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Abstract

The main purpose of this work is to describe a generalization of the Grothendieck
construction for pseudofunctors which provides a biequivalence between the 2-categories
of pseudofunctors and fibrations. For any bicategory B, we describe a tricategory of B-
indexeded bicategories which are the weakest possible generalization of pseudofunctors
to the immediate next level. Then we introduce a notion of a fibration of bicategories,
which generalizes 2-fibrations of strict 2-categories defined by Hermida. Finally we give
an explicit construction of an analog of the Grothendieck construction which provides
a triequivalence between the 3-category of B-indexeded bicategories and the 3-category
of 2-fibrations over B.
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1 Introduction

The main purpose of this paper is to introduce the notion of a fibration of bicategories as
a natural generalization of many existing familiar notions existing in the category theory.
This theory has its historical origins in two separate lines of mathematical development:
fibration of categories or fibred categories, introduced by Grothendieck [29] for purely ge-
ometric reasons, and bicategories, introduced by Bénabou [7], as the algebraic structures
which are the weakest possible generalization of categories, to the immediate next level.

The first coming-together of the these two lines of development can be traced in mostly
unpublished work by Bénabou, in his investigations of logical aspects of fibred categories,
and his attempt to give foundations of naive category theory [8] by using fibred categories.

It was already pointed by Street that fibrations of bicategories are quite different from
fibrations in bicategories, in the paper [53] bearing that name. The simple observation
that functors which are equivalences of categories are not necessarily fibred categories, led
him to introduce a bicategorical notion of two-sided fibration, which generalized his earlier
notion of two-sided fibrations in 2-categories [52]. These fibrations are certain spans in a
bicategory, and by using this construction, it was possible to express fibred and cofibred
categories [25] as such spans in a 2-category Cat of small categories.

The main distinction between fibrations of bicategories and fibrations in bicategories
from the previous paragraph is that fibrations of bicategories should be seen as fibrations in
the tricategory Bicat of bicategories, their homomorphisms, pseudonatural transformations
and modifications. Tricategories were introduced by Gordon, Power and Street [24] as the
weakest possible generalization of bicategories, on the 3-dimensional level. Their motivation
to introduce tricategories came from several different sources. One of these sources was
within category theory and Walters’s work on categories enriched in a bicategory [54], [55]
which required monoidal bicategories which are precisely one object tricategories. Another
example of such a structure is the bicategory of relations in a regular category explored
by Carboni and Walters [17]. There were also another sources of motivation to introduce
tricategories from outside category theory. Namely, homotopy 3-types of Joyal and Tierney
[41] are special types of tricategories. Monoidal bicategories bear the same relation to the
algebraic aspects of Knizhnik-Zamolodchikov equations [35], [36] analogous to the relation
between monoidal categories and Yang-Baxter equation.

Gordon, Power and Street defined trihomomorphisms between tricategories as the weak-
est possible generalization of homomorphisms of bicategories, on the 3-dimensional level.
Special types of trihomomorphisms, whose domain is a fixed bicategory and codomain the
tricategory Bicat, are generalization of pseudofunctors, extensively used by Grothendieck,
who showed the biequivalence between them and fibred categories. Such special trihomo-
morphisms will be called indexed bicategories, as they are natural generalization of indexed
categories used by Janelidze, Schumacher and Street [39] in the context of categorical Ga-
lois theory. Indexed bicategories will play a fundamental role in this paper since they are
objects of a tricategory which is triequivalent to the 3-category of fibrations of bicategories.
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This triequivalence is a generalization of the famous Grothendieck construction [29],
which for any category C, provides a biequivalence

∫
: CatC

op → Fib(C) (1.1)

between the 2-category CatC
op

whose objects are indexed bicategories or pseudofunctors
P : Cop → Cat, and the 2-category Fib(C) of fibered categories over C, introduced in [29].
The fibered category F : E → C is the functor, which is characterized by the property which
associates to any pair (f, E), where f : X → Y is a morphism in C and E is an object in E
such that F (E) = X, a cartesian morphism f̃ : F → E, having certain universal property,
such that F (f̃) = f . After we choose a cartesian lifting for each such pair, their universal
property gives rise to the coherence law for the natural transformations which are part of
the data for the obtained pseudofunctor. Moreover, for any pseudofunctor P : Cop → Cat,
this coherence laws are precisely responsible for the associativity and unit laws of the
composition in the category

∫
C P obtained from the Grothendieck construction.

In this article, we introduce the generalization of the Grothendieck construction, which
for any bicategory B, provides a triequivalence

∫
: BicatBcoop → 2Fib(B) (1.2)

between a tricategory BicatBcoop
whose objects are indexed bicategories P : Bcoop → Bicat,

and the 3-category 2Fib(B) of 2-fibrations of bicategories (or fibered bicategories) over B.
The objects of the 3-category 2Fib(B) are strict homomorphism P : E → B, again charac-
terized by the existence of cartesian liftings, now for both 1-morphisms and 2-morphisms.
In the strict case, when both E and B are strict 2-categories, the definition of such fibra-
tions was given by Hermida in [33]. Although he did not define explicitly 2-fibrations for
bicategories, in his subsequent paper [34], he proposed their definition by using the bire-
flection of the category Bicat of bicategories and their homomorphisms into the category
2-Cat of (strict) 2-categories and (strict) 2-functors. Here we give their explicit definition,
using properties of certain biadjunctions introduced by Gray in his monumental work [27].

There are two major reasons why we restricted our attention to strict homomorphisms
of bicategories. The first one is that these are the morphisms of a category Bicats, which
is essentially algebraic in the sense of Freyd [21], and as such Bicats is both complete and
cocomplete, and in fact locally finitely presentable [1]. More precisely, Bicats is a category
of Eilenberg-Moore algebras for some monad K2 on the category Cat-Gph of Cat-graphs.
For any symmetrical monoidal category V satisfing certain (co)completeness conditions,
Wolff showed in [56] that the forgetful functor UV : V-Cat → V-Gph is monadic, with a left
adjoint FV : V-Gph → V-Cat. This was the starting point of Batanin’s work [6] who gave
an explicit description of a monad Kn on n-Gph, defined by UnFn : n-Gph → n-Gph in the
special case when V is a symmetrical monoidal category n-Gph of n-graphs. In this way,
Batanin realized weak n-categories as objects in a category of Eilenberg-Moore algebras
for such monads, whose morphisms are strict, preserving all their structure precisely.
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The practical importance of the fact that the category Bicats of bicategories and their
strict homomorphisms is both complete and cocomplete, unlike the category Bicat, is
that it allows us to deal with strict fibers of any strict homomorphism P : E → B of
bicategories. Strict fibers of such homomorphisms are defined as their (strict) pullbacks in
Bicats by a strict homomorphism from the free bicategory on one object. If we would have
been working instead with general homomorphisms of bicategories, as morphisms of the
category Bicat, we would be forced to deal with homotopy fibers which would inevitably
cause many (unnecessary) technical difficulties in our constructions.

This leads us to the second, even more important reason, why we restricted our attention
to strict homomorphisms of bicategories. Even when we apply the Grothendieck construc-
tion (6.2) to the most general indexed bicategory P : Bcoop → Bicat, whose codomain is the
tricategory Bicat of homomorphisms of bicategories, pseudonatural transformations and
modifications, we still obtain a fibration of bicategories which is strict homomorphism of bi-
categories! On the other side, the same result is obtained when we apply the Grothendieck
construction (6.2) to an indexed 2-category P : Bcoop → 2-Cat whose codomain is the 3-
category 2-Cat of 2-categories and 2-functors, 2-transformations and modifications.

Although it may seem that strict homomorphisms of bicategories are rare in practice in
category theory or its applications, they occur quite naturally in the homotopy theory, were
Lack used them [44] in order to introduce a closed model structure on the category 2-Cat
of 2-categories and 2-functors, which he extended to the category Bicats of bicategories
and their strict homomorphisms, in his subsequent paper [45]. These model structures are
closely related to the model structure of Moerdijk and Svensson in [51], and our fibrations
of bicategories naturally fit in these examples. Strict homomorphisms were also used by
Hardie, Kamps and Kieboom who defined fibrations of bigroupoids in [32], generalizing the
notion of fibration of 2-groupoids by Moerdijk [50]. They used Brown’s construction [11]
in order to derive an exact nine term sequence from such fibrations, and they applied their
theory to the construction of a homotopy bigroupoid of a topological space [31].

One of the first author’s motivations for this work, was to use the Grothendieck con-
struction (6.2) as an interpretation theorem for the third nonabelian cohomology H3(B,K)
of a bigroupoid B with coefficients in a bundle of 2-groups K. In the case of groupoids,
this approach was taken in [9], where the second nonabelian cohomology of a groupoid G

H2(G,K) := [G, AUT (K)]

is the set [G, AUT (K)] of connected components of pseudofunctors P : Gop → AUT (K) to
the full sub 2-groupoid AUT (K) of the 2-groupoid Gpd of groupoids, induced naturally be
the bundle of groups K over the objects G0 of the groupoid G. Then the Grothendieck
construction (6.1) was used as an interpretation theorem for the classification of fibrations
of groupoids, seen as short exact sequences of groupoids

1 // K // G // B // 1

over the same underlying set of objects M , by means of the higher Schreier theory.
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2 Bicategories and their homomorphisms

Bicategories were originally introduced by Bénabou [7]. In this section we will not fol-
low Bénabou’s original presentation of bicategories, but rather we will use a more recent
approach based on simplicial techniques.

Definition 2.1. Skeletal simplicial category ∆ consists of the following data:

• objects are finite nonempty ordinals [n] = {0 < 1 < ... < n},
• morphisms are monotone maps f : [n] → [m], which for all i, j ∈ [n] such that i ≤ j,

satisfy f(i) ≤ f(j).

We also call ∆ the topologist’s simplicial category, and this is a full subcategory of the
algebraist’s simplicial category ∆̄, which has an additional object [−1] = ∅, given by a zero
ordinal, that is an empty set.

Skeletal simplicial category ∆ may be presented by means of generators as in a diagram

[0]
∂0

//
∂1 // [1]oo

∂0

//
∂2 //// [2] ////

∂0

//

∂3 //oooo [3]oooooo

and relations given by the maps ∂i : [n− 1] → [n] for 0 ≤ i ≤ n, called coface maps, which
are injective maps that omit i in the image, and the maps σi : [n] → [n−1] for 0 ≤ i ≤ n−1,
called codegeneracy maps, which are surjective maps which repeat i in the image. These
maps satisfy following cosimplicial identities:

∂j∂i = ∂i∂j−1 (i < j)
σjσi = σiσj+1 (i ≤ j)
σj∂i = ∂iσj−1 (i < j)
σj∂i = id (i = j, i = j + 1)
σj∂i = ∂iσj+1 (i > j + 1).

(2.1)

We will use the following factorization of monotone maps by cofaces and codegeneracies.

Lemma 2.2. Any monotone map f : [m] → [n] has a unique factorization given by

f = ∂n
i1

∂n−1
i2

...∂n−s+1
is

σm−t
jt

...σm−2
j2

σm−1
j1

(2.2)

where 0 ≤ is < is−1 < ... < i1 ≤ n, 0 ≤ jt < jt−1 < ... < j1 ≤ m and n = m− t + s.

Proof. The proof is a direct consequence of the injective-surjective factorization in Set and
cosimplicial identities.

Definition 2.3. An internal simplicial object S in a category C is a presheaf S : ∆op → C
on the skeletal simplicial category ∆ with values in C.
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We can regard each ordinal [n] as a category whose objects are elements of a set
{0, 1, . . . , n}, and such that there exists a unique morphisms from i to j if and only if i ≤ j.
In this way, we obtain a fully faithful embedding from the skeletal category ∆

i : ∆ → Cat (2.3)

into the category Cat of small categories and functors between them, since a monotone
maps between any two ordinals [k] and [m] are precisely functors between corresponding
categories i([k]) and i([m]). We shall write [C,D] or DC for a category whose objects are
functors from C to D, and whose morphisms are natural transformations between them.
We will denote by • an image of the zeroth ordinal [0] by a fully faithful embedding (2.3),
but more often we will abbreviate notation and use the term [k] to denote both the k-th
ordinal and the category i([k]). We shall always identify categories • × C and C• with C,
and use two natural embeddings

∂0 × C : C → [1]× C
∂1 × C : C → [1]× C (2.4)

For any category C, we also have two functors from the category C[1] of morphisms of C
C∂0 : C[1] → C
C∂1 × C[1] → C (2.5)

whose objects are morphisms of C, and whose morphisms are their commutative squares.
We call the two functors (2.5) the codomain and the domain functor, respectively. More
generally, for any ordinal [n] we have a category C[n] whose objects are strings of n compos-
able morphisms of C, and whose morphisms are appropriate commutative diagrams. These
categories C[n] together with degeneracy functors Cσi : C[n−1] → C[n] for all 0 ≤ i ≤ n − 1,
and face functors C∂i : C[n] → C[n−1] for all 0 ≤ i ≤ n, form an internal simplicial object in
Cat.

The category C[2] of composable pairs of morphisms of C is a following pullback in Cat

C[2]
C∂2 //

C∂0

²²

C[1]

C∂0

²²
C[1]

C∂1

// C

(2.6)

and we adopt the following convention: for any functor P : D → C, the first of the symbols

E ×C D and D ×C E
will denotes the pullback of P and D0, and the second one is the pullback of D1 and P .
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Definition 2.4. A Cat-graph B consists of a discrete category B0 of objects, and a category
B1 of morphisms, together with two functors

B1

D1 //

D0

// B0 (2.7)

where D1 : B1 → B0 is called a domain functor and D0 : B1 → B0 a codomain functor.
There exists a category Cat-Gph whose objects are Cat-graphs, and morphisms F : B → G
of Cat-graphs consists of two functors F0 : B0 → G0 and F1 : B1 → G1 such that diagrams

B1

D0

²²

F1 // G1

D0

²²
B0 F0

// G0

B1

D1

²²

F1 // G1

D1

²²
B0 F0

// G0

(2.8)

commute.

If for any two objects x and y of a Cat-graph B, a category B(x, y) is defined as a pullback

B(x, y)

T

²²

Jx,y // B1

(D0,D1)

²²
•

(x,y)
// B0 × B0

(2.9)

then and morphism F : B → G of Cat-graphs may be seen as a function F0 : B0 → G0

together with a family of functors Fx,y : B(x, y) → G(F0(x), F0(y)) for any two objects x, y
in B0. Let the two categories B2 and B3 be defined as the following two pullbacks in Cat

B2
D0 //

D2

²²

B1

D1

²²
B1 D0

// B0

B3
D0 //

D3

²²

B1

D2

²²
B1 D0

// B0

(2.10)

of horizontally composable pairs and triples, respectively, of 1- and 2-morphisms in B.
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Definition 2.5. A bicategory B consists of the following data:

• two categories, a discrete category B0 of objects, and a category B1 of morphisms,
whose objects f, g, h, . . . are called 1-morphisms of the bicategory B and whose mor-
phisms φ, ψ, θ, . . . are called 2-morphisms of the bicategory B, and their composition
in the category B1, which we call the vertical composition of the bicategory B, is
denoted by the concatenation ψφ, whenever the composition of φ and ψ is defined

• two functors D0, D1 : B1 → B0, called target and source functors, respectively, a unit
functor I : B0 → B1, any a horizontal composition functor H : B2 → B1, whose value
H(g, f) on object (g, f) in B2 is denoted by g ◦ f . For any two objects x and y in B0,
we denote by B(x, y) a hom-category whose objects are 1-morphisms f : x → y in B
such that D0(f) = y and D1(f) = x.

• a natural isomorphism

B3

H×IdB1 //

IdB1
×H

²²

ÄÄÄÄ{¤ α

B2

H

²²
B2 H

// B1

(2.11)

• natural isomorphisms

B2

H

²²
ÄÄÄÄ{¤ ρ

B1

???? ¾#λ

S1

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
B1 B1

S0

__?????????????????

(2.12)

where the functor S0 : B1 → B2 is defined by the composition

B1

(D0,IdB1
)

// B1 ×B0 B0

I×IdB1 // B1 ×B0 B1,

and the functor S1 : B1 → B2 is defined by the composition

B1

(IdB1
,D1)

// B0 ×B0 B1

IdB1
×I

// B1 ×B0 B1,

so that the values of these two functors on any 1-morphism f : x → y in B are
S0(f) = (f, ix) and S1(f) = (iy, f), respectively, and similarly for 2-morphisms in B.
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This data are required to satisfy the following axioms:

• for any object (k, h, g, f) in B4 we have the following commutative pentagon

((k ◦ h) ◦ g) ◦ f

αk,h,g◦f

wwoooooooooooooooooooo

αk◦h,g,f

''OOOOOOOOOOOOOOOOOOOO

(k ◦ (h ◦ g)) ◦ f

αk,h◦g,f

ºº/
//

//
//

//
//

//
//

//
//

//
//

/
(k ◦ h) ◦ (g ◦ f)

αk,h,g◦f

¨¨²²
²²
²²
²²
²²
²²
²²
²²
²²
²²
²²
²²

k ◦ ((h ◦ g) ◦ f))
k◦αh,g,f

// k ◦ (h ◦ (g ◦ f))

(2.13)

• for any object (g, f) in B2 we have the following commutative triangle

(g ◦ iy) ◦ f

ρg◦f

ÁÁ=
==

==
==

==
==

==
==

αg,iy,f // g ◦ (iy ◦ f)

g◦λf

¡¡¢¢
¢¢

¢¢
¢¢

¢¢
¢¢

¢¢
¢

g ◦ f

(2.14)

Remark 2.6. Note that a definition of the horizontal composition functor H : B2 → B1

implies that for any composable pair of morphisms in the category B2, as in a diagram

x

f1

¿¿

h1

BB
//

ÂÂ ÂÂ
®¶ φ1

ÂÂ ÂÂ
®¶ φ2

y

f2

¾¾

h2

CC//

ÂÂ ÂÂ
®¶ ψ1

ÂÂ ÂÂ
®¶ ψ2

z

we have a following Godement interchange law

(ψ2 ◦ ψ1)(φ2 ◦ φ1) = (ψ2ψ1) ◦ (φ2φ1). (2.15)
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Example 2.7. (Strict 2-categories) A bicategory in which associativity and left and right
identity natural isomorphisms are identities is called a (strict) 2-category. A basic example
is the 2-category Cat of small categories, functors and natural transformations.

Example 2.8. (Monoidal categories) Any monoidal category M may be seen as a bicate-
gory for which the discrete category of objects is a terminal category • with only one object
and one morphism. Consequently, any strict monoidal category M may be seen as a strict
2-category with a terminal category • of objects. Then it is clear that for any object x in the
bicategory B, a hom-category B(x, x) is a (weak) monoidal category, and similarly for any
object x in the strict 2-category C, a hom-category C(x, x) is a (strict) monoidal category.

