y, f": X" - Y’ be the induced morphisms in C, let A’ be
the E-closed subpresheaf of A E-locally generated by (X "La- x), and let
B’ be the E-closed subpresheaf of B E-locally generated by (Y’, b- y).
By lemma 1.5.12(a), A’ is the join of {A]|i € I} and B’ is the join of
{Bi’ | i € I}, so A’ € h~!'B’. 1t remains to be shown that A~ ' B’ C A’.
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As in the first paragraph, choose an E-weak pullback square in C of

the form below.

X Iy

Note that (X', a - X) is an E-local generator of 2~ B’. To complete the
proof, we must verify that a - ¥ € A” (X"). Since C is a k-ary extensive
category, we may assume that X' = [[,.; X/ and /" = [[,.; f/ where
each f/ is amorphism X/ — Y/ in C. Let &, : X/ — X be the composite
of the coproduct injection X — X and X : X — X. Then,
ha-%)=b-(fo%)=b-(yf])

sowehave a- %; € A (X]) = h™'B/(X]).

Now, (by the pullback pasting lemma) there exist E-covering morph-
isms X : X - X/ and x| : X! - X/ in C such that f/ o x] = f/ o %/.

Let X" = [I,c; X/ . let &' = [[,; X/, and let x" = []

P .
ier X; X;. Since E is

iel
k-summable, x" : X” — X' is an E-covering morphism. Moreover, by
construction, xex’ = XoX’,soa- (fc ° fc') e A (X”). But A’ is E-closed,

soa-% € A'(X'), as required. [ ]

€ The following is a partial generalisation of Proposition 2.1 in [Gran
and Vitale, 1998]. (Note that an extensive category satisfying the Shul-
man condition with respect to the trivial coverage is weakly lextensive,
by Proposition 1.2 in op. cit.)
ProPOSITION. If E is a k-summable unary coverage on C and (C, E) sat-
isfies the Shulman condition, then:

(1) Ex(C,E) is a x-ary pretopos.

(i1) The insertion functor 1 : C — EX(C,E) preserves limits of finite

diagrams and coproducts of k-small families of objects, and sends E-

covering morphisms in C to effective epimorphisms in Ex(C, E).

Proof. By proposition 1.4.23, Ex(C, E) is a regular category, and by lem-
mas 1.5.12(a) and 1.5.12(b), every x-small set of subobjects of every

object has an exact union. Thus, Ex(C, E) is a k-ary coherent category.
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We already know that: : C — Ex(C, E) preserves limits of finite dia-
grams and sends E-covering morphisms in C to effective epimorphisms in
Ex(C, E). On the other hand, by lemma 1.5.4, it also preserves coproducts
of k-small families of objects. We then apply lemma 1.5.6(b) to deduce
that Ex(C, E) has strict coproducts of all k-small families of objects. i

€ For each object Y in C, let K(Y) be the set of x-small subsets ® C
obC Y such that (f | (X, f) € @) is a (strict) coproduct cocone in C.

DEeFINITION. The k-ary extensive coverage on C is the coverage K defined

above.

ProposITION. K as defined above is a composition-closed coverage on C.
Proof. Straightforward. ¢

LEMMA. Let A be a presheaf on C. The following are equivalent:
(1) Ais aK-sheaf on C.

(ii) A : C°® — SET sends k-ary coproducts in C to k-ary products in

SET.

Proof. (1) = (i1). Let Y be an object in C, let ®@ be a k-small set of objects
in C/y, and suppose Y is a disjoint union of ®@. For each (X, f) € @, let
acx.f) be an element of A(X). Since A is K-separated, there is at most
one element a of A(Y) such thata - f = ax 5 forall (X, f) € @. Let
U be the sieve on Y generated by ®. Since A : C°? — SET preserves

terminal objects, for every commutative square in C of the form below,

X1
T — X,

4T

X, — Y
1

if (X, fo) and (X, f;) are in ®, then a(xy.fo) * X0 = 4(x,.z,) - X1- But
A satisfies the sheaf condition with respect to U”, so there is indeed an
element a of A(Y) suchthata- f = ax s forall (X, f) € ®. Hence, the
canonical map A(Y) — H(X,f)eq) A(X) is a bijection.

(i1) = (i). Straightforward. [ |
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THEOREM.

(1) Kisasubcanonical coverage onC, i.e. every representable presheaf

on C is a K-sheaf on C.

(ii) The Yoneda embedding h, : C — SH(C,K) preserves k-ary (strict)

coproducts.
Proof. Apply lemma 1.5.15. [ |

DEFINITION. A coverage J on C is k-ary superextensive if it has the

following properties:
* For every object X in C, every element of J(X) is a k-small sink on X.

* For every object X in C, K(X) C J(X), where K is the k-ary extensive

coverage on C.

ExampPLE. The k-ary extensive coverage on C is k-ary superextensive,
and by lemma 1.5.15 and theorem 1.5.15, the k-ary canonical coverage

on C is also k-ary superextensive.

LEMMA. Let X be an object in C, let @ be a k-small set of objects in Cx,
let U = H(U’X)eq, U, and let x : U — X be the induced morphism in
C. Assuming J is a k-ary superextensive coverage on C, the following are
equivalent:

(1) @ is aJ-covering sink on X.

(i) x:U — X is a J-covering morphism in C.
Proof. Straightforward. ¢

COROLLARY. Let J be a coverage on C and E be the class of J-covering
morphisms in C. If ) is a k-ary superextensive coverage on C, then E is a

k-summable saturated unary coverage on C.

Proof. First, we must verify that E is a unary coverage. Let f : X —» Y
be a morphism in C and let ¢ : ¥ - Y be a J-covering morphism in

C. Recalling paragraph A.2.13, we see that there is a k-small J-covering
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sink @ on X such that [(®) C f*|(g). Thus, by lemma 1.5.16, there is a

commutative square in C of the form below,

Xy
0
Y

where p : X » X is a J-covering morphism in C. It is straightforward to
check that E is k-summable. Finally, by proposition A.2.14, E is indeed

upward-closed and composition-closed. [ |

€ LetE be a k-summable coverage on C and, for each object X in C, let
J(X) be the set of k-small sinks @ on X such that the induced morphism

[ .eo U = X in C is a E-covering morphism in C.

PROPOSITION.
(1) J is a k-ary superextensive composition-closed coverage on C.

(i) A morphism in C is E-covering if and only if it is J-covering.

(ii1) IfEisasubcanonical unary coverage on C, then J is a subcanonical
coverage on C.

(iv) Assuming K is a k-ary superextensive coverage on C, if every E-
covering morphism in C is also K-covering, then every J-covering sink
in C is also K-covering.

(v) Assuming A : C°® — SET sends k-ary coproducts in C to k-ary
products in SET, A is an E-sheaf on C if and only if A is a J-sheaf on
C.

Proof. (1). Itis clear that J is a k-ary superextensive coverage on C, and

J is composition-closed because E is k-summable.

(i1). By construction, every E-covering morphism in C is also J-covering.
For the converse, suppose f : X — Y is a J-covering morphism in C.
Recalling paragraph A.2.13, since J is composition-closed, there is a k-
small sink ® on X such that the induced morphism H(U,x)eq) U-X-—
Y in C is a E-covering morphism in C. But that implies f : X — Y itself

is a E-covering morphism in C, so we are done.



1.5.  Strict coproducts

1.5.18

(ii1) and (iv). Apply lemma 1.5.16.

(v). Combine lemma 1.5.15 and (iii). [ |

REMARK. Let K be the x-ary extensive coverage on C and let J'(X) be

defined as follows:
JV(X)=KX)U{(U,x) €0bC,x|x €E}

Then J’ is the smallest k-ary superextensive coverage on C containing E.
In general, J’ is strictly smaller than J, but the above proposition shows

that they have the same covering sinks.

€ LetJ be a subcanonical kx-ary superextensive coverage on C and let K

be the k-ary extensive coverage on C.

LEMMA. Let h : A — B be a complemented monomorphism in SH(C, J).

If B is a representable J-sheaf, then A is also a representable J-sheaf.

Proof. By hypothesis, there is a (complemented) monomorphism A’ :
A’ > BinSH(C,J) such that B is the disjoint union of {(A, h), (A", ")}
in SH(C, J). Thus, we have a unique morphism p : B — B LI B such that

the following diagram in SH(C, J) commutes,

’
A h h

|
h | P lh’
Vv

B—— BIUIB«+«— B

where the bottom row is a coproduct diagram. By theorem 1.5.15, the
Yoneda embedding C — SH(C, J) preserves k-ary coproducts, so B 1l B
is a representable J-sheaf on C. But coproduct injections are quadrable
in C and the Yoneda embedding C — SH(C, J) preserves pullbacks, so it

follows that both A and A’ are indeed representable J-sheaves on C.
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Coequalisers

in pretoposes

PROPOSITION. The inclusion SH(C,J)) < SH(C,K) preserves k-ary co-

products.

Proof. Let (A;|i € I) be a family of J-sheaves C where I is a k-small
set and let A be their coproduct in SH(C, J). It suffices to show that the co-
product cocone is jointly K-locally surjective. Moreover, since coproduct
cocones are preserved by pullback, we may assume that A is a represent-
able sheaf on C. But then lemma 1.5.18 says that each A; is also repre-
sentable, so the coproduct cocone in question is indeed jointly K-locally

surjective. H

REMARK. The above result is optimal in the following sense: if A is a
regular cardinal > x such that C is a non-trivial A-ary extensive category
and L is the A-ary extensive coverage on C, then the inclusion SH(C,L) <

SH(C, K) preserves k-ary coproducts but not A-ary coproducts.

€ In general, an exact category may not have coequalisers of all parallel

pairs. However:

PROPOSITION. Let S be a k-ary pretopos and let K be the k-ary canonical

coverage on S. Assuming k > Ny:
(1) S has coequalisers of all parallel pairs.

(1) If T is a x-ary pretopos and F : S — T is a functor that preserves
limits of finite diagrams, k-ary coproducts, and exact quotients, then

F : S — T preserves colimits of k-small diagrams.

(iii) In particular, the Yoneda embedding S — SH(S, K) preserves co-

limits of k-small diagrams.

Proof. (i) and (ii). See the proof of Lemma 1.4.19 in [Johnstone, 2002,
Part A].

(111). Since K is a k-ary superextensive coverage on S, the Yoneda embed-
ding S — SH(S, K) preserves k-ary coproducts, by theorem 1.5.15. The

Yoneda embedding also preserves exact quotients, by lemma A.3.10. []
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9 Let 4 be a regular cardinal > x. We define a category Fam’;(C) as

follows:
* The objects are as in Fam ,(C).
* The morphisms X — Y are the morphisms
I xo- ] y»
ieidx X j€idx Y
in SH(C, K) where K is the x-ary extensive coverage on C.
* Composition and identities are inherited from SH(C, K).
We also define a functory : C — Fam’; (C) as follows:
* For each object X in C, we have idx y(X) = {*} and y(X)(*) = X.
* For each morphism f : X — Y in C, we have y(f) = ﬁf.

ProrosiTioN. F amﬁ (C) is a A-ary extensive category. Furthermore, y :

C — Fam',(C) is fully faithful and preserves x-ary (strict) coproducts.

Proof. ltis clear that Fam’,(C) has A-ary coproducts. On the other hand,
coproducts in PSH(C) are always strict, so proposition A.2.18 and the-
orem A.3.9 imply that coproducts in SH(C, K) are also strict. Moreover,
proposition 1.5.14 and lemma A.3.11 imply that any morphism X — Y in
Famj (C) must factor through the inclusion Y’ — Y for some Y’ where
lidx Y’| < max {|idx X|,x}, so coproduct injections (of x-ary coprod-
ucts) in Fam’; (C) are indeed quadrable. The remainder of the claim is a

consequence of theorem 1.5.15. [ |

THEOREM. Let D be a A-ary extensive category and let F : C — D be a

coproduct  fynctor that preserves k-ary coproducts.

completion

(i) There exist a functor F : Fami(C) — D that preserves A-ary co-

products and an isomorphism n : F = Fy of functors C — D.

(i) Moreover, any such (F , 11) is a left Kan extension of F : C - D
along y : C — Fam’,(C).

Proof. Let L be the A-ary extensive topology on D. Note that the functor
F* : PsH(D) — PsH(C) sends L-sheaves on D to K-sheaves on C: this is
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uct completion

a consequence of lemma 1.5.15. Let F, : SH(C,K) — SH(D, L) be (the
functor part of) a left Kan extension of A : C — SH(D,L) along the
Yoneda embedding A, : C — SH(C,K). The unit of this Kan extension
is automatically an isomorphism, because the Yoneda embedding is fully
faithful. Moreover, by the earlier observation, F, : SH(C, K) — SH(D, L)
is a left adjoint of the functor F* : SH(D, L) — SH(C, K), so it preserves
all coproducts. Since every object in Fam’,(C) is a A-ary coproduct of
objects in the image of y : C — Fam’,(C), this yields the desired left Kan
extension of F : C —» D. [ |

ProposiTION. With notation as in paragraph 1.5.20:
() If C has finitary products, then Fam’,(C) also has finitary products.
(ii) If C has equalisers, then Fam’,(C) also has equalisers.

(iii) If C has pullbacks, then Famﬁ (C) also has pullbacks.

Proof. (1). This is a consequence of the fact that binary products distribute

over (possibly infinitary) coproducts in SH(C, K).
(i1). Consider an equaliser diagram in SH(C, K):

ho
A ; B
hy

A —

Suppose both A and B are coproducts (in SH(C, K)) of A-small families of
representable K-sheaves on C. We must show that A" has the same prop-
erty. It suffices to show that A’ is representable when A is representable:
the general case follows by taking coproducts. But if A is representable,
then proposition 1.5.20 and lemma A.3.11 imply that there is a represent-
able K-subsheaf B’ C B such that both ho, hy : A — B factor through

the inclusion B’ & B, so A’ is indeed representable.

(iii). A similar argument works. [ |



CHAPTER 11

Charted objects

2.1 Sites

SyNopsis. We consider full subcategories of pretoposes for which the
associated Yoneda representation is fully faithful and we identify the essen-

tial image of such Yoneda representations.
PREREQUISITES. §§1.1, 1.3, 1.4, 1.5, A.1, A.2, A.3.
2.1.I X Throughout this section, S is a regular category.

2.1.2 9 Given a full subcategory C C S, we have the Yoneda representation
hy : S — PsH(C), which is not fully faithful in general. We will see that

the following condition is sufficient.

DEFINITION. A unary site for S is a full subcategory C C S with the

following property:

* For every object A in S, there is an effective epimorphism X - A in

S where X is an object in C.

ExampLE. Of course, S is a unary site for S.

2.1.3 9 Let x be aregular cardinal and assume S is a k-ary pretopos.

DEFINITION. A k-ary site for S is a full subcategory C, € S with the

following property:

* For every object A in S, there is an effective epimorphism X - A in

S where X is a coproduct (in S) of a k-small family of objects in C,.

ExAMPLE. Every unary site for S is also a k-ary site for S a fortiori.
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LEMMA. Let Cy be a full subcategory of S and let C be the full subcategory
of S spanned by the objects that are coproducts (in S) of k-small families

of objects in Cy. The following are equivalent:
(1) Cyis a k-ary site for S.

(ii) C is a unary site for S.
Proof. Straightforward. ¢

€ Let x be a regular cardinal.

The following is a generalisation of the notion of localic topos.

DEFINITION. A k-ary pretopos S is localic if the full subcategory of sub-

terminal objects in S is a k-ary site for S.

ReEMARK. The full subcategory of subterminal objects in a k-ary pretopos
has finitary meets and x-ary joins, and moreover meets distribute over

K-ary joins.

PROPOSITION.
(1) Every isomorphism in S is an effective epimorphism in S.
(ii) The class of effective epimorphisms in S is a quadrable class of

morphisms in S.

(iii) The class of effective epimorphisms in S is closed under composi-

tion.

(iv) Given morphismsh: A - Bandk: B —- Cin S, ifkeh: A — C
is an effective epimorphism in S, then k : B — C is also an effective
epimorphism in S.

(v) The class of effective epimorphisms in S is a saturated subcanon-

ical unary coverage on S.

Proof. (1). Immediate.

(i)). By lemma 1.3.8, the effective epimorphisms in S are the same as
the extremal epimorphisms in S, which constitute a quadrable class of

morphisms in S because S has exact images.
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(ii1). The composite of a pair of extremal epimorphisms is an extremal

epimorphism (in a category with pullbacks of monomorphisms).
(iv). Straightforward.

(v). By (1)—(iv), the class of effective epimorphisms in S is a saturated
unary coverage on S. On the other hand, by proposition 1.4.1, the effect-
ive epimorphisms in S are also the same as the strict epimorphisms in S.
Thus, we may apply lemma A.2.11 to deduce that the class of effective

epimorphisms is a subcanonical (unary) coverage. [ |

> For the remainder of this section, C is a unary site for S and E is the

class of morphisms in C that are effective epimorphisms in S.

PrOPOSITION. Let K be the class of effective epimorphisms in S.
(1) Every member of E is a regular epimorphism in C.
(i1) E is a saturated unary coverage on C.
(iii) (C,E) satisfies the Shulman condition.
(iv) If F : S°® — SET is a K-sheaf, then the restriction F : C°® — SET
is an E-sheaf.
(v) In particular, E is a subcanonical unary coverage on C.

(vi) The restriction functor PSH(S) — PSH(C) sends K-locally surject-

ive morphisms to E-locally surjective morphisms.

(vii) The restriction functor SH(S,K) — SH(C,E) is (half of) an equi-

valence of categories.

Proof. (1). Let f : X » Y be an effective epimorphismin S. Since C is a
unary site for S, there is an effective epimorphism (d;, d;) : R » XXy X
in $ with R in C. It is straightforward to verify that f : X -» Y isa
coequaliser in C of the parallel pair dy,d; : R = X,s0 f : X » Y is

indeed a regular epimorphism in C.

(i1). First, we must show that E is a unary coverage on C.
Let f : X > Y be an effective epimorphism in S, let T' be an object
inC,andlety : T — Y be a morphism in S. By proposition 2.1.5, the
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projection T' Xy X — T is also an effective epimorphism in S. Since C is
a unary site for S, there is an effective epimorphism (¢, x) : § » T Xy X
in S with S in C. In particular, we have a commutative square in C of the

form below,

where ¢ : § - T is an effective epimorphism in S, as required.
Thus, E is indeed a unary coverage on S. Since the class of effective

epimorphisms in S is a saturated coverage on S, E is also saturated.

(ii1). Let X : J — C be a finite diagram. Then l(iI_nJ X exists in S, so we
there is an effective epimorphism p : U - 1(iLnJ X in S where U is an
object in C. We will show that the evident cone AU = X is an E-weak
limit of X in C.

Let ¢ : AT = X be a cone in C. By definition, it corresponds to a
morphism x : T — l(iinj X in S. As in (ii), we may find a commutative

square in S of the form below,

s —*

~

U
%
T —— lim_X
—J
where S is an objectin C and ¢ : § - T is an effective epimorphism in

S. This proves the claim.

(iv). In view of proposition 1.4.1, the hypothesis implies that every object
A in S admits a strict epimorphism X - A in S with X in C. The claim

follows, by lemma A.2.6.
(v). Immediate, by (iv).
(vi). Straightforward.

(vii). Let R : PsH(C) — PsH(S) be the evident functor defined on objects
as follows:

R(P) = HomPSH(C)(ﬁ., P)
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Recalling proposition A.I.4, it is not hard to verify that R is (the functor
part of) a right adjoint of the restriction functor PSH(S) — PsH(C). Since
C is a full subcategory of S, the Yoneda lemma implies that, for every
presheaf P on C, the counit R(P) — P is an isomorphism. Moreover,
by adjointness, proposition A.3.7 and (vi) imply that R(P) is a K-sheaf on
S if P is a E-sheaf on C. In addition, for every object A in S, there is a
right-K-exact fork in S of the form below,

R ;X—>A

where R and X are in C, so by lemma 1.4.18, the unit F — R(F) is an

isomorphism. Thus, we indeed have an equivalence of categories. [ |

LEMMA. Let h : A — B be a morphism in S. The following are equival-

ent:
(i) hy, : by — kg is an E-locally surjective morphism in PsH(C).

(i) h: A — Bis an effective epimorphism in S.

Proof. (i) = (ii). Since C is a unary site for S, there is an effective epi-
morphism b : Y -» Bin S with Y in C. On the other hand, #, : iy — hp

is E-locally surjective, so there is a commutative square in S of the form

below,
T-“- A
[
Y h
Y

where T is an objectin C and y : T - Y is an effective epimorphism in
C. By proposition 2.1.5, be y : T — B is an effective epimorphism in S,

so h : A — B isindeed an effective epimorphism in S.

(i1) = (1). Let h : A — B be an effective epimorphism in S and let (Y, b)
be an element of fi;. We wish to show that (Y, b) is an element of the

E-closed support of f, : iy — hp.
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The Yoneda
representation
with respect

to a unary site

2.1.9

Recognition
principle for
I-presentable

sheaves

Since C is a unary site for S, there is a commutative square in S of the

form below,

where X is an object in C and (a, f) : X » A Xp Y is an effective
epimorphism in S. In particular, f : X - Y is an effective epimorphism
in S. Thus, (Y, b) is indeed an element of the E-closed support of 4, :
hy — hp. [ |

THEOREM. The Yoneda representation h, : S — SH(C, E) is fully faithful

and preserves effective epimorphisms.

Proof. By lemmas 2.1.8 and A.3.10, f, : S — SH(C, E) preserves effect-
ive epimorphisms. Thus, for every object A in S, there is a coequaliser

diagram in S of the form below,

R :X—>A

where R and X are objects in C, such that f, : S — SH(C, E) preserves
this coequaliser diagram. In view of the Yoneda lemma, it follows that

the Yoneda representation f, : S — SH(C, E) is fully faithful. [ |

€ The following gives a complete characterisation of the essential image
of the Yoneda representation S — SH(C,E) in the case where S is an

exact category.

LEMMA. Let F be a E-sheaf on C. Assuming S is an exact category, the

following are equivalent:
(i) There is an object A in S such that b,y = F in SH(C, E).

(ii) F is a E-locally 1-presentable (as a presheaf on C).

Proof. (i) = (ii). It suffices to verify that £, itself is E-locally 1-present-
able. It is clear that any E-sheaf on C of the form £, is E-locally 1-gener-
able. But S has kernel pairs, so it follows that £, is E-locally 1-present-

able as well.
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2.1.10

Admissible func-

tors by restriction

(i) = (1). In view of theorem 2.1.8 and lemma A.3.10, the hypothesis
implies there exist an object X in C and an effective epimorphism p :
hy - F in SH(C, E) such that Kr(p) is E-locally 1-generable E-subsheaf
of Ay X hy. Thus, by lemma 1.4.13, Kr(p) is E-locally 1-presentable, so
we have an equivalence relation (R, dy, dl) on X in S such that the E-
closed support of (d| e —,dye—) : hg = hy X Ay is Kr(p). But S has
exact quotients of equivalence relations and the Yoneda representation
S — SH(C, E) preserves them, so it follows that F is representable by an
objectin S. [ |

€ As promised, we have the following converse to lemma 1.4.24.

LEMMA. Let T be an exact category, let D be a unary site for T, let K be
the class of effective epimorphisms in S, and let J be the class of morph-
isms in D that are effective epimorphisms in T. Consider a commutative

square of the form below:

C—— S

r| |7

D——>T

If S is an exact category and F : S — T sends right-K-exact forks in S
to coequaliser diagrams in T, then F : (C,E) — (D, )) is an admissible

functor.

Proof. By lemma A.3.10, the inclusion C < S sends right-E-exact forks
in C to right-K-exact forks in S, so by lemma 1.4.18, F : (C,E) — (D, J)
is a pre-admissible functor. Moreover, by the Yoneda lemma, for every
object A in S and every object B in 7, we have the following natural
bijection:

T (FA, B) = Homgys k) (4. F*ip)

On the other hand, the restriction functor SH(S,K) — SH(C, E) is fully
faithful (and essentially surjective on objects) by proposition 2.1.7, S0

F :(C,E) - (D,)) is indeed an admissible functor. [ |
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2.I.1I

2.1.12

2.1.12(a)
Recognition

principle for

universally strict-

epimorphic sinks

84

in pretoposes

> For the remainder of this section:

* x is a regular cardinal.

* S is a k-ary pretopos.

» K s the k-ary canonical coverage on S.
* Cyis ak-ary site for S.

* For every object X in (), Jo(X) is the set of k-small sinks ® on X (as
an object in C) such that the induced morphism H(T’x)eq, T - Xis

an effective epimorphism in S.

€ Let A be an object in S, let ® be a set of objects in S/A, and let U” be
the sieve of S, 4 generated by .

LEMMA. Suppose @ is a k-small sink on A. The following are equivalent:
(1) @ is a universally strict-epimorphic sink on A.
(i) @ is a strict-epimorphic sink on A.
(ii1) The induced morphism H( X.aeo X = Alsan effective epimorph-

ismin S.

Proof. (1) = (ii). Immediate.

(ii) = (iii). Let U = [y 4eo X andlet p : U — A be the induced
morphism in S. By proposition 1.3.3, it suffices to show that p : U — A
is an extremal epimorphism in S. Let m : A’ - A be a monomorphism
in S and suppose U" C |(m). Then we have a commutative diagram of

the form below,
U —— |(m)

[

S/ AT 4 S/ A

som: A" — Ais anisomorphism in S. Thus, p : U — A is indeed an

extremal epimorphism in S.

(iii) = (i). With notation as above, if p : U — A is an effective epimorph-

ism in S, then by propositions 1.4.1 and 2.1.5, {(U, p)} is a universally
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strict-epimorphic sink on A. On the other hand, by lemma 1.5.15, k-
ary coproduct cocones in k-ary extensive categories are universally strict-
epimorphic sinks, so lemma A.2.3(c) implies that @ is also a universally

strict-epimorphic sink. [

2.1.12(b) LEMMA. Suppose that, for every (X,a) € ®, X is an object in C. Let
U be the full subcategory of U spanned by the objects (X, a) such that
X is an object in Cy. If F is a separated presheaf on S with respect to
the k-ary canonical coverage, then, for every commutative square of the

form below,
U, —— EI(F)

Uv—S
where U — S and EI(F) — S are the respective projections, there is a

unique functor U" — EI(F) making both evident triangles commute.

Proof. 1t suffices to verify the following:

* For every commutative square in S of the form below,

X1
U —> X,

AN

where (U, a) is in U" and both (X, ay) and (X|,a;) are in U}, we

have S(Xo,ao) *Xg = S(Xl,a]) * X1

But this is a consequence of the fact every object in S admits a x-small
universally strict-epimorphic sink where the domains are objects in C,

and the hypothesis that F is separated. [ |

2.1.I3 PROPOSITION.

Properties of () Jy is a composition-closed coverage on C,.

the induced

(ii) The restriction functor PSH(S) — PSH(CO) sends K-sheaves on S
coverage on a

site for a pretopos 10 Jg-sheaves on C,.

(i) In particular, )y is a subcanonical coverage on C,,.
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(iv) The restriction functor PSH(S) — PSH(CO) sends K-locally sur-

Jjective morphisms to Jy-locally surjective morphisms.

(v) The restriction functor SH(S,K) — SH(CO, JO) is (half of) an equi-

valence of categories.

Proof. (1). By lemma 2.1.3 and proposition 2.1.7, J,, is a coverage on C,
and the fact that the class of effective epimorphisms in S is closed under

k-ary coproduct implies that J, is composition-closed.

(ii). Let F : S°° — SET be a sheaf with respect to the x-ary canon-
ical coverage on S and let F’ : (CO)Op — SET be the restriction. By
lemma A.2.6, with notation as in loc. cit., to show that F' is a J,-sheaf, it

is enough verify the following:

* For every object X in C, and every @ € Jy(X), we have ['(®, F) =
F((I), F’) (as subsets of F(X)).

But this is a straightforward consequence of lemma 2.1.12(b).
(iii). Immediate, by (ii).
(iv). Straightforward.

(v). LetR : PSH(CO) — PsH(S) be the evident functor defined on objects
as follows:

R(P) = Hompgy(cy) (fi, P)

Recalling proposition A.I.4, it is not hard to verify that R is (the func-
tor part of) a right adjoint of the restriction functor PSH(S) — PSH(CO).
Since C; is a full subcategory of S, the Yoneda lemma implies that, for
every presheaf P on C, the counit R(P) — P is an isomorphism. More-
over, by adjointness, (iv) implies that R(P) is a K-separated presheaf on
S if P is a Jy-separated presheaf on S; so, by lemma 2.1.12(b), R(P) is
a K-sheaf on S if P is a Jy-sheaf on (. In addition, by the same lemma,
for every K-sheaf F on S, the unit F — R(F) is an isomorphism. Thus,

we indeed have an equivalence of categories. [ |
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2.1.14
Effective
epimorphisms

in pretoposes as
locally surjective

morphisms

The Yoneda
representation
with respect to a

site for a pretopos

2.1.15

Recognition prin-
ciple for gener-

able subsheaves

LEMMA. Let h : A — B be a morphism in S. The following are equival-

ent:
(i) Ay, : hy = hyp is a Jy-locally surjective morphism in PsH(Cy).

(i) h: A — B s an effective epimorphism in S.
Proof. Omitted. (Compare lemma 2.1.8.) O

THEOREM. The Yoneda representation h, : S — SH(CO,JO) is fully faith-

ful and preserves k-ary coproducts and effective epimorphisms.

Proof. Consider the Yoneda embedding f, : S — SH(S,K). By the-
orem 1.5.15, A, : S — SH(S,K) preserves k-ary coproducts. On the
other hand, by theorem 2.1.8, A, : S — SH(S, K) preserves effective epi-
morphisms. Since the Yoneda embedding is known to be fully faithful,

the claim follows, by proposition 2.1.13. [ |

q Thus, we may identify S with a certain full subcategory of SH(Cy, J).
We will give a characterisation of the J,-sheaves on C that are represent-

able by an object in S, but to do so, we require a preliminary result.

DEFINITION. A Jj-sheaf on C is k-generable if it admits a x-small J,-

local generating set of elements.

LEMMA. Let B be an object in S and let F be a Jy-subsheaf of hg. The

following are equivalent:
(1) There is a monomorphism m : A — B in S such that F is the
Jo-closed support of h,, : hy — hp.

(i) F is k-generable.

Proof. (i) = (ii). It suffices to show that £, is k-generable. Since C is a
k-ary site for S, there is a k-small set ® of objects in S, such that the
induced morphism H( X.a)ep X — A is an effective epimorphism in S
and, for every (X, a) € @, X is an object in Cy. Thus, by lemma 2.1.14,

h, is k-generable.

