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Abstract

We write down the definition of enriched bicategory. Nothing here is new.
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Enriched category theory is attractive for many reasons. See Kelly [3]. Category
theory permits simple definitions of algebraic concepts such as monoids and groups.
Enrichment then permits further definitions such as that of algebras over a field. In
some respects, these are just fun toy examples, but these sorts of examples supply
enriched category theory with remarkable flexibility. We recall a definition of enriched
bicategory, which has been written down by a number of people sometimes with some
variation. It seems this definition first appeared in the thesis of Carmodey [I]. Lack
also gave a definition in his thesis over strict monoidal bicategories [4]. Forcey has
studied the combinatorics of polytopes associated to enrichment and higher categories
in detail. See [2], for example.

Enriched categories are defined over monoidal categories. Why is this? Very simply,
the monoidal structure consists, in part, of a functor ®: V x V — V, which is used
to define composition in the enriched category. In other words, for objects a, b, ¢ of a
V-enriched category, there is a composition map in V given by

Cabe: hom(a, b) ® hom(b, ¢) — hom(a,c).

To draw attention to the idea that enriched bicategories are a weakening of enriched
categories, we first remind ourselves of the definition enriched categories. Starting with
a monoidal category V, a V-enriched category C consists of a set of objects a,b,c, ...,
and for each pair of objects a, b, an object hom(a, b) of V. Further, the structure maps
of C, which we will detail below are morphisms in V.

It is useful to note that an enriched category is not necessarily a category, and an
enriched bicategory is not necessarily a bicategory. However, there are certain examples
of monoidal categories and bicategories for which the resulting enriched structures



should be very familiar. We should add a section containing some examples at the
end.

1 Enriched Categories

A monoidal category V consists of:

e 3 functor

R: VXV =V,
called the monoidal product,
e an object I called the monoidal unit, and

e natural isomorphisms a, A, p satisfying, for a, b, ¢, d in V, the coherence conditions
described the commutativity of the following diagrams:
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(a®b)@c)@d (a® (b®c)®d

aab,c,dt laa,bc,d

(a®b)®(c®d) ®c)®d)

a® ((b
a® (b®(c®d))

and
Qg Ib

(a a®(I®b)

Q1) @b
a®b



Given this data we can define a V-category, also known as a category enriched over

V.

Definition 1.1. A V-category C consists of:

e a set Ob(C) of objects a,b,c,...;

e for each pair of objects a,b, a hom-object hom(a,b) € V, which we will often
denote (a,b);

e a morphism called composition
¢ = Cape: hom(a,b) ® hom(b, c) — hom(a, c)

for each triple of objects a,b,c € C;

e an identity-assigning morphism
iq: I — hom(a,a)

for each object a € C;
all satisfying the axioms:

[ ]
((a,b)®(b,c))@(c,d) —2—> (a,b)((b,c)D(c,d))

c®1 1®c

(a,c)®(c,d) (a,b)®(b,d)

N

for each quadruple of objects a,b,c,d € B;

(a,a)®(a,b) (a,b)®(b,b)

Caab . . Cabb
a 1a®1 1®1p “

(a)p)) =<———— I®(a,b) ()@ ———— > (a,b)
Tab lab

for each pair of objects a,b € B.



2 Enriched Bicategories

Now, we write the definition of a ‘category enriched over a monoidal bicategory’. We
choose to call these ‘enriched bicategories’, but alternatively might call them ‘weakly
enriched categories’.

Definition 2.1. Let V be a monoidal bicategory. A V-bicategory B consists of:

e a set ObB of objects a,b,c,...;

e for every pair of objects a,b, a hom-object hom(a,b) € V, which we denote (a,b)
suppressing the tensor product when necessary;

e a morphism called composition
¢ = Cape: hom(a,b) ® hom(b, c) — hom(a, c)

for each triple f objects a, b, c € B;
e an identity-assigning morphism
iq: I — hom(a,a)
for each object a € B;

e an invertible 2-morphism called the associator

((a,b)®(b,e))®(c,d) — (a,b)®((b,c)®(c,d))

c®1 1®c
aabcd

(a,c)®(c,d) (a,b)®(b,d)

NS

for each quadruple of objects a,b,c,d € B;

o and invertible 2-morphisms called the right unitor and left unitor

(a,a)®(a,b) (a,b)®(b,b)

Caab ia®1 190y Cabb
\pab /
>\ab
(a,b) I®(ab) (a,0)®1 ————— (a,b)
ab lab

for every pair of objects a,b € B;



e satisfying the following arioms

(a, C)(c e)

/ 1xc

((a,b)(b,e))( )((¢,d)(d,e))

AR

((a,b)(b,0))((c,d)(d,e)) === ((a,b)(b,c))((c,d)(d,e))

) ((b,c)(c,e)) ((a,c)(c,d))(d,e)
N / (a e) \ y
(a,b)( (bc (c,d)(de))) L : (((a;b)(b,c)) cd) )(d,e)
(a,b)(b,e) {a) . \ ﬂﬂ'abcde / ax\
(a,b)( )(d,e)) -~ ((a,b)((b,c) )(d,e)
1x(ex1) (Ixe)x
(a,b)((b,d)(d,e)) <———— ((a,b)(b,d))(d,e)
((a,b)®(b,0))® (e,b)®((b,)®(bc))
e} 1®c
/
c
p®N \ (a,c) <]
(1®i,)®1 -
10(ipel)| =
rel ,u'abc\ ’
((e,b)@D)@(b,c) a4 (a,b)2(IR(b,c))

the arrow marked ~ is a structure cell for V.

2.1 V-Homormophisms
We present a ‘weak’ notion of V-homomorphism.

Definition 2.2. Let V be a monoidal bicategory and A and B be V-bicategories. A
V-homomorphism, or pseudo enriched homomorphism, F: A — B consists of:

e a function F': ObA — ObB,



e for each pair of objects a,b € ObA, a 1-morphism
Fup: A(a,b) — B(Fa, F'b)
mV,
e for each triple of objects a,b,c € ObA, a pair of 2-morphisms:

A(ab)@Ab,e) —A o+ Aa,c)

Fop®Fpc / Fac

¢abc

B(Fa,Fb)B(Fb,Fc) e B(Fa,Fc)

A(a,a)

\ Faq

B(Fa,Fa)

mV,

o satisfying the following axioms

/\
\

(ac)(c (ab)(bd)
(FaFe)(cd) Wl ((ab)(be))(cd be) o (@)(FbFa)
C F2®1 Flle 1®F2 1xe
1QF F®l
(Fan Fch) cd ___:_.;:.- ((FbEC)( Fch)

(FaFc) (Fch) ﬂ“abcd Fol kFan)(Fde)
((FaFb)(FbFc))(FeFd) —s (FaFb)((FbFe)(FeFd))
c®1 1®c

((FaFb)(FbFc))(FcFd) —2> (FaFb)((FbFc)(FcFd))
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1QF

(Fa,Fa)®(a,b) (Fa,Fa)®(Fa,Fb)
F2
F®1l ¢
@
(a,a)®(a,b) \“ (Fa,Fb)
iFa®1
¢ F
1®(a,b) (a,b)
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