Example 2.9. (Bicategory of spans) Let C be a cartesian category, that is a category with
pullbacks. First we make a choice of the pullback

u×y v

p

²²

q // v

h

²²
u

g
// z

for any such diagram x
f→ z

g← y in a category C. Then there exists a bicategory Span(C)
of spans in the category C whose objects are the same as objects of C. For any two objects
x, y in Span(C), a 1-morphism u : x9 y is a span

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

x y

and a 2-morphism a : u; w between any two such spans is given by a commutative diagram

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

a

²²

x y

w

l

__???????????
m

??ÄÄÄÄÄÄÄÄÄÄÄ
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The vertical composition of 2-morphisms is given by the composition in C. The horizontal
composition of 1-morphisms

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

v

h

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

k

ÂÂ?
??

??
??

??
??

x y z

is given by the pullback

u×y v

p

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
q

ÂÂ?
??

??
??

??
?

u

f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

g

ÂÂ?
??

??
??

??
??

v

h

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

k

ÂÂ?
??

??
??

??
??

x y z

and the horizontal identity ix : x9 x for this composition is a span

x

idx

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

idx

ÂÂ?
??

??
??

??
??

x x.

It is obvious that the horizontal composition is not strictly associative, but it follows from
the universal property of pullbacks that it is associative up to canonical isomorphisms which
define components of the associativity coherence for given choices of pullbacks.

The following two examples of bicategories are important and they can be both applied
to the special case of bicategory Span(C) of spans in a cartesian category C from the
previous example.

Example 2.10. (Bimodules) Let Bim denote the bicategory whose objects are rings with
identity. For any two rings A and B, Bim(A,B) will be a category of A-B-bimodules
and their homomorphisms. Horizontal composition is given by the tensor product, and
associativity and identity constraints are the usual ones for the tensor product.

Example 2.11. (Bimodules internal in a bicategory) Let B be a bicategory, whose hom-
categories have coequalizers, which are preserved by a (pre)composition with 1-morphisms
in B. Then a construction from a previous example can be extended to such bicategory B
in the following way. There exists a bicategory Bim(B) whose objects are pairs (x,M),
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where x is an object in the bicategory B, and M is a monoid in a monoidal hom-category
B(x, x). This means that the 1-morphism M : x → x is supplied with two 2-morphisms
µM : M ◦M ⇒ M and εM : ix ⇒ M in B(x, x), such that the following diagrams

(M ◦M) ◦M

αM,M,M

®¶

µM◦ιM +3 M ◦M

µM

®¶
M ◦ (M ◦M) ιM◦µM

+3 M ◦M µM

+3 M

ix ◦M

λM

¾#
??

??
??

??
??

??
??

??
??

??

??
??

??
??

??
??

??
??

??
??

εM◦ιM +3 M ◦M

µM

®¶

M ◦ ix

ρM

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ιM◦εMks

M

commute. We will usually refer to a monoid M in B(x, x) without mentioning explicitly the
these two 2-morphisms. Then for any monoid M in B(x, x), and any monoid N in B(y, y),
a 1-morphism L : x → y is called a N -M -bimodule if there are 2-morphisms φ : N ◦L ⇒ L
and ψ : L ◦M ⇒ L such that the diagrams

(N ◦N) ◦ L

αN,N,L

®¶

µN◦ιL +3 N ◦ L

φ

®¶
N ◦ (N ◦ L)

ιN◦φ
+3 N ◦ L

φ
+3 L

(L ◦M) ◦M

αL,M,M

®¶

ψ +3 L ◦M

ψ

®¶
L ◦ (M ◦M)ιL◦µM

+3 L ◦M
φ

+3 L

(N ◦ L) ◦M

αN,L,M

®¶

φ◦ιM +3 L ◦M

ψ

®¶
N ◦ (L ◦M)

ιM◦ψ
+3 M ◦ L

φ
+3 M
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iy ◦ L

λL

¾#
??

??
??

??
??

??
??

??
??

??

??
??

??
??

??
??

??
??

??
??

εN◦ιL +3 N ◦ L

φ

®¶
L

L ◦M

ψ

®¶

L ◦ ix

ρL

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ιL◦εMks

L

commute. Then a 1-morphism from (x, M) to (y, N) in Bim(B) is an N -M -bimodule L.
A 2-morphism between N -M -bimodules K and L in Bim(B) is a 2-morphism ν : K ⇒ L
in B such that diagrams

N ◦K

ιN◦ν

®¶

κ +3 K

ν

®¶
N ◦ L

φ
+3 L

K ◦M

ν◦ιM

®¶

θ +3 K

ν

®¶
L ◦M

ψ
+3 L

commute. For any N -M -bimodule L : x → y, which we denote by NLM , and for any
P -N -bimodule T : y → z, denoted by P TN , their horizontal composition is a tensor product

P TN ⊗ NLM

which is a P -M -bimodule T ⊗N L : x → z obtained as a coequalizer in the category B(x, z)

T ◦N ◦ L
ψ◦L +3

T◦φ
+3 T ◦ L

e +3 T ⊗N L.

The composition of 2-morphisms is induced by the universal property of the coequalizer, and
the associativity coherence follows since these coequalizers are preserved by a composition
with 1-morphisms in B.

Remark 2.12. If the monoidal category Ab of abelian groups, is seen as a bicategory ΣAb
with one object, with the usual tensor product of abelian groups as a horizontal composition,
then the construction of a bicategory Bim(ΣAb) from the previous example yields a usual
bicategory Bim of bimodules from Example 1.9, so that we have an identity of bicategories

Bim(ΣAb) = Bim

13



We can combine the two previous examples and construct a bicategory Bim(Span(C))
of bimodules in a bicategory Span(E) of spans in a cartesian category E . For any object
B0 in the category E , the span

B1
d0

ÄÄÄÄ
ÄÄ

ÄÄ d1

ÂÂ?
??

??
?

B0 B0

(2.16)

is a monoid if there exists a morphism m : B1 ×B0 B1 → B1 which is a morphism of spans

B1 ×B0 B1
d0d0

wwoooooooo d1d2

''OOOOOOOO

m

²²

B0 B0

B1

d0

ggOOOOOOOOOO d1

77oooooooooo

and a morphism i : B0 → B1 which is a part of the following morphism of spans

B0
idB0

wwoooooooooo idB0

''OOOOOOOOOO

i

²²

B0 B0

B1

d0

ggOOOOOOOOOO d1

77oooooooooo

These two morphisms of spans are required to satisfy the associativity and identity con-
straints, which means that we have following commutative diagrams

B1 ×B0 B1 ×B0 B1

d0d1d2

wwoooooooooooooooooooooooooooooo

d1d2d3

''OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

m×idB1
ÄÄÄ

Ä
Ä

Ä
Ä

Ä

idB1
×m

ºº/
//

//
//

//
//

//
//

//
//

/

B1 ×B0 B1

d0ssg g g g g g g

m

ºº/
/

/
/

/
/

/
/

/
/

/

d2 --[[[[[[[[[[[[[[[[[[

B0 B0

B1 ×B0 B1
d0d1

mm[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[

m

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

d1d2

33gggggggggggggg

B1

d0

ggOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

d1

77oooooooooooooooooooooooooooooooo
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B1

idB1

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â

d0

wwoooooooooooooooooooooooooooooooo

d1

''OOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

i×idB1ÄÄÄ
Ä

Ä
Ä

Ä
Ä

idB1
×i

ºº/
//

//
//

//
//

//
//

//
//

//

B1 ×B0 B1

d0d0ssg g g g g g g

m

ºº/
/

/
/

/
/

/
/

/
/

/

d1d2 --[[[[[[[[[[[[[[[[[[

B0 B0

B1 ×B0 B1
d0d1

mm[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[

m

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

d1d2

33gggggggggggggg

B1

d0

ggOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

d1

77oooooooooooooooooooooooooooooooo

This means that the span (2.16) is an underlying graph of an internal category B in E .
Therefore, the objects of the bicategory Bim(Span(E)) are internal categories in E . For

any two internal categories B and C, a 1-morphism from B to C is a span

K0
µ0

ÄÄÄÄ
ÄÄ

ÄÄ µ1

ÂÂ?
??

??
?

B0 C0

(2.17)

together with a morphism l : B1 ×B0 K0 → K0 which is a part of a morphism of spans

B1 ×B0 K0
d0pr1

wwoooooooo µ1pr2

''OOOOOOOO

l

²²

B0 C0

K0

µ0

ggOOOOOOOOOO µ1

77oooooooooo

and a morphism r : K0 ×C0 C1 → K0 which is a part of the following morphism of spans

K0 ×C0 C1
µ0pr1

wwoooooooo d1pr2

''OOOOOOOO

r

²²

B0 C0

K0

µ0

ggOOOOOOOOOO µ1

77oooooooooo

Obviously, these two morphisms are left and right action of internal categories B and C
respectively, and by constructing the category of elements K for these two actions, one

15



obtains the span of internal categories which is a discrete fibration [52], [53] from B to C

K
D0

ÄÄÄÄ
ÄÄ

ÄÄ
Ä D1

ÂÂ?
??

??
??

B C
(2.18)

Finally, 2-morphisms between such discrete fibrations are just morphisms between their
underlying spans. Therefore, the bicategory Bim(Span(E) is isomorphic to the bicategory
Prof of profunctors or distributors.
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The following result is a typical instance of the coherence theorem for bicategories,
which roughly says that any diagram in the bicategory which is made of associativity, left
and right identity coherence isomorphisms must commute [49].

Theorem 2.13. Let B be a bicategory. Then the diagrams

(iz ◦ g) ◦ f

λg◦f
ÂÂ?

??
??

??
??

??
??

αiz,g,f // iz ◦ (g ◦ f)

iz◦λg◦f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

g ◦ f

(g ◦ f) ◦ ix

ρg◦f

ÂÂ?
??

??
??

??
??

??

αg,f,ix // g ◦ (f ◦ ix)

g◦ρf

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

g ◦ f

(2.19)

commute for any pair of 1-morphisms x
f // y

g // z in B.

Proof. For any triple of 1-morphisms x
f // y

g // z h // w , we consider the diagram

((h ◦ iz) ◦ g) ◦ f

αh,iz,g◦f

wwoooooooooooooooooooo

(ρh◦g)◦f

²²

αh◦iz,g,f

''OOOOOOOOOOOOOOOOOOOO

(h ◦ (iz ◦ g)) ◦ f
(h◦λg)◦f

//

αh,iz◦g,f

ºº/
//

//
//

//
//

//
//

//
//

//
//

/
(h ◦ g) ◦ f

αh,g,f

²²

(h ◦ iz) ◦ (g ◦ f)

ρh◦(g◦f)

wwoooooooooooooooooooo

αh,iz,g◦f

¨¨²²
²²
²²
²²
²²
²²
²²
²²
²²
²²
²²
²²

h ◦ (g ◦ f)

h ◦ ((iz ◦ g) ◦ f))

h◦(λg◦f)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

h◦αiz,g,f

// h ◦ (iz ◦ (g ◦ f))

h◦λg◦f

__?????????????

in which two triangles (beside the bottom one) commute because of the triangle coherence
for identities, and two deformed squares commute by the naturality of associativity coher-
ence. Since all the terms are 2-isomorphisms, then the bottom triangle also commutes. By
taking h = iz, we obtain the identity

iz ◦ (λg◦fαiz ,g,f ) = iz ◦ (λg ◦ f)

17



from which it follows that the back face of the cube

iz ◦ ((iz ◦ g) ◦ f)

λ(iz◦g)◦f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

iz◦(λg◦f) //

iz◦αiz,g,f

²²

iz ◦ (g ◦ f)

λg◦f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

(iz ◦ g) ◦ f
λg◦f //

αiz,g,f

²²

g ◦ f

iz ◦ (iz ◦ (g ◦ f))

λiz◦(g◦f)

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

iz◦λg◦f// iz ◦ (g ◦ f)

λg◦f

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

iz ◦ (g ◦ f)
λg◦f // g ◦ f

commutes. The top, bottom and right faces commute from the naturality of the left identity
coherence, and the right face commutes trivially. Since all edges are 2-isomorphisms we
conclude that the front face also commutes, which proves that the first triangle in lemma
commutes. Similarly, we prove the commutativity of the other triangle.

The statement preceding the theorem, can be made more precise as an instance of a
supercoherence introduced by Jardine in [40]. For a bicategory B, and any ordinal [n], we
can consider the category Bn of horizontally composable strings of 1-morphisms in B, in
an analogy with (2.10). A string from [n0] to [nk] is a factorization of a map f : [n0] → [nk]

n0
θ1 // n1

θ2 // . . . θk // nk (2.20)

in the category ∆, such that each θi is either coface or codegeneracy, but (2.20) does not
necessarily have a canonical form (2.2). Then if we define face functors Di : Bn → Bn−1 by

Di(fn, fn−1, . . . , f2, f1) =





(fn, fn−1, . . . , f3, f2) i = 0
(fn, . . . , fi+1 ◦ fi, . . . , f1) 0 < i < n
(fn−1, fn−2, . . . , f2, f1) i = n

(2.21)

by composing out ith object, and if we define the degeneracy functors Si : Bn → Bn+1 by

Si(fn, fn−1, . . . , f2, f1) =





(fn, fn−1, . . . , f1, ix0) i = 0
(fn, . . . , fi+1, idxi , fi, . . . , f1) 0 < i < n
(ixn , fn, . . . , f2, f1) i = n

(2.22)

expanding the ith object by its identity morphism, the collection of categories Bn and face
and degeneracy functors form a supercoherent structure, which we will make precise by first
introducing a notion of a homomorphism of bicategories.
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Definition 2.14. A homomorphism F : B → B′ of bicategories consists of the following
data:

• a (discrete) functor F0 : B0 → B′0, and a functor F1 : B1 → B′1,
• two natural transformations

B2

ÄÄÄÄ{¤ µH

²²

F2 // B′2

H′

²²
B1 F1

// B′1

B0

ÄÄÄÄ{¤ ηI

²²

F0 // B′0

I′

²²
B1 F1

// B′1

(2.23)

given by components µg,f : F (g)◦F (f) ⇒ F (g◦f) and ηx : i′F (x) ⇒ F (ix), respectively.

These data are required to satisfy the following axioms:

• for any object (h, g, f) in B3 there is a commutative diagram

(F (h) ◦ F (g)) ◦ F (f)

a′
F (h),F (g),F (f)

®¶

µh,g◦F (f)
+3 F (h ◦ g) ◦ F (f)

µh◦g,f +3 F ((h ◦ g) ◦ f)

F (ah,g,f )

®¶
F (h) ◦ (F (g) ◦ F (f))

F (h)◦µg,f

+3 F (h) ◦ F (g ◦ f) µh,g◦f

+3 F (h ◦ (g ◦ f))

(2.24)

• for any object f in B1 there is a commutative diagram

F (f) ◦ i′F (x)

ρ′
F (f)

®¶

F (f)◦ηx +3 F (f) ◦ F (ix)
µf,ix +3 F (f ◦ ix)

F (ρf )

®¶
F (f) F (f)

(2.25)
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• for any object f in B1 there is a commutative diagram

i′F (y) ◦ F (f)

λ′
F (f)

®¶

ηy◦F (f) +3 F (iy) ◦ F (f)
µiy,f +3 F (iy ◦ f)

F (λf )

®¶
F (f) F (f)

(2.26)

If the components µg,f : F (g) ◦ F (f) ⇒ F (g ◦ f) and ηx : i′F (x) ⇒ F (ix) of two natural
transformations (2.23) are the identity 2-morphisms, which means that the two diagrams
(2.23) commute strictly, then we say that the homomorphism F : B → B′ is strict.

Remark 2.15. If both B and B′ are strict 2-categories, the the coherence (2.24) becomes

F (h) ◦ F (g) ◦ F (f)

F (h)◦µg,f

®¶

µh,g◦F (f)
+3 F (h ◦ g) ◦ F (f)

µh◦g,f

®¶
F (h) ◦ F (g ◦ f) µh,g◦f

+3 F (h ◦ g ◦ f)

and the coherence for the right (2.25) and left identity (2.26) become the two diagrams

F (f) ◦ F (ix)

µf,ix

¾#
??

??
??

??
??

??

??
??

??
??

??
??

F (f)

F (f)◦ηx

;CÄÄÄÄÄÄÄÄÄÄÄÄ

ÄÄÄÄÄÄÄÄÄÄÄÄ
F (f)

F (iy) ◦ F (f)

µiy,f

¾#
??

??
??

??
??

??

??
??

??
??

??
??

F (f)

ηy◦F (f)

;CÄÄÄÄÄÄÄÄÄÄÄÄ

ÄÄÄÄÄÄÄÄÄÄÄÄ
F (f)

The proof of the following important result can be found in Bénabou’s paper [7].

Theorem 2.16. There exist categories Bicat and Bicats whose objects are bicategories,
and morphisms are homomorphisms and strict homomorphisms of bicategories, respectively.

In the rest of the paper, we will be mostly concerned with strict homomorphisms of
bicategories, since all the examples of fibrations of bicategories in Section 4 will be such
strict homomorphisms of bicategories. Now, we will give two basic examples of (nonstrict)
homomorphism of bicategories.
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Example 2.17. (Weak monoidal functors) Since any two monoidal categories M and M′

may be seen as bicategories ΣM and ΣM′ with only one object, any weak monoidal functor

F : M→M′

may be seen as a homomorphism ΣF : ΣM→ ΣM′ of bicategories ΣM and ΣM′.

Example 2.18. (Pseudofunctors) For any category C, any pseudofunctor F : Cop → Cat
may be seen as a homomorphism from a locally discrete bicategory Cop.

The collection of categories Bn, face functors (2.21) and degeneracy functors (2.22)

B0
// B1

D1oo
D0

oo //// B2
oo

D2oo

D0

oo ////
// B3 . . .oooo

D3oo

D0

oo (2.27)

may be presented as in the above diagram in Cat, in which we denoted only extremal face
functors D0, Dn : Bn → Bn−1, while we omitted all degeneracy functors Si : Bn → Bn+1.
These functors do not satisfy simplicial identities, since there exist natural isomorphisms

α : DiDj ⇒ Dj−1Di (i < j)
α : SiSj ⇒ Sj+1Si (i ≤ j)
α : DiSj ⇒ Sj−1Di (i ≤ j)
α : DiSj ⇒ Id (i = j, i = j + 1)
α : DiSj ⇒ Sj−1Di (i > j + 1)

(2.28)

all of which are denoted by α. The three functors D0, D1, D2 : B2 → B1 satisfy identities

D0D1 = D0D0

D1D2 = D1D1

D0D2 = D1D0

(2.29)

where the first and the second identity correspond to the compatibility of the horizontal
composition with the target and source functors, respectively, and the third identity cor-
respond to the second pullback in a diagram (2.10). The first nontrivial simplicial natural
isomorphisms in (2.28) arise from the associativity coherence (2.11) in the bicategory B

α : D1D2 ⇒ D1D1 (2.30)

which is the only nontrivial simplicial identity between the face functors from B3 to B1.
The left and right identity coherence (2.12) provide the following two natural isomorphisms

λ : D1S1 ⇒ IdB1

ρ : D1S0 ⇒ IdB1

(2.31)

and these natural isomorphisms, together with (2.30), satisfy three commutative diagrams
corresponding to the associativity, left and right identity coherence, which are the only
nontrivial coherence conditions out of seventeen commutative diagrams described in [40],
so that collection of categories and functors (2.27), together with natural isomorphisms
(2.28) constitute a supercoherent structure, which we call a supercoherent nerve NB of B.
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For any such supercoherent structure NB, we consider the set Str([n], [m]) of strings
(2.20) from [n] to [m], and to any string (θk, . . . , θ2, θ1) we associate the composite functor
θk . . . θ1 : Bn → Bm defined with respect to the supercoherent structure NB. A coherence
isomorphism

(θk, . . . , θ1) → (γl, . . . , γ1) (2.32)

is defined to be a composite of natural isomorphisms of the form ζk . . . ζi+1α
εζi . . . ζ1, where

ε = ±1 and each ζi is either a face or a degeneracy of NB. It follows that θk . . . θ1 = γl . . . γ1

if there exist a coherence isomorphism (2.32), so that we can consider a category Str(θ)
whose objects are all string (θk, . . . , θ2, θ1) such that θ = θk . . . θ1, and whose morphisms
are coherence isomorphisms. The following supercoherence theorem is proved in [40].