(i) = (i). In view of theorem 2.1.14 and lemma A.3.10, the hypothesis

implies there exist an object X in C and an effective epimorphism p :
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hy - Fin SH(CO,JO). Letb : X — B be the morphismin S correspond-
ing to the composite iy » F < hp and consider im(b) : Im(b) — B
in S. The Yoneda representation S — SH(CO,JO) preserves effective
epimorphisms and monomorphisms, so the J,-closed support of im(b) :
Im(b) — Bis F, as desired. [ |

REMARK. In particular, fp itself is a k-generable J,-sheaf on C.

2.1.16 DEFINITION. A Jj-sheaf F on C, is k-presentable if there is a set ® with

the following properties:
* @ is a k-small Jy-local generating set of elements of F'.

* For every ((Xo,ao), (Xl,al)) € © X D, the sheabe(aO c—,ap - —)

is k-generable.
REMARK. Clearly, every k-presentable J,-sheaf on C) is also k-generable.

Recognition prin-  LEMMA. Let F be a Jy-sheaf on Cy. The following are equivalent:

iple f -
ciple forpresent (i) There is an object A in S such that hy = F in SH(CO, JO).

able sheaves
(i1) F is a k-presentable ), sheaf on C,.

Proof. (i) = (ii). It suffices to verify that £, itself is k-presentable. By
lemma 2.1.15, fi4 is k-generable. Moreover, given any two elements of
hy say (Xo,aq) and (X1, a;), the sheaf Pb(ay - —, a; - —) is represent-
able by an object in S, so it is also k-generable. Thus, £, is indeed -

presentable.

(i) = (1). In view of theorem 2.1.14 and lemma A.3.10, the hypothesis
implies there exist an object X in C and an effective epimorphism p :
hy » Fin SH(CO, JO). It is straightforward to check that Kr(p) is a -
generable Jj-subsheaf of Ay X fiy, so we have an equivalence relation
(R, dy, dl) on X in S such that the J,-closed support of (d; e —, dy e —) :
hr — hy X hy is Kr(p). But S has exact quotients of equivalence rela-
tions and the Yoneda representation S — SH(CO, JO) preserves them, so

it follows that F is representable by an object in S. [ |
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2.2

2.2.1

2.2.2

[1]

Ecumenae

SynNopsis. We define various notions of categories equipped with struc-
ture making it possible to interpret basic notions of topology such as open

embeddings and local homeomorphisms.
PREREQUISITES. §§1.1, 1.2, 1.3, 1.4, 1.5, A.2.

DEFINITION. An ecumene! ! is a tuple (C, G, J) where:
* C is a category.
¢ G 1s a class of fibrations in C.
* Jis acoverage on C.

* Every morphism in C of G-type (G, J)-semilocally on the domain is a

member of C.

We will often abuse notation by referring to the category C itself as an

ecumene, omitting mention of G and J.

ExAMPLE. Let C be a category with pullbacks, let G be the class of quad-
rable morphisms in C, and let J be any coverage on C. Then (C, G, J) is an

ccumene.

€ Let C be a category and let BB be a set of morphisms in C.

DEFINITION. A coverage J on C is B-adapted if it has the following prop-
erty:
* For every object X in C and every J-covering sink ® on X, there is
B-sink @' such that " € J(X) and | (@) C L(D).

ExAMPLE. If B = mor C, then every coverage on C is B-adapted.

REMARK. Let J be a coverage on C and let J 53(X) be the set of B-sinks on
X that are members of J(X). If J is B-adapted, then J5 is a coverage, and

moreover the J-covering sinks coincide with the Jz-covering sinks.

— from Greek «oikovpévny, the inhabited world.
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Properties
of adapted

coverages

2.2.3

The ecumene
generated by a

class of fibrations

90

ProrosiTION. If J is a B-adapted coverage on C, then B satisfies the J-

local collection axiom.
Proof. Immediate. [ ]

DEeFINITION. The descent axiom for an ecumene (C, G, J) is the following:

* Every morphism in C of G-type J-semilocally on the base is a member

of C.

PrOPOSITION. Let C be a category, let B be a class of fibrations in C, let
J be a coverage on C, and let G be the class of morphisms in C that are of
B-type (B, J)-semilocally on the domain. Assuming every member of G is

a quadrable morphism in C:
1) (C,G,)) is an ecumene.

In addition, assuming J is a B-adapted coverage on C:
(i) (C,G,J) satisfies the descent axiom.

(iii) J is a G-adapted coverage on C.

Proof. (i). By proposition 1.2.5 and lemma 1.2.6, Gis a class of fibrations
in C and B C G. It remains to be shown that every morphism in C of G-
type (G, J)-semilocally on the domain is a member of G.

Let f : X — Y be a morphism in C and let @ be a J-covering sink on
X such that, forevery (U,x) € ®,bothx : U - X and fex: U — Y are
members of G. Since x : U — X is a member of G, there is a J-covering
sink @/ on U such that, for every (T,u) € @/ bothu : T - U

U.x) (Ux)
and x eu : T — X are members of 3. Thus, by proposition A.2.14,

o= | &Tmow

U, x)ed

Uﬁﬂe@&m}
is a J-covering sink on X such that, for every (T, x') € ®,bothx' : T —
X and fox' : T — X are members of B. Hence, f : X — Y is of B-type

(B, J)-semilocally on the domain. The claim follows.
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2.2.4

(i1). Let f : X — Y be a morphism in C and let ¥ be a J-covering sink
on Y. Suppose, for each (V, y) € P, there is a pullback square in C of the
form below,
v 22 x
yr l lf
|4 — Y

where y*f : f*V — V is a member of G. Since G is a quadrable class
of morphisms and J is a B-adapted coverage on C, we may assume that
eachy : V — Y is a member of B. Then yo y*f : f*V — Y is
a member of G and f*y : f*V — X is a member of B. Moreover,
{(f*V,f*y) | V,y € ‘I’} is a J-covering sink on X,so f : X — Y is
of G-type (3, J)-locally on the domain. Hence, by (i), f : X — Y isa

member of G.
(iii). Immediate. |

REMARK. In particular, if (C,G,J) is an ecumene and J is a G-adapted

coverage on C, then the descent axiom is satisfied.

DEFINITION. A regulated ecumene is an ecumene (C, G, J) with the fol-

lowing additional data:

* For each morphism f : X — Y in C that is a member of G, a mono-
morphism im(f) : Im(f) » Y in C such that f = im(f)e Ny for some
J-covering morphism 7 1 X > Im(f) in C and, for every commutat-

ive diagram in C of the form below,

X — X

A b

I' —— Im(f)

i'I Iim( i)

Y ——> Y

if both squares are pullback squares in C, then e’ : X’ » I’ is an

effective epimorphism in C and i’ : I’ » Y’ is a member of G.

a1
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REMARK. In the above, ¢’ : X’ » I’ is automatically a member of G, by

lemma 1.1.3.

ProPoOSITION. Let (C, G,J) be a regulated ecumene.

(1) Every effective epimorphism in C that is a member of G is a J-

covering morphism in C.

(1) (C,D) is a regulated category, where D is the subcategory of G-

perfect morphisms in C.

Proof. (1). Let f : X — Y be an effective epimorphism in C that is a
member of G. Then im(f) : Im(f) — Y must be an isomorphism in
C;but f : X — Y factors as a J-covering morphism in C followed by
m(f) : Im(f) - Y,so f : X — Y itself is also a J-covering morphism

in C.

(i1). By proposition 1.1.11, D is a class of separated fibrations in C. Every
effective epimorphism in C is a G-calypsis a fortiori, so every member of
G is quadrably G-eucalyptic. Thus, every member of D is D-agathic, as
required. |

2.2.5 9 Letk be aregular cardinal.

DEFINITION. A k-ary extensive ecumene is an ecumene (C, G, J) where:
* C is a k-ary extensive category.
* Jis a k-ary superextensive coverage on C.

* Every complemented monomorphism in C is a member of G.

Recognition LEMMA. Let (C, G, J) be an ecumene that satisfies the descent axiom. The

principle for  following are equivalent:

extensive

hat (1) (C,G,J) is a x-ary extensive ecumene.
ecumenac tha

satisfy the (ii) Cis a k-ary extensive category and J is a k-ary superextensive coy-

descent axiom erage on C.

Proof. (1) = (i1). Immediate.

Q2



2.2. Ecumenae

Properties
of extensive

ecumenae

2.2.6

2.2.7

2.2.7(a)
2.2.7(b)

2.2.7(c)

[2]

(i1) = (1). Let O be the initial object in C. Then, for every object X in C,
the unique morphism 0 — X is vacuously of G-type (G, J)-locally on the
domain, so it is a member of G. Similarly, given morphisms f;, : X, = Y,
and f; : X; — Y;inC thatare members of G, fo L1 f| : XoLIX| — Y,1IY;
is of G-type J-locally on the base, so it is also a member of G. Since every
isomorphism in C is a member of G, it follows that every complemented

monomorphism in C is a member of G. [ |

ProOPOSITION. Let (C, G,J) be a k-ary extensive ecumene.
(1) Given a family (f,- | i€ I) where I is a x-small set and each f; is
a morphism X; = Y in C, ifeach f; : X; = Y is a member of G, then
the induced morphism f : [1,c; X; = Y is also a member of G.
(i1) G is closed under x-ary coproduct in C.
(ii1) Assuming J is G-adapted, a morphismg : Y — Z in C is J-covering
if and only if there is a morphism f : X — Y in C such that g~ f :

X — Z is J-covering morphism in C that is a member of G.

Proof. (i). By construction, f : [[.c; X; = Y is of G-type (G, J)-semi-

iel
locally on the domain, so it is a member of G.

(i1). Since coproduct injections are in G and G is closed under composition,

the claim is a special case of (i).

(ii1). Apply lemma 1.5.16 and (). [ |
% For the remainder of this section, (C, G, J) is an ecumene.

€ TItisconvenient to introduce some terminology for properties of morph-

isms related to G.
DEFINITION. A morphism in C is genial if it is a member of G.

DEFINITION. A morphism in C is étale if it is G-perfect.

(2]

DEFINITION. A morphism in C is eunoic'“’ if it is J-semilocally of G-type.

— from Greek «g0voikdgy, favourable.
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2.2.8

2.2.8(a)
Recognition
principle for
kernel pairs of

étale morphisms

2.2.8(b)
Recognition prin-
ciple for kernel
pairs of covering

étale morphisms

94

REMARK. By lemma 1.2.15, eunoic morphisms are automatically J-locally

of G-type.

DEFINITION. An equivalence relation (R, dy, dl) on an object X in C is

étale if it has the following property:

* The projections dy,d; : R — X are étale morphisms.

LEMMA. Let (R, dy, dl) be a kernel pair of a morphism f : X — Y in C.

The following are equivalent:

(1) f : X — Y is a genial morphism in C and (R, dy, dl) is an étale

equivalence relation on X in C.

(1) f: X — Y is an étale morphism in C.

Proof. (i) = (ii). By lemma 1.1.70, the relative diagonal A, : X — R
is étale if either dy : R — X ord; : R — X is étale, in which case

f X - Y itself is étale.

(i1) = (1). The class of étale morphisms in C is a quadrable class of morph-
isms in C, by proposition 1.1.11, so if f : X — Y is étale then both
dy,d; : R — X are also étale. [ |

LEMMA. Let (R, dy, dl) be a kernel pair of a J-covering morphism f :
X » Y inC. Assuming (C, G,J) satisfies the descent axiom, the following

are equivalent:
1) (R, dy, dl) is an étale equivalence relation on X in C.
(1) f: X > Y is an étale morphism in C.

Proof. By definition, the following is a pullback square in C:

do
R—>» X

sl b

X —f» Y
Since f : X - Y is a J-covering morphism in C, the descent axiom
implies that f : X - Y is amember of Gif and only if eitherd, : R — X
ord; : R = X (or both) is a member of G. Thus, the claims reduce to

lemma 2.2.8(a). [ |
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2.2.9

The induced

étale ecumene

€ The following generalises Proposition 1.6 in [JM].

DEFINITION. The ecumene (C, G,J) is étale if every member of G is an

étale morphism in C.

PROPOSITION. Let D be the class of étale morphisms in C.

(1) (C,D,)) is an étale ecumene.

(1) If (C, G,)) satisfies the descent axiom, then (C, D, J) also satisfies

the descent axiom.

(iii) (C,G,)) is k-ary extensive if and only if (C, D, )) is k-ary extensive.

Proof. (1). By proposition 1.1.11, D is a class of separated fibrations in C.
It remains to be shown that every morphism of D-type (D, J)-semilocally
on the domain is a member of D.

Let f : X — Y be a morphism in C and let @ be a J-covering D-sink
on X such that, for every (U,x) € ®, foex : U — Y is a member of
D. Then f : X — Y is of G-type (G, J)-semilocally on the domain, so
by lemma 1.2.6, f : X — Y is a member of G. Since x : U — X is
a member of G, the induced morphism U Xy U — X Xy X is also a
member of G. On the other hand, f o x : U — Y is a member of D, so
the relative diagonal A fox U 2> UXy U is a member of G. Thus, the
relative diagonal Ay : X — X Xy X is of G-type (G, J)-semilocally on
the domain, therefore it is a member of G. Hence, f : X — Y isindeed a

member of D.

(i1). Let f : X — Y be a morphism in C and let ¥ be a J-covering sink
on Y such that, for every (V, y) € ®, we have a pullback square in C of

the form below,

v —=>-

S

v

&
~

~

4 y

where v : U — V is a member of D. The hypothesis implies f : X = Y
is a member of G, and it remains to be shown that f : X — Y is G-

separated.
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By the pullback pasting lemma, every face of the following diagram is

a pullback square in C:

XXyx U 14
|
XXy X —|— X ‘
N AN
X —>Y

Hence, we have a pullback square in C of the form below:

U———> X

Avl lA ,

UXxy, U — XXy X

Moreover, by proposition A.2.14,
{(U Xy U,x ny) |(V,y) € ‘P}

is aJ-covering sink on X Xy X, so the relative diagonal A : X — XXy X
is of G-type J-semilocally on the base. Thus, Ay : X — X Xy X isa

member of G, as required.

(iii). Immediate, because genial monomorphisms are the same as étale

monomorphisms. [ |

¢ Etale morphisms and eunoic morphisms are related as follows.

LEMMA. Let f : X — Y be a quadrable morphism in C such that the
relative diagonal A, : X — X Xy X is also a quadrable morphism
in C. Assuming (C,G,J) satisfies the descent axiom, the following are
equivalent:

(1) The morphism f : X — Y is étale.

(i) Both f : X — Y and the relative diagonal A, : X — X Xy X are

eunoic.

Proof. This is a special case of proposition 1.2.20. [ |
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2.2.11

2.2.11(a)

2.2.11(b)

Recognition
principles for

open embeddings

2.2.12

€ Itis convenient to introduce the following terminology.

DEFINITION. An open embedding in C is a monomorphism in C that is a

member of G.

DEeFINITION. The descent axiom for open embeddings in (C, G, J) is the

following:

* Every monomorphism in C of G-type J-semilocally on the base is an

open embedding in C.

LEMMA. Let f : X — Y be a quadrable morphism in C. Assuming
(C, G,J) satisfies the descent axiom for open embeddings, the following

are equivalent:
(1) f: X — Y is an open embedding in C.
(i) f : X = Y is an étale monomorphism in C.

(i) f : X — Y is a eunoic monomorphism in C.

Proof. (1) = (i1). The relative diagonal A FrX > XXy X is an iso-

morphism in C.
(ii) = (iii). Etale morphisms are eunoic a fortiori.
(iii) = (i). It suffices to verify the following:

* Every monomorphism in C of G-type J-semilocally on the domain is

an open embedding in C.

However, by lemma 1.2.19(a), every such monomorphism is automatic-
ally of G-type (G, J)-semilocally on the domain, hence is indeed a member

of G. |

q Let G,,ono be the class of open embeddings in C.
We will see that the following is a specialisation of the notion of étale

morphism.

DEFINITION. A local homeomorphism in C is a morphismin C of G, .-

type (Qmono, J)—semilocally on the domain.
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REMARK. By lemma 1.2.6, local homeomorphisms are automatically of

Grmono~tYP€ (Gimono» J)-locally on the domain.

PROPOSITION.

(1) Every open embedding in C is a local homeomorphism in C.

(ii) The class of local homeomorphisms in C is a quadrable class of

morphisms in C.

(iii) The class of local homeomorphisms in C is closed under composi-
tion.

(iv) Given morphisms f : X — Y and g : Y — Z in C, if both
g:Y > Zandgeo f : X — Z are local homeomorphisms, then

f X = Y isalso a local homeomorphism.

(v) Every local homeomorphism in C is an étale morphism in C.

Proof. (i). Immediate.

(i1). Clearly, every local homeomorphism in C is of G-type (G, J)-semi-
locally on the domain, hence is a member of . In particular, local homeo-

morphisms in C are quadrable. The claim follows, by proposition 1.2.4.
(ii1). In view of lemma 1.2.6, we may apply proposition 1.2.5.

(iv). Let ¥ be a J-covering G -sink on Y such that, for every (V,y) €

mono

Y, gey: V — Zisan open embedding in C. By proposition A.2.14

and (ii), there is a J-covering G -sink @ on X such that, for every

mono
(U,x) € ®,geo fox:U — Zisan open embedding in C and factors
through gey : V' — Z for some (V,y) € ¥. Recalling that G, is a
class of fibrations in C, by lemma 1.1.3, f e x : U — Y is also an open

embedding in C. Hence, f : X — Y is a local homeomorphism in C.

(v). If f : X — Y is a local homeomorphism in C, then the relative
diagonal A, : X — X Xy X 1s also a local homeomorphism in C, by
(1), (1), and (iv). Thus, by lemma 1.1.6, f : X — Y is indeed an étale
morphism in C. H
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2.2.13 PROPOSITION. Let D be the class of local homeomorphisms in C.

The ecumene of . . .
(1) (C,D,)) is an étale ecumene.
local homeo-

morphisms (i1) (C, G,J) satisfies the descent axiom for open embeddings if and only
if (C,D,)) satisfies the descent axiom for open embeddings.

(iii) (C,G,)) is k-ary extensive if and only if (C, D, )) is k-ary extensive.

Proof. (i). By proposition 2.2.12, D is a class of separated fibrations in C.
It remains to be shown that every morphism of D-type (D, J)-semilocally
on the domain is a member of D.

Let f : X — Y be a morphism in C and let ® be a J-covering D-
sink on X such that, for every (U,x) € @, fox : U — Y is a local
homeomorphism in C. So, for each (U, x) € ®, there is a J-covering
Gmono SINK Oy y on U such that, for every (T, u) € Oy ), xou: T — X

is an open embedding in C. Consider the sink @’ defined as follows:

o = U {(T,xow)|(T,u) € Oy )}
(U.)eD

By proposition A.2.14, @’ is a J-covering G .. -sink on X. Moreover,
each fexou : T — Y isalocal homeomorphisminC,so f : X — Y isof
D-type (Gpono» J ) -semilocally on the domain. Thus, by proposition 1.2.4,

f 1 X — Y itself is indeed a local homeomorphism in C.

(i1) and (iii). Immediate. [ |

2.2.14 9 We will now characterise local homeomorphisms as genial morphisms

whose kernel pair have a certain property.

DEFINITION. An equivalence relation (R, dy, a’l) on an object X in C is

tractable if it has the following properties:
* The projections d,d; : R — X are members of G.

* There is a J-covering G -sink @ on X such that, for every (U, x) €

mono

® and every object (T, r) in C/R, if bothdyor,dyor: T — X factor
through x : U — X, thendyeor =d; or.
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REMARK. By proposition 2.2.12, if (R, dy, d, ) is a tractable equivalence
relation on X, then the relative diagonal A : X — Ris an open embedding
in C. However, the converse is not true in general, even when we assume

that the projections d, d; : R — X are local homeomorphisms in C.

LEMMA. Let (R, dy, a']) be an equivalence relation on an object X in C.
Assuming the projections dy,d; : R — X are genial morphisms in C, if
there is a local homeomorphism f : X — Y in C such that feody = feod,,
then (R, dy, d 1) is tractable.

Proof. Let® be aJ-covering G -sink on X such that, forevery (U, x) €

mono
®, fox:U — Y is an open embedding in C. For every object (T, r) in
C/R, we have fodyer = fod or,soif bothdyer,d;or: T — X factor
through x : U — X, thendjer = d; o r. Hence (R, dO,dl) is indeed a

tractable equivalence relation on X in C. [ |

LEMMA. Let (R, dy, dl) be a kernel pair of a morphism f : X — Y in C.

The following are equivalent:

(1) f : X — Y isa genial morphismin C and (R, dy, dl) is a tractable

equivalence relation on X in C.

(1) f: X — Y is alocal homeomorphism in C.

Proof. (1) = (i1). Let @ be a J-covering G, ,,,-sink on X such that, for
every (U, x) € ® and every object (T,r) in C/R, if both dyer,dyor:
T — X factor through x : U — X, thendyer = d;or. Then fox :
U — Y is a monomorphism in C: indeed, given uy,u; : T — U in C,
if foxouy = foxouy, then we may apply the hypothesis to deduce
that uy = uy. Since f : X — Y is a member of G and G is closed under
composition, it follows that f e x : U — Y is an open embedding in C.

Hence f : X — Y is indeed a local homeomorphism in C.

(i1) = (1). This is a special case of lemma 2.2.14(a). [ |
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2.2.14(c)
Recognition
principle for
kernel pairs of
covering local

homeomorphisms

LEMMA. Let (R, dy, dl) be a kernel pair of a J-covering morphism f :
X —» Y in C. Assuming (C,G,)) satisfies the descent axiom for open

embeddings, the following are equivalent:
1) (R, dy,d 1) is a tractable equivalence relation on X in C.

(1) f: X > Y is alocal homeomorphism in C.

Proof. (1) = (i1). By definition, the following is a pullback square in C:

S

dy
—

S
< «— X
%%

—
f

Suppose x : U — X is an open embedding in C such that fex: U — Y
is a monomorphism in C. Then the projection X Xy U — X is also an
open embedding in C, and since f : X —» Y is a J-covering morphism
inC, foex : U — Y is an open embedding in C. Thus, following the
argument of lemma 2.2.14(b), we see that f : X — Y itself is a local

homeomorphism in C.

(i1) = (1). This is a special case of lemma 2.2.14(a). [ |
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2.3 Extents

Synopsis. We examine the properties of categories of objects that are
obtained as €tale quotients of distinguished objects in pretoposes equipped

with a notion of étale morphism.
PREREQUISITES. §§1.1, 1.2, 1.4, 1.5, 2.1, 2.2.

2.3.1 9 Letk be aregular cardinal and let S be a x-ary pretopos.

The following definition is due to Joyal [JM, §1].

DEFINITION. A class of étale morphisms in S is a subset D C mor S
with the following properties:
Al. Every isomorphism in S is a member of D and D is closed under
composition.
A2. D is a quadrable class of morphisms in S.

A3. In every pullback square in S of the form below,

—» A

h

o e i,

—>» B

where B - B is an effective epimorphismin S, if A : A — Bisa
member of D, then h : A — B is also a member of D.

A4. For every k-small set I, the unique morphism [],.,;1 — lisa
member of D, where 1 is the terminal object of S.

AS5. For every family (h; |i € I) where I is a k-small set, if each h; :
A; = B;is amember of D, then [],.,; h; : [[;c; A = Ilic; Bi is
also a member of D.

A7. If h : A —» B is a member of D, then the relative diagonal A, :
A — A Xp Aisalso a member of D.

A8. Given an effective epimorphism 4 : A - B in S and a morphism
k:B—->CinS,ifbothh: A->» Bandkeoh: A — C are members
of D, then k : B — C is also a member of D.

102



2.3. Extents

Recognition
principle for
classes of étale

morphisms

2.3.2

ExAMPLE. The class of all morphisms in S is a class of étale morphisms
in S.
LEMMA. Let D be a set of morphisms in S. The following are equivalent:

(1) D satisfies axioms Al, A2, A4, A5, A7, and AS.
(i) (S, D,K), where K is the k-ary canonical coverage on S, is an étale
K-ary extensive ecumene.
Moreover, D satisfies axiom A3 if and only if (S, D, K) satisfies the descent

axiom.

Proof. (1) = (i1). By lemma 1.1.10, axioms Al, A2, and A7 imply that
D is a class of separated fibrations in S. Hence, by axioms Al and AS,
for every kx-small set I, every morphism 1 — [],., 1 is a member of
D, and therefore (by axiom A2 and extensivity) every complemented
monomorphism is a member of D. Axioms Al, A2, A4, and AS imply
that, for every object B in S and every family (hl- | iel ) where I is
a x-small set and each h; : A; — B is a member of D, the induced
morphism [[,.; A; = B is a member of D. Thus, in view of proposi-
tion 1.4.1, lemma 1.5.16, and axiom A8, every morphism in S of D-type
(D, K)-semilocally on the domain is a member of D. Hence, (S, D, K) is
an étale k-ary extensive ecumene, and it is clear that axiom A3 implies

that the descent axiom is satisfied.

(i) = (1). Axioms Al, A2, and A7 are immediate. Axiom A8 is also
straightforward to verify, given that the K-covering morphisms in S are
precisely the effective epimorphisms in S. The same argument shows
that the descent axiom implies axiom A3. Finally, axioms A4 and AS are

special cases of proposition 2.2.5. [ |

€ Let(C,D,J)be an étale xk-ary extensive ecumene that satisfies the des-
cent axiom, let E be the class of J-covering morphisms in C, let S =
Ex(C,E), and let 1 : C — S be the insertion functor. Assume (C, E)
satisfies the Shulman condition, so that S is a k-ary pretopos. (Recall
proposition 1.5.13 and corollary 1.5.16.)

The following is a variation on Theorem 5.2 and Corollary 5.3 in [JM].

103



Charted objects

The exact PROPOSITION. Let G be the class of morphisms in S corresponding to
completion of an  yyorphisms in PSH(C) J-semilocally of D-type and let D be the class of

étale extensive . .
G-perfect morphisms in S.

ccumene
(1) A morphism in S is a member of G if and only if it corresponds to

a morphism in PSH(C) E-semilocally of D-type.
(1) (S,G,K) is a k-ary extensive ecumene that satisfies the descent

axiom, where K is the k-ary canonical topology on S.

(iii) The insertion functor 1 : C — S sends members of D to members
of G.

(iv) D is a class of étale morphisms in S.

(v) For every object Y in C and every morphism h : A — 1(Y) in
S, ifh : A —» «(Y) is a member of D, then there exist a morphism
f 1 X = Y inC and an effective epimorphism p : (X) » Ain S such
that f : X — Y is a member of D.

(vi) For every quadrable morphism f : X — Y in C, assuming the
relative diagonal Ay : X — X Xy X is a quadrable monomorphism
inC, f: X — Y isamember of D if and only if i(f) : (X) = «(Y) is
a member of D.

(vii) If J is a D-adapted coverage on C, then G and D both satisfy the

K-local collection axiom.

Proof. (i). It is clear that every morphism in PSH(C) E-semilocally of D-
type is also J-semilocally of D-type; it remains to be shown that every
member of G corresponds to a morphism in PSH(C) E-semilocally of D-
type.

Let h : A - B be a morphism in PSH(C) where both A and B are
E-locally 1-presentable E-sheaves on C. Suppose W is a J-local gener-
ating set of elements of B such that, for every (Y, b) € P, there is a J-
local generating set @y ;) of elements of Pb(b - —, h) such that, for every
(X,(f,a) € ®, f : X — Y is a member of D. By theorem 1.4.16,
Pb(b - —, h) is E-locally 1-generable, so it is J-locally 1-generable a for-

tiori. Thus, by lemma A.2.16, replacing @y ;) with a subset if necessary,
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2.3.3

we may assume that @y ) is a k-small set. Similarly, we may assume
that ¥ is a k-small set. But proposition 1.5.13, lemmas 1.5.15 and 1.5.16,
and corollary 1.5.16 imply that A and B are also J-sheaves on C, so by
proposition 2.2.5, we may further assume that ¥ and @y ) are singletons.

Hence, h : A — B is indeed E-semilocally of D-type.

(i1) and (iii). First, note that lemma A.3.10 implies that the effective epi-
morphisms in S are precisely the morphisms in S corresponding to E-
locally surjective morphisms in PSH(C), which are J-locally surjective
a fortiori. We also know that K is a k-ary superextensive coverage on
S (lemma 1.5.15 and theorem 1.5.15). Thus, by proposition 1.2.14 and
lemma 1.5.16, G is a class of fibrations in S, every morphism in S K-
locally of G-type is a member of G, and 1 : C — S sends members of D
to members of §. Recalling lemma 2.2.5, we conclude that (S, G,K) is

indeed a k-ary extensive ecumene that satisfies the descent axiom.
(iv). Recalling lemma 2.3.1, this is a special case of proposition 2.2.9.
(v). This is a consequence of lemma 1.4.8.

(vi). Apply proposition 1.2.20.

(vil). By construction, for every object A in S, there exist an object X in
C and an effective epimorphism 1(X) » A in S. Since both G and D are

quadrable classes of morphisms in S, it suffices to verify the following:

e If h: A — Bis an effective epimorphismin Sand k : B - Cisa
member of G where B = 1(Y) and C = 1(Z) for some objects Y and Z
in C, then there is a morphism s : A" = Ain S such that hos : A’ - B

is an effective epimorphism in S that is a member of D.

It is straightforward to further reduce to the case where A = 1(X), which

is an immediate consequence of proposition 2.2.2. [ |

q The following is a notion intermediate between pretoposes with a class

of étale morphisms (in the sense of Joyal) and étale extensive ecumenae.
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Axiom A8 and

gros pretoposes
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DEFINITION. A k-ary gros pretopos is a pair (S, D) where:
* S is a k-ary pretopos.

* D is a set of morphisms in S that satisfies axioms Al, A2, A4, AS,
and A7.

* Given an effective epimorphism 2 : A - B in S, a morphism k :
B — C in S, and a kernel pair (R,do,dl) ofh: A->» Bin S, if
dy,d; : R - Aand ko h : A — C are all members of D, then both
h:A-> Band k : B — C are members of D.

LEMMA. Let S be a k-ary pretopos and let D be a set of morphisms in S.
(1) If (S, D) is a k-ary gros pretopos, then D satisfies axiom AS.

(1) If (S, D) is a x-ary gros pretopos, then (S, D,K) is an étale k-ary

extensive regulated ecumene, where K is the k-ary canonical coverage

onS.

(iii) If D is a class of étale morphisms in S, then (S, D) is a k-ary gros

pretopos.