Theorem 2.19. Let NB be a supercoherent nerve of a bicategory B. Then the category
Str(θ) is a trivial groupoid.

Remark 2.20. Since a trivial groupoid is a category with exactly one morphism between
any two objects, the supercoherence theorem asserts that any two strings (2.20) representing
the same monotone map can be connected by a path of coherence isomorphism (2.32), and
moreover any two such paths have equal composites, which means that all diagrams of
coherence isomorphisms necessarily commute.

We will justify the term a supercoherent nerve, by the construction which associates to
any supercoherent structure a pseudosimplicial category.

Definition 2.21. A pseudosimplicial category B• is a pseudofunctor B : ∆op → Cat from
the skeletal simplicial category ∆ to the 2-category Cat of small 2-categories.

Now, suppose that NB is a supercoherent nerve of the bicategory B. For any monotone
map θ : [n] → [m], we choose its canonical form (2.2), and we define the induced functor

θ∗ = Sj1 . . . SjtDis . . . Di1 : Bn → Bm (2.33)

with respect to the supercoherent structure NB. If τ : [m] → [k] is another monotone map,
the the two functors τ∗θ∗ and (τθ)∗ come from strings which have the same composition,
and by the supercoherence theorem there exists a unique coherence natural isomorphism

µτ,θ : τ∗θ∗ ⇒ (τθ)∗. (2.34)

Then we immediately obtain the following result whose proof can be also found in [40].

Theorem 2.22. Let NB be a supercoherent nerve of a bicategory B. Then the assignment
(2.33), together with natural isomorphisms (2.34) defines a pseudosimplicial category.

Proof. The proof is essentially the consequence of the supercoherence theorem since it
involves diagrams of coherence natural isomorphism (2.34) which necessarily commute.
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For any strict homomorphism of bicategories P : E → B, and every object x in B, a fiber
bicategory Ex is a (strict) pullback

Ex

T

²²

Jx // E

P

²²
J x

// B

(2.35)

where J is the free bicategory on one object. Let us recall that a free bicategory is a functor

F : Cat−Gph → Bicats (2.36)

from the category Cat-Gph of Cat-graphs to the category Bicats of bicategories and their
strict homomorphisms. Objects of the category Cat-Gph are graphs G consisting of the
set G0 of objects together with a category G(x, y) for any two objects x, y in G0. A
morphism F : G → H of Cat-graphs consists of the function F0 : G0 → H0 and functors
Fx,y : G(x, y) → H(F0(x), F0(y)) for any two objects in G0.

The free bicategory functor (2.36) can be described on the level of objects in the fol-
lowing way. For any Cat-graph G, the free bicategory FG has an underlying 2-truncated
globular set whose objects FG0 is the set G0. The set FG1 of 1-morphisms is defined in-
ductively to include identity 1-morphism ix as new object of G(x, x) for any object x in G0,
then all objects of the category G(x, y) for any two objects x, y in G0, and for any objects f
in G(x, y) and g in G(y, z) their horizontal composition g ◦ f . The set FG2 of 2-morphisms
is defined inductively by taking new 2-isomorphisms αh,g,f : (h ◦ g) ◦ f ⇒ h ◦ (g ◦ f) for any
object f in G(x, y), g in G(y, z) and h in G(z, w), with λf : ix ◦f ⇒ f and ρf : f ◦ ix ⇒ f for
any element f in G(x, y), and their horizontal compositions with all morphisms in G(x, y)
for any two objects x, y in G0. Then we form vertically composable strings of the hori-
zontal compositions of these 2-morphisms, and we quotient out by the equivalence relation
generated by naturality of the associativity, left and right identity coherence 2-morphisms,
the Godement interchange law, and the compatibility of the horizontal composition with
the vertical composition in categories G(x, y) for any two objects x, y in G0.

Then the free bicategory F(•) on the Cat-graph whose G0 = {•} and G(•, •) = ∅ is
actually a bigroupoid J with a unique object •, 1-morphisms are horizontal compositions

i•, i• ◦ i•, (i• ◦ i•) ◦ i•, i• ◦ (i• ◦ i•), ((i• ◦ i•) ◦ i•) ◦ i•, (i• ◦ i•) ◦ (i• ◦ i•), . . .

of an identity 1-morphism i• : • → • and whose 2-morphisms are horizontal compositions
of coherence 2-isomorphisms αi•,i•,i• : (i• ◦ i•) ◦ i• ⇒ i• ◦ (i• ◦ i•) and λi• = ρi• : i• ◦ i• ⇒ i•.
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The free bicategory functor (2.36) has a right adjoint, which is the forgetful functor

U : Bicats → Cat−Gph (2.37)

taking a bicategory B to its underlying graph UB with UB0 = B0 and UB(x, y) = B(x, y).
This means that the free bicategory functor (2.36) has the following universal property: for
any bicategory B and any morphism G : G → UB from a graph G to an underlying graph
UB of B, there exists a unique strict homomorphism G̃ : FG → B of bicategories

G

G

ÂÂ?
??

??
??

??
??

??
??

??
??

?
ηG // UFG

UG̃

²²
UB

(2.38)

such that diagram commutes, where ηG : G → UFG is component of the unit of adjunction.
A strict homomorphism x : J → B takes the unique object • of J to the object x in

B and the identity 1-morphism i• : • → • in J to an identity 1-morphism ix : x → x in B.
Actually, x : J → B is uniquely determined by (2.38) by the image of the unique object •
since J is the free bicategory on the object •. Therefore, Ex is a bicategory whose objects
are all those objects in E mapped to the object x in B and whose 1-morphisms are all those
1-morphisms j : E → F whose image by P are parenthesized strings of 1-morphisms

ix, ix ◦ ix, (ix ◦ ix) ◦ ix, ix ◦ (ix ◦ ix), ((ix ◦ ix) ◦ ix) ◦ ix, (ix ◦ ix) ◦ (ix ◦ ix), . . . (2.39)

and whose 2-morphisms φ : j → k are mapped by P to such strings of identity 2-morphisms.
Therefore, any 1-morphism j : F → E in Ex is mapped to a 1-morphism of the type (2.39)
and we define its order ε(j) as the number of occurrences of identity morphisms ix in P (j).

We can use a supercoherent nerve NB of the bicategory B with faces Dj : Bn → Bn−1,
for any 1 ≤ j ≤ n, and degeneracies Sj : Bn−1 → Bn, for any 1 ≤ j ≤ n − 1, as functors
between categories Bn of horizontally composable strings of n morphisms, which satisfy
pseudosimplicial identities. Then any parenthesized string of the type (2.39) may be ex-
pressed as Di1 . . . DinSn

0 (ix) where Sn
0 (ix) is a sequence of n + 1 identity morphisms

(ix, ix, . . . , ix, ix)︸ ︷︷ ︸
n+1 times

and Dj : Bn → Bn−1 factors out jth object in such strings for any 1 ≤ j ≤ n. The indices
are such that 1 = i1 ≤ i2 ≤ . . . ≤ in ≤ n and in−1 < in when in = n. Therefore, we
introduce a notation θ(j) = (i1, i2, . . . , iε(j)−1), and we usually write P (j) = i

θ(j)
x when

P (j) = Di1 . . . Diε(j)−1
S

ε(j)−1
0 (ix)

such that 1 ≤ i1 ≤ i2 ≤ . . . ≤ iε(j)−1 ≤ ε(j) and iε(j)−2 < iε(j)−1 when iε(j)−1 = ε(j).
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Definition 2.23. A pseudonatural transformation σ : F ⇒ G is defined by the data:

• a natural transformation σ0 : F0 → G0 between (discrete) functors,

• a natural isomorphism

B1

F1

²²

G1 //

ÄÄÄÄ{¤ σ1

B′1

σ∗0

²²
B′1 σ0∗

// B′1
whose component indexed by an object f : x → y in B1 is given by a 2-morphism
σf : G(f) ◦ σx ⇒ σy ◦ F (f) as in a diagram

F (x)

F (f)

²²

σx //

ÄÄÄÄ{¤ σf

G(x)

G(f)

²²
F (y) σy

// G(y)

These data are required to satisfy the following axioms:

• for any object (g, f) in B2, there is a commutative diagram

(G(g) ◦G(f)) ◦ σx

µG
g,f◦σx

®¶

α′
G(g),G(f),σx+3 G(g) ◦ (G(f) ◦ σx)

G(g)◦σf+3 G(g) ◦ (σy ◦ F (f))

α′−1
G(g),σy,F (f)

®¶
G(g ◦ f) ◦ σx

σg◦f

®¶

(G(g) ◦ σy) ◦ F (f)

σg◦F (f)

®¶
σz ◦ F (g ◦ f) σz ◦ (F (g) ◦ F (f))

σz◦µF
g,f

ks (σz ◦ F (g)) ◦ F (f)
α′

σz,F (g),F (f)

ks

(2.40)
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• for any object x in B there is a commutative diagram

i′G(x) ◦ σx

ηG
x ◦σx

®¶

λ′σx +3 σx
ρ′−1

σx +3 σx ◦ i′F (x)

σx◦ηF
x

®¶
G(ix) ◦ σx σix

+3 σx ◦ F (ix)

(2.41)

Remark 2.24. If both B and B′ are strict 2-categories, then the coherence (2.40) becomes
a commutative diagram

G(g) ◦G(f) ◦ σx

µG
g,f◦σx

®¶

G(g)◦σf +3 G(g) ◦ σy ◦ F (f)

σg◦F (f)

®¶

G(g ◦ f) ◦ σx

σg◦f

®¶
σz ◦ F (g ◦ f) σz ◦ F (g) ◦ F (f)

σz◦µF
g,f

ks

The second coherence (2.41) becomes the commutative diagram

σx

ηG
x ◦σx

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

σx◦ηF
x

¾#
??

??
??

??
??

??
??

??

??
??

??
??

??
??

??
??

G(ix) ◦ σx σix

+3 σx ◦ F (ix)
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Definition 2.25. For any two pseudonatural transformations, a modification Γ: σ V σ′

B

¡¡ÁÁ

F

σ

ÁÁ

σ′

@@
ÂÂ ÂÂ
®¶ Γ G

B′
consists of the following data:

• for each object x in B, a 2-morphism Γx : σx ⇒ σ′x in the bicategory B′

such that the following diagram

F (x)

σ′x

::

σx

$$

F (f)

²²

ÂÂ ÂÂ
®¶ Γx G(x)

G(f)

²²

ÂÂ ÂÂ
®¶ σf

F (y)

σy

$$s
m f _ X Q

K

σ′y

::
ÂÂ ÂÂ
®¶ Γy G(y)

commutes, which means that a diagram of 2-morphisms in the bicategory B′

G(f) ◦ σx

σf

®¶

G(f)◦Γx +3 G(f) ◦ σ′x

σ′f

®¶
σy ◦ F (f)

Γy◦F (f)
+3 σ′y ◦ F (f)

commutes.
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Theorem 2.26. Homomorphisms from a bicategory B to E are objects of a bicategory

Hom(B, E) (2.42)

where 1-morphisms are pseudonatural transformations and 2-morphisms are modifications.

Proof. The horizontal composition ξ ◦ σ of two pseudonatural transformations σ : P ⇒ R
and ξ : R ⇒ S has a component indexed by an object B in B, defined by an identity

(ξ ◦ σ)B := ξB ◦ σB (2.43)

and for any 1-morphism f : A → B in the bicategory B, the pasting composite of a diagram

P (A)

P (f)

²²

σA //

ÄÄÄÄ{¤ σf

R(A)
ξA //

R(f)

²²

ÄÄÄÄ{¤ ξf

S(A)

S(f)

²²
P (B) σB

// R(B)
ξB

// S(B)

defines the component (ξ ◦ σ)f of the pseudonatural transformation ξ ◦ σ by an identity

(ξ ◦ σ)f := (ξB ◦ σf )(ξf ◦ σA). (2.44)

The associativity coherence for this composition is given by an invertible modification

α̃ω,ξ,σ : (ω ◦ ξ) ◦ σ ⇒ ω ◦ (ξ ◦ σ) (2.45)

whose components for any three pseudonatural transformations P
σ +3 R

ξ +3 S
ω +3 T

P (A)

[ω◦(ξ◦σ)]A

::

[(ω◦ξ)◦σ]A

$$

P (f)

²²

ÂÂ ÂÂ
®¶ αωA,ξA,σAT (A)

T (f)

²²

ÂÂ ÂÂ
®¶[ω◦(ξ◦σ)]f

P (B)

[(ω◦ξ)◦σ]B $$t
m f _ X Q

J

[ω◦(ξ◦σ)]B

::
ÂÂ ÂÂ
®¶ αωB,ξB,σBT (B)
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are given by associativity coherence 2-morphisms αωA,ξA,σA
: (ωA◦ξA)◦σA ⇒ ωA◦(ξA◦σA).

For a homomorphism R : B → E of bicategories, an identity pseudonatural transformation

ιR : R ⇒ R (2.46)

has an identity 1-morphism iR(B) : R(B) → R(B) as a component (ιR)B indexed by an
object B in B, and its component (ιR)f : R(f) ◦ iR(B) ⇒ iR(A) ◦ R(f) indexed by any
1-morphism f : A → B in B, is as in a diagram

R(A)

R(f)

²²

iR(A) //

R(f)

ÂÂ?
??

??
??

??
??

??
??

??
??

??
??

ÄÄÄÄ{¤ λR(f)

ÄÄÄÄ{¤ ρ−1
R(f)

R(A)

R(f)

²²
R(B)

iR(B)

// R(B)

and is equal to ρ−1
R(f)λR(f). Then for any pseudonatural transformations σ : P ⇒ R and

ξ : R ⇒ S, a left and right identity coherence modifications

λ̃σ : ιR ◦ σ ⇒ σ (2.47)

ρ̃ξ : ξ ◦ ιR ⇒ ξ (2.48)

have components for any object B in B given by the left and right identity coherence

λσB : iR(B) ◦ σB ⇒ σB (2.49)

ρξB
: ξB ◦ iR(B) ⇒ ξB (2.50)

respectively. The horizontal composition of any two modifications in Hom(B, E)

P

σ

½½

τ

DD
ÂÂ ÂÂ
®¶ Γ R

ξ

½½

ζ

DD
ÂÂ ÂÂ
®¶ Ω S

is defined by the horizontal composition of its components indexed by objects B in B
(Ω ◦ Γ)B := ΩB ◦ ΓB (2.51)
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Associativity and identity coherence for the horizontal composition follows immediately
from associativity and identity coherence of the horizontal composition in the bicategory

E . Vertical composition of modifications σ Γ _*4 τ Π _*4 π in Hom(B, E) is defined by

(ΠΓ)B := ΠBΓB (2.52)

and the two compositions (2.51) and (2.52) satisfy the Godement interchange law.

30



3 Indexed bicategories and tricategories

All definitions in this section are taken from [24], and Bicat denote a tricategory of bicat-
egories, their homomorphisms, pseudonatural transformations and modifications.

Definition 3.1. A tricategory T consists of the following data:

• a set T0 whose elements are called objects of T
• for any two objects x and y in T , a bicategory T (x, y) which we call a hom-bicategory,

whose objects f, g, h, . . . are called 1-morphisms of T , whose 1-morphisms φ, ψ, θ, . . .
are called 2-morphisms of T , and whose 2-morphisms Π,Θ, . . . are called 3-morphisms
of T . The horizontal composition of 1-morphisms φ and ψ in T (x, y) is denoted by
ψ ◦φ, and the vertical composition of 2-morphisms Π and Θ in T (x, y) is denoted by
the concatenation ΘΠ, whenever these compositions are defined

• for any three objects x, y and z in T , a homomorphism of bicategories

⊗ : T (y, z)× T (x, y) → T (x, z) (3.1)

called a composition, whose coherence conditions are not named

• for any object x in T , a homomorphism of bicategories

Ix : I → T (x, x) (3.2)

where I is the free 2-category on one object,

• for any three objects x, y and z in T , a pseudonatural equivalence

T (z, w)× T (y, z)× T (x, y)
⊗×IdT (x,y) //

IdT (z,w)×⊗

²²

²²²²¤® α

T (y, w)× T (x, y)

⊗

²²
T (z, w)× T (x, z) ⊗

// T (x, w)

(3.3)

• for any two objects x and y in T , pseudonatural equivalences

T (x, y)

ÄÄÄÄ{¤ ρ

Iy×IdT (x,y)

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

IdT (x,y)×Ix

ÂÂ?
??

??
??

??
??

??
??

??
??

T (y, y)× T (x, y)

???? ¾#λ

⊗
// T (x, y) T (x, y)× T (x, x)⊗

oo

(3.4)
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• for any five objects x, y, z, w, t in T , an isomodification π inside a cube

T4

ÄÄÄÄ{¤1×α

1×1×⊗

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

1×⊗×1 //

⊗×1×1

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â T3

1×⊗

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

⊗×1

²²

T3
1×⊗ //

ÄÄÄÄ{¤ α

⊗×1

²²

T2

⊗

²²

ÄÄÄÄ{¤ α

T3

ÄÄÄÄ{¤ α
1×⊗

ÄÄÄ
Ä

Ä
Ä

Ä
Ä

Ä

⊗×1 //___________ T2

⊗
ÄÄÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

T2 ⊗
// T1

ÄÄÄÄ
;Cα

(3.5)

• for any three objects x, y and z in T , an isomodification µ inside a pyramid

T2

IdT1×I×IdT1

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â

··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
·

··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
··
·

⊗

··*
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

**
**

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??

??
??

??
??

??
??

??
??

??
??

??
??

??
??

??

T3

ÄÄÄÄ{¤ α

1×⊗

ÄÄÄ
Ä

Ä
Ä

Ä
Ä

Ä

⊗×1 //___________

????[c
IdT1×ρ

ÄÄÄÄ
;Cλ×IdT1

T2

⊗
ÄÄÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

T2 ⊗
// T1

ÄÄÄÄ
;Cµ

(3.6)
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• for any three objects x, y and z in T , two isomodifications λ and ρ inside diagrams

T3

1×⊗

²²

⊗×1

ÂÂ?
??

??
??

??
??

??

T2
+3___________ ___________

I×1×1

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

⊗

²²

ÂÂ ÂÂ
®¶, λ×1

T2

⊗

²²

T2

???? ¾#
α

⊗

ÂÂ?
??

??
??

??
??

??

T

ÂÂ ÂÂ
®¶ λ

I×1

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ
T

T3

1×⊗

²²

1×⊗

ÂÂ?
??

??
??

??
??

??

T2
+3___________ ___________

1×1×I

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ

⊗

²²

ÂÂ ÂÂ
®¶ 1×ρ

T2

⊗

²²

T2

???? ¾#
α

⊗

ÂÂ?
??

??
??

??
??

??

T

ÂÂ ÂÂ
®¶ ρ

1×I

??ÄÄÄÄÄÄÄÄÄÄÄÄÄ
T

(3.7)

Example 3.2. (Tricategory Bicat) Bicategories are objects of the tricategory Bicat, and
for any two bicategories B and E a hom-bicategory Bicat(B, E) is the one (2.42) given in
Theorem 2.16. A composition homomorphism

⊗ : Bicat(E ,P)×Bicat(B, E) → Bicat(B,P) (3.8)

is defined on the level of objects for any two homomorphisms F : B → E and G : E → P by

G⊗ F = GF. (3.9)

The composition of homomorphisms of bicategories is strictly associative, by Theorem 2.16,
so that the tricategory Bicat has an underlying category which we denote by the same name
Bicat. For any two pseudonatural transformations

B

F

½½

L

DD
ÂÂ ÂÂ
®¶ φ E

G

½½

M

DD
ÂÂ ÂÂ
®¶ ψ P

the composition homomorphism (3.8) is defined in the following way. First, we define a
pseudonatural transformation ψ⊗F : G⊗F ⇒ M⊗F whose component indexed by an object
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B in B is (ψ ⊗ F )B = ψF (B), and whose component indexed by a 1-morphism f : B → C
in B is (ψ ⊗ F )f = ψF (f) as in a diagram

GF (B)
ψF (B) //

GF (f)

²²

ÄÄÄÄ{¤ ψF (f)

MF (B)

MF (f)

²²
GF (C)

ψF (C)

// MF (C)

Second, we define a pseudonatural transformation M⊗φ : M⊗F ⇒ M⊗G whose component
indexed by an object B in B is (M ⊗ φ)B = M(φB), and whose component (M ⊗ φ)f

MF (B)
M(φB) //

MF (f)

²²

ÄÄÄÄ{¤ (M⊗φ)f

MG(B)

MG(f)

²²
MF (C)

M(φC)
// MG(C)

indexed by a 1-morphism f : B → C in B, is defined by a composition of 2-morphisms

MG(f) ◦M(φB)
µG(f),φB+3 M(G(f) ◦ φB)

M(φf )
+3 M(φC ◦ F (f))

µ−1
φC,F (f)+3 M(φC) ◦MF (f).

It is easy to see that both ψ ⊗ F and M ⊗ φ are pseudonatural transformations, and these
are 1-morphisms in the hom-bicategory Bicat(B,P) which will also be denoted by ψF and
Mφ, respectively. Then we use horizontal composition (2.43) and (2.44) in the bicategory
Bicat(B,P) to define the composition (3.8) of pseudonatural transformations ψ and φ by

ψ ⊗ φ = (ψ ⊗ F ) ◦ (M ⊗ φ) (3.10)

which we will also write in abbreviated form ψ ⊗ φ = ψF ◦Mφ.

Example 3.3. (Tricategory of spans in Cat) There is tricategory Span(Cat) of spans in
the 2-category Cat, whose objects are small categories. For any two small categories C and
D, a 1-morphism (F,G, G) : C → D is a span

G
F

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
G

ÂÂ?
??

??
??

??
?

C D
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and a 2-morphism (φ,A, ψ) : (F,G, G) ⇒ (L,L,M) in Span(Cat) is a diagram

G

////S[
φ

F

wwoooooooooooooo
G

''OOOOOOOOOOOOO

A

²²

C D²²²²
CKψ

L
L

ggOOOOOOOOOOOOOO M

77ooooooooooooo

consisting of a functor A : G ⇒ L together with natural transformations φ : L ◦A ⇒ F and
ψ : M ◦A ⇒ G. A 3-morphism β : (φ,A, ψ) V (µ,B, ν) in Span(Cat) is given by a diagram

????[c
µ

G
F

wwoooooooooooooo
G

''OOOOOOOOOOOOO

B

}}

A

!!

Ä
­

·Â
*
4

?

C DÄÄÄÄ
;Cν

L

____ +3β

L

ggOOOOOOOOOOOOOO M

77ooooooooooooo

in which β : A ⇒ B is a natural transformation, such that µ(L ◦ β) = φ and ν(M ◦ β) = ψ.
It is obvious that for any two small categories C and D, a hom-bicategory Span(Cat)(C,D)
is actually a strict 2-category. The composition homomorphism

⊗ : Span(Cat)(D, E)× Span(Cat)(C,D) → Span(Cat)(C, E) (3.11)

is defined on the level of spans of categories

G
F

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
G

ÂÂ?
??

??
??

??
? H

H

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
K

ÂÂ?
??

??
??

??
?

C D E
by the composite left and right legs of a diagram where a square is a pullback in Cat

P
P1

ÄÄÄÄ
ÄÄ

ÄÄ
Ä P2

ÂÂ?
??

??
??

G
F

ÄÄÄÄ
ÄÄ

ÄÄ
Ä

G

ÂÂ?
??

??
??

H
H

ÄÄÄÄ
ÄÄ

ÄÄ
Ä

K

ÂÂ?
??

??
??

C D E
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It is obvious that an identity IC : C 9 C for the horizontal composition (3.11) is a span

C
IdC

ÄÄÄÄ
ÄÄ

ÄÄ
Ä IdC

ÂÂ?
??

??
??

C C.
and that the horizontal composition (3.11) is nor strictly associative or unital, but it follows
from a universal property of pullbacks that it is associative and unital up to canonical
isomorphisms of categories.

From the previous example, it follows that for any small category B, the following span

BI
D1

~~}}
}}

}}
} D0

ÃÃA
AA

AA
AA

B B
(3.12)

is a monoid in a monoidal 2-category Span(Cat)(B,B), where BI is a category of mor-
phisms. By identifying any functor P : E → B with a span (IE , E , P ), we have a composi-
tion

(B, P )
P1

||xxxxxxxx
P2

""DD
DD

DD
DD

D

BI
D1

~~}}
}}

}}
} D0

##GGGGGGGGG E
P

||yy
yy

yy
yy

yy
IE

ÁÁ>
>>

>>
>>

B B E

(3.13)

which means that for a slice 2-category (Cat,B) of functors over B, we have a 2-functor

(B,−) : (Cat,B) → (Cat,B) (3.14)

which is a actually a 2-monad on (Cat,B) by the commutativity of the following diagram

(B3, P )

F

wwoooooooooooooooooooooooooooooo

P2

''OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

D1

ÄÄÄ
Ä

Ä
Ä

Ä

D2

ºº/
//

//
//

//
//

//
//

//
//

/

(B2, P )

D1P1ssg g g g g g g g g

B

ºº/
/

/
/

/
/

/
/

/
/ B

--[[[[[[[[[[[[[[[[[[[

B E

(B2, P )
D1P1

mm[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[

P2

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

P2

33ggggggggggggggggg

(B, P )

P

ggOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

IE

77ooooooooooooooooooooooooooooooo
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Then a pseudoalgebra structure for the 2-monad (3.14) is given by a functor P : E → B
and a functor M : (B, P ) → E which is a part of a morphism of spans

(B, P )
Q1

wwooooooooooo
P

''OOOOOOOOOOO

M

²²

B E²²²²
CK

ϑ

E
P

ggOOOOOOOOOOOOOO IE

77oooooooooooooo

such that the following diagram in Span(B, E)

(B2, P )

F

wwoooooooooooooooooooooooooooooo

P2

''OOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

D1

ÄÄÄ
Ä

Ä
Ä

Ä
Ä

D2

ºº/
//

//
//

//
//

//
//

//
//

/

(B, P )

D1P1ssg g g g g g g g g

B

ºº/
/

/
/

/
/

/
/

/
/

/ B

--[[[[[[[[[[[[[[[[[[[

B E____ +3β

(B, P )
D1P1

mm[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[[

P2

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
Ä

P2

33ggggggggggggggggg

ÄÄÄÄ
;Cϑ

E

P

ggOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOOO

IE

77ooooooooooooooooooooooooooooooooo

commutes.
The left leg of a span (4.17) is a functor from the comma category (B, P )

D1P1 : (B, P ) → B. (3.15)

and this functor is a actually a fibration which we prove by the following theorem.

Theorem 3.4. For any functor P : E → B, the functor(3.15) is a fibration of categories,
called a canonical fibration associated to P .
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Definition 3.5. Let B be a small bicategory. A B-indexed bicategory is a trihomomorphism
F : Bcoop → Bicat of tricategories from Bcoop to the tricategory Bicat which consists of:

• for every object x in B, a bicategory F(x), which we will also denote by Fx,

• for every two objects x and y in B, a homomorphism of bicategories

Fx,y : B(x, y)op → Hom(Fy,Fx) (3.16)

from the opposite B(x, y)op of the category B(x, y) of 1-morphisms and 2-morphisms
with x and y as a 0-source and 0-target, respectively, into the bicategoryHom(Fy,Fx).
For any 1-morphism f : x → y in B, its image Fx,y(f) by (3.16) is a homomorphism

x
f // y Â Fx,y // Fx Fy

f∗oo (3.17)

on the right side, and for any 2-morphism β : f ⇒ g in B, its image Fx,y(β) by (3.16)

x

f

»»

g

FF
ÂÂ ÂÂ
®¶ β y Â Fx,y // Fx Fy

g∗

ZZ

f∗

¥¥
Â ÂÂ ÂKSβ∗ (3.18)

is a pseudonatural transformation β∗ : g∗ ⇒ f∗ on the right side of (3.18).

• for any composable pair f
β +3 g

γ +3 h of 2-morphisms in B, an isomodification

µγ,β : β∗ ◦ γ∗ V (γβ)∗ (3.19)

which satisfy coherence with respect to the vertical composition of 2-morphisms in B

(β∗ ◦ γ∗) ◦ δ∗

α̃β∗,γ∗,δ∗

Â­·

µγ,β◦δ∗_*4 (γβ)∗ ◦ δ∗
µδ,γβ _*4 [δ(γβ)]∗

id

Â­·
β∗ ◦ (γ∗ ◦ δ∗)

β∗◦µδ,γ

_*4 β∗ ◦ (δγ)∗ µδγ,β

_*4 [(δγ)β]∗

(3.20)

and such that the following normalization conditions for modifications are satisfied

µιg ,β = λ̃β∗ (3.21)
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µβ,ιf = ρ̃β∗ (3.22)

where modifications on the right side are the components of the left and right identity
coherence modifications (2.47) and (2.48) in the bicategory Hom(Fx,Fx), respec-
tively.

• for any 1-morphisms f : x → y and g : y → z in B, two pseudonatural equivalences

χg,f : f∗g∗ ⇒ (g ◦ f)∗ (3.23)

χ∗g,f : (g ◦ f)∗ ⇒ f∗g∗ (3.24)

in the bicategory Hom(Fx,Fx), together with isomodifications

Θg,f : χ∗g,f ⊗ χg,f V ιf∗◦g∗ (3.25)

Λg,f : χg,f ⊗ χ∗g,f V ι(g◦f)∗ (3.26)

such that (3.23) and (3.24) are adjoint pseudonatural equivalences.

• for any horizontally composable pair of 2-morphisms in B

x

f

ÃÃ

k

>>
ÂÂ ÂÂ
®¶ β y

g

ÃÃ

l

>>
ÂÂ ÂÂ
®¶ γ z

an isomodification χγ,β : (γ ◦ β)∗χl,k V χg,f (β∗ ⊗ γ∗), as in a following diagram

k∗l∗
χl,k +3

β∗⊗γ∗

®¶

ÄÄÄÄ{ ¤ χγ,β

(l ◦ k)∗

(γ◦β)∗

®¶
f∗g∗ χg,f

+3 (g ◦ f)∗

(3.27)
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• for any three x
f // y

g // w h // z 1-morphisms in B, an isomodification

f∗g∗h∗
χg,f h∗

+3

f∗χh,g

®¶

²²²²¤® ωh,g,f

(g ◦ f)∗h∗
χh,g◦f +3 [(h ◦ (g ◦ f)]∗

α∗h,g,f

®¶
f∗(h ◦ g)∗ χh◦g,f

+3 [(h ◦ g) ◦ f ]∗

(3.28)

This data are required to satisfy the following coherence conditions:

• commutative cube

f∗g∗h∗k∗
f∗χh,gk∗

+3

ÄÄÄÄ{¤ θxωh,g,f
χg,f h∗k∗

®¶
Â
Â
Â
Â
Â
Â

Â
Â
Â
Â
Â
Â

f∗g∗χk,h

s{ ooooooooooooooooooooooooo

ooooooooooooooooooooooooo
f∗(h ◦ g)∗k∗

f∗χk,h◦g

s{ ooooooooo

ooooooooo

θh◦g,f k∗

®¶

f∗[k ◦ (h ◦ g)]∗

χk◦(h◦g),f

®¶

f∗α∗h,g,f

s{ ooooooooo

ooooooooo

f∗g∗(k ◦ h)∗
f∗χk◦h,g +3

χg,f (k◦h)∗

®¶

(g ◦ f)∗h∗k∗

χh,g◦f k∗

®¶
Â
Â
Â
Â
Â
Â

Â
Â
Â
Â
Â
Â

(g◦f)∗χk,h

s{ o o o o o o o o o o o o o

o o o o o o o o o o o o o
f∗[(k ◦ h) ◦ g]∗

χ(k◦h)◦g,f

®¶

ÄÄÄÄ
;Cωh,g,f k∗

²²²²¤® ωk◦h,g,f

(g ◦ f)∗(k ◦ h)∗

χk◦h,g◦f

®¶

[h ◦ (g ◦ f)]∗k∗
α∗h,g,f k∗

+3______________ ______________

χk,h◦(g◦f)

®¶
Â
Â
Â
Â
Â
Â

Â
Â
Â
Â
Â
Â

[(h ◦ g) ◦ f ]∗k∗

χk,(h◦g)◦f

®¶
ÄÄÄÄ{¤ ωk,h,g◦f

[k ◦ (h ◦ (g ◦ f))]∗

ÄÄÄÄ{¤ ωh,g,f θz

ÄÄÄÄ
;Cωk◦h,g,f

(k◦αh,g,f )∗
+3_____________ _____________

α∗k,h,g◦f

s{ o o o o o o o o o o o o o

o o o o o o o o o o o o o
[k ◦ ((h ◦ g) ◦ f)]∗

α∗k,h◦g,fs{ ooooooooo

ooooooooo

[(k ◦ (h ◦ g)) ◦ f ]∗

(αk,h,g◦f)∗s{ ooooooooo

ooooooooo

[(k ◦ h) ◦ (g ◦ f)]∗
α∗k◦h,g,f

+3 [((k ◦ h) ◦ g) ◦ f ]∗
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• for any object x in B, the image by (3.16) of an identity 1-morphism ix : x → x
satisfies

i∗x = IFx (3.29)

where IFx : Fx → Fx is an identity homomorphism in the hom-bicategoryHom(Fx,Fx).

• for any 1-morphism f : x ⇒ y in B, the image by (3.16) of an identity 2-morphism
ιf : f ⇒ f in B, satisfies the identity

ι∗f = ιf∗ (3.30)

where ιf∗ : f∗ ⇒ f∗ is an identity pseudonatural transformation defined in (2.46).

• for any 1-morphism f : x → y in B, two identities of pseudonatural transformations

χiy ,f = λ∗f (3.31)

χf,ix = ρ∗f (3.32)

• for any 2-morphism β : f ⇒ g in the bicategory B, the following two modifications

g∗
χiy,g=λ∗g +3

β∗

®¶

ÄÄÄÄ{¤ χιy,β

(iy ◦ g)∗

(ιy◦β)∗

®¶
f∗

χιy,f=λ∗f
+3 (iy ◦ f)∗

g∗
χg,ix=ρ∗g +3

β∗

®¶

ÄÄÄÄ{¤ χβ,ιx

(g ◦ ix)∗

(β◦ιx)∗

®¶
f∗

χf,ix=ρ∗f
+3 (f ◦ ix)∗

are equal to the composition of modifications

(ιy ◦ β)∗ ◦ λ∗g
µλg,ιy◦β_*4 [λg(ιy ◦ β)]∗ id _*4 [βλf ]∗

µ−1
β,λf_*4 λ∗f ◦ β∗ (3.33)

(β ◦ ιx)∗ ◦ ρ∗g
µρg,β◦ιx_*4 [ρg(β ◦ ιx)]∗ id _*4 [βρf ]∗

µ−1
β,ρf_*4 ρ∗f ◦ β∗ (3.34)

respectively, which follows from the naturality of the left and right identity coherence

iy ◦ f
λf +3

ιy◦β

®¶

g

β

®¶
iy ◦ g

λg

+3 g

f ◦ ix
ρf +3

β◦ιx

®¶

f

β

®¶
g ◦ ix ρg

+3 g
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Remark 3.6. When we replace the tricategory Bicat by the Gray-category 2-Cat of strict 2-
categories, then we obtain a notion of an B-indexed 2-category. We will later use this notion
in order to show that when our fundamental construction, the Grothendieck construction
for bicategories, is applied to a B-indexed 2-category, we still obtain a bicategory as in the
more general case of B-indexed bicategories.

A notion of an B-indexed bicategory is a natural generalization of a pseudofunctor, or
an indexed category to the immediate next level of dimension. Since a natural notion of a
map between indexed categories is a cartesian functor, we also define its generalization for
B-indexed bicategories.