Proof. (i). Let h : A — B be an effective epimorphism in S that is a
member of D and let (R, dy, a’l) be a kernel pairof h : A - Bin S.
By axiom A2, the projections d,d; : R — A are members of D. Let
k : B - C be a morphism in S such that ke h : A — C is a member
of D. We may then apply the hypothesis to deduce that k : B — C is a

member of D, as required.

(i1). By lemma 2.3.1, (S, D,K) is an étale k-ary extensive ecumene. It
remains to be shown that (S, D, K) is regulated. Since S is a k-ary pre-
topos and K is the k-ary canonical coverage on S, it is enough to verify
that the image of a member of D is also a member of D.

Let h : A » B be a member of D and let (R, dy, dl) be a kernel pair
of h : A - Bin S. As before, the projections d,,d; : R = A are
members of D. On the other hand, A = im(h) o e where e : A » Im(h)
is the coequaliser of d,,d; : R — A. Thus, by the hypothesis, im(h) :

Im(A) — B is indeed a member of D.
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Gros pretopos
with local

homeomorphisms

2.3.4

2.3.5

Properties of the
petit pretopos

over an object

(iii). Let A : A — B be an effective epimorphism in S and let (R, dy,d 1)
be akernel pairof A : A — Bin S. Suppose dy,d; : R — A are members
of D. Then, by axiom A3, h : A — B s also amember of D. Thus, given
amorphismk : B— Cin Ssuchthatkeh: A — C is a member of D,
axiom A8 implies that k : B — C is also a member of D. [ |

PROPOSITION. Let S be a k-ary pretopos, let K be the k-ary canonical
coverage on S, let G be a set of morphisms in S such that (S, G,K) is a
k-ary extensive ecumene that satisfies the descent axiom, and let D be the
class of local homeomorphisms in S.

(1) (S, D) is a k-ary gros pretopos.

(1) (S, D,K) satisfies the descent axiom for open embeddings.

Proof. (i). By proposition 2.2.13, (S, D,K) is an étale k-ary extensive
ecumene, so by lemmas 2.2.14(c) and 2.3.1, (S, D) is a k-ary gros pre-

topos.

(i1). In view of lemma 2.2.11, it is clear that (S, D, K) satisfies the descent
axiom for open embeddings if and only if (S, G, K) satisfies the descent

axiom for open embeddings. [ |
> For the remainder of this section, (S, D) is a k-ary gros pretopos.

DEeFINITION. The petit x-ary pretopos over an object A in S is the full
subcategory D, 4 € S/, spanned by the objects (F, p) where p: F — A

is a member of D.

PROPOSITION.
(i) Forevery object A in S, the inclusion D4 < S, 4 creates limits of

finite diagrams, k-ary coproducts, and exact quotients.
(1) In particular, D /A is a k-ary pretopos.

(ili) For every morphism h : A — B in S, the pullback functor h* :
D,g — D,y preserves limits of finite diagrams, Kk-ary coproducts,

and exact forks.

Proof. Straightforward. (Use proposition 2.2.5.) ¢
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2.3.6 DEFINITION. A unary basis for (S, D) is a full subcategory C C S with
the following properties:

* C is a unary site for S.

* For every morphism 2 : A — Bin S,if BisinCandh: A — Bisa
member of D, then there is an effective epimorphismp: X » Ain S

such that X is an objectin C and p : X - A is a member of D.
ExAaMPLE. Of course, S is a unary basis for (S, D).

2.3.7 DEFINITION. A k-ary basis for (S, D) is a full subcategory C C S with

the following properties:

* Cisak-ary site for S.

* For every morphismh : A - Bin S,if BisinCandh: A — Bis
a member of D, then there is an effective epimorphism p : X - A in
S such that X is a coproduct of a k-small family of objects in C and

p: X » Aisamember of D.

ExAmPLE. Every unary basis for (S, D) is also a k-ary basis for (S, D) a

fortiori.

Recognition prin-  LEMMA. Let C, be a full subcategory of S and let C be the full subcategory

ciple for bases of - of S spanned by the objects that are coproducts (in S) of k-small families

8ros pretoposes of objects in Cy. The following are equivalent:

(1) Cyis a k-ary basis for (S, D).

(ii) C is a unary basis for (S, D).
Proof. Straightforward. (Use lemma 2.1.3 and proposition 2.2.5.) ¢

2.3.8 X For the remainder of this section, C is a unary basis for (S, D).
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2.3.9 PROPOSITION. Let B =D nmor C.

P ies of
roperties o (1) Given morphisms b :Y — Bandh: A — BinS,ifh: A— B

unary bases of

is a member of D and Y is an object in C, then there is a commutative
gros pretoposes

square in S of the form below,

X -‘5 4
|
[ h
v
where X is an object in C and (a, f) : X — A Xg Y is an effective

epimorphism in S that is a member of D.

(1) In particular, every member of D is K-locally of B-type.

Proof. (1). By axiom A2, the projection A Xz Y — Y is a member of
D, so there indeed exist an object X in C and an effective epimorphism

(a,f): X » AXpY in S that is a member of D.

(i1). Given a morphism 4 : A — B in S that is a member of D, there is
an effective epimorphism b : Y - B in S where Y is an object in C. The

claim then reduces to (i). [ ]

2.3.10 DEFINITION. A (C, D)-atlas of an object A in S is an object (X, a) in D/A
such that X is an objectin C and a : X — A is an effective epimorphism
inS.

2.3.10(a) LEMMA. Let h : A — B be a morphism in S and let (Y, b) be a (C, D)-
Atlases for étale  grlgs of B. If h © A — B is a member of D, then there is a commutative

morphisms diagram inS oftheform below,

X -Y%» A
I
F h
Vv

where (X, a) is a (C, D)-atlas of Aand f : X — Y is a member of D.

Proof. This is a corollary of proposition 2.3.9. [ |
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2.3.10(b) LEMMA. Let h : A — B be a morphism in S, let (X, a) be a (C, D)-atlas
Atlases for  of A and let (Y, b) be a (C, D)-atlas of B.

morphisms

(1) There exist a (C, D)-atlas (U, x) of X and a morphismy : U — Y

in C such that the following diagram in S commutes:

(i) Moreover, we may choose x : U — Y and y : U — Y so that the
induced morphism{(a - x,y) : U - AXgY isaneffective epimorphism

in S that is a member of D.

Proof. (i). Consider a pullback square in S of the form below:

XxpY —257Y

L
X — B
hea

Note that p : X Xp Y - X is an effective epimorphism in S that is
a member of D. Since X is an object in C, we can find a (C, D)-atlas
(U,(x,y)) of X Xp Y suchthat x = pe(x,y) : U — X is a member of
D. Thus, (U, x) is the required (C, D)-atlas of X.

(i1). The induced morphism a Xgidy : X XY — A Xp Y is an effective
epimorphism in S that is a member of D, so the same is true of (a o x, ) :

2.3.11 DEFINITION. A (C, D)-extent!'! in S is an object A in S that admits a
(C, D)-atlas.
We write Xt(C, D) for the full subcategory of S spanned by the (C, D)-

extents in S.

[1] — aback-formation from ‘extensive category’.
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REMARK. We should justify the omission of S from the notation Xt(C, D).
By theorem 2.1.8, the Yoneda representation S — SH(C, E) is fully faith-
ful, with essential image given by lemma 2.1.9, so S is determined up to
equivalence by C and E alone. Moreover, in some cases, D is determined
by B=DnmorC.

In the case where C is the category of x-ary coproducts of objects in a
k-ary basis Cy for (S, D), theorem 2.1.14 and lemma 2.1.16 allow us to

substitute SH(CO, Jg) for SH(C, E) in the above.

Properties of PROPOSITION.

the category (1) The class of morphisms in Xt(C, D) that are members of D is a
of extents

quadrable class of morphisms in Xt(C, D).

(i) Given an effective epimorphism h : A » Bin S,ifh: A —> Bisa
member of D and A is a (C, D)-extent, then B is also a (C, D)-extent.
(1) If (S, D,K) satisfies the descent axiom for open embeddings, then

Xt(C, D) is closed in S under exact quotient of tractable equivalence

relations.

(v) If D satisfies axiom A3, then Xt(C, D) is closed in S under exact

quotient of étale equivalence relations.

(v) Xt(C,D) is closed in S under k-ary coproduct if and only if the
coproduct of every k-small family of objects in C is a (C, D)-charted

extent.

(vi) If Xt(C, D) is closed in S under x-ary coproduct, then Xt(C, D) is

a K-ary extensive category.

(vil) Xt(C,D) is closed in S under finitary product if and only if the
product of every finite family of objects in C is a (C, D)-charted extent.

(viii)) Xt(C, D) is closed in S under pullback if and only if the pullback

of every cospan in C is a (C, D)-charted extent.

Proof. (i). This is an immediate consequence of lemma 2.3.10(a) and the

fact that D is a quadrable class of morphisms in S.
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(i1). Straightforward. (Use axiom A2 and the fact that the class of effective

epimorphisms in S is closed under composition.)

(ii1). By lemma 2.2.14(b), exact quotients of tractable equivalence rela-
tions in S are local homeomorphisms in S, and by proposition 2.2.12,
local homeomorphisms in S are members of D, so the claim reduces

to (ii).

(iv). By axiom A3, exact quotients of étale equivalence relations in S are

étale effective epimorphisms in S, so this claim also reduces to (ii).
(v). Straightforward. (Use axioms Al and AS.)

(vi). By lemma 2.3.1, every complemented monomorphism in S is a
member of D, so by (i), the claim reduces to the fact that S is a x-ary

extensive category.

(vii). The ‘only if” direction is clear, so suppose the product of every
finite family of objects in C is a (C, D)-charted extent. Since the class
of effective epimorphisms in S that are members of D is closed under
finitary product in S and composition, it follows that the product of any

finite family of objects in Xt(C, D) is also a (C, D)-charted extent.

(viii). Apply lemma 1.1.5 and lemma 2.3.10(b). [ |

2.3.12  DEFINITION. An object A in S is D-localic if D 4 is a localic k-ary pre-

topos.

2.3.12(a) LEMMA. Let A be an object in S. The following are equivalent:

Recognition

(1) A is a D-localic objectin S.

principle for
localic objects (i) For every object (F,p)inD,4, p: F — A is a local homeomorph-

ismin S.

Proof. Straightforward. (Recall lemma 1.5.16.) ‘
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2.3.12(b)

2.3.13

Properties
of laminar

morphisms

LEMMA. Let h : A — B be a morphismin S. If h : A — B is a member
of D and B is D-localic, then A is also D-localic.

Proof. By lemma 2.3.12(a), it is enough to show that, for every object
(F,p)in D/A, p : F — A s alocal homeomorphism in S. Since B is
D-localic, both h : A - Band hep : F — B are local homeomorph-
isms in S. Thus, by proposition 2.2.12, p : F — A is indeed a local

homeomorphism in S. [ |

LEMMA. Let h : A - B be an effective epimorphismin S. If h : A » B

is a local homeomorphism and A is D-localic, then B is also D-localic.

Proof. By lemma 2.3.12(a), it is enough to show that, for every object
(F,q)inD,p, q : F — Bis alocal homeomorphism in S. Consider a

pullback square in S of the form below:

AXBF—)9F

| ll:

A—

Since A is D-localic, the projection p : A Xg F — A is a local homeo-
morphismin S, so by proposition 2.2.12, hep : AXpF — Bisalsoalocal
homeomorphism in S. On the other hand, the projection A Xz F - A
is both an effective epimorphism and a local homeomorphism in S, so

q : F — Aisindeed a local homeomorphism in S. [ ]

DEFINITION. A morphism 2 : A — Bin S is laminar if there is a k-small

set @ of objects in S, 4 with the following properties:
* A is the disjoint union of ®.

* Forevery (U,a) € ®, hea: U — B is an open embedding in S.

PROPOSITION.

(1) Every isomorphism in S is a laminar morphism in S.

(ii) For every object A in S, the unique morphism 0 — A is a laminar

morphism in S.
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2.3.14

2.3.14(a)
Extents and exact
quotients of

étale equival-

ence relations

114

(iii) Every laminar morphism in S is a local homeomorphism in S.

(iv) Forevery local homeomorphism h : A — Bin S, there is a laminar
effective epimorphismp : A — Ain S suchthathep: A — Bisa
laminar morphism in S.

(v) The class of laminar morphisms in S is a quadrable class of morph-

ismsin S.
(vi) The class of laminar morphisms in S is closed under composition.

(vil) The class of laminar morphisms in S is closed under x-ary coprod-

uctin S.
Proof. Straightforward. ¢

q TItisclearthatevery objectin Cisa(C, D)-extent. Of course, in general,
not every (C, D)-extent is an object in C, but we do have the following

results.

PROPOSITION. Assume the following hypotheses:
* Dis a class of étale morphisms in S.
* Cisclosedin S under limit of finite diagrams.
The following are equivalent:

(1) For every étale equivalence relation (R, dy, dl) on an object X in

C, if R is an object in C, then there is an exact fork in S of the form

below,
dy 7
R ; X —Y
dy

where Y is a object in C.
(i1) The inclusion C < Xt(C, D) is (fully faithful and) essentially sur-

Jjective on objects.

Proof. We may assume without loss of generality that C is a replete (and

full) subcategory of S.
(1) = (i1). Let A be an object in S, let (X, a) be a (C, D)-atlas of A, and
let (R, d, d;) be akernel pair for a : X » A in S. We wish to show that

A 1s an object in C.
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By proposition 2.3.11, Ris a(C, D)-charted extent, so there is a (C, D)-
atlas (R, r) of R. Let (Q,d,,d;) be a kernel pair of r : R — R. It is not
hard to see that Q is (the object part of) a limit of the following diagram
inS,

~ d1°r

d]°r \\

R—— X

do°r

X

and since both R and X are objects in C, Q is also an object in C. But
(Q.dy.d)) is an étale equivalence relation on R and r : R — R is an
effective epimorphism in S, so R is also an object in C. The same argu-

ment (mutatis mutandis) shows that A is an object in C.

(i) = (1). See proposition 2.3.11. (Note that D satisfies axiom A3 by
hypothesis.) H

2.3.14(b) PROPOSITION. Assume the following hypotheses:

xtentsandexact —, 1y o tho class of local homeomorphisms in S.

quotients of tract-

able equival- C is closed in S under x-ary coproduct.

ence relations o (S, D, K) satisfies the descent condition for open embeddings.
The following are equivalent:
(1) C has the following properties:
e Given morphisms f : X > Yandy:Y' - Y inC iff : X ->Y
is a member of D, then there is a pullback square in S of the form

below,
X —- X

|
| lf
v
Y’ — Y
where X' is an object in C.

 For every tractable equivalence relation (R, dy, a’l) on an object

X in C, if R is an object in C, then there is an exact fork in S of the
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form below,
dy 7
—
R — X —Y
1

where Y is a object in C.

(i1) The inclusion C < Xt(C, D) is (fully faithful and) essentially sur-

Jective on objects.

Proof. We may assume without loss of generality that C is a replete (and

full) subcategory of S.
(i) = (i1). First, observe that the hypotheses imply the following:

* For every open embedding 4 : A — Bin S, if B is an object in C, then

A is also an object in C.

Indeed, by lemma 2.3.10(a), there is a (C, D)-atlas (X, a) of A, and since
h : A — B is a monomorphism in S, the kernel pairof hea : X — B
is isomorphic to the kernel pair of a : X — A; but by lemma 2.2.14(b),
the kernel pairof hea : X — B is a tractable equivalence relation, so the
hypotheses imply that A is indeed an object in C.

Consequently, we obtain the following results:

e If h: A — Bisalaminar morphism in S and B is an object in C, then

A 1s also an object in C.

* For every (C, D)-extent A in S, there is (C, D)-atlas (X, a) of A where

a: X > Ais alaminar effective epimorphism in S.

(For the second claim, use proposition 2.3.13.)

Now, consider a laminar effective epimorphisma : X - A in S where
X is an object in C. Let (R, dy, dl) be a kernel pairofa: X -» Ain S.
Then the projections dj,,d; : R — X are laminar morphisms in S, so R
is an object in C. But (R, dy,d 1) is a tractable equivalence relation on X,
so it follows that A is also an object in C.

Hence, every (C, D)-extent is indeed an object in C.

(i1) = (1). See proposition 2.3.11. [ |



2.4. Functoriality

2.4

2.4.1

2.4.2

2.4.2(a)

Functoriality

SynNopsis. We investigate sufficient conditions for a functor between gros

pretoposes to preserve atlases and extents.
PREREQUISITES. §§1.1, 1.2, 1.3, 1.4, 1.5, 2.1, 2.2, 2.3, A.2, A.3.

> Throughout this section:
* k is a regular cardinal.
* Sy is a k-ary pretopos and C is a unary site for S.

* S, is a k-ary pretopos and C; is a unary site for S;.

q To begin, we need to understand when and how functors C, — C
extend to functors S, — 5.

Let J, (resp. J;) be the restriction of the x-ary canonical coverage on
Sy (resp. Sp) to C, (resp. C;) and let E, (resp. E;) be the class of morph-
isms in C; (resp. C;) that are effective epimorphisms in S, (resp. S).
Note that both (CO, EO) and (Cl, E 1) satisfy the Shulman condition, by

proposition 2.1.7.

LEMMA. Assuming C (resp. Cy)is closed in S (resp. S;) under k-ary co-
product, if F : Cy — Cy is a functor that preserves k-ary coproducts and
F: (CO, EO) - (Cl, E1> is a pre-admissible functor, then F : (CO,JO) -

(CI,JI) is a pre-admissible functor.

Proof. Let A be aJ;-sheaf on C;. Clearly, A is also an E;-sheaf on C;, so
F* A is an Ej-sheaf on C,. Since C; is a k-ary extensive category and J,
is a k-ary superextensive coverage on C;, by lemmas 1.5.15 and 1.5.16,
A : C,°P - SET sends k-ary coproducts in C; to x-ary products in SET.
Hence, F*A : Cy)°® — SET sends x-ary coproducts in C, to k-ary prod-
ucts in SET. But C;) is a k-ary extensive category and J, is a k-ary super-

extensive coverage on Cy, so it follows that F*A is a J)-sheafon C. |l
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2.4.2(b) LEMMA. Assuming F : (CO, EO) - (Cl, El) is an admissible functor and
F: (CO,JO) - (CI,JI) is a pre-admissible functor:

(i) There exist a functor F : Sy — S| and an isomorphismn : F = F

of functors Cy — Sy such that F : Sy — S, preserves x-ary coprod-

ucts and sends right-exact forks in S to coequaliser diagrams in S;.

(i) Moreover, any such (F , 11) is a pointwise left Kan extension of F :

Cy — S| along the inclusion Cy < S,

Proof. By lemma 2.1.9, the inclusions C, < S, and C; < S, induce
functors EX(CO, Eo) - S, and Ex(Cl, El) — S, that are fully faith-
ful and essentially surjective on objects, so by lemma 1.4.24, we have a
pointwise left Kan extension (F , r]) of the required type. It remains to be
shown that F : S, — S, preserves k-ary coproducts.

Since F : (CO, EO) — (Cl, El) is an admissible functor, for every
object A in S, and every object B in S;, we have the following natural
bijection:

S (FA, B) = Homgy(c, g, (fas F* fip)
On the other hand, since F : (Cy,Jy) — (Cj,J;) is a pre-admissible func-
tor, F* fig is also a Jo-sheaf on C. Thus, by theorems 1.5.15 and 2.1.13,
S| (F—, B) : Sy — SET sends k-ary coproducts in S, to k-ary products

in SET. It follows that F : S, — S, preserves k-ary coproducts. [ |

2.4.2(c) LEMMA. Let F : Cy = C; be a functor, let Dy be a class of fibrations in

Cy, and assume the following hypotheses:
* F:Cy— C, preserves pullbacks of members of D,.
* F:Cy— C, sends members of Ey N D to members of E;.
» For every morphism [ : X = Y inCy, if f : X — Y is a member of
Eq, then there is a morphism p : X — X in Cy suchthat fop: X - Y

is a member of Dy and also a member of E,.

Then F : (Cy,Ey) — (Cy,E,) is a pre-admissible functor.

Proof. Let Ej = Ey N D,. By remark 1.4.5, E-covering morphisms are

the same as E(-covering morphisms, so by proposition A.3.7, E(’)—sheaves
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2.4.2(d)

2.4.2(e)

are the same as E-sheaves. On the other hand, every member of E(’) has a
kernel pair in Cy, so lemma 1.4.18 implies that F : (Cy,Ey) — (C1.E))

is a pre-admissible functor. The claim follows. [ |

LEMMA. Let F : Cy — C; be a functor. Assume the following hypotheses:
e F: (CO, EO) - (Cl, El) is a pre-admissible functor.
* Cy has Ey-weak pullback squares.

* F: Cy — C; sends Ey-weak pullback squares in Cy to E;-weak pull-

back squares in C;.

Then F (CO, EO) - (Cl, El) is an admissible functor.

Proof. By corollary A.3.13, F : C; — C; sends Ej-covering morphisms
in C, to E-covering morphisms in C;, so the hypotheses imply that F :
Cy — C; sends right-Ej-exact forks in C;, to right-E;-exact forks in C;.
Moreover, by lemma 1.4.21, F : C; — C,; sends E-local complexes in C,
to E;-local complexes in C, so we may apply lemma 1.4.25 to complete

the proof. |

LEMMA. Let F : Cy = C; be a functor. Assuming k > N, the following

are equivalent:
1) F: (CO, EO) - (C, El) is an admissible functor.
(i) F: (CO, EO) - (C, E]) is a pre-admissible functor.

Proof. (1) = (i1). Immediate.

(i1) = (). Let K; be the kx-ary canonical coverage on S; and let J; be
the restriction of K; to C;. (Note that C, is a k-ary site for S, so J; is a
coverage on Cy, by proposition 2.1.13.) Since F : (Cy,Eg) = (C,E,) is
a pre-admissible functor, F : (CO, EO) — (C ,Jl) is also a pre-admissible
functor a fortiori. Thus, by proposition A.3.13, the restriction functor
F* :SH(C,,J;) — SH(Cy, Ey) has a left adjoint, say F, : SH(Cy, Ey) —
SH(C 1591 ) On the other hand, by proposition 1.5.19, the Yoneda repres-
entation S; — SH(CI,JI) preserves coequalisers, so F) sends Ej-locally

I-presentable Ej-sheaves on C, to J;-locally x-presentable J;-sheaves on
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C,. Moreover, by lemma 2.1.9, J;-locally x-presentable J;-sheaves on C;

are the same as E;-locally 1-presentable E;-sheaves on Cy, , so it follows
that F : (CO, EO) - (C , El) is an admissible functor. |

2.4.3 X For the remainder of this section:

(Sp Dy) is a k-ary gros pretopos and Cy is a unary basis for (S, Dy).
(Sl, Dl) 1s a k-ary gros pretopos and C; is a unary basis for (51, D, )

Given a pullback square in S, of the form below,

X — X

LD

Y — Y
if f: X — Y is a member of D and X, Y, and Y' are all objects in
Cy, then X’ is also an object in C,,.

F : Sy — S, is a functor that preserves k-ary coproducts and sends

right-exact forks in S, to coequaliser diagrams in S;.
F : S, — S| sends objects in C to objects in C;.

Given a morphism f : X = Y in Cy, if f : X — Y is a member of
Dy, then F f : FX — FY is a member of D;.

Given a pullback square in C;, of the form below,

X — X

.

Y — Y

if f: X — Y is amember of D, then F : S, — S preserves this
pullback square.

2.4.4 REMARK. Under the above assumptions, F : S; — S| preserves effective

epimorphisms. However, F : S, — S| may fail to preserve kernel pairs.
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2.4.5

2.4.5(a)
Preservation of
special weak

pullback squares

q If we assume that F' : S, — S; preserves limits of finite diagrams
(or at least limits of finite connected diagrams), things are much simpler;
for instance, it immediately follows that F : S; — S preserves exact
forks. However, in some examples, even F : C, — C; fails to preserve
pullbacks, so this is not a reasonable assumption to make. We instead
establish the desired preservation properties of F' : S, — S in several
small steps, starting from the basic assumptions above.

We begin with the following results, which will be required later.
LEMMA. Consider a weak pullback square in Sy of the form below:

P — A

E

Ay — B
hg

Assume the following hypotheses:
* B s an object in C,,.
* Thereisa (CO, DO)-atlas (Xl, al) of A;in Sy suchthat hjea; : X| —
B is a member of D,,.

Then F : Sy — S, preserves the above weak pullback square.

Proof. Since C; is a unary basis for (50, DO), there exist an object X,
in C, and an effective epimorphism q;, : X, » A, in S,. Consider the

following commutative diagram in S,

U——» Px, X} — X

l L b

Xo X4, P P A,
| L b
X, — Ay —— B

where the top left, top right, and bottom left squares are pullback squares
in S,. By the weak pullback pasting lemma (lemma A.2.19), the outer
square is a weak pullback square in S,. Since h; e a; : X; - Bis

a member of D, and X, X, and B are all objects in Cy, F : S5, —
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2.4.5(b)

Preservation

of special open

122

embeddings

S; sends the outer square to a weak pullback square in S;. Hence, by
lemma 1.4.19(a), F : Sy — S; also sends the inner square to a weak

pullback square in Sj. [ |

LEMMA.
(1) If h: A — B s an open embedding in Sy and B is an object in C,,
then Fh : FA — F B is an open embedding in Sj.

(i1) Given a pullback square in Sy of the form below,
Al —— A
h’l lh
B —— B
if h : A - B is an open embedding in Sy and both B' and B are

objects in C, then F : Sy — S, preserves this pullback square.

Proof. (1). By lemma 2.4.5(a), the following is a weak pullback square
in S] .

FA—Y5 Fa

o |

FA — FB
In other words, the relative diagonal Ag;, : FA - FA Xpp FA is an
effective epimorphism in S;. But Ag, : FA - FAXpp FAis alsoa
(split) monomorphism in Sy, so this implies it is an isomorphism. Hence,
Fh: FA — FBisamonomorphismin S;.

It remains to be shown that Fh : FA — F B is an étale morphism in
Sy, and by lemma 1.2.19(a), it is enough to verify that Fh : FA — FB
is of D;-type semilocally on the domain. Since C, is a unary basis for
(50, DO), there is a (CO, DO)—atlas of A in S, say (X,a). Then Fa :
FX - FAis an effective epimorphism in S} and Fhe Fa: FX — FB

is an étale morphism in Sj, so we are done.
(i1). We know the following is a weak pullback square in S;:

FA" —— FA

ol e

FB' —— FB
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2.4.5(c)
Preservation
of special
étale equival-

ence relations

Since Fh' : FA" — FB’ is a monomorphism in S, the induced morph-
ism FA" - FB' Xpp FA is also a monomorphism in S;. But any
monomorphism that is an effective epimorphism is an isomorphism, so

the above is indeed a pullback square in S. [ |

LEMMA. Let X be an object in Cy and let (R, dy, a’l) be an étale equival-

ence relation on X in S,.

(i) If (Fd;,Fdy) : FR - FX X FX is a monomorphism in S, then
(FR, Fd,, Fdl) is an equivalence relation on FX in S;.

Furthermore, if there is an étale morphism f : X — Y in Cy such that
foedy=fod then:
(i1) (FR, Fd,, Fdl) is an étale equivalence relation on FX in Sj.
(i) If (R, dy, d; ) is a kernel pair of an (étale) effective epimorphism a :
X » Ain Sy, then Fa: FX - FA is an étale effective epimorphism
in S, and (FR, Fd,, Fdl) is a kernel pair of Fa: FX » FAin S.

Proof. (). (FR, Fdy, Fd)) is clearly reflexive and symmetric as a rela-
tion on F' X, so it suffices to verify transitivity. Consider a pullback square

in S, of the form below:

d
R? L, R
dy d

R— X
dy

By lemma 2.4.5(a), its image is a weak pullback square in S;. On the
other hand, since (R, dy, d; ) is an equivalence relation on X in Sj, there
is a (necessarily unique) morphism d; : R*> — R in S; such that dyed; =
dyedyand d;ed| = d>d,. It follows that (FR, Fd,, Fa’l) 1s transitive,

so we indeed have an equivalence relation on FX in S;.

(ii). Since (d;,dy) : R — X Xy X is an open embedding in S, (by
lemma 1.1.10) and X Xy X is an object in Cj, lemma 2.4.5(b) implies
that (Fd,, Fdy) : FR - FX Xpy FX is an open embedding in S;. In
particular, the projections Fd,y, Fd, : FR — FX are étale morphisms in
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S, and (Fd,, Fdy) : FR — FX X FX is a monomorphism in S;. Thus,
by (i), (FR, Fd,, Fd,) is an étale equivalence relation on FX in S.

(iii). The following is a coequaliser diagram in S,

Fd,

FR —3 FX L% FA
Fd,

but (F R, Fdy, Fd, ) is an étale equivalence relation on FX in Sy, soitis
indeed the kernel pair of Fa : FX - F A. Furthermore, there is a unique
morphismy : A = Y in Sy suchthat yea= f,and F f : FX — FY is
an étale morphism in S;, soboth Fa: FX » FAand Fy: FA - FY

are étale morphisms in S;. [ |

LEMMA. If h : A — B is a member of Dy and B is an object in Cy, then
Fh: FA — FBisamember of D,.

Proof. Since C; is a unary basis for (S‘O, DO), there is a (CO, DO)-atlas
of A, say (X, a). Let (R, dy, dl) be a kernel pairof a : X » in S,. By
lemma 2.4.5(c), (FR, Fdy, Fd,) is an étale equivalence relation and also
a kernel pair of Fa: FX » FAin S;. We know that Fhe Fa: FX —
F B is an étale morphism in Sy, so it follows that both Fa : FX » FA
and Fh: FA — F B are also étale morphisms in S;. [ |

PROPOSITION. For every object Z in C, the functor (DO) /7 = (Dl) /FZ

induced by F : Sy — S| preserves:
(i) x-ary coproducts,
(i1) effective epimorphisms,
(iii) finitary products,
(iv) pullbacks, and

(v) exact forks.

Proof. (i) and (ii). Since F : S, — S| preserves k-ary coproducts
and effective epimorphisms, the same is true of the functor (D) N

(Dl)/FZ, by proposition 2.3.5.



2.4. Functoriality

(iif). It is clear that the induced functor (Dy),, — (D) rz preserves
terminal objects, and it is enough to verify that the functor preserves bin-

ary products.

Let hy : A - Z and h; : A; — Z be étale morphisms in S,
let (X, a0) be a (Cy, Dy)-atlas of Ay, let (X, a;) be a (Cy, Dy)-atlas
of A, let (RO’dO,O’dO,l) be a kernel pair of ay : X, » A, and let
(Ry.d,.d, ) be akernel pair of a; : X| » A,. It is straightforward to
verify that (RO Xz Ry, dyg Xz dyg,dy) Xz dl,l) is a kernel pair of the
effective epimorphism ay X a; : Xy X7 X| » Ay Xz Ay. On the other
hand, by lemma 2.4.5(b), we see that F : S; — S| preserves the pullback

squares in the following commutative diagram in S,

Ry %, R, (XonXO) X, Rfy ——————— R,

l l l

RyXz (X1 Xz X)) — (Xg Xz Xo) Xz (X; Xz X)) — X| Xz X,

l l |

R, XXz X, z

so by lemma 2.4.5(c), we have the following coequaliser diagram in Sy,

FdyoxpzFdp F(agXzay)
%

FRyxp, FR, } FXgXpy FX| ———— F(AgXz A))
Fdy XpzFdy

where (by abuse of notation) we have elided the canonical isomorphism

FXoyXpy FX| = F(XO Xz Xl). In particular, F : S, — S; preserves
Ay Xz Ay

(iv). First, we will show that ( DO) /7 = (Dl ) /Fz sends pullback squares
in (Dy) 7 to weak pullback squares in (D) /r .

Let hy : Ap — B be a morphism in Sy, let h; : A; — Band z :
B — Z be étale morphisms in S, let (Y, b) be a (CO, Do)—atlas of B
in Sy, let (X, (a;, f1)) be a (Cy, Dy)-atlas of A} Xp Y in Sy, and let

(ag, fo) : Xo » Ay Xp Y be an effective epimorphism in Sy where X, is
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an object in C,. We have the following pullback square in S,

Xoxp X, N v,y

idy,xid X‘l lidyxzidy

XOXZXI m YXZY

and since XX X and Y XY are both objects in Cj andidy X,idy : Y Xp
Y — Y X, Y is an open embedding, F : S, — S; preserves this pullback
square, by lemma 2.4.5(b). On the other hand, by lemma 2.4.5(c), F :
Sy = S preserves kernel pairsof b: Y » Bandzeb:Y — Z. Thus,

in the following commutative diagram in S,

F(XoXpX|) — F(YxpY) —— FB

| | l\
F(XgxzX,) — F(YX;Y) —> FBXp, FB ——— FZ

! ! | Jor

FXOXFXI m} FY X FY W FBXFB m) FZXFZ

each square is a pullback square in S;. Hence, in the commutative dia-

gram in S; shown below,

F(Xxg X)) FX,

F(Ay%xgA|) — FA,

L

FX() FAOT)FB

Fay
the outer square is a pullback square in S}, so the inner square is indeed
a weak pullback square in S}, by lemma 1.4.19(a).

It follows from the above that the functor (DO) |z~ (Dl ) /Fz Pre-
serves monomorphisms and pullbacks of monomorphisms. Thus, we have

the following commutative square in Sy,

F(AyXp A|) —— FAyXpp FA,

l |

F(Agxz A) —= FAyXpz FA,
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2.4.7
Preservation of
base changes
of special étale

morphisms

where the vertical arrows are monomorphisms and the horizontal arrows
are the canonical comparison morphisms. It follows that the comparison
F (AO Xp Al) — F Ay Xpp FA; is both an effective epimorphism and a

monomorphism, so it is indeed an isomorphism.

(v). Combine (ii) and (iv). [ |

REMARK. The arguments used above can also be used to establish the
universal property of the exact completion of a category with limits of

finite diagrams and a subcanonical unary topology.

PROPOSITION. Given a pullback square in S of the form below,

S

AL)

p

«—
S

~

X —
f

if f: X = Y isamorphismin Cyand q : B = Y is a member of D,

then F : Sy — Sy preserves this pullback square.

Proof. There is a exact fork in S of the form below,

where dy,d, : R — Band b : B — B are all étale morphisms in S, and

B is an object in ;. Consider the following commutative diagram in S,

where the squares are pullback squares in Sy. Note that (d;,d;) : R —

B xy B is an open embedding (by lemma 1.1.10) and that B X, B is
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an object in C. Since exact forks are preserved by pullback in S, by
lemma 2.4.5(b) and proposition 2.4.6, both squares in the following dia-

gram in S; are pullback squares in Sy,

F(X Xy R) ——— FR

l ~[1""(0’17‘10)

F(X %y (Bxy B)) — F(Bxy B)

l !

FX 77 FY

and we have a commutative diagram in S; of the form below,

F(X xy R) — FR

Ll I

F(X xy B) — FB

| lm

FA—Tf" , FB

) [

FX —— FY
Ff

where the columns are exact forks in S and every rectangle with base
Ff : FX — FY is a pullback diagram in S;, except possibly the bot-
tom square. But lemma 1.4.19(b) is applicable, so we have the following

pullback square in Sy:

F(Xxy B) — FB

| ln

FA —— FB
Fh

We can then apply lemma 1.4.19(c) to complete the proof. [ |

2.4.8 9 Under some additional assumptions, we can show that F' : S, — S,

sends (CO, DO)—extents in S to (C 1Dy )—extents in S;.
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2.4.8(a)
Preservation
of special
étale effective

epimorphisms

2.4.8(b)
Preservation of
special effective-
epimorphic local

homeomorphisms

PROPOSITION. Assuming F : Sy — S| sends étale equivalence relations
on objects in Cy to equivalence relations in S| and D is a class of étale
morphisms in Sy:
(1) If h : A » B is an étale effective epimorphism in Sy and A is an
object in Cy, then Fh : FA » F B is a étale effective epimorphism in
Sy, and F : Sy — S| preserves kernel pairs of h : A » B.
(i1) Inparticular, F : Sy — S| sends (CO, DO)—extents inSyto (Cl, D, )—

extents in S;.

Proof. (i). Let (R,d,d,) be a kernel pair of h : A — B in S;. Then
(R, dy, d 1) is an étale equivalence relation on A, so lemma 2.4.6 and the
hypothesis implies that (F R, Fdy, F dl) is an étale equivalence relation

on FA. On the other hand, the following is a coequaliser diagram in S,

Fd,

FR —— FA -t FB
Fd,

N (FR, Fdo,Fdl) is indeed a kernel pair of Fh : FA » FBin S;.
Hence, by lemma 2.2.8(b), Fh : FA -» F B is indeed an étale morphism

in 51.

(i1). This is an immediate consequence of (i). [ ]

PROPOSITION. Assuming Dy, is the class of local homeomorphisms in S
and (5 1,D 1) satisfies the descent axiom for open embeddings:
(1) If h : A » B is a laminar effective epimorphism in S and there
is a local homeomorphism A — X in Sy where X is an object in C,,
then Fh : FA » F B is also a laminar effective epimorphism in S,
and F : Sy — Sy preserves kernel pairs of h : A » B.

(1) If h : A » B is both an effective epimorphism and a local homeo-
morphism in Sy and A is an object in Cy, then Fh : FA -» FB is an
effective epimorphism and a local homeomorphism in S.

(iii) Inparticular, F : Sy — S sends (CO, DO)-extents inSyto (Cl, Dl)-

extents in S;.
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Proof. (1). First, note that the existence of an object X in C; and a local
homeomorphism A — X in S, ensures that (DO)/A - (Dl)/FA pre-
serves limits of finite diagrams, by proposition 2.4.6.

Let (R,dy,d,) be a kernel pair of A : A > B in S;. We will now
show that (F R, Fd,, Fd 1) is a tractable equivalence relation in S;. By
hypothesis, A is the disjoint union of a x-small set @ of subobjects of A
such that, for every (U,a) € ®, hea : U — B is an open embedding in
Sy Thus,

R ] UyxsU,
(Uo,aO)ECD
(Ul,a1)€d>

as objects in (50) /ax» and since the projections Uy Xg U; — U, and
Uy xp U, = U, are open embeddings in S, the projections d,d; : R =
A are laminar morphisms in S. Thus,

FR= [] F(UyxpUy)

(Up-ap) €@
(Ul,al)etb

as objects in (51 ) /FAxF 4 and, by proposition 2.4.6, F sends the projec-
tions Uy Xp U; = Uy and Uy X U; — U, to open embeddings in Sy, so
the induced morphism F (UO Xp Ul) — FUy X FU, is a monomorphism
in Sj. Since the class of monomorphisms in S is closed under k-ary co-
product, it follows that (d;, d;) : FR — FAX F A is amonomorphism in
S;. Moreover, Fd,, Fd; : FR — FA are laminar morphisms in S;, so
by (proposition 2.3.13 and) lemma 2.4.5(c), (FR, Fd, Fd,) is an étale
equivalence relation on FA in S;. In addition, for every (U, a) € @, we

have the following commutative diagram in S,

v e g U — U

(idU,(a,a))l l la

UXx,4 R R A
dy
| J#
U——F— A

where every square is a pullback square in S,. Using the pullback pasting

lemma, it is not hard to see that these pullback squares are preserved by



2.4. Functoriality

2.4.9

F : Sy > S|, and it follows that (FR, Fd, Fd,) is a tractable equi-
valence relation on FA in S;. The above also implies that, for every
(U,a) e ®, Fho Fa: FU — F B is amonomorphism in S.

On the other hand, the following is a coequaliser diagram in S,

Fd,

FR —3 FA " FB
Fd,

SO (FR, FdO,Fdl) is indeed a kernel pair of Fh : FA » FBin S;.
Hence, by lemma 2.2.14(c), Fh : FA -» F B is a local homeomorphism
in S;. In particular, for every (U,a) € ®, Fhe Fa : FU — FB s an
open embedding in Sy, so Fh : FA » F B is indeed a laminar effective

epimorphism in Sj.

(i1)). Let h : A — B be a local homeomorphism in S, where A is
an object in C,. By proposition 2.3.13, there is a laminar effective epi-
morphism p : A » Ain Sysuch that hep : A — B is a laminar
morphism in S;,. Since the induced functor (DO) /A~ (Dl) /FA Pre-
serves limits of finite diagrams, k-ary coproducts, and effective epimorph-
isms, Fp: FA — FA is a laminar effective epimorphism in S;. More-
over, by (i), if h : A — B is an effective epimorphism in S;, then
FhoFp : FA » FB is also a laminar effective epimorphism in S.
Thus, by proposition 2.2.12, Fh : FA — FB is indeed (an effective

epimorphism and) a local homeomorphism in Sj.

(iii). This is an immediate consequence of (ii). [ ]
X For the remainder of this section, we make the following additional
assumptions:

* Given an effective epimorphism 2 : A » Bin Sy, if h : A » B is
a member of D and A is an object in C,, then Fh : FA » FBisa
member of D;.

* For every (CO, DO)—extent A in S, there exist an effective epimorph-
ismp: A — Ain S, and a morphism x : A - X in S, such that X is
an object in Cy, both p: A — A and x : A — X are members of D,

and F : Sy — S, preserves kernel pairs of p: A — A.
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€ Though the above assumptions seem weak, we will see that it has some
important consequences, which eventually lead to a more elegant formu-
lation. For instance, the first assumption can be replaced with the follow-

ing:

LEMMA. If h : A — B is a member of Dy and B is a (CO, DO)-extent in
Sy, then Fh : FA — F B is a member of D;.

Proof. By lemma 2.3.10(a), there is a commutative square in S, of the

form below,
X —2% A

s

where f : X — Y is an étale morphism in C, and both a : X » A and
b :Y - B are étale effective epimorphisms in S. Then, by assumption,
Ff : FX — FY is an étale morphism in S| and both Fa : FX » FA
and Fb : FY - FB are étale effective epimorphisms in S, so Fh :
FA — FBisindeed an étale morphism in S;. [ |

LEMMA. Consider a pullback square in S, of the form below:

AN

h

S e iy

— B
Assuming the following hypotheses:
e p: A > Aisan étale effective epimorphism in So.
* q: B > B isan étale morphism in S,
*» F:Sy— S preserves kernel pairs of p : A-> Aandq: B — B.

« F:S,— S, preserves pullbacks of étale morphisms along h : A —

B.

Then F : Sy — S, also preserves the above pullback square.

Proof. Apply lemma 1.4.19(b). [ ]
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over extents

PROPOSITION. For every (Cy, Dy)-extent E in Sy, the functor (Dy) /g —
(Dl)/FE induced by F : Sy — S, preserves:

(1) limits of finite diagrams,

(ii) «-ary coproducts, and

(iii) exact forks.
Proof. (i). It suffices to prove the following:

* Given a pullback square in S, of the form below,

P —— A,

b

Ay — B
ho

if Bisa (Cy, Dy)-extentin Sy and both by : Ay — Band h; : A| > B

are members of D), then F : S, — S| preserves this pullback square.

Let ¢ : B — B be an étale effective epimorphism in S such that there
exist an object Y in C; and a étale morphism B — Y in Sy and F : S, —
S, preserves kernel pairs of ¢ : B — B. By the pullback pasting lemma,

we have the following pullback square in S,

Bxz P —— Bxy A,

! !

Bxz Ay ——— B

and by proposition 2.4.6, F : S, — S, preserves this pullback square.
On the other hand, by (lemma 2.3.10(a) and) lemma 2.4.10, F : S§; — S
sends the projections B Xz P » P, Bxgz Ay » Ay, and B xgz A| » A,
to étale effective epimorphisms in S;. Let (R, dy,d 1) be a kernel pair of
q: B —» BinS, Then F : S, — S, preserves each of the following

parallel pairs of pullback squares,

doXBldP _
RxgP 3 BxgP
J/ dleldP l
R— B

133



Charted objects

dUXBldAO doxBldAl
Rxp Ay — 3 BXxp A, Rxp Ay — 3 Bxp A
l leBldAO l l dleldAl l
dy v dy >
_— _—
R— B R— B
d d

and it follows that F : S, — S; preserves the following exact forks:

dox gidp

RXxp P BXgP —— P

—_—

—

dleldP

dUXBidAO
— "' B

RXBAO BBXBAO—)AO

dleldA()

- 3y 5
RXBAI BBXBAI—)AI
dleidAl

Moreover, F : S, — S preserves pullbacks of étale morphisms along
the projections Bxz P — B, Bxpz Ay — B, and B xz A; — B, so by

lemma 2.4.11, F : Sy — S also preserves these pullback squares:

Xg P —>» P Bxp Ay —> A, Bxp A, —> A

Thus, in the following commutative diagrams in S,

F(Bxg A) FB FB
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all the squares are pullback squares in S;, and by the pullback pasting

lemma, in the following commutative diagram in Sy,

F(Bxg P) FP FA,

| |

F(BxpAy) —» FA, > FB

the left square and outer rectangle are pullback diagrams in S;. Hence,

by lemma 1.4.19(c), the right square is indeed a pullback square in Sj.

(i1) and (ii1). Since F : S, — S preserves k-ary coproducts and exact
forks, the same is true of the functor (D), — (D;)rg. by proposi-
tion 2.3.5 and (i). |

PROPOSITION. Given a pullback square in S of the form below,

CL)D
”l l"

ifh: A — Bisamorphismin Xt(CO,DO) and q : D — B is a member
of Dy, then F : Sy — S, preserves this pullback square.

Proof. Let(Y,b)bea (Cy, Dy)-atlas of Bandlet (X, (a, f))bea (Cy, Dy)-
atlas of A Xp Y. By the pullback pasting lemma, we have the following

commutative diagram in S,

kX gidy
DxgX —» CXgY ——= DXpY

[l

X —» AxzgY — > Y
(@.f)

where the squares are pullback squares in S, the vertical arrows are étale
morphisms in S, the composite D Xp X — CXgY — D XpY is
dpXp f: DXg X - DXgY,and D Xp X » C XpY is an étale

effective epimorphism in S. Thus, by proposition 2.4.7, the following is
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a pullback square in S;:

F(Dxp X) pliciniit F(DxpY)
FX FY

Ff
On the other hand, by lemma 2.3.10(a) and proposition 2.4.11, we also

have the following pullback square in S,

F(DxgX) —> F(CxpY)

l lF(pridY)

FX —e> F(AXpY)

where the horizontal arrows are €tale effective epimorphisms in S, so
we may apply lemma 1.4.19(c) to deduce that the following is a pullback
square in S;:

F(CxpY) Flioxpdy) F(DxpY)

F(PxBidY)l l

F(AXgY) ——— FY
On the other hand, we have the following pullback square in S,

F(DXgY) —> FD

| qu

FY ——» FB
Fb

so the outer rectangle of the following commutative diagram in S; is a

pullback diagram in S;:
F(CxpY) Fc % FD
F(pridY)l Fpl qu
F(AxpY) FA —— FB

Moreover, the left square is a pullback square in S} wherein the horizontal
arrows are €tale effective epimorphisms in Sy, so the right square is indeed

a pullback square in S;. [ |
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2.4.13 9 To summarise:

Properties of THEOREM. Under the standing assumptions (2.4.3 and 2.4.9):

the induced (i) F: Sy — S sends (Cy, DO)—extents in Sy to (Cl,Dl)—extents in

S,

functor between

categories

of extents (1) The induced functor F : Xt( Cos Do) - Xt(C 1» Dy ) preserves étale

morphisms and pullbacks of étale morphisms.

(iii) Given an exact fork in S of the form below,

dy

R—2A15B
dy

if Aisa (CO, DO)—extent inSyand h : A — B is an étale effective

epimorphism in S, then F : Sy — S| preserves this exact fork.
In particular, F : (Xt(CO, DO), DO) - (Xt(Cl, Dl), Dl) is a regulated

functor.
Proof. (1). This is an immediate consequence of lemma 2.4.10 and the
assumption that F : S, — S; preserves effective epimorphisms.

(i1). We know Xt(CO, DO) - Xt(C 1> Dl) preserves €étale morphisms. For

the preservation of pullbacks of étale morphisms, see proposition 2.4.12.

(iii). Apply lemma 2.3.10(a) and (ii). [ |
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2.5

2.5.1

2.5.2

2.5.3

Universality

SyNopsis. We characterise the category of extents by a universal property

in a special case.
PREREQUISITES. §§1.1, 1.4, 1.5, 2.1, 2.2, 2.3, 2.4, A.I, A.2, A.3.
> Throughout this section, k is a regular cardinal.

q For convenience, we introduce the following terminology.

DEFINITION. A k-ary admissible ecumene is a tuple (C, D, J) where:
* (C,D,)) is a k-ary extensive ecumene.
* D is the class of local homeomorphisms in C.
* J is a subcanonical D-adapted coverage on C.

* (C, E)satisfies the Shulman condition, where E is the class of J-covering

morphisms in C.

REMARK. By remark 2.2.3 and proposition 2.2.12, any k-ary admissible

ecumene is an étale ecumene that satisfies the descent axiom.

€ Let (C,D,J) be a k-ary admissible ecumene, let E be the class of J-
covering morphisms in C, and let S = Ex(C, E). By corollary 1.5.16, E is
a k-summable saturated unary coverage on C, so by proposition 1.5.13,
S is a k-ary pretopos.

Let G be the class of morphisms in S corresponding to morphisms in
PsH(C) that are J-semilocally of D-type and let K be the x-ary canonical
coverage on S. By proposition 2.3.2, (S, G,K) is a k-ary extensive ecu-
mene that satisfies the descent axiom. Let D be the class of local homeo-
morphisms in S. Then (5 , Z_)) is a gros k-ary pretopos that satisfies the

descent axiom for open embeddings, by proposition 2.3.3.

DEFINITION. The gros x-ary pretopos associated with a k-ary admissible
ecumene (C, D, J) is (S, D) as defined above.
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2.5.4

Properties of
the category of
charted objects

€ With notation as in paragraph 2.5.3, since J is a subcanonical coverage
on C, E is a subcanonical unary coverage on C, and therefore the insertion
C — S is fully faithful. By abuse of notation, we will pretend that the
insertion is the inclusion of a full subcategory.

By construction, C is a unary site for S. Moreover, by proposition 2.3.2,
C is a unary basis for (S‘ , ﬁ). Recalling lemma A.3.10, a morphism in C
is an effective epimorphism in S if and only if it is a J-covering morphism
in C. Since J is a D-adapted coverage on C, for every effective epimorph-
ismh: A > Bin S, if B is an object in C, then there is a morphism
a: X — Ain S suchthat he p: X — B is both a J-covering morphism
in C and a member of D. A similar argument shows that D nmor C = D;
furthermore, C is a unary basis for (S, D). Thus, in a further abuse of

notation, we may simply write D instead of D.
DEerINITION. A (C, D, J)-charted object is a (C, D)-extent in S.

PROPOSITION.
(1) (Xt(C,D),D,K) is a k-ary admissible ecumene.

(i) Xt(C, D) has exact quotients of tractable equivalence relations, and
every effective epimorphism in Xt(C, D) that is a member of D is K-
covering.

(iii) If C has exact quotients of tractable equivalence relations, and
every quotient of every tractable equivalence relation in C is J-covering,
then the inclusion C < Xt(C, D) is (fully faithful and) essentially sur-

Jjective on objects.

Proof. (i). First, note that C C Xt(C, D) C S, so Xt(C, D) is also a unary
site for S. Thus, by proposition 2.1.7, the Shulman condition is satisfied.
Next, by proposition 2.3.11, (Xt(C, D), D, K) is a k-ary extensive ecu-
mene, and clearly, the local homeomorphisms therein are the morphisms
in Xt(C, D) that are local homeomorphisms in S.
It remains to be shown that K is a D-adapted coverage on Xt(C, D).

Since K is a x-ary superextensive coverage on Xt(C, D), it is enough to

139



Charted objects

verify the following:

* For every K-covering morphism 2 : A -» B in Xt(C, D), there is a
morphism p : A - Ain Xt(C,D)suchthat hep : A - Bisa

K-covering local homeomorphism in Xt(C, D).

Let (Y, b) be a (C, D)-atlas of B. Then the projection A Xg Y - Y is an
effective epimorphism in S, so there is a morphism (a, f) : X - AXpY
in S such that f : X — Y is a J-covering local homeomorphism in C.
Thus, be f : X — B is a K-covering local homeomorphism in Xt(C, D);

but hea = be f, so we are done.

(i1). Since (S, D, K) satisfies the descent axiom for open embeddings, by
lemma 2.2.14(c), Xt(C, D) is closed in S under exact quotient of tract-
able equivalence relations. On the other hand, D is a quadrable class of
morphisms in Xt(C, D) and the inclusion Xt(C, D) < S preserves (these)
pullbacks, so any effective epimorphism in Xt(C, D) that is a member of
D is an exact quotient in S of its kernel pair, i.e. is an effective epimorph-

ismin S.

(ii1). See proposition 2.3.14(b). [ |

2.5.5 9 Let (CO, DO,JO) and (Cl, Dl,Jl) be x-ary admissible ecumenae.
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DEFINITION. A k-ary admissible functor F : (Cy, Dy, Jy) — (€, Dy, J)
is a functor F : Cy — C; with the following properties:
* F:Cy— C; preserves k-ary coproducts.
e F: (CO, EO) - (Cl, El) is an admissible functor, where E, (resp. E;)
is the class of Jy-covering (resp. J;-covering) morphisms in C, (resp.
Cy).

* For every pullback square in C, of the form below,
X — X
L b
Y — Y
if f: X — Y isamemberof D, then Ff : FX — FY is a member
of D; and F : Cy — C; preserves this pullback square.
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Properties of
admissible func-
tors between
admissible

ecumenae

PROPOSITION. Let (5‘0, DO) and (Sl, Dl) be the gros k-ary pretoposes
associated with (CO, DO,JO) and (Cl, DI,JI), respectively.
(i) F: (C,JO) — (C,Jl) is a pre-admissible functor.
(ii) There exist a functor F : Sy — S, and an isomorphismn : F = F
of functors Cy — S such that F : Sy — S, preserves x-ary coprod-

ucts and sends right-exact forks in S to coequaliser diagrams in S;.

(iii) Moreover, any such (F , 11) is a pointwise left Kan extension of F :
Cy — S along the inclusion Cy < S,

(iv) F : Sy - S, sends (CO, DO)—extents in S to (CI,DI)—extents in
S.

(v) F: (Xt(CO, DO), D, KO) - (Xt(Cl, Dl), D, Kl) is a k-ary ad-
missible functor, where K (resp. K;) is the restriction of the k-ary

canonical coverage on S (resp. S ).
Proof. (1). This is a special case of lemma 2.4.2(a).

(i1) and (iii). See lemma 2.4.2(b).

(iv). In view of propositions 2.3.13 and 2.4.8(b), we may apply the-

orem 2.4.13.

(v). We have seen that F : (Xt(CO, DO), Dy, KO) - (Xt(Cl, Dl), D, Kl)
preserves k-ary coproducts, local homeomorphisms, and pullbacks of
local homeomorphisms, and sends right-E-exact forks to coequaliser dia-

grams. Moreover, by lemma 2.1.10,
F: (Xt(Cy, Dy).Ey) > (Xt(C}, D, ),E;)

is a admissible functor, where E (resp. E;) is the class of Kj-covering

(resp. K;-covering) morphisms in S, (resp. S;). Thus,
F : (Xt(Cy, Dy), Dy, Ky) — (Xt(C,, D), Dy, K;)

is indeed a x-ary admissible functor. [ |

141



Charted objects

2.5.6

Properties of
effective admiss-

ible ecumenae

142

DEFINITION. An effective k-ary admissible ecumene is a k-ary admiss-

ible ecumene (C, D, J) with the following additional data:

* For each tractable equivalence relation (R, dy, dl) on each object X
in C, an exact quotient g : X — X inCsuchthatq : X — X isa

J-covering morphism.

ProrosiTION. Let (C, D, J) be an effective k-ary admissible ecumene and

let (S, D) be the associated gros k-ary pretopos.
(1) (C,D,)) is a regulated ecumene.

(i1) Effective epimorphisms in C that are members of D are J-covering

morphisms in C.

(iii) Every J-covering morphism in C that is a member of D is an effect-

ive epimorphism in both C and S.

Proof. (1). Let f : X — Y be a local homeomorphism in C and let
(R, do,dl) be a kernel pair of f : X — Y in C. By lemma 2.2.14(b),
(R, dy, d 1) is a tractable equivalence relation on X, so it has a J-covering
exact quotient g : X — X in C. Let m : X — Y be the unique morphism
in C such that me g = f. Then, by proposition 1.4.23, the following is an
exact fork in S

dg

R—3Jx 25X
d

Since S is a regular category, it follows that m : X — Y is a monomorph-
ism in S; hence, m : X — Y is an open embedding in C. Thus, we have

the required factorisationof f : X — Y.

(i1). With notation as above, suppose f : X — Y is also an effective
epimorphismin C. Thenm : X — Y is an isomorphisminC,so f : X —

Y is also a J-covering morphism in C.
(ii1). Every J-covering morphism in C is an effective epimorphism in S,
and local homeomorphisms in C have kernel pairs that are preserved by

the inclusion C & S, so the claim follows. [ |
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2.5.7

The universal
property of

the category of
charted objects

REMARK. In view of propositions 1.5.17 and 2.5.6, the coverage associ-
ated with an effective k-ary admissible ecumene is equivalent to the k-ary
superextensive coverage generated by the class of effective epimorphisms

that are local homeomorphisms.

THEOREM. Let F : (Cy,Dy,Jg) — (C1.Dy,Jy) be a k-ary admissible
functor. Assuming (C 1» Dy, J 1) is an effective k-ary admissible ecumene:
(1) The inclusion (CO, D, JO) S (Xt(CO, DO), D, KO) is a x-ary ad-
missible functor.
(ii) There exist a k-ary admissible functor F (Xt(CO, DO) , Dy, KO) -
(Cl, DI,JI) and an isomorphism n : F = F of functors Cy — C,.
(iii) Moreover, any such (F , n) is a pointwise left Kan extension of F :

Cy — C; along the inclusion Cy < Xt(CO, DO).

Proof. (1). Apply lemma 2.1.10.

(i) and (iii). By proposition 2.5.4, the inclusion C; < Xt(C;,D;) is
fully faithful and essentially surjective on objects, so the claims reduce to

proposition 2.5.5. [ ]

ReEMARK. The above theorem does most of the hard work of showing that
the 2-submetacategory of effective k-ary admissible ecumenae is bireflect-

ive in the 2-metacategory of k-ary admissible ecumenae.
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Specificities

3.1

3.1.1

3.1.2

Compactness

Synopsis. We examine three classes of continuous maps of topological

spaces that arise by relativising the notion of compactness.
PREREQUISITES. §81.1, 1.2, A.2.

DEFINITION. A universal topological quotient is a continuous map f :
X - Y with the following property: For every pullback square in Top

of the form below,
X — X

f/l lf

Y — Y
the map f’ : X’ — Y’ is a topological quotient.
REMARK. Since the effective epimorphisms in ToP are precisely the topo-

logical quotients, by proposition 1.4.1, the universally strict epimorph-

isms in Top are precisely the universal topological quotients.

ExaMPLE. Every surjective open map of topological spaces is a universal
topological quotient. Indeed, every surjective open map is a topological
quotient, and the class of surjective open maps is a quadrable class of

morphisms in Top.

X Throughout this section:
* C is a full subcategory of ToP.

* C is closed under finitary disjoint union.
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* C is closed under pullback.
* For each object X in C:

— J¢(X) is the set of all finite and jointly surjective sinks on X.

- qu(X ) is the set of all finite sinks ® on X such that the induced

map H(U’ veo U — X is a universal topological quotient.

3.1.3 9 The following terminology is non-standard.

DEFINITION. A continuous map f : X — Y is semiproper if it has the
following property:

* For every pullback square in Top of the form below,
X — X
T
Y — Y
if Y’ is compact, then X is also compact.

REMARK. Thus, from the relative point of view, a semiproper map of

topological spaces is a continuous family of compact spaces.

ExampLE. Every continuous map from a compact space to a Hausdorff
space is semiproper. Indeed, given a pullback square in TOP as in the
definition, if X is compact and Y is Hausdorff, then the comparison map

X' - Y’ x X is a closed embedding, so X’ is compact when Y is.

Properties of PROPOSITION.
semiproper maps (1) Every closed embedding of topological spaces is semiproper.
(i1) For every topological space X, the codiagonal Vy : X 1 X — X
is semiproper.
(iii) The class of semiproper maps of topological spaces is a quadrable
class of morphisms in ToP.

(iv) The class of semiproper maps of topological spaces is closed under

composition.

(v) The class of semiproper maps of topological spaces is closed under

(possibly infinitary) coproduct in ToP.
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(vi) Given a surjective continuous map f : X - Y and a continuous
map g:Y — Z,ifge f: X — Z is semiproper, then g : Y — Z is

also semiproper.
Proof. Straightforward. ¢

COROLLARY. Let F, be the class of semiproper maps in C. Then every

morphism in C that is of Fg,-type J¢-semilocally on the domain is semi-

proper.
Proof. Apply proposition 3.1.3. [ |

3.1.4 9 We will see that the following is a specialisation of the notion of semi-

proper map.