Definition 3.7. Let B be a small bicategory. A cartesian homomorphism θ : F ⇒ G
between B-indexed bicategories F ,G : Bcoop → Bicat consists of the following data:

• a homomorphism θx : Fx → Gx of bicategories, for any object x in B,

• a pseudonatural tranformation θf : θxf∗ ⇒ f †θy

Fy

ÄÄÄÄ{¤ θf
θy

²²

f∗ // Fx

θx

²²
Gy

f†
// Gx

for any 1-morphism f : x → y in B, where f∗ : Fy → Fx and f † : Gy → Gx are homo-
morphisms between fibers of B-indexed bicategories F ,G : Bcoop → Bicat respectively,

• for any composable pair x
f // y

g // z of 1-morphisms in B, an isomodification

θxf∗g∗
θf g∗

+3

²²²²¤® Πg,f
θxχg,f

®¶

f †θyg
∗ f†θg +3 f †g†θz

χg,f θz

®¶
θx(g ◦ f)∗

θg◦f

+3 (g ◦ f)†θz
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This data are required to satisfy a coherence condition given by the commutative cube

θxf∗g∗h∗
θxχg,f h∗

//

ÄÄÄÄ{¤ θxωh,g,f
θf g∗h∗

²²Â
Â
Â
Â
Â
Â

θxf∗χh,g

wwooooooooooooooooooooooooo
θx(g ◦ f)∗h∗

θxχh,g◦f

wwooooooooo

θg◦f h∗

²²

θx[(h ◦ (g ◦ f)]∗

θh◦(g◦f)

²²

θxα∗h,g,f

wwooooooooo

θxf∗(h ◦ g)∗
θxχh◦g,f //

θf χh,g

²²

f †θyg
∗h∗

f†θgh∗

²²Â
Â
Â
Â
Â
Â

f†θyχh,g

wwo o o o o o o o o o o o
θx[(h ◦ g) ◦ f ]∗

θ(h◦g)◦f

²²

ÄÄÄÄ
;C Πg,f h∗

²²²²¤® Πh,g◦f

f †θy(h ◦ g)∗

f†θh◦g

²²

f †g†θwh∗
χg,f θwh∗

//________________

f†g†θh

²²Â
Â
Â
Â
Â
Â

(g ◦ f)†θwh∗

(g◦f)†θh

²²
ÄÄÄÄ{¤ f†Πh,g

f †g†h†θz

ÄÄÄÄ{¤ ωh,g,f θz

ÄÄÄÄ
;CΠh◦g,f

χg,f h†θz //_________________

f†g†θh

wwo o o o o o o o o o o o o
(g ◦ f)†h†θz

χh,g◦f θzwwoooooooo

[h ◦ (g ◦ f)]†θz

α†h,g,f θzwwoooooooo

f †(h ◦ g)†θz χh◦g,f θz

// [(h ◦ g) ◦ f ]†θz

Definition 3.8. Let B be a small bicategory. Then B-indexed bicategories are objects of a
tricategory BicatBcoop

whose 1-morphisms are cartesian homomorphisms, 2-morphisms are
trimodifications and 3-morphisms are perturbations, introduced in [24].
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4 Fibrations of bicategories

In this section, we introduce fibrations of bicategories. Before we do that, we recall defi-
nitions of fibrations of categories and cartesian morphisms introduced by Grothendieck [29].

Definition 4.1. Let F : D → C be a functor. A morphism f : x1 → x2 in the category D
is cartesian if the diagram

D(x0, x1)

F

²²

D(x0,f) // D(x0, x2)

F

²²
C(F (x0), F (x1)) C(F (x0),F (f))

// C(F (x0), F (x2))

(4.1)

is a pullback. This means that f : x1 → x2 satisfies the following property: for any mor-
phism g : x0 → x2 in D and any morphism u : F (x0) → F (x1) in B, such that

x0

g

ÂÂ?
??

??
??

??
??

??
??

??
??

??

ũ

²²Â
Â
Â
Â
Â
Â
Â
Â

x1
f

// x2

Â F //

F (x0)

F (g)

ÂÂ?
??

??
??

??
??

??
??

??
??

u

²²
F (x1)

F (f)
// F (x2)

(4.2)

F (g) = F (f) ◦ u there exists a unique morphism ũ : x0 → x1 in D, such that P (ũ) = u and
ũf = g. We say that the morphism f : x1 → x2 is a cartesian morphism, and we call a
morphism ũ : x0 → x1 a lifting of u : F (x0) → F (x1) by f along g.

Definition 4.2. We say that a functor F : D → C has enough cartesian morphisms if for
any morphism f : y → x in B and any object E in the fiber Dx, i.e. such that F (E) = x,
there exists a cartesian morphism f̃E : F → E in E such that F (f̃E) = f .

Definition 4.3. A functor F : D → C is called a fibration of categories (or a fibered
category) if it has enough cartesian morphisms.
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Definition 4.4. Let P : E → B be a strict homomorphism of bicategories. A 1-morphism
f : x1 → x2 in E is cartesian if the diagram

E(x0, x1)

P

²²

E(x0,f) // E(x0, x2)

P

²²
B(P (x0), P (x1)) B(P (x0),P (f))

// B(P (x0), P (x2))

(4.3)

is a bipullback in Cat. This means that f : x1 → x2 satisfies the following two properties:

1) for any 1-morphism g : x0 → x2 in E and a 1-morphism u : P (x0) → P (x1) in B, and
a 2-isomorphism β : P (g) ⇒ P (f) ◦ u

x0

ÄÄÄÄ{¤ β̃

g

ÂÂ?
??

??
??

??
??

??
??

??
??

??

ũ

²²Â
Â
Â
Â
Â
Â
Â
Â

x1
f

// x2

Â P //

P (x0)

ÄÄÄÄ{¤ β

P (g)

ÂÂ?
??

??
??

??
??

??
??

??
??

u

²²
P (x1)

P (f)
// P (x2)

(4.4)

there exists a 1-morphism ũ : x0 → x1 and a 2-isomorphism β̃ : g ⇒ f ◦ ũ in E,
such that P (ũ) = u and P (β̃) = β. We say that the 1-morphism f : x1 → x2 is a
1-cartesian 1-morphism, and we call a pair (ũ, β̃) a lifting of (u, β) by f along g.

2) for any 2-morphism φ : g ⇒ h in E, and any 2-morphism ψ : u ⇒ v in B, such that
(P (f) ◦ ψ)β = γP (φ) for some 2-isomorphism γ : P (h) ⇒ P (f) ◦ v

x0

ÄÄÄÄ{¤ γ̃

g

''

0

4
9

?
E

J
N

h

ºº

ũ

ºº

ṽ

¨¨
x1

____ +3ψ̃

f
// x2

ÄÄÄÄ
;Cφ

Â P //

P (x0)

ÄÄÄÄ{¤ γ
P (g)

&&

0

4
9

?
E

J

P (h)

ºº

u

¹¹

v

©©
P (x1)

____ +3ψ

P (f)
// P (x2)

ÄÄÄÄ
;CP (φ)

(4.5)

there exists a unique 2-morphism ψ̃ : ũ ⇒ ṽ, such that P (ψ̃) = ψ and (f ◦ ψ̃)β̃ = γ̃φ.
We say that the 1-morphism f : x1 → x2 is a 2-cartesian 1-morphism, and we call
a 2-morphism ψ̃ a lifting of a 2-morphism ψ by f along φ.
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Remark 4.5. The extent of the uniqueness of vertical 1-morphisms ũ : x0 → x1 in (4.4)
is implied by the universal property (4.5) for 2-cartesian 1-morphisms. More precisely,
for any two lifts (ũ, β̃) and (ũ′, β̃) of (u, β) by a cartesian 1-morphism f : x1 → x2 along
g : x0 → x1, we have a unique 2-isomorphism ψ̃ : ũ ⇒ ũ′ which we see by putting β = γ and
φ = ig in (4.5). Therefore, the induced vertical factorizations are unique up to a unique
2-isomorphism. Instead, we could have insisted on the uniqueness of vertical 1-morphisms
ũ : x0 → x1 in (4.4), which would correspond to the diagram (4.3) being a pseudopull-
back [43] which means that its universal property is determined up to an isomorphism of
categories, and not up to an equivalence of categories, as in a bipullback. Later, we will
emphasize once more this distinction in the construction of indexed bicategories by fibers,
when we will construct homomorphisms between fibers of a fibration of bicategories.

In the case when E and B are (strict) 2-categories and the diagram (4.4) is a (strict)
pullback in Cat for a (strict) 2-functor P : E → B, the resulting universal properties of a
1-morphism f : x1 → x2 would correspond to those of Hermida, who use them to explicitly
describe 2-fibrations of 2-categories in [33] and [34]. He proposed a definition of fibration of
bicategories by using coherence for the bireflection of bicategories and their homomorphisms
into (strict) 2-categories and (strict) 2-functors. Although that would be sensible approach
to define fibrations of bicategories, we take here a more direct approach instead.

Definition 4.6. We say that a strict homomorphism P : E → B of bicategories has enough
cartesian 1-morphisms if for any 1-morphism f : y → x in B and any object E in the fiber
Ex, there exists a cartesian 1-morphism f̃E : F → E in E such that P (f̃E) = f .

Definition 4.7. A strict homomorphism of bicategories P : E → B is called a 2-fibration
(or just a fibration) if the following conditions are satisfied:

• there are enough cartesian 1-morphisms

• a homomorphism P : E → B is locally a fibration, which means that for any two objects
y, z in E, the induced functor Py,z : E(y, z) → B(y, z) between the Hom-categories is
the usual (Grothendieck) fibration

• for any 1-morphism f : x → y in E the induced precomposition functor

E(y, z)

Py,z

²²

E(f,z) // E(x, z)

Px,z

²²
B(P (y), P (z)) B(P (f),P (z))

// B(P (x), P (z))

(4.6)

between fibrations is a Cartesian functor, i.e. it preserves cartesian 2-morphisms.
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Now we will show that many familiar examples of fibrations in the existing literature
are the special cases of fibrations of bicategories.

Example 4.8. (Grothendieck fibrations) Any functor P : E → B between categories may
be seen as a strict homomorphism of locally discrete bicategories. Then it follows from the
conjunction of the two defining properties of cartesian 1-morphisms that the functor P is
a 2-fibration of (locally discrete) bicategories if and only if it is a Grothendieck fibration
[29] of categories.

Example 4.9. (Fibrations of groupoids) Any fibration P : H → G of groupois, introduced
by Brown in [11], is a special case of a Grothendieck fibration of categories, and therefore
it may be seen as a 2-fibration of (locally discrete) bicategories as in the previous example.
From such fibrations, Brown derived a family of exact sequences familiar in homotopy
theory, including a six term exact sequences familiar in nonabelian cohomology, which
naturally led to the definition of a nonabelian cohomolgy of groupoids with coefficients in
groupoids.

Example 4.10. (Fibrations of 2-groupoids) The category 2-Gpdstr of 2-groupoids and their
strict homomorphisms have a closed model structure, described by Moerdijk and Svensson
in [51], and it was shown earlier by Moerdijk in [50] that its homotopy category is equivalent
to the homotopy category of a closed model structure on the category 2-Gpd of 2-groupoids
and their homomorphisms. Fibrations in these model categories are (not necessarily) strict
homomorphisms P : A → B of 2-groupoids such that for any 1-morphism f : x1 → x2

in A and any 1-morphisms g : P (x0) → P (x1) and h : P (x0) → P (x2), together with a
2-isomorphism β : h ⇒ P (f) ◦ g in B

x0

ÄÄÄÄ{¤ β̃

h̃

ÂÂ?
?

?
?

?
?

?
?

?
?

?

g̃

²²Â
Â
Â
Â
Â
Â
Â
Â

x1
f

// x2

Â P //

P (x0)

ÄÄÄÄ{¤ β

h

ÂÂ?
??

??
??

??
??

??
??

??
??

g

²²
P (x1)

P (f)
// P (x2)

there exists 1-morphisms g̃ : x0 → x1 and h̃ : x0 → x2, together with a 2-isomorphism
β̃ : h̃ ⇒ f ◦ g̃ in A, such that P (g̃) = g, P (h̃) = h and P (β̃) = β. A strict homomorphisms
P : A → B of 2-groupoids is such fibration if and only if it is a 2-fibration of bicategories.

Example 4.11. (Fibrations of bigroupoids) The concept of a fibration of bigroupoids, in-
troduced by Hardie, Kamps and Kieboom in [32], generalized the notion of fibration of
2-groupoids by Moerdijk from the previous example. They used Brown’s construction in
order to derive an exact nine term sequence from such fibrations, and they applied their
theory to the construction of a homotopy bigroupoid of a topological space [31].
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Example 4.12. (Fibrations in closed model structures on categories 2-Cat and Bicats)
The category 2-Cat of 2-categories and 2-functors has a closed model structure, introduced
by Lack in [44], which he extended to the category Bicats of bicategories and their strict
homomorphisms, in his subsequent paper [44]. These model structures are closely related to
the model structure of Moerdijk and Svensson in [51]. Fibrations in these model categories
are strict homomorphisms F : A → B having the equivalence lifting property:

a) for any equivalence f : x → y in B and for any object B in A such that F (B) = y,
there exist an equivalence f̃ : A → B in A such that F (f̃) = f .

b) for any 1-morphism v : A → B in A and any 2-isomorphism β : g ⇒ h in B such
that F (v) = h, there exist a 2-isomorphism β̃ : u ⇒ v in A such that F (u) = g and
F (β̃) = β.

Any equivalence in A is a cartesian 1-morphism since it satisfies properties (4.4) and (4.5),
in analogy with the fact that for any functor F : E → B, any isomorphism f : x → y in E
is cartesian. Therefore, 2-fibrations of bicategories are special cases of fibrations in closed
model structures on categories 2-Cat and Bicats, as those strict homomorphisms F : A → B
having the lifting property for all 1-morphisms in A, and not just for equivalences.

Example 4.13. (A domain fibration of the homotopy fiber of a bicategory) For any bi-
category B, and any object x in B, a homotopy fiber Bx̃ is a bicategory whose objects are
1-morphisms f : y → x of B whose 0-target is x. For any other object k : z → x in Bx̃,
a 1-morphism (g, φ) : k → f in Bx̃ consists of a 1-morphism g : z → y together with a
2-morphism φ : k ⇒ g ◦ f in B. Finally, a 2-morphism γ : (g, φ) ⇒ (h, ψ) in Bx̃

z

h

<<

g

""

k

¸+̧
++

++
++

++
++

++
++

++
++

ÂÂ ÂÂ
®¶ ψ

ÂÂ ÂÂ
®¶ γ y

f

ªª¶¶
¶¶
¶¶
¶¶
¶¶
¶¶
¶¶
¶¶
¶¶

x

is a 2-morphism γ : k ⇒ g ◦ f in B such that ψ = (f ◦ γ)φ. A domain fibration of
the homotopy fiber Bx̃ is a strict homomorphism Jx : Bx̃ → B of bicategories defined by
Jx(f) = y for any object f : y → x in Bx̃, Jx(g, φ) = g for any 1-morphism (g, φ) : k → f
in Bx̃ and Jx(γ) = γ for any 2-morphism γ : (g, φ) ⇒ (h, ψ) in Bx̃. It is obvious that a
strict homomorphism Jx : Bx̃ → B is a fibration since for any 1-morphism g : z → y in B
and any object f : y → x in Bx̃ over y, i.e. such that Jx(f) = y, there exists a canonical
1-morphism (g, if◦g) : f ◦ g → f in Bx̃, which is clearly cartesian.
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There is a 2-dimensional analog of the characterization of those fibrations F : D → C of
categories which are fibred in groupoids, i.e. for which all the fibers Dx are groupoids. It is
well known that this holds if and only if all the morphisms in the category D are cartesian.
First we give an analogous definition in a 2-dimensional case.

Definition 4.14. A strict homomorphism of bicategories P : E → B is called a fibration
in bigroupoids (or a bigroupoid fibration) if all the fibers Ex are bigroupoids.

Now we prove the mentioned 2-dimensional characterization of fibrations in bigroupoids.

Theorem 4.15. A strict homomorphism of bicategories P : E → B is a fibration in bi-
groupoids if and only if all 1-morphisms and 2-morphisms in the bicategory E are cartesian.

Proof. Suppose that all morphisms in E are cartesian and let u : E → G and v : F → G be
two lifts of a 1-morphism f : x1 → x2 in the bicategory B. Then for any 1-morphism

F

ÄÄÄÄ{¤ β

v

ÂÂ?
??

??
??

??
??

??
??

??
??

?

j

²²Â
Â
Â
Â
Â
Â
Â
Â

E u
// G

Â P //

x1

ÄÄÄÄ{¤ ρ−θ(j)
f

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

i
θ(j)
x1

²²
x1

f
// x2

j : E → F in the fiber bicategory Ex1 such that P (j) = i
θ(j)
x1 , there exists a 2-isomorphism

β : v ⇒ u◦j such that P (β) = ρ
−θ(j)
f by (4.4) since we assumed that u : F → G is cartesian.

By the same argument, since v : F → G is cartesian, we find a 1-morphism k : F → E in the
fiber bicategory Ex1 together with a 2-isomorphism γ : u ⇒ v ◦ k such that P (γ) = ρ

−θ(k)
f .

F

ÄÄÄÄ{¤ γ

u

ÂÂ?
??

??
??

??
??

??
??

??
??

?

k

²²Â
Â
Â
Â
Â
Â
Â
Â

E v
// G

Â P //

x1

ÄÄÄÄ{¤ ρ−θ(j)
f

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

i
θ(k)
x1

²²
x1

f
// x2

From an identity ρ
−θ(j◦k)
f = (ρ−θ(j)

f ◦ i
θ(k)
x1 )ρ−θ(k)

f which follows from the coherence theorem
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for bicategories [49], we use (4.5) in order to obtain a unique 2-isomorphism ηj◦k : iE ⇒ j◦k

E

iE

ÀÀ

k

µµ

u

''OOOOOOOOOOOOOOOOOOOOO

ÄÄÄÄ{¤ γ

F
ÄÄÄÄ{¤ β

j

¡¡

v
// G____ +3

ηj◦k

E

u

77ooooooooooooooooooooo

Â P //

x1

i
θ(j◦k)
x1

ÀÀ

i
θ(k)
x1

´´

f

''OOOOOOOOOOOOOOOOOOOO

ÄÄÄÄ{¤ ρ−θ(k)
fx1

ÄÄÄÄ{¤ ρ−θ(j)
f

i
θ(j)
x1

¡¡

f
// x2

____ +3ι
θ(j◦k)
x1

x1

f

77oooooooooooooooooooo

such that P (ηj◦k) = i
θ(j◦k)
x1 . The same argument in other direction would give a unique

2-isomorphism ηk◦j : iF ⇒ k ◦ j such that P (ηk◦j) = i
θ(k◦j)
x1 which shows that j : E → F

is an equivalence with a weak inverse k : F → E. The fact that any 2-morphism in the
fiber bicategory Ex1 is a 2-isomorphism follows by the same argument as in the ordinary
1-dimensional case since P : E → B is locally a Grothendieck fibration.

Example 4.16. (2-gerbes) The corresponding 2-dimensional sheaf-theoretical notions which
may be built from bicategories are introduced by Breen in [10] under a name of 2-gerbes.
These geometric objects are 2-dimensional analogs of gerbes, introduced by Giraud in [23],
which are locally nonempty and locally connected stacks in groupoids. In order to provide a
complete set of cohomological invariants for 2-dimensional nonabelain cohomology, Breen
defined 2-gerbes as locally nonempty and locally connected 2-stacks fibred in bigroupoids.
Although he used a more restrictive notion of 2-stacks over a topological space X as triho-
momorphisms from the opposite of a locally discrete tricategory O(X) of open subsets of X

G : O(X)op → Bicat

which satisfy effective descent conditions for objects, 1-morphisms and 2-morphisms, one
can use a more general notion of 2-gerbes over any site C, that is a category C equipped with
the Grothendieck topology. In this way, a 2-gerbe over a site C is a fibration in bigroupoids

G : E → C

which satisfy effective descent conditions for objects, 1-morphisms and 2-morphisms in the
bicategory E, where the category C is again regarded as a locally discrete bicategory.
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Definition 4.17. Let P : E → B be a strict homomorphism of bicategories. A 1-morphism
f : x0 → x1 in E is cocartesian if the diagram

E(x1, x2)

F

²²

E(f,x2) // E(x0, x2)

P

²²
B(P (x1), P (x2)) B(P (f),P (x2))

// B(P (x0), P (x2))

(4.7)

is a bipushout in Cat. This means that f : x1 → x2 satisfies the following two properties:

1) for any 1-morphism g : x0 → x2 in E and a 1-morphism u : P (x0) → P (x1) in B, and
a 2-isomorphism β : u ◦ P (f) ⇒ P (g)

x0
f //

ÄÄÄÄ{¤ β̃

g

ÂÂ?
??

??
??

??
??

??
??

??
??

??
x1

ũ

²²Â
Â
Â
Â
Â
Â
Â
Â

x2

Â P //

P (x0)
P (f) //

ÄÄÄÄ{¤ β

P (g)

ÂÂ?
??

??
??

??
??

??
??

??
??

P (x1)

u

²²
P (x2)

(4.8)

there exists a 1-morphism ũ : x1 → x2 and a 2-isomorphism β̃ : ũ ◦ f ⇒ g in E,
such that P (ũ) = u and P (β̃) = β. We say that the 1-morphism f : x0 → x1 is a
1-cocartesian 1-morphism, and a pair (ũ, β̃) is a lifting of (u, β) by f along g.

2) for any 2-morphism φ : g ⇒ h in E, and any 2-morphism ψ : u ⇒ v in B, such that
P (φ)β = γ(ψ ◦ P (f)) for some 2-isomorphism γ : v ◦ P (f) ⇒ P (h)

x0
f //

ÄÄÄÄ{¤ γ̃

g

''

h

ºº

x1

ũ

ºº

´
¹
½
Â
$
(
-

ṽ

¨¨
x2

____ +3ψ̃
ÄÄÄÄ

;Cφ
Â P //

P (x0)
P (f) //

ÄÄÄÄ{¤ γ

P (g)

&&

P (h)

ºº

P (x1)

u

¹¹

´
¹
½
Â
$
(
-

v

©©
P (x2)

____ +3ψ
ÄÄÄÄ

;CP (φ) (4.9)

there exists a unique 2-morphism ψ̃ : ũ ⇒ ṽ, such that P (ψ̃) = ψ and φβ̃ = γ̃(ψ̃ ◦ f).
We say that the 1-morphism f : x1 → x2 is a 2-cocartesian 1-morphism, and we
call a 2-morphism ψ̃ a lifting of a 2-morphism ψ by f along φ.
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Remark 4.18. The extent of the uniqueness of vertical 1-morphisms ũ : x1 → x2 in (4.4)
is implied by the universal property (4.9) for 2-cocartesian 1-morphisms. More precisely,
for any two lifts (ũ, β̃) and (ũ′, β̃) of (u, β) by a cocartesian 1-morphism f : x0 → x1 along
g : x0 → x2, we have a unique 2-isomorphism ψ̃ : ũ ⇒ ũ′ which we see by putting β = γ and
φ = ig in (4.9). Therefore, the induced vertical factorizations are unique up to a unique
2-isomorphism. Instead, we could have insisted on the uniqueness of vertical 1-morphisms
ũ : x1 → x2 in (4.8), which would correspond to the diagram (4.7) being a pseudopushout
which means that its universal property is determined up to an isomorphism of categories,
and not up to an equivalence of categories, as in a bipushout.

In the case when E and B are (strict) 2-categories and the diagram (4.8) is a (strict)
pushout in Cat for a (strict) 2-functor P : E → B, the resulting universal properties of a
1-morphism f : x1 → x2 would correspond to 2-cofibrations of 2-categories, in a complete
analogy with Hermida’s notion of a 2-fibration of (strict) 2-categories [33],[34].

Definition 4.19. We say that a strict homomorphism P : E → B of bicategories has enough
cocartesian 1-morphisms if for any 1-morphism f : x → y in B and any object E in the
fiber Ex, there exists a cartesian 1-morphism f̃E : E → F in E such that P (f̃E) = f .

Definition 4.20. A strict homomorphism of bicategories P : E → B is called a 2-cofibration
(or just a cofibration) if the following conditions are satisfied:

• it has enough cocartesian 1-morphisms

• a homomorphism P : E → B is locally a cofibration, which means that for any two ob-
jects y, z in E, the induced functor Py,z : E(y, z) → B(y, z) between the Hom-categories
is the usual (Grothendieck) cofibration

• for any 1-morphism g : y → z in E the induced composition functor

E(x, y)

Px,y

²²

E(x,g) // E(x, z)

Px,z

²²
B(P (x), P (y)) B(P (x),P (g))

// B(P (x), P (z))

(4.10)

between fibrations is a Cocartesian functor, i.e. it preserves cocartesian 2-morphisms.

Remark 4.21. Note that a strict homomorphism of bicategories P : E → B can satisfy a
combination of conditions from the previous definition and the definition of a fibration of
bicategories. More precisely, we call a strict homomorphism of bicategories P : E → B a
locally cofibred fibration of bicategories if it has enough cartesian 1-morphisms and if it is
locally a cofibration, such that induced composition functors are Cocartesian. Similarly, we
define locally fibred cofibrations of bicategories.
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One genuine example of a locally discretely cofibred 2-fibration of bicategories comes
from actions of bicategories, introduced by the author in [5].

Example 4.22. (Actions of bicategories) For any action A : P×B0B1 → P of the bicategory
B on the category Λ: P → B0 over the discrete category B0 of objects of B, as given in [5],

P1

s

²²

t

²²

B2

s1

²²

t1

²²
P0

Λ0
ÂÂ?

??
??

??
??

? B1

s0

²²

t0

²²
B0

(4.11)

there exists an action bicategory P / B whose underlying 2-graph consists of:

• objects P / B0 of an action bicategory P / B are objects P0 of the category P
• 1-morphisms P / B1 of an action bicategory P / B consists of pairs (φ, f) : q → p

q
(φ,f) // p

where f : Λ0(q) → Λ0(p) is a 1-morphism in B and φ : q → p / f is a morphism in P
• 2-morphisms P /B2 of an action bicategory P /B are 2-morphisms γ : (φ, f) ⇒ (ψ, g)

q

(φ,f)

ÃÃ

(ψ,g)

>>
ÂÂ ÂÂ
®¶ γ p

where γ : f ⇒ g is a 2-morphism in B, such that the diagram of morphisms in P

q
φ //

ψ

ÂÂ?
??

??
??

??
??

??
??

??
p / f

p/γ

²²
p / g

commutes.
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The horizontal composition of any two horizontally composable pair of 1-morphisms in P/B

r
(ψ,h) // q

(φ,f) // p

is a 1-morphism (φ◦ψ, f ◦h) : r → p in P /B, where φ◦ψ : r → p/ (f ◦h) is a composition

r
ψ // q / h

φ/h // (p / f) / h
κp,f,h // p / (f ◦ h)

of morphisms in P, and κp,f,h : (p / f) / h → p / (f ◦ h) is a component of the coherence
isomorphism for an action. The vertical composition of 2-morphisms γ : (φ, f) ⇒ (ψ, g)
and δ : (ψ, g) ⇒ (ϕ, k) is a 2-morphism δγ : (φ, f) ⇒ (ϕ, k) in P / B represented by the
vertical composition δγ : f ⇒ k of 2-morphisms in B.

It was shown in [5] that for any such action of the bicategory B on Λ: P → B0, there
exists a canonical projection

Λ: P / B → B (4.12)

which is a strict homomorphism of bicategories. A homomorphism Λ: P /B → B is defined
by (the object component of) the momentum functor Λ(p) = Λ0(p), for any object p in
P / B. For any 1-morphism (φ, f) it is defined by Λ(φ, f) = f , and for any 2-morphism
γ : (φ, f) ⇒ (ψ, g) in P / B, it is given simply by Λ(γ) = γ.

For any 1-morphism f : y → x in B and any object p in P such that Λ0(p) = x, it follows
from the axioms of an action that Λ0(p/f) = x. Then a 1-morphism (ip/f , f) : p/f → p in
P /B is a cartesian, since for any 1-morphism (ψ, g) : r → p in P /B and any 1-morphism
u : z → y together with a 2-morphism β : g → f ◦ u in B

r

ÄÄÄÄ{¤ β̃

(ψ,g)

ÂÂ?
??

??
??

??
??

??
??

??
??

??

(ξ,u)

²²Â
Â
Â
Â
Â
Â
Â
Â

p / f
(ip/f ,f)

// p

Â Λ //

z

ÄÄÄÄ{¤ β

g

ÂÂ?
??

??
??

??
??

??
??

??
??

??

u

²²
y

f
// x

there exists a 1-morphism (ξ, u) : r → p / f in P / B, where ξ : r → (p / f) / u is defined by

r
ψ // p / g

p/β // p / (f ◦ u)
κ−1

p,f,u // (p / f) / u
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for which β : (ψ, g) ⇒ (ip/f , f) ◦ (ξ, u) is obviously a 2-morphism in the bicategory P / B

r
ψ // p / g

p/β

²²
r

ψ
// p / g

p/β
// p / (f ◦ u)

κ−1
p,f,u

// (p / f) / u
ip/f /u

// (p / f) / u κp,f,u

// p / (f ◦ u)

by the commutativity of the above diagram which follows from the identity ip/f /u = i(p/f)/u.
For any 2-morphism φ : (φ, f) ⇒ (ψ, g) in P / B, and any 2-morphism ω : u ⇒ v in B

r

ÄÄÄÄ{¤ γ̃

(ψ,g)

((

0

4
9

?
E

J
N

(θ,h)

¹¹

(ξ,u)

¹¹

(ζ,v)

©©
p / f

____ +3ω

(ip/f ,f)
// p

ÄÄÄÄ
;Cφ

Â P //

z

ÄÄÄÄ{¤ γ

g

((

0

4
9

?
E

J
N

h

¹¹

u

ºº

v

¨¨
y

____ +3ω

f
// x

ÄÄÄÄ
;Cφ

such that (f ◦ ω)β = γφ for a 2-isomorphism γ : h ⇒ f ◦ v in B, the following diagram

r

??
??

??
??

??
?

??
??

??
??

??
?

ψ // p / g
p/β //

p/φ

²²Â
Â
Â
Â
Â
Â
Â
Â
Â p / (f / u)

p/(f/ω)

²²Â
Â
Â
Â
Â
Â
Â
Â

κ−1
p,f,u

ÂÂ?
??

??
??

??

r
ξ // (p / f) / u

(p/f)/ω

²²

r

??
??

??
??

??
?

??
??

??
??

??
?

θ //________ p / h
p/γ //______ p / (f / v)

κ−1
p,f,v

ÂÂ?
??

??
??

??

r
ζ

// (p / f) / v

commutes, in which the front face represents a 2-morphism ω : (ξ, u) ⇒ (ζ, v) in P / B.
Therefore, a 1-morphism (ip/f , f) : p/f → p in P /B is a cartesian, and it is clear that any
2-morphism β : f ⇒ g in B represents a unique 2-morphism β : (φ, f) ⇒ (ψ, g) in P / B
from any 1-morphism (φ, f) : q → p to a 1-morphism (ψ, g) : q → p such that ψ = (p / β)φ.
We conclude that the strict homomorphism (4.12) is locally discrete cofibration.
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Example 4.23. (A fundamental fibration and a fundamental cofibration of a bicategory)
Let B be a bicategory and I a locally discrete bicategory which consists of two objects and
one nontrivial morphism between them. The bicategory BI of 1-morphisms of B, has 1-
morphisms of B for objects, an therefore BI0 = B1. A 1-morphism (a, φ, b) : f → g in BI
from f : x → y to g : z → w consists of 1-morphisms a : x → z and b : y → w in B together
with a 2-morphism φ : g ◦ a ⇒ b ◦ f as in the diagram

x

ÄÄÄÄ{¤ φ
f

²²

a // z

g

²²
y

b
// w

and a 2-morphism (%, ϑ) : (a, φ, b) ⇒ (c, ψ, d) in BI consists of 2-morphisms % : a ⇒ c and
ϑ : b ⇒ d in B such that ψ(g ◦ %) = (ϑ ◦ f)φ, which means that the following diagram in B

x

c

==

a

!!

f

²²

ÂÂ ÂÂ
®¶ % z

g

²²

ÂÂ ÂÂ
®¶ ψ

y

b

!!w
o g _ W O

G

d

==
ÂÂ ÂÂ
®¶ ϑ w

commutes. There exists a canonical strict homomorphism of bicategories

∂0 : BI → B (4.13)

which takes any f : x → y in BI to an object y in B, any 1-morphism (a, φ, b) : f → g in
BI to a 1-morphism g : z → w in B and any 2-morphism (%, ϑ) : (a, φ, b) ⇒ (c, ψ, d) in BI
to a 2-morphism ϑ : b ⇒ d in B. Another canonical strict homomorphism of bicategories

∂1 : BI → B (4.14)

is obtained in a similar way by taking sources, instead of targets of respective objects, 1-
morphisms and 2-morphisms in the bicategory BI .
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If B is a bicategory with bipullbacks then a strict homomorphism of bicategories (4.13)
is a fibration of a bicategories which we call a fundamental fibration of the bicategory B.
We note that for any 1-morphism f : x1 → x2 in B and any u : y2 → x2 in BI such that
∂0(u) = x2, their bipullback φ : v ◦ f̃ ⇒ f ◦ ṽ in B represents a cartesian 1-morphism
(f̃ , φ, f) : ṽ → v in BI . To verify this, for any 1-morphism (h, ψ, g) : w → v in BI and any
1-morphism u : x0 → x1 with a 2-morphism β : g ⇒ f ◦ u in B

y0

w

²²

h

''OOOOOOOOOOOOOOOOOOOOOOOO

ũ

ºº/
/

/
/

/
/

ÄÄÄÄ{¤ γ

ÄÄÄÄ{¤ ξ

y1

ÄÄÄÄ{¤ ψ

ṽ

²²

f̃

// y2

v

²²

x0

g

''OOOOOOOOOOOO

u

ºº/
//

//
//

//
//

ÄÄÄÄ{¤ φ

ÄÄÄÄ{¤ β

x1
f

// x2

we take a 2-morphism αf,u,wβψ : v ◦ h ⇒ f ◦ (u ◦ w) and we use the universal property of
the bipullback in order to obtain a 1-morphism ũ : y0 → y1 in B together with 2-morphisms
ξ : ṽ ◦ ũ ⇒ u ◦ w and γ : h ⇒ f̃ ◦ ũ such that (f ◦ ξ)αf,ṽ,ũ(φ ◦ ũ)α−1

v,f̃ ,ũ
(v ◦ γ) = αf,u,wβψ.

If B is a bicategory with bipushouts then a strict homomorphism of bicategories (4.14) is a
cofibration of a bicategories which we call a fundamental cofibration of the bicategory B.

The two strict homomorphisms (4.13) and (4.14) form a span in the tricategory Bicats

BI
∂1

~~}}
}}

}}
} ∂0

ÃÃA
AA

AA
AA

B B
(4.15)

which is a pseudomonoid [18] in the monoidal bicategory Span(Bicats)(B,B), obtained
in the same way as we define a monoid object in any monoidal category. This is an
instance of the microcosm principle [2] which says that certain algebraic structures can
be defined in any category equipped with a categorified version of the same structure.
Consequently, Span(Bicats)(B,B) is a hom-bicategory of a tricategory Span(Bicats) of
spans of bicategories which can be constructed in an analogy with a construction of a
bicategory Span(Cat) of spans of categories. Any strict homomorphism P : E → B of
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bicategories may be regarded as a span

E
P

ÄÄÄÄ
ÄÄ

ÄÄ
Ä

IE

ÂÂ>
>>

>>
>>

B E
(4.16)

in Span(Bicats), and formally, we can regard an action of a span (4.15) on a span (4.16).
Any such action corresponds to a so-called 2-cleavage of a strict homomorphism P : E → B.
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In order to relate a 2-cleavage of a strict homomorphism P : E → B of bicategories with
an action of a span (4.15) on (4.16), we use a a comma bicategory (B, P ) which is a (strict)
pullback

(B, P )

I

²²

P // BI

∂0

²²
E

P
// B

More explicitly, objects of the bicategory (B, P ) are triples (x, f, E) where x is an
object in B, E is an object in E and f : x → P (E) is a 1-morphism in B. A 1-morphism
from (x, f, E) to (y, g, F ) is a triple (u, φ, j) : (x, f, E) → (y, g, F ), where u : x → y is a
1-morphism in B, j : E → F is a 1-morphism in E , and φ : P (j)◦f ⇒ g ◦u is a 2-morphism

x

ÄÄÄÄ{¤ φ
u

²²

f // P (E)

P (j)

²²
y

g
// P (F )

and a 2-morphism is a pair (δ, θ) : (u, φ, j) ⇒ (v, ψ, k) where δ : u ⇒ v is a 2-morphism in
B and θ : j ⇒ k is a 2-morphism in E as in a commutative diagram

x

ÄÄÄÄ{¤ ψ
u

¼¼

v

¦¦

f // P (E)

P (j)

¼¼

°
¶

¼
Â
%
+

1

P (k)

¦¦
y

____ +3δ

g
// P (F )

____ +3P (θ)

(in which we have omitted φ in order to avoid too many labels) commutes, which is the
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same as the commutativity of the diagram of 2-morphisms

P (j) ◦ f

φ

®¶

P (θ)◦f +3 P (k) ◦ f

ψ

®¶
g ◦ u

g◦δ
+3 g ◦ v

in B. The horizontal composition (v, ψ, k) ◦ (u, φ, j) of 1-morphisms in (B, P )

x

ÄÄÄÄ{¤ φ
u

²²

f // P (E)

P (j)

²²
y

ÄÄÄÄ{¤ ψ
v

²²

g
// P (F )

P (k)

²²
z

h
// P (G)

Â H //

x

oooos{
ψ¯φ

v◦u

²²

f // P (E)

P (k◦j)

²²
z

h
// P (G)

is a 1-morphism (v ◦ u, ψ ¯ φ, k ◦ j) : (x, f, E) → (z, h,G) in (B, P ), where the 2-morphism
ψ ¯ φ : P (k ◦ j) ◦ f → h ◦ (v ◦ u) in B is the left vertical 2-morphism in a diagram

(P (k) ◦ P (j)) ◦ f

ψ¯φ

®¶

αP (k),P (j),f+3 P (k) ◦ (P (j) ◦ f)
P (k)◦φ +3 P (k) ◦ (g ◦ u)

α−1
P (k),g,u

®¶
h ◦ (v ◦ u) (h ◦ v) ◦ uαh,v,u

ks (P (k) ◦ g) ◦ u
ψ◦u

ks

defined by the requirement that the diagram commutes.
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For any strict homomorphism P : E → B of bicategories, we have a composition of spans

(B, P )
P1

||xxxxxxxx
P2

""DD
DD

DD
DD

D

BI
D1

~~}}
}}

}}
} D0

##GGGGGGGGG E
P

||yy
yy

yy
yy

yy
IE

ÁÁ>
>>

>>
>>

B B E

(4.17)

and the left leg of a span (4.17) is a strict homomorphism from the bicategory (B, P )

D1P1 : (B, P ) → B. (4.18)

Theorem 4.24. For any strict homomorphism P : E → B of bicategories, the homomor-
phism (4.18) is a fibration of bicategories, called a canonical fibration associated to P .