DEFINITION. A continuous map f : X — Y is proper if it has the fol-
lowing property:

* For every pullback square in Top of the form below,

X — X
f’l lf

Y —> Y

the map /' : X' — Y’ is closed, i.e. the image of every closed sub-

space of X' is a closed subspace of Y.

ExAmPLE. If X is a compact topological space, then the unique map X —

1 is proper: this is the precisely the statement of the tube lemma.

Properties of PROPOSITION.
proper maps (1) Anm injective continuous map is proper if and only if it is a closed
embedding.
(1) For every topological space X, the codiagonal Vy : X 1 X - X
is proper.
(iii) The class of proper maps of topological spaces is a quadrable class

of morphisms in Top.
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3.1.5

(iv) The class of proper maps of topological spaces is closed under com-
position.

(v) The class of proper maps of topological spaces is closed under (pos-
sibly infinitary) coproduct in TOP.

(vi) Given a surjective continuous map f : X - Y and a continuous
mapg:Y — Z,ifge f : X — Z is proper, then g : Y — Z is also
proper.

(vil) Given a pullback square in TOP of the form below,

)

——» X

f

5
&

=~

—» Y

where Y - Y is a universal topological quotient, if f : X — Y is

proper, then f : X — Y is also proper.
Proof. Straightforward. ¢

COROLLARY. Let F, be the class of proper maps in C. Then every morph-

ism in C that is J¢q-semilocally of F-type is proper.

Proof. Apply proposition 3.1.3. [ |

REMARK. In the language of §2.2, what we have shown is that (C , T’p, qu)
is a finitary (i.e. ¥y-ary) extensive regulated ecumene that satisfies the

descent axiom and in which every eunoic morphism is genial.

q Properness is closely related to compactness. For instance, suppose

X is a topological space such that the unique map X — 1 is proper. Let

S = {1—}1%1 neN}U{l} C R and let (xn|n€N) be a sequence
of points of X. Consider T' = {<l—rﬂ+1,xn> neN} C S x X. The

closure of T is T = TU{1}X A, where A is the set of accumulation points
of (xn | ne N). Since T is a closed subspace of S X X, its image is a
closed subspace of S. In particular, 1 is in the image of T', i.e. A contains

a point. Thus, every sequence in X contains a convergent subsequence,
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Recognition
principle for

proper maps

1.e. X is sequentially compact. A similar argument using nets instead of
sequences can be used to show that X is compact.

Much more generally, we have the following result.

THEOREM. Let f : X — Y be a continuous map. The following are

equivalent:
(i) Themap f : X — Y is proper.
(i1) For every topological space T, the map idy X f : TX X - T XY
is closed.

(iii) The map f : X — Y is closed and, for every y € Y, FYyyis

compact.

(iv) The map f : X = Y is closed and, for every subspace Y' C Y, if

Y' is compact, then f~'Y" is also compact.

(v) The map f : X — Y is closed and semiproper.

Proof. (1) = (ii). Immediate.
(i1) = (iii), (iii) = (i). See tag OO5R in [Stacks].
(i) = (v). Consider a pullback square in ToP of the form below:

X — X

f'l lf

Y — Y

Suppose f : X — Y is proper and Y’ is compact. We must show that
X' is compact. Then, by proposition 3.1.4, f' : X’ — Y’ is also proper.
Since the unique map Y’ — 1 is proper (by the tube lemma), it follows
that X’ — 1 is also proper. But we know (i) = (iii), so X’ is indeed

compact.

(v) = (iv), (iv) = (iii). Immediate. ]

ExAmPLE. If X is a compact topological space and Y is a HausdorfT space,
then every continuous map X — Y is proper: in view of proposition 3.1.4

and theorem 3.1.5, this is a special case of lemma 1.1.9.
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3.1.6 LEMMA. Let f : X — Y be a continuous map. Assuming Y is a compactly

When semiproper  oenerated Hausdorff space, the following are equivalent:
implies proper

(1) The map f : X — Y is proper.
(i) The map f : X — Y is semiproper.

(iii) For every subspace Y' C Y, if Y' is compact, then f~'Y" is also

compact.

Proof. (1) = (ii). See theorem 3.1.5.
(i1) = (iii). Immediate.

(iii) = (i). In view of the theorem, it is enough to check that f : X — Y
is a closed map.

Let X' be a closed subspace of X and let Y' be its image in Y. We
wish to show that Y’ is a closed subspace of Y. Since Y is compactly
generated, it is enough to show that Y’ NV is a closed subspace of V for
all compact subspaces V C Y.

Let V be a compact subspace of Y. Then £~V is a compact subspace
of X. Since X' n f~'V is a closed subspace of f~!V, it is compact. The
image of X' N f~'V in V is Y’ NV, and since V is Hausdorff, it follows
that Y’ NV is indeed a closed subspace of V. [ |

3.1.7 DEFINITION. A continuous map f : X — Y is perfect if it has the

following properties:
* f: X — Y is proper.

* /X — Y is separated, i.e. the relative diagonal A, : X' — X Xy X

is a closed embedding.

ExAMPLE. For a topological space X, the unique map X — 1 is perfect

if and only if X is a compact Hausdorft space.

Properties of PROPOSITION.
perfect maps (1) An injective continuous map is perfect if and only if it is a closed

embedding.

150



3.1. Compactness

(i1) For every topological space X, the codiagonal Vy : X I X — X
is perfect.
(ii1) The class of perfect maps of topological spaces is a quadrable class

of morphisms in Top.

(iv) The class of perfect maps of topological spaces is closed under

composition.
(v) The class of perfect maps of topological spaces is closed under

(possibly infinitary) coproduct in ToP.

(vi) Given continuous maps f : X — Y and g :' Y — Z, if both
g:Y > Zandgo f : X — Z are perfect, then f : X — Y is also
perfect.

(vil) Given a surjective continuous map f : X -» Y and a continuous
mapg:Y — Z,if f: X » Y isproperand go f : X — Z is perfect,
then g : Y — Z is also perfect.

(viil)) Given a pullback square in TOP of the form below,

X —» X
al

I

Y —>» Y

where Y - Y is a universal topological quotient, if f : X — Y is

perfect, then f : X — Y is also perfect.

Proof. (1)—(v1). Straightforward. (Recall propositions 1.1.11 and 3.1.4.)

(vii). Under the hypotheses, g : Y — Z is proper. It remains to be shown
that g : Y — Z is separated.

Consider the following commutative square in ToPp:

x —L 5y

Ag°f l lAg

XXZXWYXZY

Since f : X - Y is proper, sotoois f X, f: X X; X - Y X, Y. On

the other hand, since g o f : X — Z is separated, the relative diagonal
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Agr i X > X Xz X isaclosed embedding. Hence, A, : Y - Y X, Y

is indeed a closed embedding.

(viii). Under the hypotheses, the following is a pullback square in Top,

T ok

X Xy

"<1

and the claim follows. [ |

COROLLARY. Let D, be the class of perfect maps in C. Then every morph-

ism in C that is (Dp, qu)-semilocally of Dy-type is perfect.

REMARK. In the language of § 2.2, what we have shown is that (C, D,, qu)
is an étale finitary (i.e. Ny-ary) extensive regulated ecumene that satisfies

the descent axiom.
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3.2 Discrete fibrations

SyNopsis. We construct a combinatorial example of a gros pretopos based

on discrete fibrations of simplicial sets.
PREREQUISITES. §§1.1, 2.2, 2.3, A.1.

3.2.I 9 Roughly speaking, a discrete fibration of simplicial sets is a morphism
with a unique path lifting property, similar to covering maps in algebraic
topology. However, because the edges of a simplicial set are oriented, it
is perhaps better to think of discrete fibrations of simplicial sets (in the
sense below) as generalisations of discrete fibrations of categories. We

will see a more precise statement later.

DEFINITION. A discrete fibration of simplicial sets is a morphism f :

X — Y in SSET with the following property:

* For every natural number n, the following is a pullback square in SET:

fn+l

Recognition LEMMA. Let f : X — Y be a morphism of simplicial sets. The following

principle for  gre equivalent:

discrete fibrations

o (1) f : X — Y is adiscrete fibration of simplicial sets.
of simplicial sets

(i) f: X — Y isright orthogonal to 8° : A' — N'*! for every natural

number n.
Proof. Straightforward. ¢

Properties of PROPOSITION.
discrete fibrations (1) Every isomorphism of simplicial sets is a discrete fibration of sim-

f simplicial . .
of simplicial sets plicial sets.

(i1) The class of discrete fibrations of simplicial sets is a quadrable

class of morphisms in SSET.
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(iii) The class of discrete fibrations of simplicial sets is closed under
composition.

(iv) Given morphisms f : X — Y and g : Y — Z in SSET, if both
g:Y - Zandgeo f : X — Z are discrete fibrations of simplicial
sets, then f : X — Y is also a discrete fibration of simplicial sets.

(v) For every simplicial set X and every set I, the codiagonal V :

e, X = X is a discrete fibration of simplicial sets.
(vi) The class of discrete fibrations of simplicial sets is closed under

(possibly infinitary) coproduct in SSET.

(vil) Given a pullback square in SSET of the form below,
_P)) X

I
—> Y

where q : Y - Y is degreewise surjective, if f : X — Y is a discrete

S

&

7

A

Jfibration of simplicial sets, then f : X — Y is also a discrete fibration
of simplicial sets.

(viii) Given a degreewise surjective morphism f : X > Y in SSET and a
morphismg : Y — Z inSSET, ifboth f : X » Y andgef : X - Z
are discrete fibrations of simplicial sets, then g : Y — Z is also a

discrete fibration of simplicial sets.
Proof. (1)—(iv). In view of lemma 3.2.1, this is a special case of proposi-
tion I.1.14.
(v) and (vi). Straightforward.

(vii). In the given situation, we have the following commutative diagram

in SSET,
Fun| Al [
Yo 7 Y, —— Y,

in which both squares are pullback squares in SSET. Thus, by the pullback

pasting lemma, the outer rectangle in the commutative diagram in SSET
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shown below is a pullback diagram in SSET:

> DPn+1 dO
Xn+1 > Xn+1 ? Xn

fn+ll fn+ll J/fn

Yn+1 ‘1n+155 Yn+1 do ? Yn

But the left square is also a pullback square in SSET, so we may apply
lemma 1.4.19(c) to deduce that the right square is indeed a pullback square

in SSET.

(viil). In the given situation, we have the following commutative diagram

in SSET,
fn+1 &n+1
Xn+1 Yn+1 Zn+1
dol dol ldo
X, 7 Y, z Z,

where the outer rectangle and the left square are both pullback diagrams
in SSET. Since f, : X, » Y, is surjective, it follows that the right square

is a pullback square in SSET. [ |

3.2.2 9 Let X be a simplicial set. Suppose we have the following data:
* For each x € X, a set A(x).
* Foreach e € X, amap e* : A(dy(e)) — A(d;(e)).
* For every x € X, so(x)* = id 4.

* For every positive integer n and every ¢ € X, ;:

do("‘ (dn_z(dn+1(g))) )* o do("' (dn—Z(dn—l(G))) )*
=dy(++ (d,-2(d,(2)) )"

(So, for instance, for every o € X,, d|(0)* = dy(0)* o dy(6)*.)
We may then construct a simplicial set A as follows:
* The elements of A, are pairs (x, a) where x € X, and a € A(x).

* For each positive integer n, the elements of A, are pairs (o, a) where
o€ X,anda € A(dy(- (d,_1(0)))).
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* The face operators dy,d; : A} — A and the degeneracy operator

5o 1 Ag = A; are defined as follows:

dy(e, a) = (dy(e), a)
dy(e,a) = (d,(e),e*(a))

So(x,a) = (so(x), a)

* For every positive integer n, the face operators dy, ..., d, .1 : A, —
A, and the degeneracy operators s, ...,s, : A, = A, are defined
as follows:

di(c,a) = (d(6),a) forO<i<n
dn+1(0', a) = (dn+1(5),d()(’“ (dn_1(0')))*(a))
si(c,a) = (si(a), a) forO0<i<n

(It is straightforward to verify the simplicial identities.) There is an evi-
dent projection p : A — X, and by construction, it is a discrete fibration
of simplicial sets. In fact, every discrete fibration with codomain X arises
in this fashion up to isomorphism.

On the other hand, consider the category .4 defined inductively as fol-

lows:
* For each x € X|;, x is an object in A.
* Foreache € X, e : d{(x) = dy(x) is a morphism in A.
* For each x € X|), s¢(x) = id,, as morphisms in A.
* For each ¢ € X,, we have dy(0) ° d,(c) = d;(c) as morphisms in A.

Itis clear from the description above that A defines a presheaf on .A. Thus:

THEOREM. There is a functor PSH(A) — SSET /x that is fully faithful and
essentially surjective onto the full subcategory spanned by the discrete

fibrations of simplicial sets with codomain X.

Proof. Straightforward, given the discussion above. ¢
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3.2.3 X For the remainder of this section:
* x is an uncountable regular cardinal.

* S is the category of simplicial sets X such that each X, is hereditarily

k-small.

* D is the class of discrete fibrations of simplicial sets in .A.

3.2.4 9 We will now use the above results to construct a combinatorial example

of a gros pretopos.

PROPOSITION.
(1) S is a k-ary pretopos.
(i1) D is a class of étale morphisms in S.

In particular, (S, D) is a gros k-ary pretopos.m

Proof. (i). Straightforward. (The inclusion S < SSET creates limits of

finite diagrams and colimits of x-small diagrams.)

(i1). See proposition 3.2.1. [ |

3.2.5 REMARK. (S, D) is an example of a gros k-ary pretopos in which the class
of étale morphisms strictly contains the class of local homeomorphisms.
Indeed, given lemma 2.3.12(a) and theorem 3.2.2, this is essentially just

the observation that PSH(.A) is not always a localic topos.

3.2.6 9 Unlike the gros pretoposes we will see later, there is no obvious candid-
ate for a unary basis for (S, D). Nonetheless, for the sake of illustration,

we may consider the following.

DEFINITION. The strict Segal condition on a simplicial set X is the fol-
lowing:

* For every positive integer n, the following is a pullback square in SET:

dn+1
Xn+1 ? Xn

doa...edn_ll ld0°“'°dn—1

Xl T)XO

[1] Recall lemma 2.3.3.
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ExaMPLE. Let A be a category. The nerve of A is the simplicial set N(.A)

defined as follows:
* N(A), is the set of objects in A.
* N(A), is the set of morphisms in A.

* For n > 2, N(A), is the set of n-tuples (f,,, ..., f;) of morphisms in
A such that f, o --- o f] is defined in A.

* The face operators d,), d; : N(A); = N(A), and the degeneracy oper-
ator sy : N(A)y — N(A); are defined as follows:

dy(f) = codom f
di(f) =dom f

So(x) = 1id,

* The face operators d,d;,d, : N(A), — N(A); and the degeneracy
operators s, s; : N(A); = N(A), are defined as follows:

do(f1, fo) = fi
dy(f1,fo) = fie fo
dy(f15 fo) = fo
50(f) = (/f+idgom 1)
51(f) = (idcogom £+ f)

e For n > 2, the face operators d, ...,d, : N(A), - N(A),_; and
degeneracy operators s, ..., 5,_; : N(A),_; = N(A), are defined
analogously.

Then N(A) satisfies the strict Segal condition. In fact, a simplicial set
satisfies the strict Segal condition if and only if it is isomorphic to N(.A)

for some category .A.

LEMMA. Let p : X — Y be a discrete fibration of simplicial sets.
(1) If Y satisfies the strict Segal condition, then X also satisfies the
strict Segal condition.
@) If p : X — Y is degreewise surjective and X satisfies the strict

Segal condition, then Y also satisfies the strict Segal condition.
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3.2.7

Proof. The pullback pasting lemma implies that the following are pull-

back squares in SET:

fn fn+l
n n Xn+1 ? Yn+1

d0°"'°dn—1l ldo°-~-°dn—1 d0°"'°dn—1l ldoo...od,,_l

Jo J1

Then (i) is another application of the pullback pasting lemma, and (ii) is

consequence of lemma 1.4.19(c). [ |

€ Let C be the full subcategory of S spanned by the simplicial sets X
with the following properties:

* X satisfies the strict Segal condition.
» The map (d|,dy) : X| = Xy X X is injective.

PROPOSITION.

(1) C is equivalent to the metacategory of k-small preordered sets.

(ii) C is a unary basis for (S, D).

(i) Xt(C, D) is equivalent to the metacategory of k-small categories in
which every morphism is a monomorphism.

(iv) A (C,D)-extent in S is D-localic if and only if it is an object in C.

Proof. (i). A simplicial set X is isomorphic to an object in C if and only
if X is isomorphic to the nerve of some preordered set (considered as a

category). Since N : CAT — SSET is fully faithful, the claim follows.

(ii). Since ¥ > N, every object in S is a simplicial set with < k elements.
Thus, the Yoneda lemma implies that C is a unary site for S. In addition,
given a discrete fibration p : X — Y in S, if (d|,dy) : Y| = Y X
Y, is injective, then (d;,dy) : X; — X, X X is also injective; so, by
lemma 3.2.6, if Y is an object in C, then X is also an object in C. Hence,

C is indeed a unary basis for (S, D).

(u11). It suffices to identify necessary and sufficient conditions for a cat-
egory A to admit a surjective discrete fibration A — A where A is a

preorder category.
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Clearly, if every morphism in .4 is a monomorphism, then every slice
category A/, is a preorder category, so we may take A= Hicop 4 A /x-

Conversely, suppose we have a surjective discrete fibrationp : A — A
where A is a preorder category. Let g : y — z be amorphism in .4 and let
fo- f1 1 x = ybeaparallel pair of morphisms in A such that go fj = go f;.
By hypothesis, there is an object Z in A such that p(Z) = z, and there
exist a unique object 7 and a unique morphism g : § — Z in A such
that p(¥) = y and p(g) = g. Similarly, there exist a unique object X and a
unique morphism f : X — jin A suchthat p(%) = xand p(f) = f, = f}.

This shows g : y — z is indeed a monomorphism in A.

(iv). The claim reduces to the fact that PSH(.A) is localic if and only if .A

is a preorder category. [ ]
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3.3.1

3.3.2

[1]

Manifolds

SyNopsis. We construct an admissible ecumene for which the charted

objects are the smooth manifolds of fixed dimension and cardinality.
PREREQUISITES. §§1.1, 1.4, 2.2, 2.3.

€ Manifolds are probably the best-known notion of space built from local
models. Unfortunately, from a category-theoretic point of view, mani-
folds are somewhat awkward: for instance, the category of manifolds does
not have all pullbacks. On the other hand, this can still be accommodated
within the theory of charted objects with respect to an admissible ecumene
—after all, an ecumene is not required to have pullbacks. In fact, even
finitary products are unnecessary—we will see how to define manifolds

of a fixed dimension as charted objects.

»* Throughout this section:
* nis a natural number.

* C, is the category of connected open subspaces of R" and smooth

maps.
* K is aregular cardinal such that C is essentially x-small.

* C =Fam, (C).

* D, is the class of local diffeomorphisms in C,.

* D s the class of morphisms in C that are familially of Dj-type.

* E is the class of morphisms f : X — Y in C such that the correspond-

ing continuous map is a surjective local homeomorphism.m
* For each object X in (), Jo(X) is the set of open covers of X.

* For each object X in C, J(X) is the set of k-small sinks ® on X such
that the induced morphism H(U’x)eq) U — X in C is a member of E.

Here, we are using the functor C — Top induced by the forgetful functor C, — Top.
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3.3.3 ProrposiTiON. (C, D, ) is a k-ary admissible ecumene, i.e.:
(1) C is a x-ary extensive category.
(i1) D is a class of separated fibrations in C.

(iii) J is a subcanonical D-adapted k-ary superextensive coverage on
C.
(iv) Every morphism in C of D-type (D, J)-semilocally on the domain is

a member of D.
(v) Every complemented monomorphism in C is a member of D.

(vi) (C,E) satisfies the Shulman condition.”]

Proof. (1). This is a special case of proposition 1.5.7.
(i1))—(v). Straightforward.

(vi). By extensivity, it suffices to verify the following:

* Given objects X, ..., X;_; in Cy, El<ﬁXO X e X /iXk_1> is an essen-

tially x-small category.

But this is an immediate consequence of the assumption that C itself is

an essentially xk-small category. [ |

3.3.4 9 Let (S,D) be the gros k-ary pretopos associated with (C,D,J). By
abuse of notation, we will consider C, to be a full subcategory of C and C
to be a full subcategory of S. It should come as no surprise that (C, D)-
extents are n-dimensional manifolds, but we should be more precise about

what that means.

3.3.4(a) DEFINITION. A smooth n-dimensional atlas of a topological space X is

a set ® with the following properties:
* Every element of @ is a pair (U, x) where U is a connected open sub-
space of X and x : U — R" is an open embedding of topological
spaces.

* X = U(U,x)ecl) U.

[2] Note that a morphism in C is J-covering if and only if it is E-covering.
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3.3.4(b)

3-3-5

3.3.6

« For every ((Up, Xg), (U, x1)) € @ X ®, x; 0 (x0) ' : U} - U/ isa
diffeomorphism, where U] is the image of x, : UynU; — R" and U|

is the image of x; : UynU; — R".

DEFINITION. A n-dimensional manifold is a pair (X, ®) where X is a

topological space and ® is a smooth n-dimensional atlas of X.

REMARK. In particular, we do not require manifolds to be Hausdorff

spaces, nor do we require manifolds to be second-countable.

€ Though it is more usual to first define ‘smooth map’, we will instead
define the presheaf represented by a manifold directly and take for granted
that the Yoneda representation is fully faithful.

DEeFINITION. The presheaf represented by an n-dimensional manifold
(X, @) is the presheaf fy ¢ on C; defined as follows:
* For each connected open subspace T' C R”, f x ¢(T) is the set of all
continuous maps f : T — X with the following property:
— Forevery (U, x) € ®,themap xo f : TN f~'U — R" is smooth.

* The action of C, is composition (of continuous maps).

LEMMA. Let (X, ®) be an n-dimensional manifold. Then h x g) is a Jy-
sheaf on C,.

Proof. Straightforward. (This is essentially the fact that smoothness of
maps is a local property.) ¢

THEOREM. The essential image of the Yoneda representation Xt(C, D) —
SH(CO, JO) is the full and replete subcategory spanned by the J,-sheaves

represented by n-dimensional manifolds (X, ®) where ® is k-small.

Proof. For ease of notation, we will identify S with its essential image in
SH(Cy, Jg).

First, let (X, ®) be an n-dimensional manifold where ® is x-small.
We will show that fy ¢) is in Xt(C, D). It is not hard to see that @ is
Jo-local generating set of elements of f;x ¢). In other words, we have a

Jo-locally surjective morphism p : A » fiy o) where A = [[ e fixu
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3-3.7

in SH(C,, JO), where xU is the image of x : U — R". Since S is closed
under k-ary coproduct, A is an object in S. Let (R, dy, d;) be a kernel
pairof p: A » fx ) in SH(CO, JO). Then R is a k-ary disjoint union of
representable Jy-sheaves on C, so (R, dy, dl) is an equivalence relation
on A in S. Moreover, by lemma A.3.10, (ﬁ(X,(D) is an object in S and) p :
A > fyx o is an exact quotient of (R, dy,d;) in S. It is straightforward
to verify that (R, dy,d 1) is a tractable equivalence relation in S. Hence,
by lemma 2.2.14(c), p : A » fx o) is a local homeomorphism in S, and
therefore Ay g is indeed a (C, D)-extent in S.

Now, let B be a (C, D)-extent in S. By definition, there is a (C, D)-
atlas of B in S, say (A, p), and by proposition 2.3.13, we may assume
that p : A » B is a laminar morphism. (Note that, for every lam-
inar morphism A : C' — C in S, if C is isomorphic to an object in
C, then C' is also isomorphic to an object in C.) Suppose A = [[..; T;
for some family (7;|i € I') of objects in Cy where I is a k-small set,
such that each composite 7, — A - B is an open embedding in S.
Let R = [I; s li,es To Xp T1- Then (R.dy,d;) is a kernel pair of
p: A > B,whered,,d; : R— A are the two evident projections. Let X
be the quotient of the corresponding equivalence relation in Top. Since
the projections dy, d; : R — A and the relative diagonal A, : A — R cor-
respond to open maps of topological spaces, the quotient map is a local
homeomorphism of topological spaces. In particular, we obtain open
embeddings T; — X, and it is straightforward to verify that their inverses
comprise a smooth n-dimensional atlas @ of X. Moreover, by the argu-

ment of the previous paragraph, we obtain Ay ¢, & B, as desired. [ ]

€ Finally, we should remark that the material covered in this section does
not depend very strongly on the meaning of ‘smooth’. Indeed, everything
still works if we replace ‘smooth’ with ‘m-times continuously differenti-
able’ —then we get the category of n-dimensional manifolds and m-times
continuously differentiable maps. We could even replace R with C and
‘smooth’ with ‘analytic’ to obtain the category of n-dimensional complex

analytic manifolds and analytic maps. The dimension restriction can also
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be lifted; then, by proposition 2.3.11, Xt(C, D) will have finitary products

(as is well known).
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3.4 Topological spaces

SyNopsis. We construct admissible ecumenae from categories of topolo-
gical spaces and investigate when a topological space is representable by

a charted object.
PREREQUISITES. §§1.1,2.2,2.3,2.5, A.1, A.2, A.3.

3.4.1 X Throughout this section:
* x is a regular cardinal.

» Cisa(small) full subcategory of the metacategory of topological spaces
(and continuous maps) that is closed under finitary products, equal-

isers, and k-ary disjoint unions.

D is the class of local homeomorphisms between objects in C.

* For every object X in C and every open subspace U C X, there is

k-small set @ of open subspaces of U with the following properties:

— Forevery V € @, V' is homeomorphic to an object in C.

-U=UyeoV-

For each object X in C, J(X) is the set of xk-small sinks ® on X in C

such that @ is a jointly surjective family of open embeddings.

E is the class of surjective local homeomorphisms between objects in
C.

3.4.2 ProprosITION. (C, D, ) is a k-ary admissible ecumene, i.e.:
(1) C is a x-ary extensive category.
(i1) D is a class of separated fibrations in C.

(iii) J is a subcanonical D-adapted x-ary superextensive coverage on
C.

(iv) Every morphism in C of D-type (D, J)-semilocally on the domain is

a member of D.

(v) Every complemented monomorphism in C is a member of D.
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3.4.3

3.4.4

3.4.5

[1]

(vi) (C,E) satisfies the Shulman condition.!")
Proof. Straightforward. ¢

REMARK. In particular, every local homeomorphism in C in the sense of
definition 2.2.12 is a member of D, so there is no danger of confusion in

using the phrase ‘local homeomorphism in C’.

* For the remainder of this section:

* S =Ex(C,E).

* Gisthe class of morphismsin S corresponding to morphisms in PSH(C)
that are J-locally of D-type.

» Kis the x-ary canonical coverage on S.

* D is the class of G-perfect morphisms in S.

Furthermore, by abuse of notation, we will identify C with the image of

the insertion C — S.

PROPOSITION.

(1) (S , ﬁ) is a k-ary gros pretopos.
(i1) Moreover, (5 , ﬁ, K) satisfies the descent axiom.

(i) A morphism in C is a member of D if and only if it is a member of

A

D.
Proof. This is a special case of proposition 2.3.2. [ |

€ Consider the Yoneda representation #, : Top — PsH(C). Since C
has pullbacks and the inclusion C < ToP preserves them, lemma A.2.6
implies that, for every topological space X, Ay is a J-sheaf on C. Thus, by
proposition A.1.4, for every J-sheaf A on C, there is a topological space
|A| and a morphism 7, : A — ﬁ|A| in SH(C, J) such that the following

map is a bijection for every topological space Y':

Tor(|A|,Y) - Homgyc 5, (A, fiy)

Note that a morphism in C is J-covering if and only if it is E-covering.
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3.4.5(a)
3.4.5(b)
3.4.5(c)

f'—>ﬁf°’1A

Indeed, we may take |A| = lim

X. This yields an adjunction:
—>(X,a):El(A)

-
Top <1, > SH(C,))

It is clear (by construction) that the counit €y : |ﬁX| — X is a homeo-
morphism for every object X in C. We would like to know if this happens

for topological spaces that are not necessarily in C.

LEMMA. Let X be a topological space. The following are equivalent:
(1) The counit € : |ﬁX| — X is a homeomorphism.

(ii) For every topological space Y, the following is a bijection:
hy : TOP(X,Y) — Homgyc ) (fix, fiy)
Proof. Straightforward. ¢
LEMMA. The functor |—| : SH(C,J) — ToP preserves monomorphisms.

Proof. LetI" : SH(C,J) — SET be the evident functor defined on objects
by A = A(1). Itis clear that 1 is a J-local objectin C, so by lemma A.3.12,
I' : SH(C,J) — SET preserves colimits. On the other hand, proposi-

tion A.1.4 implies thatI" : SH(C, J) — SET is isomorphic to the composite

of |—| : SH(C,J) — Top and the forgetful functor Top — SET. Since the
forgetful functor Top — SET is faithful, it follows that |—| : SH(C,J) —
Top preserves monomorphisms. [ |

LEMMA. Let f : X - Y be a surjective local homeomorphism of topo-
logical spaces and let (R, dy, dl) be the kernel pairof f : X » Y in

Top.
(1) The following is an exact fork in SH(C,J):

dyo—
[ —
R
1°~

iy ——> hy
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3.4.5(d)

3.4.5(e)

(it) Ifboth ey : |ﬁR| — Randey : |ﬁX| — X are homeomorphisms,

then ey : |ﬁY| — Y is also a homeomorphism.

Proof. (i). Itis not hard to verify that A, : iy — fy is a J-locally sur-
jective morphism in PSH(C). Thus, by lemma A.3.10, we have the desired

exact fork.

(i1). |—| : SH(C,J) — Top preserves coequalisers, and f : X -» Y is
an effective epimorphism in Top, so it follows that £y : |ﬁY| - Y is
a homeomorphism if both €5 : |ﬁR| — Rand ey : |ﬁX| - |/iY| are

homeomorphisms. |

LEMMA. Let (X ; | iel ) be a family of topological spaces where I is a
x-small set and let X = [],; X;.

(i) Ay is a coproduct of (ﬁX,-

i€ I) in SH(C, J) (with the evident co-

product injections).

(1) Ifeache X,

ﬁxi‘ — X, is a homeomorphism, then € y : |ﬁX| - X

is also a homeomorphism.

Proof. (1). Using lemma 1.5.4, it is not hard to see that the Yoneda rep-

resentation f, : Top — SH(C,J) preserves k-ary coproducts.

(i1). On the other hand, |—| : SH(C, J) also preserves (k-ary) coproducts.
The claim follows. [ |

LEMMA. Let X be an object in C and let U be an open subspace of X.

(i) Ay — hy is a monomorphism in PSH(C) that is J-semilocally of
D-type.

(1) gy : |ﬁU| — U is a homeomorphism in C.

Proof. (i). By hypothesis, there is a k-small set ® of open subspaces of
V such that:

* Foreach V' € ®, V' is homeomorphic to an object in C.

*U=Upeo V-
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It is clear that fi; — fy is a monomorphism in PSH(C), and it follows
that fiy; — fiy is J-semilocally of D-type. Let V' = [, o V and let
p:V > U be the evident projection. Clearly, p : V' - U is a surjective
local homeomorphism. Let (R, dy, d, ) be the kernel pair of p: V' > V.
Then R = [y, ¢, [1y,e0 VoNV1, and each VNV is homeomorphic to an
objectin C, so by lemma 3.4.5(d), bothep : |ig| — Randey : |Ay| = V
are homeomorphisms. Hence, by lemma 3.4.5(¢c), € : |ﬁU| — U is also

a homeomorphism. [ |

3.4.6 9 In view of the discussion above, we make the following definition.

DEFINITION. A topological space X is of C-type if there is a k-small set

@ of open subspaces of X with the following properties:

* Forevery U € @, U is homeomorphic to an object in C.

* X =UpeoU-

We write M for the metacategory of topological spaces of C-type (and

continuous maps).

PROPOSITION.
(1) M is closed in ToP under k-ary disjoint union.

(i1) Given an object X in M, if U is an open subspace of X, then U is
also an object in M.

(iii) For every object Y in M, there exist an object X in C and a sur-
jective local homeomorphism f : X - Y such that X Xy X is
homeomorphic to a x-ary disjoint union of open subspaces of X and
hy: hy — hy is a morphism in PsH(C) that is J-semilocally of D-type.

(iv) For every object Y in M, the counit ey : |ﬁY| — Y is a homeo-
morphism.

(v) The Yoneda representation M — SH(C,J) is fully faithful, pre-
serves k-ary coproducts, and sends surjective local homeomorphisms

in M to effective epimorphisms in SH(C, J).

Proof. (1) and (i1). Straightforward.
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3.4.7

(ii1). Let Y be an object in M. By definition, there is a k-small set ¥ of

open subspaces of Y with the following properties:

* Forevery V € ¥, V' is homeomorphic to an object in C.

° Y = UVE\P V.

Since C is closed under «-ary disjoint union, [], oy V' is also homeo-
morphic to an object in C, say X. There is an evident surjective local
homeomorphism f : X - Y, and it is clear that X X, X is homeo-
morphic to a k-ary disjoint union of open subspaces of X. Moreover, by
proposition 1.2.13 and lemma 3.4.5(e), fiy : Ay — hy is J-semilocally of

D-type, as claimed.
(iv). Apply lemmas 3.4.5(c) and 3.4.5(d) to (ii) and (iii).

(v). By lemma 3.4.5(a) and (iv), the Yoneda representation M — SH(C, J)
is fully faithful. We already know that the Yoneda representation Top —
SH(C, J) preserves k-ary coproducts and sends surjective local homeo-

morphisms in ToP to effective epimorphisms in SH(C, J), so we are done.

€ By theorem 2.1.14, the Yoneda representation S — SH(C,J) is fully
faithful and preserves limits of finite diagrams, x-ary coproducts, and
exact quotients. Moreover, by lemma 2.1.16, a J-sheaf on C is in the
essential image of the Yoneda representation if and only if it is J-locally

k-presentable.

LEMMA. If x : U — X is an open embedding in S and X is an object in

C, then |fix| : |ﬁU| - |ﬁX| is an open embedding of topological spaces.

Proof. Since h, : f; — hy is a monomorphism in PsH(C) that is J-
semilocally of D-type, there is a k-small set @ of objects in S, with the

following properties:

* For every (V,u) € @, V isanobjectin Cand xou : ¥V — X is an

open embedding of topological spaces.

* The induced morphism p : H(V’u)eq) V — U in S is an effective epi-

morphism.
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Thus,

ﬁp| : ‘ﬁH(V,u)ecD V‘ |U| is an effective epimorphism in Top and

o

the composite |ﬁx ﬁp| : |ﬁH(V e V‘ — | X| is a local homeomorph-

ism of topological spaces. On the other hand, by lemma 3.4.5(b), ﬁx| :
|ﬁU| - |/iX| is an injective continuous map. Thus, ﬁx| : |ﬁU| - ﬁX| is
indeed an open embedding of topological spaces. [ |

THEOREM. Let D be the class of local homeomorphisms in S.
(1) If X is an object in M, then there is a (C, T))-extent Ain S such
that hy = hy in SH(C, )J).
(i) If Ais a (C, Z_))—extent in S, then |/iA| is a topological space of
C-type.
(iii) The functor

hel : Xt(C, D) — M is fully faithful and essentially

surjective on objects.

Proof. (1). First, consider a subspace U of an object X in C. Recalling
the proof of lemma 3.4.5(e), we see that there is an open subobject A of
X in S such that f;; = A,. Thus, by proposition 3.4.6, for every object
X in M, there is an object A in S such that Ay = f,. Moreover, by
tracing the proof of that proposition, it is straightforward to verify that A
isa (C,D)-extentin S.

(i1). In view of lemma 3.4.7, a similar argument shows that |ﬁA| is a
topological space of C-type if A is a (C, D)-extent in S.

(ii1). Hence, by lemma 3.4.5(a) and proposition 3.4.6, |ﬁ.| : Xt(C, D) -
M is fully faithful and essentially surjective on objects. [ |

3.4.8 9 By proposition 2.2.12, we have D C D, so Xt(C,D) C Xt(C, f)). We
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will now see an explicit example where these inclusions are strict.

ExampLE. Let C be the category of topological spaces X such that the
set of points of X is hereditarily x-small. It is straightforward to check
that the hypotheses of proposition 2.3.14(b) are satisfied, so each (C , 13) -
extent in S is isomorphic to an object in C.

On the other hand, consider the unit circle in the complex plane:

S'={zeC||z]=1)}
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3.4.9

Let R=Zx S'andlet dy,d; : R — S' be defined as follows:

do(n, z) = exp(in)z

di(n,z) =1z

Thendy,d; : R = S I"are local homeomorphisms of topological spaces.
Moreover, (R, dy, d 1) is an equivalence relation on § 1, but there does
not exist a local homeomorphism f : .S ' Y such that f o dy=fo
d;: indeed, (R, dy, dl) is not a tractable equivalence relation. (Recall
lemma 2.2.14(a).) Nonetheless, assuming R and S are objects in C, an
exact quotient of (R, dy, dl) exists in S, and lemma 2.2.8 (b) says that it is
a (C , ﬁ)—extent; but by the preceding discussion, it is not a (C , D_) -extent.

In this context, it is also worth noting that a (C , I_))-extent 1s the same
thing as a D-localic (C , ﬁ)—extent. In other words, a (C , ﬁ) -extent is a

(C , Z_))-extent precisely when it has enough open subobjects.

ExAmPLE. Let C be the category of Hausdorff spaces X such that the set of
points of X is hereditarily x-small. Then, by theorem 3.4.7, the essential
image of |—| : Xt(C, 15) — Top is spanned by the locally Hausdorff
spaces X such that the set of points of X is xk-small. In particular, since
there are locally Hausdorff spaces that are not Hausdorff spaces, assuming
k > N, we have a (C, D)-extent that is not isomorphic to any object in
C.
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3-5

3.5.1

3.5.2

3-5-3

3.5.4

Properties of

flat ring homo-

174

morphisms

Schemes

Synopsis. We see two prima facie different ways of defining schemes as

extents in a gros pretopos and show that they are the same.
PREREQUISITES. §§1.1, 1.2,2.2,2.3, 2.5, A.1, A.2, A.3.

X Throughout this section, rings and algebras are associative, unital, and

commutative.

€ Modern algebraic geometry begins with the observation that the oppos-
ite of the category of rings is like a category of spaces. Indeed, we will see
how to equip it with the structure of an étale finitary (i.e. R,-ary) extens-
ive ecumene in two different ways—one that starts from the notion that
the formal dual of a principal localisation of a ring is analogous to a basic
open subspace, and another that starts from the notion that the formal
dual of a flat ring homomorphism of finite presentation is analogous to an
open map. The associated gros pretoposes are also different, but we will
see that schemes can be defined as objects obtained by gluing together the

formal duals of rings along local homeomorphisms in either pretopos.

€ To begin, we briefly recall some commutative algebra.

ProPOSITION. CRING? is a finitary extensive category.
Proof. Omitted. (Use the Chinese remainder theorem.) ()

DEFINITION. A ring homomorphism f : A — B is flat if B is flat as an

A-module, i.e. B® 4 (—) preserves injective homomorphisms of modules.

PROPOSITION.

(1) Every ring isomorphism is flat.
(i1) Every principal localisation is flat.
(iii) For every ring A, the unique homomorphism A — {0} is flat.

(iv) For every ring A, the diagonal A , : A - A X A is flat.
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(v) The class of flat ring homomorphisms is a coquadrable class of

morphisms in CRING.
(vi) The class of flat ring homomorphisms is closed under composition.

(vil) The class of flat ring homomorphisms is closed under finitary prod-

uct in CRING.
Proof. Straightforward. ¢

3.5.5 DEFINITION. A ring homomorphism f : A — B is faithfully flat if it has
the following properties:

e f:A— Bisflat.

* For every pushout square in CRING of the form below,

A—— A

fl lf’

B —— B

f': A" - B’ is an injective homomorphism of rings.

Recognition LEMMA. Let f : A — B be a ring homomorphism. The following are

principles for  ogyiyalent:

faithfully flat ring
(1) f : A — Bis faithfully flat.

homomorphisms
(i) f : A — Bisflat and, for every prime ideal p of A, there is a prime
ideal q of B such that f~'q = p.

(i) f: A — Bisflat and B @ 4 (—) reflects isomorphisms of modules.
Proof. (1) = (ii). Let F be the fraction field of A / P and consider the
following pushout square in CRING:

A——> F

fl lf’

B——> F®,B

By hypothesis, f' : F — F ® 4 B is injective, so F ® 4 B is non-zero. In
particular, F ® 4, B has a prime ideal. Let q be its preimage in B. Then
f~lq = p, as desired.
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(i1) = (iii). This is well known: see e.g. tag ©OHQ in [Stacks].
(iii) = (i). Consider a pushout square in CRING of the form below:

A—— A

fl lf'

B —— B’

We wish to show that /" : A" - B’ isinjective. Since B® 4(—) preserves
kernels and reflects isomorphisms, it suffices to verify that idg ® 4, f' :
B®, A" - B®, B’ isinjective. But the following is also a pushout

square in CRING,

B—— 5 BQ, A

l lidB®Af,

B®,B —> BQ, B

and B - B ®, B is a split monomorphism in CRING, so idg ® 4 f' :
B®, A" > B®, B’ isindeed injective. [ |

REMARK. In the lemma above, one can also prove (i) = (iii) directly,

thereby avoiding the use of the prime ideal theorem.

Properties of PROPOSITION.

faithfully flat ring (i) Every flat split monomorphism in CRING is faithfully flat.
homomorphisms

(i1) The class of faithfully flat ring homomorphisms is a coquadrable

class of morphisms in CRING.

(iii) The class of faithfully flat ring homomorphisms is closed under

composition.

(iv) The class of faithfully flat ring homomorphisms is closed under
finitary product in CRING.

Proof. Straightforward. (Recall proposition 3.5.4.) ¢

3.5.6 DEFINITION. A ring homomorphism f : A — B is of finite presentation

if B is finitely presentable as an A-algebra.


http://stacks.math.columbia.edu/tag/00HQ
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Properties of ring
homomorph-
isms of finite

presentation

3.5.7

Recognition
principle for
étale ring homo-

morphisms

PROPOSITION.

(1) Every ring isomorphism is of finite presentation.
(i1) Every principal localisation is of finite presentation.

(iii) For every ring A, the unique homomorphism A — {0} is of finite

presentation.

(iv) Foreveryring A, the diagonal A 4 : A — A X A is of finite present-

ation.

(v) The class of ring homomorphisms of finite presentation is a coquad-

rable class of morphisms in CRING.

(vi) The class of ring homomorphisms of finite presentation is closed

under composition.

(vil) The class of ring homomorphisms of finite presentation is closed

under finitary product in CRING.

(viii) Given ring homomorphisms f : A — Band g : B — C, if both
f i A—> Bandgo f : A — C are of finite presentation, then

g : B — C is also of finite presentation.
Proof. Straightforward. ¢
DEFINITION. A ring homomorphism f : A — B is étale if it has the
following properties:
* f: A — Bisaflat ring homomorphism of finite presentation.
* The relative codiagonal V IR B®, B — Bisflat.
LEMMA. Let f : A — B be a ring homomorphism. The following are
equivalent:
(i) f: A — Bisan étale ring homomorphism.
(i) f : A — B is a flat and unramified ring homomorphism of finite

presentation.

Proof. (1) = (i1). By tag ©92M in [Stacks], étale ring homomorphisms (in
our sense) are formally unramified, and by tag ©@UU in op. cit., a formally

unramified ring homomorphism of finite presentation is unramified.
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(i1) = (i). By tag ©8WD in [Stacks], a flat unramified ring homomorphism
of finite presentation is étale in their sense, and tag QU7 in op. cit. implies

that an étale ring homomorphism in their sense is étale in our sense. [l

Properties of PROPOSITION.
¢tale ring homo- (1) Every flat epimorphism of finite presentation in CRING is étale.
morphisms
(11) In particular, every principal localisation is étale.
(i) For every ring A, the unique homomorphism A — {0} is étale.

(iv) For every ring A, the diagonal A , : A - A X A is étale.

(v) The class of étale ring homomorphisms is a coquadrable class of

morphisms in CRING.

(vi) The class of étale ring homomorphisms is closed under composi-

tion.

(vii) The class of étale ring homomorphisms is closed under finitary

product in CRING.

(viil) Given ring homomorphisms f : A - Band g : B — C, if both
f:A—> Bandgef : A— C areétale, then g : B — C is also étale.

Proof. Apply lemma 1.1.10 and propositions 3.5.4 and 3.5.6. [ |

3.5.8 9 We will also need some results from descent theory.

DEFINITION. A ring homomorphism is fppfi'! if it is both faithfully flat

and of finite presentation.

3.5.8(a) PROPOSITION. Every faithfully flat ring homomorphism is an effective

monomorphism in CRING.

Proof. Let f : A — B be a faithfully flat ring homomorphism and let
do, d':B—> B ® 4 B be defined as follows:

dA°b)=1Q5b dlb)y=b®1

[1] — from French « fidélement plat de présentation finie ».
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3.5.8(c)

We must show that the following is an equaliser diagram in CRING:
dO

A-LsB——B®,B

dl
By lemma 3.5.5, it is enough to verify that the following is an equaliser

diagram in CRING,

1 dl
B—'5B®,B_B®,B®,B
d2

where a’l,d2 :B®,B— BQ®, B®, B are defined as follows:
d'(by®b;) =by® 1 ® b, d*(by®b) =by® b ® 1
In fact, this is a split equaliser diagram, so we are done. [ |

PROPOSITION. Let f : A — Band g : B — C be ring homomorphisms.
(1) Assuming g : B — C is faithfully flat, g » f : A — C is flat if and
onlyif f : A — Bis flat.

(1) Assuming g : B — Cisfppf, go f : A — C is of finite presentation
ifand only if f : A — B is of finite presentation.

(ii1) Assuming g : B — C is faithfully flat and étale, g f : A - C is
étale if and only if f : A — B is étale.

Proof. (i). Straightforward. (Use proposition 3.5.4 and lemma 3.5.5.)

(i1). For the ‘if” direction, see proposition 3.5.6; for the ‘only if” direction,

see tag ©2KK in [Stacks].

(111). Forthe ‘if” direction, see proposition 3.5.7; for the ‘only if” direction,
see tag ©2K6 in [Stacks]. ]
PROPOSITION. Consider a pushout square in CRING:

A—— A

fl lf’

B—— B
Assuming A — A’ is faithfully flat:
(1) f': A" > B'isflatifand only if f : A — B is flat.
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(i) f': A" - B’ is of finite presentation if and only if f : A - B is
of finite presentation.

(iii) f': A" > B'isétaleifand only if f : A — B is étale.

Proof. (i). By proposition 3.5.4,if f : A — B is flat, then f' : A’ > B’
is also flat. Conversely, by proposition 3.5.5, B — B’ is faithfully flat,
and if ' : A’ — B’ is flat, then the composite A — B — B’ is also flat,
so by proposition 3.5.8(b), f : A — B is indeed flat.

(i1). For the ‘if” direction, see proposition 3.5.6; for the ‘only if” direction,
see tag ©0QQ in [Stacks].

(iii). By proposition 3.5.7,if f : A — B is étale, then f' : A’ —» B’
is étale. For the converse, suppose f' : A’ — B’ is étale. By (i) and
(i1), f : A — B is flat and of finite presentation. Moreover, we have the

following commutative diagram in CRING,

B— B

Ll Il

B®,B—— B ®, B’

o J¥

B— B

where every square is a pushout square in CRING and every horizontal
arrow is a faithfully flat ring homomorphism, so the relative codiagonal
Vf : B®,4 B = Bisflat. Thus, f : A — B isindeed étale. ]

LEMMA. Let A be a ring, let I be a finite subset of A, and let A =

|| Ala~'1. The following are equivalent:
(1) I generates the unit ideal of A.
(ii) The induced homomorphism A — A is faithfully flat.
(iii) There is a ring homomorphism A — B such that the composite

A — A — B is faithfully flat.

Proof. (i) = (ii). By proposition 3.5.4, A — A is flat. We will now

show that A — A is injective. Since I generates the unit ideal of A, there


http://stacks.math.columbia.edu/tag/00QQ
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3.5.10

Flat morphisms

have open image

exist elements r, ... ,r,_; of A and elements ay, ...,a,_; of I such that
roap + -+ +r,_1a,_; = 1. Suppose s is an element of A such that s =0
in each A [a,._l] ,1.e.for 0 <i < n, there is a natural number k; such that

k; .
a;'s = 0in A; hence, for k = kg + -+ + k,,_;:
s = ("oao + -+ rn_lan_l)ks =0

Thus A — A is indeed injective. The same argument shows that B —
[T.ca B[f(a)~ "1 is injective for every ring homomorphism f : A — B,
so A — A is indeed faithfully flat.

(i1) = (iii). Immediate.

(iii) = (i). Let a be the ideal of A generated by I and let b be the ideal of
B generated by the image of I. We have the following pushout square in

CRING:
A—— Afa

|l

B —— B/b

By hypothesis, A / a > B / b is injective. On the other hand, b is the unit
ideal of B, so A/a =~ {0}. Hence, a is the unit ideal of A. [ |

q The following is a deep result in algebraic geometry.

PROPOSITION. Let f : A — B be a flat ring homomorphism of finite
presentation and let I be the subset of A defined as follows:
* a € I if and only if the induced homomorphism A[a_l] - B[f(a)_l]
is fppf-
Then { f(a)|a € I} generates the unit ideal of B.

Proof. In the language of algebraic geometry, this is the statement that a
flat morphism (of schemes) of finite presentation has an open image. See

tag O1UA in [Stacks]. ]
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DEFINITION. An open quasilocalisation is an epimorphism f : A — B
in CRING for which there is a (finite) subset I C A with the following

properties:

* For every a € I, the induced homomorphism A[a‘l] — B[f (a)"l] is

an isomorphism.

* {f(a)|a € I} generates the unit ideal of B.

LEMMA. Let f : A — B be a ring homomorphism. The following are

equivalent:
(1) f : A — B isan open quasilocalisation.

(ii) f : A — Bisan epimorphism in CRING, flat, and of finite present-

ation.

(iii)) f : A — B is an epimorphism in CRING and étale.

Proof. (i) = (ii). By propositions 3.5.4 and 3.5.6 and lemma 3.5.9, there

is a finite subset I C A with the following properties:
¢ The induced homomorphism B — [], ., B [a~']is fppf.

* The composite A - B — [] ., Bla~ '] is flat and of finite presenta-

tion.

Thus, by proposition 3.5.8(b), f : A — Bis flat and of finite presentation.
But open quasilocalisations are epimorphisms in CRING by definition, so

we are done.
(i1) = (ii1). Apply proposition 3.5.7.

(iii) = (i). By proposition 3.5.10, there is a finite subset I C A with the

following properties:

* For every a € I, the induced homomorphism A[a‘]] — B[f (a)_l] 1S
faithfully flat.

* {f(a)|a € I} generates the unit ideal of B.
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But proposition 3.5.8 (a) implies that every faithfully flat epimorphism in
CRING is an isomorphism, so f : A — B is indeed an open quasilocal-

isation. [ |

Properties of PROPOSITION.

open quasi- (1) Every ring isomorphism is an open quasilocalisation.
localisations
(ii) Every principal localisation is an open quasilocalisation.

(iii) The class of open quasilocalisations is a coquadrable class of morph-

isms in CRING.
(iv) The class of open quasilocalisations is closed under composition.

(v) The class of open quasilocalisations is closed under finitary product

in CRING.

(vi) Given ring homomorphisms f : A - Band g : B — C, if both
f i A—> Bandge f : A — C are open quasilocalisations, then

g : B — C is also an open quasilocalisation.

Proof. By lemma 3.5.11, these reduce to propositions 3.5.3 and 3.5.7.
H

3.5.12 X For the remainder of this section:
* K isaring.
* A is a (small) full subcategory of the metacategory of K-algebras that

is closed under finitary coproducts, coequalisers, and finitary products.

 For every object A in A and every element a € A, the principal local-

isation A[a~']is also an object in A.

3.5.13 9 To avoid confusion, we write Spec A for the object in .A°P correspond-
ing to an object A in A, and we write Spec f : Spec B — Spec A for the
morphism in AP corresponding to a morphism f : A — Bin A.

The four classical Grothendieck topologies are defined as follows:
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3.5.13(a)

3.5.13(b)

3.5.13(¢)

3.5.13(d)

Properties of
the classical
Grothendieck

topologies

[2]

DEFINITION. The Zariski coverage on .A°P consists of all sinks of the

form below up to isomorphism,
{Spec S i Spec Ala™'] = Spec A | S I}

where A is an object in A, [ is a finite subset of A that generates the unit

ideal,and f, : A — Ala~"]is the principal localisation.

DEFINITION. The étale coverage on AP is the smallest composition-
closed coverage on A containing the Zariski coverage as well as the
singleton {Spec f : Spec B — Spec A} for every faithfully flat étale ring
homomorphism f : A - Bin A.

DEFINITION. The fppf coverage on AP is the smallest composition-
closed coverage on AP containing the Zariski coverage as well as the
singleton {Spec f : Spec B — Spec A} for every fppf ring homomorph-
ismf:A— Bin A.

DEFINITION. The fpqc'®! coverage on AP is the smallest composition-
closed coverage on A °P containing the Zariski coverage as well as the sin-
gleton {Spec f : Spec B — Spec A} for every faithfully flat ring homo-
morphism f : A - Bin A.

PROPOSITION.
(i) The Zariski (resp. étale, fppf, fpqc) coverage on AP is finitary
superextensive.
(ii) The Zariski (resp. étale, fppf, fpqgc) coverage on AP is subcanon-

ical.

Proof. (i). It suffices to verify that the Zariski coverage on A °P is finitary
superextensive. Let A and B be rings and consider the projections A X
B — A and A X B — B. It is straightforward to verify that A X B — A
is isomorphic to the principal localisation A X B — (A X B)[(1, O)_l].
Similarly, AX B — B is isomorphic to the principal localisation AX B —
(A x B)[(O, 1)_1]. Hence, every finite coproduct cocone in AP is in the

Zariski coverage.

— from French « fid¢lement plat et quasi-compacte »
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(ii). It suffices to verify that the fpqc coverage on AP is subcanonical.
Since the fpqc coverage is finitary superextensive, by lemmas 1.4.18,
1.5.15and 1.5.16, itis enough to show that every faithfully flat ring homo-
morphism in A is an effective monomorphism in A. Since the forget-
ful functor A — CRING creates cokernel pairs, this reduces to proposi-

tion 3.5.8(a). [ |

3.5.14 DEFINITION. A morphism 2 : X — Y in PsH(A®P) is étale if both A :
X — Y and the relative diagonal A, : X — X Xy X are fppf-semilocally
of G-type, where G is the opposite of the class of flat ring homomorphisms

of finite presentation in .A.

REMARK. Since G is a quadrable class of morphisms in .A°P (by pro-
position 3.5.6), by lemma 1.2.15, every morphism in PSH(AP) fppf-
semilocally of G-type is also fppf-locally of G-type.

Properties of PROPOSITION.

étale morphisms (1) Every fppf-locally bijective morphism in PSH(AP) is étale.
of presheaves

(ii) Foreverypresheaf X on AP and every set I, the codiagonal morph-
ism [[,c; X = X is étale.

(iii) The class of étale morphisms in PSH(A®P) is a quadrable class of
morphisms in PSH(A®P).
(iv) The class of étale morphisms in PSH(AP) is closed under compos-
ition.
(v) The class of étale morphisms in PSH(AP) is closed under (possibly
infinitary) coproduct in PSH(A°P).

(vi) Given a pullback square in PSH(AP) of the form below,

)

——» X
lh
Y

where Y - Y is fppf-locally surjective, if h : X — Y is étale, then

=
&

=~

—»

h: X — Y isalso étale.
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(vil) Given morphisms h: X — Y and k : Y — Z in PSH(AP), if both
k:Y - Zandkoh : X — Z are étale, then h : X — Y is also

étale.

(viii) Given a fppf-locally surjective morphism h : X - Y in PSH(AP)
and a morphism k : Y — Z in PSH(AP), if both h : X » Y and
koh: X — Z are étale, then k : Y — Z is also étale.

(ix) For every morphism f : A — Bin A, i/ : A% > KB is étale if and
onlyif f : A — B is étale.

Proof. (1)—(viii). Combine proposition 1.1.11 and remark 1.2.16 with

propositions 1.2.14 and 1.2.17.

(ix). Apply proposition 1.2.20 to propositions 3.5.8(b) and 3.5.8(c).

DEFINITION. An open immersion of presheaves on .4 P is a monomorph-
ismh: X — Y in PsH(AP) that is Zariski-semilocally of B-type, where
B is the opposite of the class of morphisms in A that are principal local-

isations up to isomorphism.

REMARK. It is clear that /3 is a quadrable class of morphisms in .4°P.
Thus, by lemma 1.2.15, any morphism that is Zariski-semilocally of B-

type is also Zariski-locally of B-type.

LEMMA. Let A be an object in A and let U be an fppf-closed subpresheaf

of KA. The following are equivalent:
() The inclusion U < £* is an open immersion.
(i) The inclusion U & A is an étale monomorphism.

(iii) There is a (possibly infinite) set ® of elements of U with the follow-
ing properties:
* @ js a Zariski-local generating set of elements of U.

» For every (Spec B, Spec f) € @, (B, f) is isomorphic (in A/.A) to

a principal localisation of A.
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Proof. (i) = (ii). Since every principal localisation is an étale ring homo-
morphism (proposition 3.5.7) and Zariski-locally surjective morphisms

are fppf-locally surjective, open immersions are étale.

(i) = (iii). Let 1 be the set of all a € A such that (Spec A[a™'], Spec f,)
is an element of U, where f, : A — Ala~'] is the principal localisation,
and let ® = {(Spec A[a™'],Spec f,) |a € I'}. Clearly, it is enough to
prove that @ is a Zariski-local generating set of elements of U.

By lemma 1.5.16 and propositions 3.5.4, 3.5.6, and 3.5.13, there exist
an fppf ring homomorphism j : A — A in A and a set ® of objects in
4/ A with the following properties:

» ® is an fppf-local generating set of elements of the preimage U C pA
of U C A4,

* For every (B’, f ) € o, f : A — B is flat and of finite presentation.

Note that f o j : A — B is flat and of finite presentation, so by proposi-

tion 3.5.10, there is a finite subset I’ C A with the following properties:

» Foreverya € I', the induced homomorphism Ala™'1- B [f(j(a))_l]
is fppf.

. {f(j(a)) | ae I’} generates the unit ideal of B.

Since (Spec B, Spec(f ¢ j)) is an element of U and U is an fppf-closed
subpresheaf of ﬁA, it follows that I’ C I. On the other hand, by pro-
position A.2.14, the morphism U — U is fppf-locally surjective, so it
follows that @ is an fppf-local generating set of elements of U. Hence,

by lemma 3.5.9, @ is also a Zariski-local generating set of elements of U.

(iii) = (i). Immediate. |

Properties of PROPOSITION.

open immersions

of presheaves

(1) Every isomorphism in PSH(AP) is an open immersion.
(ii) Every open immersion in PSH(A®P) is étale.

(ili) The class of open immersions in PSH(AP) is a quadrable class of

morphisms in PSH(A°P).
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(iv) The class of open immersions in PSH(AP) is closed under com-

position.

(v) The class of open immersions in PSH(AP) is closed under (possibly

infinitary) coproduct in PSH(A°P).

(vi) Given a pullback square in PSH(A°P) of the form below,

<

— X

=
&

h

<

— Y

where Y - Y is Zariski-locally surjective, if h : X — Y is an open
immersion and h : X — Y is a monomorphism, then h : X — Y is

also an open immersion.

(vii) Given morphisms h: X - Y and k : Y — Z in PSH(A®P), if both
k:Y - Zandkoh: X — Z are open immersions, then h : X - Y

is also an open immersion.

(vili) For every morphism f : A — Bin A, K/ : kA — AB is an open

immersion if and only if f : A — B is an open quasilocalisation.

Proof. (1)—(vi). Apply proposition 1.2.14.
(vii). This is a special case of lemma 1.1.3.

(viii). Suppose f : A — B is an open quasilocalisation. Then, by defini-
tion, Spec f : Spec B — Spec A is monomorphism in A °P that is Zariski-
locally of B-type, where B is the opposite of the class of principal local-
isations, so A/ : A% — A4 is indeed an open immersion.

For the converse, suppose A/ : A8 — A4 is an open immersion. Since
the fppf coverage on AP is subcanonical (proposition 3.5.13), the pre-
sheaf image is an fppf-closed subpresheaf of A*. Thus, we may apply

lemma 3.5.15 to deduce that f : A — B is an open quasilocalisation. [l
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3.5.16 DEFINITION. A local isomorphism of presheaves on AP is a morphism
h : X — Y in PsH(A®P) for which there is a set ® of subpresheaves of

X with the following properties:
* Uyeo U is a Zariski-dense subpresheaf of X.

* Forevery U € ®, both the inclusion U < X and the composite U <

X — Y are open immersions in PSH(A°P).