Proof. For any 1-morphism f : x → y in B, and any object g : y → P (F ) in (B, P ) such
that D1P1(g) = y, the following square

x

ÄÄÄÄ{¤ λ−1
g◦f

g◦f

²²

f // y

g

²²
P (F )

P (iF )
// P (F )

(4.19)

represents a cartesian 1-morphism (f, λ−1
g◦f , iF ) : (x, g ◦ f, F ) → (y, g, F ) in (B, P ), since for

any 1-morphism (h, ψ, l) : (z, v, F ) → (y, g, G) in (B, P ), and a 1-morphism u : z → x in B
z

v

²²

h

''OOOOOOOOOOOOOOOOOOOOOOOOO

u

ºº/
//

//
//

//
//

/

ÄÄÄÄ{¤ γ

ÄÄÄÄ{¤ ξ

x

ÄÄÄÄ{¤ ψ

g◦f

²²

f
// y

g

²²

P (G)

P (l)

''OOOOOOOOOO

P (l)

ºº/
//

//
//

//
/

ÄÄÄÄ{¤ λ−1
g◦f

ÄÄÄÄ{¤ P (λ−1
l )

P (F )
P (iF )

// P (F )
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with a 2-isomorphism γ : h ⇒ f ◦ u, there exists a 2-morphism ξ : (g ◦ f) ◦ u ⇒ P (l) ◦ v
such that the following identity

(P (iF ) ◦ ξ)αP (iF ),g◦f,u(λ−1
g◦f ◦ u)α−1

g,f,u(g ◦ γ) = αP (iF ),P (l),vP (λ−1
l )ψ

holds, which means that a diagram of 2-morphisms in B

g ◦ h

ψ

®¶

g◦γ +3 g ◦ (f ◦ u)
α−1

g,f,u +3 (g ◦ f) ◦ u

λ−1
g◦f◦u

®¶
P (l) ◦ v

λ−1
P (l)

◦v
®¶

[iP (F ) ◦ (g ◦ f)] ◦ u

αiP (F ),(g◦f),u

®¶
(iP (F ) ◦ P (l)) ◦ v

αiP (F ),P (l),v

+3 iP (F ) ◦ (P (l) ◦ v) iP (F ) ◦ [(g ◦ f) ◦ u]
iP (F )◦ξ

ks

commutes. Then if we define a 2-morphism ξ : (g ◦f)◦u ⇒ P (l)◦v by ξ = ψ(g ◦γ−1)αg,f,u,
it follows from the coherence and naturality of associativity and left identity that a diagram

g ◦ h

λ−1
g◦h

®¶

ψ

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

g◦γ

¾#
??

??
??

??
??

??
??

??
??

??
??

??
??

??
?

??
??

??
??

??
??

??
??

??
??

??
??

??
??

?

g◦γ +3 g ◦ (f ◦ u)

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
α−1

g,f,u

¾#
??

??
??

??
??

??

??
??

??
??

??
??

P (l) ◦ v

λ−1
P (l)◦v

®¶

λ−1
P (l)

◦v

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

(g ◦ f) ◦ u

(λ−1
g ◦f)◦u

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

λ−1
g◦f◦u

¾#
??

??
??

??
??

??

??
??

??
??

??
??

(iP (F ) ◦ P (l)) ◦ v

αiP (F ),P (l),v

¾#
??

??
??

??
??

??

??
??

??
??

??
??

g ◦ (f ◦ u)

λ−1
g◦(f◦u)

®¶

λ−1
g ◦(f◦u)

¾#
??

??
??

??
??

??

??
??

??
??

??
??

[(iP (F ) ◦ g) ◦ f ] ◦ u

αiP (F )◦g,f,u

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

αiP (F ),g,f◦u
+3 [iP (F ) ◦ (g ◦ f)] ◦ u

αiP (F ),(g◦f),u

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

Ä

iP (F ) ◦ (P (l) ◦ v) (iP (F ) ◦ g) ◦ (f ◦ u)

αiP (F ),g,f◦u

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

iP (F ) ◦ (g ◦ h)

iP (F )◦ψ

[c????????????

????????????

iP (F ) ◦ [g ◦ (f ◦ u)]
iP (F )◦(g◦γ−1)

ks iP (F ) ◦ [(g ◦ f) ◦ u]
iP (F )◦αg,f,u

ks

commutes, which proves that a square (4.19) is a 1-cartesian 1-morphism in (B, P ). It also
follows directly that a square (4.19) is a 2-cartesian 1-morphism in (B, P ) and that the
homomorphism (4.18) is locally a fibration of categories.
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For any bicategory B with finite bilimits, we construct a bicategory E in a following
way. The objects of the bicategory E are triples (p, ε, j) where p : X → I and j : I → X are
1-morphisms in B, together with a 2-isomorphism ε : p ◦ j ⇒ iI , so that j is a right weak
inverse to p. For any such object (p, ε, j) and another one (q, θ, k) for which θ : q ◦ k ⇒ iJ ,
a general 1-morphism (h, δ, ω, f) : (p, ε, j) → (q, θ, k) in E is represented by a diagram

P

ÄÄÄÄ{¤ δ
p

²²

h // Q

q

²²
I

j

OO

f
// J

k

OO

where δ : q ◦ h ⇒ f ◦ p and ω : h ◦ j ⇒ k ◦ f are 2-isomorphisms in B such that a diagram

(q ◦ h) ◦ j

αq,h,k

®¶

δ◦j +3 (f ◦ p) ◦ j
αf,p,j +3 f ◦ (p ◦ j)

f◦ε
®¶

q ◦ (h ◦ j)

q◦ω
®¶

f ◦ iI

ρf

®¶

q ◦ (k ◦ f)

α−1
q,k,f

®¶
(q ◦ k) ◦ f

θ◦f
+3 iJ ◦ f

λf

+3 f

(4.20)

commutes. A general 2-morphism (γ, β) : (h, δ, ω, f) ⇒ (l, ξ, ζ, g) in E is given by a diagram

P

l

<<

h

""

p

²²

ÂÂ ÂÂ
®¶ γ Q

q

²²

ÂÂ ÂÂ
®¶ ξ

I

j

OO

f
""v

o g _ W O
H

g

<<
ÂÂ ÂÂ
®¶ β J

k

OO
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where γ : h ⇒ l and β : f ⇒ g are 2-morphisms in B such that the diagrams of 2-morphisms

q ◦ h

δ

®¶

q◦γ +3 q ◦ l

ξ

®¶
f ◦ p

β◦p
+3 g ◦ p

h ◦ j

ω

®¶

γ◦j +3 l ◦ j

ζ

®¶
k ◦ f

k◦β
+3 k ◦ g

commute. The horizontal and the vertical composition of 1-morphisms and 2-morphisms
in E are defined in an obvious way and there exists a canonical strict homomorphism of
bicategories

P : E → B (4.21)

defined by P (p, ε, j) = I for any object (p, ε, j) in E , and P (h, δ, ω, f) = f and P (γ, β) = β,
on 1-morphisms and 2-morphisms in E , respectively.

Theorem 4.25. For any bicategory B with finite bilimits, the homomorphism (4.21) is a
fibration of bicategories, called a fibration of points of B.

Proof. For any 1-morphism f : x → y in B and object (q, θ, k) in E such that P (q, θ, k) = J ,
cartesian lift (h, δ, f) : (p, ε, j) → (q, θ, k) of the 1-morphism f is represented by a bipullback

P

ÄÄÄÄ{¤ δ
p

²²

h // Q

q

²²
I

f
// J

(4.22)

and by using its universal property

I

iI

//
//

//
//

//
//

//
//

//
//

//

//
//

//
//

//
//

//
//

//
//

//
f //

j ''OOOOOOOOOO
ÄÄÄÄ{¤ ω

J
k

''OOOOOOOOOO

ÄÄÄÄ{¤ ε

P

p

²²

h
// Q

q

²²

ÄÄÄÄ{¤ δ

I
f

// J

(4.23)
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applied to a 2-morphism ϑ : q ◦ (k ◦ f) ⇒ f ◦ iI defined by a composition of 2-morphisms

q ◦ (k ◦ f)
α−1

q,k,f +3 (q ◦ k) ◦ f
θ◦f +3 iJ ◦ f

λf +3 f
ρ−1

f +3 f ◦ iI

we obtain a 1-morphism j : I → P and 2-isomorphisms ε : p ◦ j ⇒ iI and ω : h ◦ j ⇒ k ◦ f ,
such that a pasting composition of 2-morphisms in the diagram (4.23) is equal to the 2-
morphism ϑ : q ◦ (k ◦ f) ⇒ f ◦ iI , by commutativity of the diagram (4.20). Taking another
object (r, ε, m) in E with ε : r ◦m ⇒ iK , and a 1-morphism (l, ξ, ζ, g) : (r, ε, m) → (q, θ, k)

R

ÄÄÄÄ{¤ ξ
r

²²

l // Q

q

²²
K

m

OO

g
// J

k

OO

where ξ : q ◦ l ⇒ g ◦ r and ζ : l ◦m ⇒ k ◦ g, together with a 2-isomorphism β : g ⇒ f ◦ u

R

r

²²

l

''OOOOOOOOOOOOOOOOOOOOOOOO

v

ºº/
/

/
/

/
/

ÄÄÄÄ{¤ γ

ÄÄÄÄ{¤ ν

P

ÄÄÄÄ{¤ ξ
p

²²

h
// Q

q

²²

K

g

''OOOOOOOOOOOO

u

ºº/
//

//
//

//
// ÄÄÄÄ{¤ δ

ÄÄÄÄ{¤ β

I
f

// J

(4.24)

by using again the universal property of the pullback (4.22) applied to the composition

q ◦ l
ξ +3 g ◦ r

β◦r +3 (f ◦ u) ◦ r
αf,u,r +3 f ◦ (u ◦ r)

we obtain a 1-morphism v : R → P and 2-isomorphisms γ : l ⇒ h ◦ v and ν : p ◦ v ⇒ u ◦ r,
and the tedious calculation shows that the diagram (4.24) represents a 2-morphism in E

(γ, β) : (l, ξ, ζ, g) ⇒ (h, δ, ω, f) ◦ (v, ν, µ, u).
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It is straightforward to show that the 1-morphism represented by the bipullback (4.22)
has a universal property with respect to 2-morphisms, which makes it a 2-cartesian 1-
morphism in E , and one can show the strict homomorphism (4.21) is locally a fibration of
categories.

Definition 4.26. Let P : E → B be a strict homomorphism between bicategories, and let
Jx : Ex → E be an inclusion of a fiber bicategory Ex in E. A 2-cleavage consists of the
following data:

• for any 1-morphism f : y → x in B, a homomorphism

f∗ : Ex → Ey (4.25)

between the fibers, and a pseudonatural transformation

ϑf : Jyf
∗ ⇒ Jx (4.26)

• for any 2-morphism β : f ⇒ g in B, a pseudonatural transformation

β∗ : g∗ ⇒ f∗ (4.27)

and a modification
Ωβ : ϑf ◦ β∗ _*4 ϑg (4.28)

such that the following axioms hold:

• each component ϑf
E : f∗E → E of the pseudonatural transformation (4.26) is carte-

sian lift of a 1-morphism f : y → x, i.e. P (ϑf
E) = f

• each component Ωβ
E : ϑf

E◦β∗E ⇒ ϑg
E of the modification (4.28) is cartesian 2-morphism

g∗E

ϑg
E

ÂÂ?
??

??
??

??
??

??
??

??
??

?

β∗E

²²
f∗E

ϑf
E

// E

ÄÄÄÄ
;CΩβ

E

Â P //

y

f

((

g

¹¹

iy

²²
y

f
// x

ÄÄÄÄ
;Cρf

ÄÄÄÄ
;Cβ

such that P (Ωβ
E) = βρf .
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Remark 4.27. The above data for the 2-cleavage correspond to a universal weak 3-cocone

Ey

f∗

??

g∗

ÂÂ

Jy

¸,̧
,,

,,
,,

,,
,,

,,
,,

,,
,,

ÂÂ ÂÂ
®¶ Ωβ

ÂÂ ÂÂ
®¶ β∗ Ex

Jx

ªªµµ
µµ
µµ
µµ
µµ
µµ
µµ
µµ
µµ
µ

ÂÂ ÂÂ
®¶ θf

E
which represents E as a tricolimit of an indexed bicategory corresponding to the 2-cleavage.

The following definition of a biadjunction between homomorphisms of bicategories is from
[37].

Definition 4.28. A homomorphism F : B → C of bicategories is a left biadjoint to a
homomorphism G : C → B if there is an equivalence

C(F (?),−) ' B(?, G(−))

in a 2-category Hom[Bop,Hom[C,Cat]].

In the above definition, C(F (?),−) : Bop → Hom(C, Cat) is a homomorphism sending
each object x in B to the representable 2-functor C(F (x),−) : C → Cat, and similarly
B(?, G(−)) : Bop → Hom(C, Cat) is a homomorphism sending each object x in B to the
homomorphism B(x,G(−)) : C → Cat.

Theorem 4.29. A strict homomorphism P : E → B of bicategories is a fibration if there
exist a homomorphism L : (B, P ) → EI which is right biadjoint right inverse to the homo-
morphism S := (F [1], Eδ1) : EI → (B, P ).

The homomorphism S : EI → (B, P ) is then defined on any object k : G → F of EI , by
S(j) = (P (G), P (j), F ). The existence of the right biadjoint right inverse L : (B, P ) → EI
means that for any objects (y, f, E) in (B, P ) and k : G → F in EI , there is an equivalence

Hom(B,P )(S(k), (y, f, E)) ' HomEI (k, L(y, f, E))

of categories, which is pseudonatural in both variables.
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P (G)

ÄÄÄÄ{¤ β
u

²²

P (k) // P (F )

P (j)

²²
y

f
// P (E)

G

ÄÄÄÄ{¤ β̃
ũ

²²

k // F

j

²²
f∗(E)

f̃E

// E

Thus, for any object (y, f, E) in (B, P ) where f : y → P (E) is a 1-morphism in B, we
have L(y, f, E) = f̃E , where f̃E : f∗(E) → E is a biuniversal 1-morphism in E .
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5 The construction of indexed bicategories by fibers

Theorem 5.1. Let P : E → B be strict homomorphism of bicategories and let f : y → x be
a 1-morphism in B. A choice of a cartesian 1-morphism f̃E : f∗E → E for any object E
in Ex, such that P (f̃E) = f , defines a homomorphism f∗ : Ex → Ey of fiber bicategories.

Proof. First, for any object E in the fiber Ex, the value of a homomorphism f∗ : Ex → Ey on
E is an object f∗E in Ey which is a domain of chosen cartesian 1-morphism f̃E : f∗E → E.
Then we define the value of a homomorphism f∗ : Ex → Ey on any 1-morphism j : F → E
in the fiber Ex such that P (j) = ix. For such 1-morphism j : F → E we choose by (4.4)

f∗(F )

ÄÄÄÄ{¤ f̃j
f∗(j)

²²

f̃F // F

j

²²
f∗(E)

f̃E

// E

Â P //

y

ÄÄÄÄ{¤ λf

ÄÄÄÄ{¤ ρ−1
f

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

iy

²²

f // x

ix

²²
y

f
// x

a 1-morphism f∗(j) : f∗(F ) → f∗(E) in Ey and a 2-isomorphism f̃j : j ◦ f̃F ⇒ f̃E ◦ f∗(j)
such that P (f̃j) = ρ−1

f λf . Then, for any 2-morphism φ : j ⇒ j′ in Ex such that P (φ) = ιx

f∗(F )

ÄÄÄÄ{¤ f̃j′
f∗(j)

¹¹

f∗(j′)

©©

f̃F // F

j

ºº

´
¹
½
Â
$
(
-

j′

¨¨
f∗(E)

____ +3f∗(φ)

f̃E

// E

____ +3φ Â P //

y

f

½½

f

$$

7
9

<
?

B
E

G

ÄÄÄÄ{¤ ρ−1
f

ÄÄÄÄ{¤ λf

iy

ºº

iy

¨¨

f // x

ix

ºº

´
¹
½
Â
$
(
-

ix

¨¨
x

____ +3ιy

f
// x

____ +3ιx

there exists a unique 2-morphism f∗(φ) : f∗(j) ⇒ f∗(j′) such that P (f∗(φ)) = ιy by (4.5).
For a general 1-morphism l : L → E in the fiber Ex such that P (l) = i

θ(l)
x , we choose

f∗(L)

ÄÄÄÄ{¤ f̃l
f∗(l)

²²

f̃L // L

l

²²
f∗(E)

f̃E

// E

Â P //

y

ÄÄÄÄ{¤ λ
θ(l)
f

ÄÄÄÄ{¤ (ρ
θ(l)
f )−1

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

i
θ(l)
y

²²

f // x

i
θ(l)
x

²²
y

f
// x
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by (4.4) a 2-isomorphism f̃l : l◦ f̃F ⇒ f̃E ◦f∗(l) such that its image is P (f̃l) = (ρθ(l)
f )−1λ

θ(l)
f

where λ
θ(l)
f : i

θ(l)
x ◦f ⇒ f is the unique 2-isomorphism given by the consecutive compositions

of left identity coherence λf : ix◦f ⇒ f , and similarly for 2-isomorphisms ρ
θ(l)
f : f◦iθ(l)x ⇒ f .

To see how this works, we take 1-morphisms k : G → F and j : F → E in a bicategory Ex

f∗(G)

ÄÄÄÄ{¤ f̃k
f∗(k)

²²

f̃G // G

k

²²
f∗(F )

ÄÄÄÄ{¤ f̃j
f∗(j)

²²

f̃F // F

j

²²
f∗(E)

f̃E

// E

Â P //

y

ÄÄÄÄ{¤ ρ−1
f

ÄÄÄÄ{¤ λf

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

iy

²²

f // x

ix

²²
y

ÄÄÄÄ{¤ ρ−1
f

ÄÄÄÄ{¤ λf

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

iy

²²

f // x

ix

²²
y

f
// x

and a pasting composite on the right side is the composition of vertical and top edges

ix ◦ (ix ◦ f)
ix◦λf +3 ix ◦ f

>>
>>

>>
>>

>>
>>

>>
>>

>>
>>

>>
>>

>>
>>

>>
>>

ix◦ρ−1
f +3 ix ◦ (f ◦ iy)

ix◦ρf

®¶

α−1
ix,f,iy+3 (ix ◦ f) ◦ iy

ρix◦f

y¢ zz
zz

zz
zz

zz
zz

zz
zz

z

zz
zz

zz
zz

zz
zz

zz
zz

z

λf◦iy

¾#
>>

>>
>>

>>
>>

>>
>>

>

>>
>>

>>
>>

>>
>>

>>
>

λf◦iy +3 f ◦ iy
ρ−1

f ◦iy
+3

f◦ρ−1
iy

¾#
>>

>>
>>

>>
>>

>>
>>

>

>>
>>

>>
>>

>>
>>

>>
>

(f ◦ iy) ◦ iy

αf,iy,iy

®¶
(ix ◦ ix) ◦ f

αix,ix,f

KS

λix◦f
+3

λix◦f

;C¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡

¡¡¡¡¡¡¡¡¡¡¡¡¡¡¡
ix ◦ f

λf

+3 f
ρ−1

f

+3 f ◦ iy
f◦ρ−1

iy

+3 f ◦ (iy ◦ iy)

of the above commutative diagram. The composition of bottom edges correspond to

f∗(G)

ÄÄÄÄ{¤ f̃j◦k
f∗(j◦k)

²²

f̃G // G

j◦k

²²
f∗(E)

f̃E

// E

Â P //

y

ÄÄÄÄ{¤ λθ(j◦k)
f

ÄÄÄÄ{¤ ρ
−θ(j◦k)
f

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

iy◦iy

²²

f // x

ix◦ix

²²
y

f
// x
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and from the left vertical 2-morphism f̃j ¯ f̃k : (j ◦k)◦ f̃G ⇒ f̃E ◦ (f∗(j)◦ f∗(k)) defined by

(j ◦ k) ◦ f̃G

f̃j¯f̃k

®¶

α
j,k,f̃G +3 j ◦ (k ◦ f̃G)

j◦f̃k +3 j ◦ (f̃F ◦ f∗(k))

α−1

j,f̃F ,f∗(k)

®¶

f̃E ◦ (f∗(j) ◦ f∗(k)) (f̃E ◦ f∗(j)) ◦ f∗(k)α
f̃E,f∗(j),f∗(k)

ks (j ◦ f̃F ) ◦ f∗(k)
f̃j◦f∗(k)

ks

the requirement that above diagram is commutative, we see that its image by P

f∗(G)

ÄÄÄÄ{¤ f̃j¯f̃k
f∗(j)◦f∗(k)

²²

f̃G // G

j◦k

²²
f∗(E)

f̃E

// E

Â P //

y

ÄÄÄÄ{¤ λθ(j◦k)
f

ÄÄÄÄ{¤ ρ
−θ(j◦k)
f

f

ÂÂ?
??