Properties of PROPOSITION.

local isomorph- (i) Every open immersion in PSH(AP) is a local isomorphism.

isms of pre-

sheaves (ii) Every local isomorphism in PSH(AP) is étale.

(iii) A monomorphism in PSH(AP) is an open immersion if and only if
it is a local isomorphism.

(iv) Forevery presheaf X on AP and every set I, the codiagonal morph-

ism [[,c; X = X is a local isomorphism.

(v) The class of local isomorphisms in PSH(AP) is a quadrable class
of morphisms in PSH(A°P).
(vi) The class of local isomorphisms in PSH(A®P) is closed under com-
position.
(vii) The class of local isomorphisms in PSH(AP) is closed under (pos-
sibly infinitary) coproduct in PSH(A°P).
(viii) Given morphisms h : X - Y and k : Y — Z in PSH(A®P), if
bothk : Y - Zand ko h : X — Z are local isomorphisms, then

h: X — Y is also a local isomorphism.

Proof. Straightforward given proposition 3.5.15. (Compare the proof of

proposition 2.2.12.) ¢

3.5.17 9 Every Zariski-locally surjective morphism in PsH(AP) is also fpqc-
locally surjective. The converse is not true in general, but we do have the

following result.
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LEMMA. Let h : X — Y be a local isomorphism in PSH(AP). The

ollowing are equivalent:
f g q
(1) h: X — Y is Zariski-locally surjective.

(1) h: X — Y is fpgc-locally surjective.

Proof. (1) = (ii). Immediate.

(i1) = (1). In view of propositions 3.5.16 and A.2.14, it is enough to verify
the case where Y = £ for some object A in A. Let ® be a set of subpre-

sheaves of X with the following properties:
* Uyeo U is a Zariski-dense subpresheaf of X.

* For every U € @, both the inclusion U < X and the composite U <

X — Y are open immersions in PsSH(AP).

Moreover, recalling proposition 3.5.15, we may assume that each U € @
can be represented by some principal localisation of A. This yields an
fpgc-covering sink on Spec A. Since every fpqc-covering sink in .A°P
contains a finite fpqc-covering sink, X — Y is indeed Zariski-locally

surjective, by lemma 3.5.9. [ |

X For the remainder of this section:

* k is a regular cardinal.

C = Fam.’(A°P).

* For each object X in C, J'(X) (resp. J¢(X)) is the set of k-small sinks
® on X in C such that the induced morphism H(ny)eq, U - X cor-
responds to a Zariski-locally surjective local isomorphism (resp. fppf-
locally surjective morphism) in PSH(.AP).

* E’, (resp. E¢) is the class of morphisms in C that correspond to Zariski-

locally (resp. fppf-locally) surjective morphisms in PsH(.A°P).
« S’ =Ex(C,E’) and S; = Ex(C,E;).

* D (resp. D') is the class of morphisms that correspond to étale morph-

isms (resp. local isomorphisms) in PsH(.A°P).
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3.5.19 9 We will consider both S’ and S; as settings for algebraic geometry.

First, we need to establish some basic properties.

3.5.19(a) PROPOSITION.
(1) C is a k-ary extensive category with limits of finite diagrams.

(1) In particular, both (C , E') and (C , Ef) satisfy the Shulman condi-

tion.

(iii) Both S’ and S¢ are k-ary pretoposes.

Proof. (1). This is a special case of proposition 1.5.21.

(i1). Immediate.

(ii1). Apply proposition 1.5.13. |

3.5.19(b) PROPOSITION. (C, D, J') is a k-ary admissible ecumene, i.e.:

N

(1) D' is a class of separated fibrations in C.

(ii) J' is a subcanonical D'-adapted x-ary superextensive coverage on

C.

(ili) EverymorphisminC of D'-type (D',)")-semilocally on the domain
is a member of D'.

(iv) Every complemented monomorphism in C is a member of D'.

Moreover:

(v) (S8',D’) is the associated gros k-ary pretopos.

Proof. (1) and (iv). See proposition 3.5.16.

(ii). The Zariski coverage on AP is subcanonical (proposition 3.5.13),
so J’ is a subcanonical coverage on C, which is k-ary superextensive by

proposition 1.5.17 and D’-adapted by construction.
(ii1). It suffices to verify the following:

¢ Given an Zariski-locally surjective morphism 4 : X — Y in PSH(A°P)
and a morphism k : Y — Z in PsH(A®P), if both h : X — Y and
koh: X — Z are local isomorphisms, then k : Y — Z is also a local

isomorphism.
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3.5.19(¢c)

This is straightforward. (Compare the proof of proposition 2.2.13.)

(v). It is not hard to see that morphisms in S’ that correspond to morph-
isms in PsH(C) that are J'-locally of D’-type are the same as morphisms
in S’ that correspond to morphisms in PSH(.A°P) that are Zariski-locally
of D’-type. Moreover, by lemma 2.1.16, S is equivalent to the category
of J'-locally k-presentable J'-sheaves on .A°P. Thus, (S , D') is indeed
the k-ary gros pretopos associated with (C,D’,J’). ¢

PROPOSITION.

(1) Dis a class of étale morphisms in S.

(i) D’ is the class of local homeomorphisms in S;.
(iii) C is a unary basis for (Sf, D).
(iv) C is a unary basis for (Sf, D’).

Proof. (i). See proposition 3.5.14.

(i1). By lemma 3.5.15, étale monomorphisms in S; correspond to open
immersions in PSH(.AP), because the presheaf image of a monomorph-
ism of fppf-sheaves is always fppf-closed. Since fppf-locally surjective
morphisms are also fpqc-locally surjective, and Zariski-locally surject-
ive morphisms are also fppf-locally surjective, we may apply proposi-
tion 3.5.16 and lemma 3.5.17 to deduce that local homeomorphisms in

S; correspond to local isomorphisms in PsH(.A°P).
(ii1). Use proposition 2.3.2.
(iv). In view of lemma 2.1.16, it suffices to verify the following:

* For every object Y in C and every fppf-subsheaf V' C fy, if V' is fppf-
locally x-presentable and the inclusion U < fiy is an open immersion,
then there exist an object X in C and a fppf-locally surjective morph-
ism p : Ay - U such that the composite iy » U < hy is a local

isomorphism.

This is a straightforward consequence of lemma 3.5.15. [ |
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3.5.20 9 With the usual abuses of notation, we may speak of (C ,D’ )—extents in
both S’ and S;. Although these are different notions prima facie, fortu-

nately, they coincide. To prove this, we will require a preliminary result.

LEMMA. Let F be a presheaf on A°P. The following are equivalent:

(1) There exist an object Y in C and a laminar morphism X — Y in

S’ such that hy = F.

(ii) There exist an object Y in C and a laminar morphism X — Y in

S¢ such that fiy = F.

Proof. Let K be the finitary extensive coverage on .A°. We have the
Yoneda representations S’ — SH(A°P,K) and S; — SH(.AP,K), and by
proposition 1.5.18 and theorem 2.1.14, both preserve k-ary coproducts.
Thus, it suffices to prove the claim with ‘laminar morphism’ replaced with

‘open embedding’.

(i) = (ii). Let f : X — Y be an open embedding in S’ where Y is an
object in C. Then there is a (C, D’)—atlas of X in S’, say (Xp) Let
(R.dy,d;) be akernel pairof fep: X — YinC. Since f : X > Y is
a monomorphism in S’, (R, dy, a’l) is also a kernel pair of p : X » Xin
S’. Moreover, by proposition 3.5.16, fop : X — Y is amember of D’, so
both projections dy, d; : R — X are alsomembersof D’. Letq : X » Y’
be an exact quotient of (R, dy, dl) inS;andletm : Y' — Y be the
unique morphism in S; such that me g = f o p. By proposition 3.5.19(c),
g : X » Y’ is an étale morphism in S;, som : Y’ — Y is also an étale
morphism in S¢. On the other hand, since (R, dy,d 1) is also a kernel pair
of meq, m : Y' — Y is amonomorphism in S, so it is an open embedding
in S;. Hence, g : X -» Y’ is a local homeomorphism in S;. But then
lemma 3.5.17 says that f, : Az — hy, is Zariski-locally surjective, so we

indeed have fiy = fy.

(i) = (i). Let f : X — Y be an open embedding in S; where Y is an
object in C. Then there is a (C, D’)—atlas of X in S, say (X,p). Let
(R.dg,d;) be a kernel pairof fep: X - YinC,letq: X - Y'be
an exact quotient of (R, dy, d 1) inS’,and let m : Y’ — Y be the unique
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morphism in S’ such that me g = f o p. By the same argument as before,
m:Y' — Y is an open embedding in S’. Since p : X - X is a member
of D', h, : Ay — hy is Zariski-locally surjective, so we have Ay = fiy/,

as desired. [ |

PROPOSITION. Let F be a presheaf on A°P. The following are equivalent:
(1) Thereis a (C, D’)—extent X in S’ such that hy = F.
(1) There is a (C, D')—extent X in S¢ such that fiy = F.

Proof. For ease of notation, we will identify S’ and S; with their respect-

ive essential images in PsH(.A°P).

(1) = (ii). Let X be a (C, D’ )—extent in S’. By definition, there is a
(C,D’)-atlas of X in S’, say (X, p), and by proposition 2.3.13, there is a
laminar effective epimorphism p: U — X in S’ suchthat pe p: U — X
is also a laminar effective epimorphism in S’. Let (R, dy, d; ) be a kernel
pairof pep : U — X in S’. Then the projections dy,d; : R - U
are laminar morphisms in S’, so by lemma 3.5.20, both R and U are
also objects in S;. Consider exact quotients of (R, dy,d;) in S;. By
lemma 2.2.14(c), (R, dy, d, ) is a tractable equivalence relation in S’, and
it follows that (R, dy, dl) is also a tractable equivalence relation in S;.
Thus, by lemma 3.5.17, any exact quotient of (R, dy, dl) in S is also an

exact quotient of (R, dy,d 1) in S’, and therefore X is in S, as desired.
(i1) = (1). The same argument (mutatis mutandis) works. [ |
REMARK. In other words, the essential images of Xt(C ,D’ ) C S’ and

Xt(C , D’ ) C S; in PsH(.AP) coincide. Thus, up to equivalence, there is

no ambiguity in the notation Xt(C ,D’ )

3.5.21 9 Itismore or less clear how to connect our definition of (C ,D' )—extent’

194

with the functor-of-points definition of ‘scheme’ found in e.g. Demazure
and Gabriel [1970], which is known to be equivalent to the definition of
‘scheme’ in terms of locally ringed spaces. We will take this for granted
and instead focus on making a more precise statement about the kind of

schemes that can be obtained as (C , D’ )—extents.
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3.5.21(a)

3.5.21(b)

3.5.22

[3]

DEFINITION. An A-atlas of a K-scheme X is a set @ with the following

properties:
* Every element of @ is an open subscheme of X.

* Forevery U € @, U is isomorphic to the affine K-scheme correspond-

ing to some object in .A.
* X =Upeo U-

DEeFINITION. A K-scheme X is of (A, k)-type if there is a set ® with the

following properties:
* @ is a k-small A-atlas.

* For every (Uy, U;) € ® x @, Uy N U, admits a k-small A-atlas.

THEOREM. Let M be the essential image in PSH(AP) of the metacat-

egory of K-schemes of (A, k)-type. Then M is also the essential image
of Xt(C,D').

Proof. Omitted. (Compare the proof of theorem 2.4.13.) O

ExAmPLE. Let A be the category of finitely presented K —algebras.[3 Mt is

straightforward to verify the following:

(i) A K-scheme admits an .4-atlas if and only if it is locally of finite

presentation.

(1) A K-scheme admits a finite .A-atlas if and only if it is locally of

finite presentation and quasicompact.
(ili)) A K-scheme is of (A, NO)—type if and only if it is of finite present-
ation, i.e. locally of finite presentation, quasicompact, and quasisepar-

ated.

In particular, if & = ¥, then Xt(C , D’) is equivalent to the metacategory

of K-schemes of finite presentation, by theorem 3.5.21.

More precisely, let A be the category of finitely presentable K-algebras whose under-
lying set is hereditarily A-small for some cardinal A such that the underlying set of K is
A-small.
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3-5-23

[4]
[5]

ExAmPLE. Let K be a field and let .A be the category defined as follows:

* The objects are pairs (m, I') where m is a natural number and [ is a

finite subset of the polynomial ring K [x] y e xm].

* The morphisms (m, ) — (n,J) are the K-algebra homomorphisms
K(x,....,x,| /) = K[x|,....x,] /(J), where (I) and (J) are the
ideals generated by I and J, respectively.

* Composition and identities are inherited.

Although A is not literally a subcategory of the metacategory of K-alge-
bras, there is an evident fully faithful functor which will suffice for our
purposes.

Let C; be the category of Tl—spaces[4] X such that the set of points of
X is hereditarily A-small, where 4 is an uncountable regular cardinal > k
such that the underlying set of K is hereditarily A-small. Given an object

(m,I)in A, let F(m, I') be the subspace of K™ defined as follows,
F(m,I)= {(xl, ,xm) e K" |V(p € I.(p(xl, ,xm) = 0}

where K™ is equipped with the classical Zariski topology.[5 ) This defines
a functor F : A - C,.

Let D, be the class of local homeomorphisms of topological spaces
in C;, and let J; be the usual coverage on C,;. It can be shown that F :
AP — C, preserves finitary coproducts, so by theorem 1.5.20, we have
an induced functor F : C — C; that preserves x-ary coproducts. It can
also be shown that F : C — C; sends members of D’ to local homeo-
morphisms of topological spaces and sends pullbacks of members of D’ to
pullbacks of local homeomorphisms of topological spaces. Furthermore,
F : C - C; sends J'-covering morphisms in C to surjective continuous
maps. Hence, by lemmas 2.4.2(c) and 2.4.2(e), we have a k-ary admiss-
ible functor F : (C,D’,)') = (C,,Dy,J;). Since (C;, Dy, J;) is effect-
ive, by theorem 2.5.7, we have an induced functor F : Xt(C,D’) — C,
extending F : C — C;.

— i.e. topological spaces in which every point is closed.
— i.e. the topology in which every F(m, I) is a closed subset of K™.
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We may think of the above as a functorial way of assigning a T;-space
of K-rational points to every K-scheme locally of finite type that respects
the geometry of schemes. In the case where K is an algebraically closed
field, this can be identified with the subspace of closed points of the usual

underlying topological space of a scheme.
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APPENDIX A

Generalities

A.1 Presheaves

SyNopsis. We set up notation and terminology for working with pre-

sheaves.
A.L.I X Throughout this section, C is an arbitrary category.

A.1.2 DEFINITION. A presheaf on C is a contravariant functor from C to SET.

More concretely, a presheaf A on C consists of the following data:
* For each object X in C, a set A(X).

* For each morphism f : X — Y in C, amap A(Y) - A(X) sending
eachae A(Y)toa- f € A(X).

Moreover, these data are required to satisfy the following condition:
* For every object X in C and every a € A(X), we have a - idy = a.
* For every composable pair f : X - Y and g : Y — Z in C and every

a€ A(Z),wehave (a-g)- f=a-(ge f).

A.1.2(a) ExaMpPLE. For each set K, we have the constant presheaf AK defined

as follows:
* For each object X in C, AK(X) = K.
* For each morphism f : X - Y inCandeach k € AK(Y), k- f = k.

For simplicity, we write @ instead of A@ and 1 instead of Al.
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A.1.2(b)

A.L3

A.1.4

A.T.4(a)

A.1.4(b)

[1]

200

ExaMpLE. For each object S in C, we have a presheaf fig defined as

follows:
* For each object X in C, Ag(X) = C(X, S).

* For each morphism f : X - YinCandeachg € fig¢(Y),g-f =gof.

DEFINITION. A morphism of presheaves is a natural transformation of
contravariant functors. More concretely, given presheaves A and B on C,

a morphism & : A — B consists of the following data:
* For each object X in C, amap h : A(X) = B(X).
Moreover, these data are required to satisfy the following condition:

* For all morphisms f : X — Y in C and all a € A(Y), we have
h(a- f)=h(a)- f.

We write PSH(C) for the metacategory of presheaves on C.

ExAmPLE. Let X be an object in C and let a € A(X). There is a unique
morphism &, : Ay — A such that £,(idy) = a, namely the one defined
by £,(x) = a - x for each morphism x : T" — X in C. In fact, every
morphism Ay — A is of this form for some a € A(X): this is the Yoneda

lemma.

 Let A be a presheaf on C.

DEFINITION. An element of A is a pair (X, a) where X is an object in C

and a € A(X).

DEFINITION. The category of elements of A is the category EI(A) defined

as follows:
* The objects are the elements of A.

* The morphisms (X,a’) — (Y,a) are morphisms f : X - Y inC
such thata - f = a'.l"!

* Composition and identities are inherited from C.

Strictly speaking, this is an abuse of notation, as hom-sets are supposed to be disjoint.
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A.L5

A.1.5(a)

The canonical projection P : El(A) — C is the functor sending each
object (X, a) in EI(A) to X in C and each morphism f : (X,d') = (Y, a)
mEI(A)to f: X > Y inC.

The tautological cocone A : fip = AA is defined at the object (X, a)

in EI(A) to be the unique morphism A, — A sending idy to a.
EXAMPLE. Let S be an object in C. The slice category C s is El(ﬁS).

PROPOSITION. Let A be a presheaf on C, let P : EX(A) — C be the canon-
ical projection, and let A : hp = AA be the tautological cocone. Then A

is a colimiting cocone in PSH(C).

Proof. See e.g. Theorem 1 in [CWM, Ch. III, §7] or Proposition 1 in
[ML-M, Ch. 1, §5]. O

DEFINITION. Let A be a presheaf on C. A subpresheaf of A is a presheaf

A’ on C that satisfies the following conditions:
* For each object X in C, A’ (X) C A(X).

e For each morphism f : X — Y in C, the following diagram com-

mutes:
A (Y) —— A®Y)

(—)-fl l(—)-f

A'(X) —— A(X)
i.e. foreacha e A(Y),ifae A'(Y), thena- f € A’ (X).

We write A’ C A for ‘A’ is a subpresheaf of A’.

REMARK. The set of subpresheaves of any given presheaf, partially ordered
by componentwise inclusion, is a complete lattice with meet (resp. join)

given by componentwise intersection (resp. union).

EXAMPLE. Let hy : Ay — B and h; : A; — B be morphisms in PSH(C).
The pullback of hy and h is the subpresheaf Pb(hg, h;) € Ay X A,

defined as follows:

Pb(ho, h )(T) = {(ag,a,) € Af(T) X A((T) | hy(ay) = hy(a;)}
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A.1.5(b)

A.1.5(c)

A.I.6

Recognition
principles for
representations

of presheaves

A7

202

EXAMPLE. Let h, h; : A — B be a parallel pair of morphisms in PSH(C).
The equaliser of /, and A, is the subpresheaf Eq(hg, h;) C A defined as

follows:

Eq(hg, b )(T) = {a € A(T) | hy(a) = h\(a)}

ExAMPLE. Let h : A — B be a morphism in PSH(C). The kernel relation
of A is the presheaf Kr(/) defined as follows:

Kr(h) = Pb(h, h)
DEFINITION. Let A be a presheaf on C. A representation of A is an

object (X, a) in El(A) that satisfies the following conditions:

« For every object (X', a’) in EI(A), there is a morphism x : X' — X

in C such thata-x =a’.

* Given a parallel pair x, x; : X' — X of morphisms in C, if a - x5 =

a- xy, then x5 = x,.

A representable presheaf is a presheaf that admits a representation.

ExampLE. For each object .S in C, the presheaf Ag is tautologically repre-

sentable.

LEMMA. Let A be a presheaf on C, let X be an object in C, and let a be

an element of A(X). The following are equivalent:
(1) (X, a) is a representation for A.
(i1) (X, a) is a terminal object in E1(A).

(iii) We have an isomorphism hy — A in PSH(C) given by x — a - x.
Proof. Straightforward. ¢

DEFINITION. Let A be a presheaf on C. A familial representation of A

is a subset @ C ob El(A) that satisfies the following conditions:

« For every object (X', a’) in EI(A), there is a unique element (X, a) of
® such that there is a morphism (X’, a’) — (X, a) in El(A).



A.1. Presheaves

A.1.8
A.1.8(a)
A.1.8(b)
A.1.8(c)

(2]

* For each (X, a) € ®, given a parallel pair x;, x; : X' — X of morph-

ismsinC,ifa-xy =a- xy, then xy = x.

A familially representable presheaf is a presheaf that admits a familial

representation.

LEMMA. Let A be a presheaf on C. The following are equivalent:
(1) A is a familially representable presheaf on C.

(11) A is a disjoint union of a family of representable presheaves on C.
Proof. Straightforward. ¢

€ Let C be a category.
DEFINITION. A family X of objects in C is amap X :idx X — obC.

DEFINITION. Let X and Y be families of objects in C. A matrix of
morphisms X — Y in C is a family f (of morphisms in C) that satis-

fies the following axioms:
e idx f C (idx Y) X (idx X).
* Foreachi € idx X, there is aunique j € idx Y such that (j,7) € idx f.

» For each (j,i) € idx f, f(j, i) is a morphism X (i) — Y (j) in C.

DEerFINITION. The metacategory of families of objects in C is the meta-

category FAM(C) defined as follows:
* The objects are the families of objects in C.
« The morphisms X — Y are matrices of morphisms X — Y in C.l!

* Composition is defined like matrix multiplication, and identities are

given by the evident matrices.

REMARK. The evident projection idx : FAM(C) — SET is a split Grothen-

dieck fibration.

Strictly speaking, this is an abuse of notation: hom-sets are supposed to be disjoint.
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Properties of PROPOSITION.
the metacat- (1) There is a unique functor y : C — FAM(C) with the following
egory of families Droperties:
» Foreach object X in C, we have idx y(X) = {x} and y(X)(x) = X.
» For each morphism f : X — Y in C, we have y(f)(x,%) = f.
(i) Moreover, y : C — FAM(C) is fully faithful.
(iii) There is a unique functor L : FAM(C) — PsH(C) with the following
properties:
* For each object X in FAM(C), we have UX = [T, ci4x x fixqy
» For each morphism f : X — Y in FAM(C), if (j,i) € idXx f, then

the diagram in PSH(C) shown below commutes,

iy — UX

ﬁf(j,i)l l”f

ﬁy(j) — 1Y

where the horizontal arrows are the evident coproduct injections.

(iv) Moreover, L1 : FAM(C) — PsH(C) is fully faithful and essentially
surjective onto the full submetacategory spanned by the familially repre-

sentable presheaves on C.

(v) Furthermore, 1 : FAM(C) — PsH(C) is isomorphic to the Yoneda

representation induced by y : C — FAM(C).
Proof. Straightforward. (For (iv), use lemma A.1.7.) ‘

A.1.9 DErFINITION. A discrete fibration or discrete cartesian fibration is a

functor P : £ — C with the following property:

* For each object E in £ and each morphism f : X — P(E) in C, there
exist a unique object f*E and a unique morphism f : f*E — E such
that P(f*E) = X and P(f) = f.

Dually, a discrete opfibration or discrete cocartesian fibration is a

functor P ;: & — C such that P°P : £°P — C°P is a discrete fibration.
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Recognition LEMMA. Let P : & — C be a functor. The following are equivalent:
principle for

(1) P : & — Cis adiscrete fibration.
discrete fibrations

(ii) The diagram below is a pullback square in SET:

d
mor & 2 ob &

mor Pl lob P

morC —— ob(C
codom
Proof. Immediate. ¢

A.L.10 9 Every morphism 2 : A — B in PSH(C) induces an evident functor

Functoriality  El(h) : EI(A) — EI(B) making the diagram below commute,

of the category El(A) El(h) EI(B)
——

2 [

C:C

where the vertical arrows are the respective canonical projections. Thus,

of elements

we have a functor El : PsH(C) — CAT /c- Moreover:

The equivalence PROPOSITION.
of presheaves and (i) El : PsH(C) — CAT ¢ is fully faithful, and the essential image is

discrete fibrations the full subcategory spanned by the discrete fibrations with codomain

C.

(i) El : PsH(C) —» CAT /c admits a left adjoint, namely the evident
functor |—| : CAT ;¢ — PSH(C) sending each object (€, P) in CAT ;¢
to the presheaf defined as follows:

e For each object X in C, |(E, P)|(X) is the set of connected com-
ponents of the comma category (X | P).

» For each morphism f : X — Y in C and each object (E, g) in
Y IlP)[(E, 2] f=IFE,gef)], where [—] denotes the connec-
ted component.

(iii) El : PsH(C) — CAT /¢ admits a right adjoint, namely the evident
functor T : CAT /e PsH(C) sending each object (€, P) in CAT Jc o
the presheaf defined as follows:

» For each object X in C, I'(&€, P)(X) is the set of functors C/X - &

making the evident triangle commute.
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A.X.X1(a)

A.1.11(b)

A.X.12(a)
The sieve gener-
ated by a set

of objects

A.1.12(b)

A.1.12(c)

206

» For each morphism f : X — Y in C, the action of f is precompos-
ition (in CAT) by the functor C,x — Cy given by postcomposition
(in C).

Proof. Straightforward. ¢

DEFINITION. A sieve of C is a full subcategory C’ such that the inclusion

C’ < Cis a discrete fibration.

DEFINITION. A sieve on an object .S in C is a sieve of the slice category

Cs.

REMARK. Explicitly, a sieve of a category C is a full subcategory C’ such
that, for every morphism f : X — Y in C, if Y is in C’, then X is also
in C’. Thus, a sieve of C is essentially the same thing as a subpresheaf of
the terminal presheaf 1.

Similarly, a sieve on an object .S is essentially the same thing as a

subpresheaf of the representable presheaf f.

DEeFINITION. The sieve [(®) C C generated by a subset ® C obC is

defined as follows:

» Foreveryobject T in C, T is in | (®) if and only if there is some morph-
ismx:T — X inC with X € ®.

DEFINITION. A generating set of elements of a presheaf A on C is a
subset @ C ob EI(A) such that | (®) = El(A).

DEFINITION. Let k be aregular cardinal. A presheaf A on C is k-generable

if it admits a x-small generating set of elements.

ExampLE. The principal sieve generated by a morphism f : X — Y in
C is the sieve | (f) on Y where (T, y)isin [(f)ifandonlyify: T — Y
factors through f : X — Y. By construction, {(X, f)} is a generating

set of elements of the presheaf on C corresponding to [(f).
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A.L.I3

A.I.I4

A.LI5

A.1.15(a)

[3]

DEFINITION. Let F : C — D be a functor and let V be a sieve of D. The

pullback sieve F*V is the sieve of C defined as follows:

* For every object X in C, X isin F*V if and only if FX isin V.

ExampLE. Let f : X — Y be a morphism in C. There is an evident
functor DIF C/X - C/Y defined on objects by (T, x) — (T, f o x). For
simplicity, we write f*V instead of (Z f)*V in this case.

q Let @ be a set of objects in C. Define a category A as follows:
* The objects are finite lists of elements of @ of length > 1.

* The morphisms (X, ..., X,,) = (Y. ..., Y,) are the monotone maps

>*n

a@:{0,...,m} - {0,...,n} such that ¥,;, = X; fori € {0, ...,m}.°
» Composition and identities are inherited from SET.

Let U be the sieve of C generated by ®. Assuming that the relevant
products exist in V", let P : (Ag)°" — U be the functor that sends each
object (XO, Xm) in Ag to the product X X --- X X, in U" and each
morphism « : (X, ..., X,) = (¥, ....Y,) in Ag to the corresponding

projection a* : Yy X --- XY, = XX -+ X X, in U".

LEMMA. The functor P : (Aq,) P — U is homotopy cofinal.

Proof. Let U be an object in U°. We must verify that the comma category
(U | P)is weakly contractible. Itis clear that (U | P)is inhabited. More-
over, (U | P) is isomorphic to the opposite of the category of simplices
of a o-coskeletal simplicial set; but any inhabited o-coskeletal simplicial

set is a contractible Kan complex, so we are done. [ |

q Let A be a presheaf on C.

DEFINITION. An equivalence relation on A is a subpresheaf RC A X A
such that, for every object X in C, R(X) is an equivalence relation on
A(X).

Strictly speaking, this is an abuse of notation, as hom-sets are supposed to be disjoint.
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A.1.15(b)

DEerINITION. The quotient of A by an equivalence relation R is the pre-
sheaf A / R defined as follows,
(A/R)(X)= AX)/R(X)
A-f={a-flac A}
where X is an arbitrary objectin C, f : Xy — X is an arbitrary morphism
in C, and A’ is an R(X,)-equivalence class in A(X).

REMARK. A / R is indeed a well-defined presheaf on C, because R is a

subpresheaf of A X A.
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A.2

A.2.1

A.2.2

The sheaf condi-

Coverages

Synopsis. We define some terminology related to coverages, a variation

on the notion of Grothendieck topology, and we record some basic results.
PREREQUISITES. §1.1, A.I.
»* Throughout this section, C is an arbitrary category.

€ Let A be a presheaf on C, let X be an object in C, and let U" be a sieve
on X.

DEeFINITION. The separation condition (resp. sheaf condition) on A

with respect to U is the following:

* For every commutative square in CAT of the form below,

U — El(A)

L

C)x —— C

where EI(A) — C and C,x — C are the projections, there is at most
one (resp. exactly one) functor C Ix El(A) making both evident

triangles commute.

EXAMPLE. A always satisfies the sheaf condition with respect to the max-

imal sieve on X.

LEMMA. Let S be the subpresheaf of hy corresponding to U" C C /x- The

tionasright  following are equivalent:

orthogonality

(1) A satisfies the separation condition (resp. sheaf condition) with
respect to U'.
(i1) The map
Hompgy ey (fix, A) = Hompgy) (S, A)
induced by the inclusion S < hy is injective (resp. bijective).
Proof. Apply proposition A.1.10. [ |
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of separation

conditions

q Let A be a presheaf on C, let X be an object in C, let U" and U"" be

sieves on X, and let .S and S’ be the corresponding subpresheaves of £y .

LEMMA. Assume the following hypotheses:
* A satisfies the separation condition with respect to U'.

» Forevery object (U, x) in U, A satisfies the separation condition with

respect to x*U"".

Then A satisfies the separation condition with respect to U as well.

Proof. Let 5,5, : iy — A be morphisms in PSH(C) such that the dia-

gram below commutes:

S' —— hy

LD

We must show that 5, = 3.
Let (U, x) be an object in U". By definition, we have the following

commutative diagram:

X*S/ —> ﬁU

N,

S —— hy

N

Since A satisfies the separation condition with respect to x*U"’, we deduce

that 5y o 4, = 3, ° .. Hence, the diagram below commutes:

S —— hy

LD

But A also satisfies the separation condition with respect to V", so §p = §y,

as required. [ ]
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A.2.3(b)
Upward-
closedness
of separation

conditions

2.3(¢c)
Local char-
acter of sheaf

conditions

COROLLARY. Assume the following hypotheses:
U CU.
* A satisfies the separation condition with respect to U".

Then A also satisfies the separation condition with respect to U’

Proof. If (U, x) is an object in 1/, then x*U"’ is the maximal sieve on U.

Thus, the claim is a special case of lemma A.2.3(a). [ |

LEMMA. Assume the following hypotheses:
* A satisfies the sheaf condition with respect to U".
» Foreveryobject(U,x)in U, A satisfies the sheaf condition with respect
to x*U"".
e Foreveryobject (U, x)inU"’, A satisfies the separation condition with
respect to x*U'.

Then A satisfies the sheaf condition with respect to U"' as well.

Proof. Lets’ : S — A be amorphism in PsH(C). By lemma A.2.3(a), A
satisfies the separation condition with respect to U”’, so any extension of
s” along the inclusion S’ & £y is unique if it exists; but it remains to be
shown that such an extension exists. First, we will construct a morphism
s : S = A such that the restriction to S N S’ agrees with the restriction
of s' : 8" - A.

Let (U, x) be an objectin U". Since A satisfies the sheaf condition with
respect to x* V"', there is a unique morphism sy,  : fiy = A making the

following diagram commute:

x*S' S —== A
[ r _--
_-" Swux
/// \1’
fy = iy
X

Letu : V — U be a morphism in C. Then the diagram below commutes,

*Sl

[ﬁxi%

hy, —> by
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A.2.4

and since A satisfies the separation condition with respect to u*x* V"', it
follows that sy 4y f, = (1 x)- Thus, we have a well-defined morphism
s 8 — A given by s(x) = s(U’x)(idU) for each object (U, x) of U".
Now, since A satisfies the sheaf condition with respect to U’ there is
a (unique) morphism 5 : Ay — A that extends s : § — A. It remains to
be shown that § : iy — Aextends s’ : S’ — A. Let (U, x) be an object
in U”'. Clearly, the restriction of 5 to S N.S’ agrees with the restriction of

s’, so the following diagram commutes,

x*S S = 5 A

[ A

ﬁUT)ﬁX

and since A satisfies the separation condition with respect to x* 1/, it fol-

lows that 5(x) = s’(x). Thus, 5 is indeed an extension of s’. ]

COROLLARY. Assume the following hypotheses:
U CU.
* A satisfies the sheaf condition with respect to U".

e Foreveryobject (U, x)inU"', A satisfies the separation condition with

respect to x*U'.

Then A also satisfies the sheaf condition with respect to U”'.

Proof. If (U, x) is an object in U/, then x*U"’ is the maximal sieve on U.

Thus, the claim is a special case of lemma A.2.3(c). [ |

€ Let B be a set of morphisms in C and let X be an object in C.

DEFINITION. A B-sink on X is a subset @ of ob C,x with the following
property:
* Forevery (U,x) € ®,x: U — X is a member of B.

A sink on X is a (mor C)-sink on X.
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Refinement LEMMA. Let ® and @' be sinks on an object X in C. The following are

of sinks  egyivalent:
(i) L(@') C L(D).
(ii) For every (U,x) € @, there is a commutative square in C of the

Jorm below,

Vv —— U’
Lol
where (U’,x’) e Q.
Proof. Straightforward. ¢

A.2.5 9 Let X be an objectin C.

A.2.5(a) DEFINITION. A sieve U" on X is strict-epimorphic if it has the following
property:
* For every object Y in C, the representable presheaf £, satisfies the

sheaf condition with respect to U".

A.2.5(b) DEFINITION. A sieve U” on X is universally strict-epimorphic if it has
the following property:
* For every object (T',x) in C e the pullback sieve x*U" is a strict-

epimorphic sieve on T'.

A.2.5(c) DEFINITION. A sink @ on X is strict-epimorphic (resp. universally
strict-epimorphic) if the sieve |(®) is strict-epimorphic (resp. univer-

sally strict-epimorphic).

A.2.6 9 Let Abeapresheaf on C, let X be an objectin C, let ® be a sink on X,
and let I'(®, A) be the subset of H(T,x)e<1> A(T) consisting of the elements
(a(T,x) | (T,x) e d)) with the following property:
* For every commutative square in C of the form below,

UL)Tl

tol [
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A.2.7(a)

A.2.7(b)

A.2.7(c)

A.2.7(d)

if both (TO, xo) and (Tl,xl) are in @, then A(Tyxp) " 10 = A(Tyxy) " 11

Clearly, we have the following map:

O* . A(X) - I'(®, A)
ar (a-x|(T,x) € D)

LEMMA. The following are equivalent:

(1) A satisfies the separation condition (resp. sheaf condition) with

respect to the sieve |(®) on X generated by ®.
(ii)) The map ®* : A(X) — I'(®, A) is injective (resp. bijective).

Proof. Straightforward. (Compare lemma A.2.2.) ¢

DEFINITION. A tree on an object X in C is a set @ with the following

properties:

* The elements of ® are finite sequences ( fiseees fm) of morphisms in

C such that m > 0 and dom f; = codom f;,; for0 <i < m.
* The empty sequence is in D.
« If (f1s.oos fops frug1) € @, then (f1,..., f,) € P.
« If (f1,.... f,y) € P (and m > 0), then codom f| = X.

DEFINITION. A leaf of a tree @ on an object X in C is (fl, ,fm) e o
with the following property:

* Forevery (g,....8,) €®,ifm<nand (f1..... ) = (&5 &m)
then m = n.
DEFINITION. A tree © on an object X in C is proper if it satisfies the
following condition:
* Every element of @ is a prefix of some leaf of ®.

DEFINITION. The composite of a tree @ on an object X in C is the sink

®° on X defined as follows:

@° = {(dom f,,, f1 o fu) | (f1.-... fn) is aleaf of @}
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A.2.8

A.2.8(a)

A.2.8(b)

A.2.8(c)

A.2.8(d)

A.2.8(e)

/\.2.8(f)

REMARK. In particular, if ® contains only the empty sequence, then ®° =

{(X.idy)}.

€ Following [Johnstone, 2002, § C2.1], it is convenient to introduce the

following variation on the notion of Grothendieck topology.

DEFINITION. A coverage on C consists of the following data:
* For each object X in C, a set J(X) of sinks on X.

These data are required to satisfy the following conditions:
* For every object X in C, { (X idx)} is a member of J(X).

* For every morphism f : X — Y in C, if ¥ € J(Y), then there is
® € J(X) such that [(®) C f* [(P).

DEFINITION. A coverage J on C is upward-closed if it has the following
property:
* For every object X in C, given subsets ® and @’ of ob C /x such that
L(@') € U(®),if @' € J(X), then ® € J(X) as well.

DEFINITION. A coverage J on C is composition-closed if it has the fol-
lowing property:
* For every object X in C, given ® € J(X) and lP(U,x) € J(U) for each
(U, x) € ®, we have:

{(V.xow)|(U,x) € ®,(V,u) € ¥y} €IX)

DEFINITION. A coverage is saturated if it is both upward-closed and

composition-closed.

ExampLE. The trivial coverage on C is the coverage J where J(X) =
{{(X.idx)}}. This coverage is composition-closed, but it is not upward-

closed in general.

ExampLE. The chaotic coverage on C is the coverage J where a sink is
in J(X) if and only if it contains some (U, x) where x : U — X is a split

epimorphism in C. This coverage is saturated.
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A.2.9 X For the remainder of this section, J is an arbitrary coverage on C.

A.2.10 DEFINITION. A J-tree on an object X in C is a tree @ on X with the

following properties:
* @ is a proper tree on X.
* The set
{(U,x)€eobC/x|(x) € D}
is either empty or a member of J(X).

* Forevery (fy,..., f,) € ® (where m > 0), the set

{(V,u) EObC/domfm ‘ (fl,...,fm,u) = q)}

is either empty or a member of J (dom fm).

Recognition LEMMA. The following are equivalent:

principle for

. (1) Jis a composition-closed coverage on C.
composition-

closed coverages (ii) For every object X in C, the composite of every J-tree on X is a

member of J(X).
Proof. Straightforward. ¢

The composition- PROPOSITION. For each object X in C, let J(X) be the set of all sinks

closure of o5 X of the form ®° for some J-tree ® on X. Then J is the smallest

a coverage .. .
£ composition-closed coverage on C that contains J.

Proof. Straightforward. ¢

A.2.11(a) DEFINITION. The canonical coverage on C is the coverage J on C where

J(X) is the set of universally strict-epimorphic sinks on X.

A.2.11(b) DEFINITION. A subcanonical coverage on C is a coverage J on C such

that every element of J(X) is a universally strict-epimorphic sink on X.
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Recognition prin-
ciple for subca-
nonical upward-

closed coverages

A.2.12

A.2.13

REMARK. It is clear that the canonical coverage is indeed a coverage,
and (by definition) it is the largest subcanonical coverage. Moreover, by
lemma A.2.3(c) (and corollary A.2.3(d)), the canonical coverage is a sat-

urated coverage.

LEMMA. Let J be an upward-closed coverage on C. The following are

equivalent:
(1) J is a subcanonical coverage on C.

(i) Foreveryobject X in C, every element of J(X) is a strict-epimorphic

sink on X.
Proof. Straightforward. ¢

€ Let B be a presheaf on C.

DEFINITION. A subpresheaf A C B on C is J-closed if it has the following
property:
* For every element (X, b) of B and every ® € J(X),ifb-x € A(U) for
every (U, x) € @, then b € A(X).

ExaMPLE. Of course, B itself is a J-closed subpresheaf of B.

REMARK. The class of J-closed subpresheaves of B is closed under arbit-

rary intersections.

q Leth: A — B be a morphism of presheaves on C and let B’ be the
subpresheaf of B defined as follows:

* Forevery element (X, b) of B, b € B'(X) if and only if there is a J-tree
® on X such that, for every (T, x) € ®°, there is a € A(T') such that
h(a)=b- x.

DEeFINITION. The J-closed support of 4 : A — B is the subpresheaf
B’ C B defined above.
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PROPOSITION.

(i) B’ as defined above is indeed a subpresheaf of B.

(ii) B’ is the smallest J-closed subpresheaf of B containing the image

ofh: A— B.
Proof. Straightforward. (For (i), use proposition A.2.10.) ¢
DEFINITION. A morphism A : A — B in PsH(C) is J-locally surjective if

the J-closed support of 4 : A — B is B itself.

PROPOSITION.

(1) Every epimorphism in PSH(C) is J-locally surjective.

(i1) The class of J-locally surjective morphisms of presheaves on C is a
class of fibrations in PsH(C).

(iii) The class of J-locally surjective morphisms of presheaves on C is
closed under (possibly infinitary) coproduct in PSH(C).

(iv) Given morphisms h : A - B and k : B — C in PSH(C), if the
composite k e h : A — C is J-locally surjective, then k : B — C is
also J-locally surjective.

Proof. Straightforward. ¢
DEFINITION. A subpresheaf of a presheaf on C is J-dense if the inclusion

is J-locally surjective.

DEFINITION. A sieve on an object X in C is J-covering if the correspond-
ing subpresheaf of Ay is J-dense.
We write CSv,(X) for the set of J-covering sieves on X, partially

ordered by inclusion.

DEFINITION. A sink @ on an object X in C is J-covering if the sieve | (D)

is J-covering.

DEFINITION. A morphism x : U — X in C is J-covering if the principal

sieve }(x) is J-covering.
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Properties of

covering sinks

A.2.16

Local gener-
ating sets of
locally gener-

able presheaves

A.2.17

EXAMPLE. Assuming J is the trivial coverage on C, a sink on X is J-
covering if and only if it contains some (U, x) where x : U — X is a split

epimorphism in C.

PROPOSITION. For each object X in C, let J(X) be the set of J-covering

sinks on X. Then J is the smallest saturated coverage on C containing J.
Proof. Apply proposition A.2.14. [ |

q Let A be a presheaf on C.

DEFINITION. A J-local generating set of elements of A is a set @ of

elements of A with the following property:

* For every J-closed subpresheaf A" C A, if ® is contained in the set of

elements of A’, then A’ = A.

ExampLE. Clearly, the set of elements of A itself is a J-local generating

set of elements.

LEMMA. Let k be a regular cardinal and assume the following hypotheses:

» Forevery object X in C, every J-covering sink on X contains a k-small

J-covering sink.
* A admits a k-small J-local generating set of elements.

Then, for every J-local generating set @ of elements of A, there is a k-
small subset ®' C ® such that ®' is also a J-local generating set of

elements of A.

Proof. Let ® be a k-small J-local generating set of elements. For each
(X, a) € O, there is a k-small subset CDEX 0 C ® such that (X, a) is con-

tained in every J-closed subpresheaf of A containing ® (’ X.a)" Thus, taking
@ = Ux.aeo QDE x.q) We obtain the desired x-small J-local generating

set of elements of A. [ |

DEFINITION. A morphism A : A — B in PsH(C) is J-locally injective if

the relative diagonal Aj, : A — Kr(h) is J-locally surjective.
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PROPOSITION.
(1) Every monomorphism in PSH(C) is J-locally injective.

(i1) The class of J-locally injective morphisms of presheaves on C is a
class of separated fibrations in PSH(C).

(iii) Given morphisms h : A — Band k : B — C in PsH(C), if the
composite ko h : A — C is J-locally injective, then h : A — B is also
J-locally injective.

Proof. (1) and (ii). Apply proposition 1.1.7 to proposition A.2.14.

(iii). By hypothesis, the relative diagonal A,,, : A — Kr(ke h) is J-
locally surjective; but Kr(h) C Kr(k  h), so by lemma 1.1.3, the relative
diagonal Aj, : A — Kr(h) is also J-locally surjective. [ ]

DEFINITION. A morphism in PsH(C) is J-locally bijective if it is both
J-locally injective and J-locally surjective.
LEMMA. Let h: A — B and k : B — C be morphisms in PSH(C).
(1) If h : A - B is J-locally surjective and k e h : A — C is J-locally
injective, then k : B — C is also J-locally injective.
(1) If k : B — C is J-locally injective and k e h : A — C is J-locally
surjective, then h : A — B is also J-locally surjective.

Proof. (i). We have the following commutative square in PsH(C),

Afop
A —= Kr(koh)

I

B ——— Kr(k)
Ak

and by proposition A.2.14, Kr(k « h) — Kr(k) is J-locally surjective. But
A+ A = Kr(k o h) is also J-locally surjective, so it follows that A :
B — Kir(k) is J-locally surjective, as required.

(i1). We have the following pullback square in PsH(C),

Pb(k o h, k) —— B

| |

A —>
koh
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and since k e h : A — C is J-locally surjective, g : Pb(keh,k) - B
is also J-locally surjective. On the other hand, by the pullback pasting

lemma, we also have a pullback square in PSH(C) of the form below,

A—" B

<idA’h>l lAk

Pb(k e h, k) —— Kr(k)

and since k : B — C is J-locally injective, (id4,h) : A — Pb(k o h, k)
is J-locally surjective. But h o pe (id4,h) = h = q» (id4, h), and the
latter is the composite of two J-locally surjective morphisms in PSH(C),

so h: A — Bis also J-locally surjective. [ |

Properties of PROPOSITION.

locally bijective (1) Every isomorphism in PSH(C) is J-locally bijective.
morphisms of

presheaves (1) The class of J-locally bijective morphisms in PSH(C) has the 2-

out-of-6 property.
Proof. Apply propositions A.2.14 and A.2.17 and lemma A.2.18. [ |

A.2.19 DEFINITION. A J-weak pullback diagram in PsH(C) is a commutative

diagram in PSH(C) of the form below,

LD

where the induced morphism P — Pb(ho, hl) is J-locally surjective.

Weak pullback LEMMA. Consider a commutative diagram in PSH(C) of the form below:

pasting lemma

A" A’ A
B” B’ B

(1) If both squares are J-weak pullback diagrams in PSH(C), then the

outer rectangle is also a J-weak pullback diagram in PSH(C).
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(i1) If the right square is a pullback diagram in PSH(C) and the outer
rectangle is a J-weak pullback diagram in PSH(C), then the left square

is also a J-weak pullback diagram in PSH(C).

Proof. Straightforward. (Use proposition A.2.14 and the ordinary pull-

back pasting lemma.) ¢
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A3

A.3.1

A.3.2

Recognition prin-
ciple for separ-

ated presheaves

A.3.3

Quotients by
closed equival-

ence relations

Sheaves

Synopsis. We recall some of the basic theory of sheaves on a site.
PREREQUISITES. §1.1, A.1, A.2.
»* Throughout this section, C is a category and J is a coverage on C.

DEFINITION. A presheaf A on C is J-separated if it has the following
property:
* For every object X in C and every ® € J(X), A satisfies the separation

condition with respect to the sieve |(®) on X.

LEMMA. Let A be a presheaf on C. The following are equivalent:
(1) A is a J-separated presheaf on C.

(i1) The image of the diagonal A, : A — A X A is a J-closed subpre-
sheaf of A X A.

Proof. Inview of lemma A.2.2, this is a special case of lemma 1.1.16. |l

€ Let A be a presheaf on C, let R be an equivalence relation on A, and

let A / R be the quotient presheaf.

LEMMA. The following are equivalent:
(1) Ris aJ-closed subpresheaf of A X A.
(i) A / R is a J-separated presheaf on C.

Proof. (i) = (ii). Let X be an object in C, let Gy, a; : Ay — A/R be
morphisms in PSH(C), andletg: A — A / R be the quotient morphism.
Sinceg: A — A/R is an epimorphism, we may choose ag, a; : iy = A
such that @, = g ¢ ay and a; = q - a;. (Here, we are using the Yoneda
lemma.) Suppose U" is a member of J(X) such that we have a commut-

ative square in PSH(C) of the form below,
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where S~ is the subpresheaf of £y corresponding to U°. We then have

the following commutative diagram in PsH(C),

Sy ——-» Kr(q9) ——— A/R

| [ [2

fiy — AXA —— (A/R)x(A/R)

where the dashed arrow exists because the right half is a pullback square.
By construction, Kr(g) is R, and R is J-closed in A X A, so we must have

ay = a;. Hence, a, = a;, as required.

(i) = (i). This is a consequence of lemma A.3.2 and the fact that the

preimage of a J-closed subpresheaf is also a J-closed subpresheaf. [ |

REMARK. In particular, every J-closed equivalence relation on A is of the
form Kr(h) for some epimorphism 4 : A — B in PSH(C) where B is a

J-separated presheaf on C.

LEMMA. Let A be a presheaf on C, let R be a subpresheaf of A X A, and
let R be the smallest J-closed subpresheaf of A X A such that R C R.

(i) If R is a reflexive relation on A, then R is also a reflexive relation

on A.

(ii) If R is a symmetric relation on A, then R is also a symmetric rela-

tion on A.

(iii) If R is a transitive relation on A, then R is also a transitive relation

on A.

Proof. (i) and (ii). Straightforward.
(iii). Let R X4 R and R X 4 R be the subpresheaves of A X A X A defined

as follows:

RX,R=(RXA)N(AXR)
Rx4R=(RxA)n(AXR)
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A.3.5

A.3.6

Locally injective
morphisms of
presheaves

with separ-

ated codomain

Clearly, R X, R C R x4 R; moreover, by proposition A.2.14, R X4 R is
a J-dense subpresheaf of R X, R. Letd; : RX, R — A X A be defined

as follows:
dl (ao, a, az) = (ao, a2)

We then have a commutative diagram in PSH(C) of the form below:

Rx,R— R

[ [

1

Since R X, R is J-dense in R X, R and R is J-closed in A X A, d, :
R X, R —» A X A factors through the inclusion R < A X A. Thus, R is

indeed a transitive relation on A. [ |

DEFINITION. A J-sheaf on C is a presheaf A on C with the following
property:
* For every object X in C and every ® € J(X), A satisfies the sheaf

condition with respect to the sieve |(®) on X.

We write SH(C, J) for the full subcategory of PSH(C) spanned by the

J-sheaves.

LEMMA. Let A be a presheaf on C. The following are equivalent:
(i) AisaJ-sheafonC.

(i1) A satisfies the sheaf condition with respect to every J-covering sieve

on X.

Proof. (i) = (ii). Apply lemma A.2.3(c) and corollary a.2.3(b).
(i1) = (i). Immediate. [ ]
LEMMA. Let h : A — B be a morphism in PSH(C). Assuming B is J-
separated, the following are equivalent:

(i) h: A — B is a monomorphism in PSH(C).

(1) h: A — BisaJ-locally injective morphism in PSH(C).
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morphisms

Proof. (i) = (ii). See proposition A.2.17.

(i1) = (i). By lemma A.3.2, the image of Ay : B — B X B is a J-closed
subpresheaf of B X B. It is clear that the preimage of a J-closed subpre-
sheaf is also a J-closed subpresheaf, hence Kr(h) is a J-closed subpresheaf
of A X A. But the relative diagonal A, : A — Kr(h) is J-locally surject-
ive, so it is an isomorphism. Thus, 4 : A — B is a monomorphism in

Psu(C). H

DEFINITION. A J-sheaf completion of a presheaf A on C is a pair (4, i)
where A is a J-sheafon C and i : A — A is a J-locally bijective morphism
in PsH(C).

ProPoSITION. If F is aJ-sheafon C and h : A — B is a J-locally bijective

morphism in PSH(C), then
HomPSH(C)(h, F) . HomPSH(C)(B, F) - HomPSH(C)(A, F)
is a bijection.

Proof. Lets : A — F be a morphism in PSH(C). We must show that
there is a unique morphism 5§ : B — F in PSH(C) such that §o 2 = s.
Since F is a J-separated presheaf on C, by lemma A.3.2, Kr(s) is a J-
closed subpresheaf of A X A. On the other hand, the relative diagonal
A, 1 A = Kr(h) is J-locally surjective, so we have Kr(h) C Kr(s). Thus,
recalling lemma A.2.18, we may assume without loss of generality that
h: A — Bis aJ-locally surjective monomorphism in PSH(C).

Let (X, b) be an element of B and let U be the sieve on X where (U, x)
isin U if and only if b - x is in the image of A : A — B. Then, we have

the following pullback square in PSH(C),

S— A

Ll

where S C fiy is the subpresheaf corresponding to U°, so by proposi-

tion A.2.14, U is a J-covering sieve on X. Hence, by lemma A.3.5, there
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A.3.8(a)

isaunique ¢ € F(X) such that, forevery (U, x) in U’, we have c¢-x = s(a)
where a is the unique a € A(U) such that h(a) = b - x. This defines a
morphism § : B — F extending s : A - F alongh: A — B, and itis

straightforward to check that it is the unique such extension. [ |

COROLLARY. Let A be a presheaf on C. If (fi, i ) is a J-sheaf completion
of A, then (A, i ) is an initial object in the comma category (A | SH(C, ))).

Proof. This is an immediate consequence of proposition A.3.7. [ |

REMARK. In particular, J-sheaf completions are unique up to unique iso-

morphism.

€ Let A be a presheaf on C. For general reasons, there is a J-sheaf com-

pletion of A, but it is convenient to have a more explicit construction.

DEerINITION. The presheaf of J-local sections of A, or Grothendieck
plus construction for A with respect to to J, is the presheaf AT on C

defined as follows,
+ — 10 1
AT (X)=H](X,A) = h—r>“v:csVJ<x>op Hompgyc)(Sy A)

where S~ is the subpresheaf of f1y corresponding to the sieve U". The
unit:, : A - A% is given at each object X in C by the component of the

colimiting cocone corresponding to the maximal sieve on X.

REMARK. Note that the above indeed defines a presheaf on C. Moreover,
proposition A.2.14 implies that CSv;(X)°? is a directed poset, so the co-
limit appearing in the definition is very well behaved. In addition, A% is

clearly functorial in A.

LEMMA. The evident endofunctor on PSH(C) defined by A — A™ pre-

serves limits of finite diagrams.

Proof. Straightforward. (Use the fact that li_n}Z : [Z,SET] — SET pre-

serves limits of finite diagrams when 7 is a directed poset.) ¢
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A.3.8(c)

A.3.8(d)

LEMMA. The uniti, : A — A" is a J-locally bijective morphism in
PsH(C).

Proof. Let X be an object in C and let gy, a; : iy — A be morphisms in
PsH(C). Using the Yoneda lemma and the explicit construction of filtered
colimits in SET, we see that 14 o ay = 14  a; if and only if there is some

J-covering sieve U on X such that the diagram below commutes,

S—U"—>ﬁX

[ lal

where S~ is the subpresheaf of fiy corresponding to U". Thus, the relative
diagonal A, : A — Kr(zA) is J-locally surjective, i.e.1, : A > At isa
J-locally injective.

On the other hand, for any morphism b : Ay — AT in PsH(C), there
is a J-covering sieve U” on X and a morphism a : 87, = A such that the

diagram below commutes:

[

+

Thus, 14 : A — A is also J-locally surjective. [

LEMMA.
(i) A% is a J-separated presheaf on C.
(i) If A is a J-separated presheaf on C, then A™ is a J-sheaf on C.

Proof. See e.g. [ML-M, Ch. II1, §5] or Proposition 2.2.6 in [Johnstone,
2002, Part C]. O]

PROPOSITION. Let At be the twice-iterated Grothendieck plus construc-
tion and let ny : A — A*" be 141 o 14. Then (A**,n,) is a J-sheaf

completion of A.

Proof. Apply proposition A.2.18 to lemmas A.3.8(b) and A.3.8(c).
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A.3.9

A.3.10
Recognition prin-

ciple for locally
surjective morph-

isms of sheaves

A3.IT
Elements of
coproducts

of sheaves

¥ To summarise:

THEOREM.
(1) Every presheaf on C has a J-sheaf completion.
(i1) In particular, the inclusion SH(C,J) < PSH(C) has a left adjoint.

(i) Moreover, any such left adjoint preserves finite limits.

Proof. (i). See proposition A.3.8(d).
(i1). Apply corollary A.3.7.
(iii). Apply lemma A.3.8(a) (twice). [ ]
LEMMA. Let h : A — B be a morphism in SH(C,J). The following are
equivalent:

(i) h: A — Bis J-locally surjective.

(i) h: A — B is an effective epimorphism in SH(C, J).

(iii) h: A — B is an epimorphism in SH(C, J).
Proof. (i) = (ii). Let B’ be the presheaf image of 4 : A — B and let
h' : A —» B’ be the induced morphism. Then B’ is a J-dense subpresheaf
of B, so the induced morphism (B’)** — B** is an isomorphism, by
propositions A.3.7 and A.3.8(d). On the other hand, A’ : A - B’ is
an effective epimorphism in PsH(C), so (h')** : A** > (B')** isan

effective epimorphism in SH(C, J), by theorem A.3.9. Thus, 2 : A — Bis

also an effective epimorphism in SH(C, J).

(i1) = (iii). Immediate.

(iii)) = (i). See Corollary 5 in [ML-M, Ch. III, §7]. [ |
LEMMA. Let (A,- | i€ I) be a family of J-sheaves on C, let A = [, A,
in SH(C,J), and let h; : A; — A be the respective coproduct injection.

For every element (X, a) of A, there is a J-covering sink ® on X with the

following property:

» For every (U,x) € @, there existi € I and a; € A;(U) such that
hi(ai) =a-Xx.
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A.3.12

Moreover, if J is composition-closed, then we may also assume that ® €
J(X).

Proof. By theorem A.3.9, the unit of the reflector of SH(C,J) C PsH(C)
is componentwise locally bijective. Unwinding definitions, the claim fol-

lows. (Recall paragraph A.2.13.) [ |

 Let X beanobjectinC andlet @y : SH(C,J) — SET be the evaluation
functor at X, i.e. the evident functor given on objects by A — A(X).
Assume J is a subcanonical coverage on C. By the Yoneda lemma, @ y :
SH(C,J) — SET is a representable functor, so it preserves limits. When

does it preserve colimits?

DEFINITION. An object X in C is J-local if every J-covering sink on X

contains a split epimorphism.

LEMMA. The following are equivalent:
(1) X is aJ-local object in C.

(il) @y : SH(C,J) — SET has a right adjoint, namely the evident
functor V y : SET — SH(C, J) defined on objects as follows,

VT =T¢X)

with counit @ yV T — T given by evaluation at id .

(ili)) @y : SH(C,J) — SET preserves colimits.

Proof. (i) = (ii). Itis straightforward to verify that we have the following

adjunction,
@y

SET 1 PsH(C)

Vx
where the functors and the counit are defined as above. To complete the
proof, it is enough to verify that V T is a J-sheaf on C for every set T.
It is not hard to see that @y : PSH(C) — SET sends J-locally surjective
morphisms in PsH(C) to surjections. But @ y : PSH(C) — SET preserves
monomorphisms, so by lemma A.2.2 and adjointness, VT is indeed a
J-sheaf on C.
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A.3.13

Pushforward of
sheaves along
pre-admissible

functors

Pre-admissible
functors preserve
covering

morphisms

(i1) = (iii). Immediate.

(iii) = (i). Let @ be a covering sink on X. By lemma A.3.10, the induced
morphism H(U’x)eq, hyy — Ay in SH(C, J) is an (effective) epimorphism;
but @y : SH(C,J) — SET preserves coproducts and epimorphisms, so

the induced map

[] cw.x)-cx.x)
U, x)ed

is surjective. Hence, there is (U, x) € ® such that x : U — X is a split

epimorphism in C. [ |

€ Let D be a category and let K be a coverage on D.

DEFINITION. A pre-admissible functor F : (C,J) — (D,K) is a functor

F : C — D with the following property:
* For every K-sheaf B on D, F*B is an J-sheaf on C.

ProrosiTiON. If F : (C,J)) — (D, K) is a pre-admissible functor, then the
restriction functor F* : SH(D, K) — SH(C, J) has a left adjoint.

Proof. Let A be a J-sheaf on C. By theorem A.3.9, SH(D, K) has colimits
of all (small) diagrams, so by proposition A.1.4 (and the Yoneda lemma),
there exist a K-sheaf FyA on D and a morphism n4 : A - F*F,A in
SH(C, J) such that, for every K-sheaf B on D, the following is a bijection:

Homgyp k) (F1A, B) — Homgyc 5 (A, F*B)

hw F*hony,
— * * . _
Indeed, we may take F|A = h_r)n(X,a):El(A) k*hgy, where k™ gy is the K
sheaf completion of the representable presheaf Ay on D. |

CoroLLARY. If F : (C,)) — (D,K) is a pre-admissible functor, then F

sends J-covering morphisms in C to K-covering morphisms in D.

Proof. Combine lemmas A.2.18 and A.3.10 with proposition A.3.13.
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