??
??

??
??

??
??

??
??

??

iy◦iy

²²

f // x

ix◦ix

²²
y

f
// x

is the same as for the 2-morphism f∗(j ◦ k) by the equality of compositions of vertical
and top edges on one side and the composition of bottom edges on other side in the above
commutative diagram. Therefore, following the Remark 3.2 we conclude that

f∗(G)

ÄÄÄÄ{¤ f̃j◦k
f∗(j)◦f∗(k)

¹¹

f∗(j◦k)

©©

f̃G // G

j◦k

ºº

´
¹
½
Â
$
(
-

j◦k

¨¨
f∗(E)

____ +3
µj,k

f̃E

// E

____ +3ij◦k
Â P //

y

f

½½

f

$$

7
9

<
?

B
E

G

ÄÄÄÄ{¤ ρ−1
f

ÄÄÄÄ{¤ λf

iy◦iy

ºº

iy◦iy

¨¨

f // x

ix◦ix

ºº

´
¹
½
Â
$
(
-

ix◦ix

¨¨
x

____ +3ιy◦ιy

f
// x

____ +3ιx◦ιx

there exists a unique 2-isomorphism µj,k : f∗(j)◦f∗(k) ⇒ f∗(j◦k) such that P (µj,k) = ιy◦ιy
by (4.5). It is straightforward to check that these 2-isomorphisms are components of the
coherence for a homomorphism f∗ : Ex → Ey.
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6 The Grothendieck construction for bicategories

The famous Grothendieck construction is a 2-functor
∫

: CatC
op → Fib(C) (6.1)

from the 2-category CatC
op

of pseudofunctors on C, pseudonatural transformations and
modifications, to the 2-category Fib(C) of Grothendieck fibrations over C. The Grothendieck
construction takes any pseudofunctor P : Cop → Cat to a canonical Grothendieck fibration

F :
∫
C P → C

which is constructed as a lax colimit, which is appropriate kind of a bicategorical limit.
In this section, we introduce a bicategorical analog of the Grothendieck construction

(6.1), which for any bicategory B, provides a triequivalence

∫
: BicatBcoop → 2Fib(B) (6.2)

between a tricategory BicatBcoop
whose objects are indexed bicategories P : Bcoop → Bicat,

and the 3-category 2Fib(B) of 2-fibrations of bicategories (or fibered bicategories) over B.
Although we will not give a full description of the triequivalence (6.2), we do explicitly

describe a construction which to any small bicategory B, and any B-indexed bicategory
F : Bcoop → Bicat, associates a canonical 2-fibration of bicategories

FF :
∫
B F → B

over B, from a bicategory
∫
B F whose underlying Cat-graph we shall now begin to describe.

The objects of
∫
B F are pairs (x,E) where x is an object of B, and E is an object of the

bicategory F(x). A 1-morphism (f, a) : (x,E) → (y, F ) in
∫
B F consists of a 1-morphism

f : x → y in B, and a 1-morphism a : E → f∗(F ) in the bicategory F(x). A 2-morphism
(β, φ) : (f, a) ⇒ (g, b) in

∫
B F consists of a 2-morphism β : f ⇒ g in B, and a 2-morphism

φ : β∗F ◦ b ⇒ a in F(x)
g∗(F )

β∗F

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

where a 1-morphism β∗F : g∗(F ) ⇒ f∗(F ) is a component of a pseudonatural transformation
F(β) : F(g) ⇒ F(f) indexed by the object F in the bicategory F(y).
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Theorem 6.1. For any object x in B and E in F(x), the collection of all pairs (x,E) are
objects

∫
B F0 of a Cat-graph which we denote by

∫
B F . For any other object (y, F ) in

∫
B F0,

the category
∫
B F((x,E), (y, F )) has for objects all 1-morphisms (f, a) : (x,E) → (y, F ) and

for morphisms all 2-morphisms (β, ψ) : (f, a) ⇒ (g, b).

Proof. The vertical composition of any two 2-morphisms f
β +3 g

γ +3 h in B

x

f

½½

ÂÂ ÂÂ
®¶ β

DD

h

ÂÂ ÂÂ
®¶ γ
g

// y +3 x

f

½½

h

DD
ÂÂ ÂÂ
®¶ γβ y

induces a composition of morphisms (f, a)
(β,φ) +3 (g, b)

(γ,ψ) +3 (h, c) in
∫
B F as in a diagram

h∗(F )

γ∗F

²²
E

ÂÂ ÂÂ
®¶ ψ

ÂÂ ÂÂ
®¶ φ
b

//

c

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

a

ÂÂ?
??

??
??

??
??

??
??

??
g∗(F )

β∗F

²²
f∗(F )

+3

h∗(F )

(γβ)∗F

²²

E
ÂÂ ÂÂ
®¶ ψφ

c

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

a

ÂÂ?
??

??
??

??
??

??
??

??

f∗(F )

(6.3)

and the pasting composition of the left diagram defines a composition in
∫
B F((x,E), (y, F ))

(γ, ψ)(β, φ) = (γβ, ψφ) (6.4)

where the second component is a 2-morphism ψφ : (γβ)∗F ◦ c ⇒ a, filling a triangle on the
right side of (6.3), which is defined by the vertical composition of 2-morphisms in F(x)

(γβ)∗F ◦ c
(µ−1

γ,β)F ◦c
+3 (β∗F ◦ γ∗F ) ◦ c

αβ∗
F

,γ∗
F

,c
+3 β∗F ◦ (γ∗F ◦ c)

β∗F ◦ψ +3 β∗F ◦ b
φ +3 a (6.5)
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where (µ−1
γ,β)F : (γβ)∗F ⇒ β∗F ◦ γ∗F is a component of the inverse of an isomodification (3.19)

indexed by an object F in the bicategory Fy. An identity 2-morphism (g, λb) : (g, b) ⇒ (g, b)

g∗(F )

ig∗(F )

²²
E

ÂÂ ÂÂ
®¶ λb

ÂÂ ÂÂ
®¶ φ
b

//

b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

a

ÂÂ?
??

??
??

??
??

??
??

??
g∗(F )

β∗F

²²
f∗(F )

+3

g∗(F )

(β)∗F

²²

E
ÂÂ ÂÂ
®¶ λbφ=φ

b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

a

ÂÂ?
??

??
??

??
??

??
??

??

f∗(F )

(6.6)

for the composition (6.4) is represented by upper triangle on the left side of a diagram (6.6)
and it follows from (6.5) that a composite 2-morphism λbφ : β∗F ◦ b ⇒ a in Fx is defined by

β∗F ◦ b
(µ−1

β,ιg
)F ◦b

+3 (β∗ ◦ ι∗g)F ◦ b (β∗F ◦ ig∗(F )) ◦ b
αβ∗

F
,ig∗(F ),b

+3 β∗F ◦ (ig∗(F ) ◦ b)
β∗F ◦λb +3 β∗F ◦ b

φ +3 a.

Then it follows from (3.22) and (2.50) that (µ−1
β,ιg

)F
(3.22)
= (ρ̃−1

β∗)F
(2.50)
= ρ−1

β∗F
and a diagram

β∗F ◦ b
(µ−1

β,ιg
)F ◦b

+3 (β∗F ◦ ig∗(F )) ◦ b

αβ∗
F

,ig∗(F ),b

®¶

ρβ∗
F
◦b

{¤ ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ
ÄÄ

ÄÄ

β∗F ◦ b β∗F ◦ (ig∗(F ) ◦ b)
β∗F ◦λb

ks

commutes, in which the upper right triangle commutes trivially and the lower right triangle
commutes due to an identity coherence (2.14) in the bicategory Fx. Therefore we conclude
that a 2-morphism (g, λb) : (g, b) ⇒ (g, b) is a strict left identity for the composition (6.4),
and similarly it follows from (3.21) and (2.49) that it is also a strict right identity for (6.4).
In order to prove that the composition (6.4) is strictly associative, for any three morphisms

(f, a)
(β,φ) +3 (g, b)

(γ,ψ) +3 (h, c)
(δ,θ) +3 (k, d)
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in
∫
B F((x,E), (y, F )), we compare two composite 2-morphisms (θψ)φ and θ(ψφ).

[δ(γβ)]∗F ◦ d
µF

δ,γβ◦d +3 [(γβ)∗F ◦ δ∗F ] ◦ d

(µF
γβ◦δ∗F )◦d

®¶

α(γβ)∗
F

,δ∗
F

,d
+3 (γβ)∗F ◦ (δ∗F ◦ d)

µF
γ,β◦(δ∗F ◦d)

®¶

(γβ)∗F ◦θ +3 (γβ)∗F ◦ c

µF
γ,β◦c

®¶
[(δγ)β]∗F ◦ d

µF
δγ,β◦d

®¶

[(β∗F ◦ γ∗F ) ◦ δ∗F ] ◦ d
αβ∗

F
◦γ∗

F
,δ∗

F
,d

+3

αβ∗
F

,γ∗
F

,δ∗
F
◦d

®¶

(β∗F ◦ γ∗F ) ◦ (δ∗F ◦ d)

αβ∗
F

,γ∗
F

,δ∗
F
◦d

®¶

(β∗F ◦γ∗F )◦θ
+3 (β∗F ◦ γ∗F ) ◦ c

αβ∗
F

,γ∗
F

,c

®¶

[β∗F ◦ (δγ)∗F )] ◦ d

αβ∗
F

,(δγ)∗
F

,d

®¶

(β∗F ◦µF
δγ)◦d

+3 [β∗F ◦ (γ∗F ◦ δ∗F )] ◦ d

αβ∗
F

,γ∗
F
◦δ∗

F
,d

®¶
[β∗F ◦ (δγ)∗F )] ◦ d

β∗F ◦(µF
δγ◦d)

+3 β∗F ◦ [(γ∗F ◦ δ∗F ) ◦ d]
β∗F ◦αγ∗

F
,δ∗

F
,d

+3 β∗F ◦ [γ∗F ◦ (δ∗F ◦ d)]
β∗F ◦(γ∗F ◦θ)

+3 β∗F ◦ (γ∗F ◦ c)

The first morphism (θψ)φ is the composition of left vertical and bottom edges with

β∗F ◦ (γ∗F ◦ c)
β∗F ◦ψ +3 β∗F ◦ b

φ +3 a

and similarly θ(ψφ) is the composition of top and right vertical edges with that morphism.
Since the above diagram commutes by the associativity coherence (2.13), naturality of
the associativity, the composition coherence (3.20) of an isomodification (3.19) and its
naturality, we conclude that

[(δ, θ)(γ, ψ)](β, φ) = (δ, θ)[(γβ, ψφ)]

which proves that the composition (6.4) is strictly associative.
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Now we define the horizontal composition on a Cat-graph
∫
B F by a functor

H :
∫
B F((y, F ), (z, G))× ∫

B F((x, E), (y, F )) → ∫
B F((x, E), (z, G)) (6.7)

which associates to any horizontally composable pair of 2-morphisms in the bicategory B

x

f

½½

k

DD
ÂÂ ÂÂ
®¶ β y

g

½½

l

DD
ÂÂ ÂÂ
®¶ γ z

and to any pair of 2-morphisms (β, φ) : (x,E) ⇒ (y, F ) and (γ, ψ) : (y, F ) ⇒ (z,G) in
∫
B F ,

k∗(F )

β∗F

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

l∗(G)

γ∗G

²²
F

ÂÂ ÂÂ
®¶ ψ

b
//

v

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
g∗(G)

a 2-morphism (γ ◦ β, ψ ◦ φ) in
∫
B F where ψ ◦ φ : v ◦ u ⇒ b ◦ a is a pasting of a diagram

k∗l∗(G)

oooos{
(χγ,β)G

(χl,k)G //

(k∗⊗γ∗)G

²²

(l ◦ k)∗(G)

(γ◦β)∗G

²²

k∗(F )

ÄÄÄÄ{¤ (β∗)b

k∗(v)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

k∗(b)
//

β∗F

²²

ÂÂ ÂÂ
®¶ k∗(ψ)

k∗g∗(G)

(β∗⊗g∗)G

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

f∗(b)
// f∗g∗(G)

(χg,f )G

// (g ◦ f)∗(G)

(6.8)
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The 2-morphism (γ ◦ β, ψ ◦ φ) : (g ◦ f, b ◦ a) ⇒ (l ◦ k, v ◦ u) in
∫
B F is represented by

(l ◦ k)∗(G)

(γ◦β)∗G

²²
E

ÂÂ ÂÂ
®¶ ψ◦φ

b◦a
//

v◦u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
(g ◦ f)∗(G)

k∗l∗(G)

ÄÄÄÄ{¤ (χγ,k)G

(χl,k)G //

(k∗⊗γ∗)G

²²

(l ◦ k)∗(G)

(γ◦k)∗G

²²
(γ◦β)∗G

}}

____ks
µ−1

γ◦k,g◦β

k∗(F )

ÄÄÄÄ{¤ (β∗)b

k∗(v)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

k∗(b)
//

β∗F

²²

ÂÂ ÂÂ
®¶ k∗(ψ)

k∗g∗(G)
(χg,k)G

//

(β∗⊗g∗)G

²²

ÄÄÄÄ{¤ (χg,β)G

(g ◦ k)∗(G)

(g◦β)∗G

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

f∗(b)
// f∗g∗(G)

(χg,f )G

// (g ◦ f)∗(G)

(6.9)

The pasting composite of the diagram (6.8) is equal to the pasting composite of the
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diagram

E
u //

a

ÂÂ?
??

??
??

??
??

??
??

??
??

??
??

ÂÂ ÂÂ
®¶ φ

k∗(F )

ÄÄÄÄ{¤ (β∗)v

k∗(v) //

β∗F

²²

k∗l∗(G)

ÄÄÄÄ{¤ (χl,β)G

(χl,k)G //

(β∗⊗l∗)G

²²

(l ◦ k)∗(G)

(l◦β)∗G

²²
f∗(F )

ÂÂ ÂÂ
®¶ f
∗(ψ)

f∗(v) //

f∗(b)

ÂÂ?
??

??
??

??
??

??
??

??
??

??
??

f∗l∗(G)

ÄÄÄÄ{¤ (χγ,f )G
(f∗⊗γ∗)G

²²

(χl,f )G

// (l ◦ f)∗(G)

(γ◦f)∗G

²²
f∗g∗(G)

(χg,f )G

// (g ◦ f)∗(G)

This two pasting composites are equal since the first is obtained by the pasting composite
of the top and front faces of the diagram

k∗l∗(G)

(β∗◦γ∗)G

··*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

ÄÄÄÄ{¤(χγ,k)G

(χl,k)G //

(k∗◦γ∗)G

ÂÂ?
??

??
??

??
??

??
??

?

(β∗◦l∗)G

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â

(l ◦ k)∗(G)

(γ◦β)∗G

··*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

*
*

(γ◦k)∗G

ÂÂ?
??

??
??

??
??

??
??

?

(l◦β)∗G

²²Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â
Â

k∗(F )

ÂÂ ÂÂ
®¶ k∗(ψ)

ÄÄÄÄ{¤ (β∗)v ÄÄÄÄ{¤ (β∗)b

k∗(v)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

k∗(b)
//

β∗F

²²

k∗g∗(G)

ÄÄÄÄ{¤ (χl,β)G

(χg,k)G

//

(β∗◦g∗)G

²²

ÄÄÄÄ{¤(χg,β)G

(g ◦ k)∗(G)

(g◦β)∗(G)

²²

f∗l∗(G)

(f∗◦γ∗)G

ÂÂ?
?

?
?

?
?

?
? (χl,f )G

//__________

ÄÄÄÄ{¤(χγ,f )G

(l ◦ f)∗(G)

(γ◦f)∗G

ÂÂ?
?

?
?

?
?

?
?

f∗(F )

ÂÂ ÂÂ
®¶ f
∗(ψ)

f∗(v)

??Ä
Ä

Ä
Ä

Ä
Ä

Ä
Ä

f∗(b)
// f∗g∗(G)

(χg,f )G

// (g ◦ f)∗(G)

and the second one is obtained by pasting back and bottom faces, consisting of squares
whose edges are given by broken arrows. This diagram commutes since the prism is a
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coherence, whose square which shares with the cube is an identity 2-morphism of the 1-
morphism (β∗ ◦ γ∗)G : k∗l∗(G) → f∗g∗(G), which is a component of the pseudo natural
transformation β∗ ◦ γ∗ : k∗l∗ → f∗g∗, indexed by the object G in the bicategory Fz. The
cube is just the coherence for the modification χ which is a component indexed by the
horizontal composition β ◦ α of the pseudo natural transformation χ, so the vertical edge
of the above horizontal composition is equal to the component (γ ◦ β)∗G : (l ◦ k)∗(G) →
(g ◦ f)∗(G) indexed by the same horizontal composite. In order to prove that E is really a
bicategory, we need to show that the Godement interchange law holds, and that the above
horizontal composition is associative up to the coherent associativity isomorphism given by
αc,b,a : ((h◦g)◦f, (c◦b)◦a) ⇒ (h◦(g◦f), c◦(b◦a)), for any three composable 1-morphisms.

For any three horizontally composable 2-morphisms in B,

x

f

ÁÁ

k

@@
ÂÂ ÂÂ
®¶ β y

g

ÁÁ

l

@@
ÂÂ ÂÂ
®¶ γ z

h

ÁÁ

m

@@
ÂÂ ÂÂ
®¶ δ w

and for any three horizontally composable 2-morphisms in
∫
B F which covers them

k∗(F )

β∗F

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

l∗(G)

γ∗G

²²
F

ÂÂ ÂÂ
®¶ ψ

b
//

v

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
g∗(G)

m∗(H)

δ∗H

²²
G

ÂÂ ÂÂ
®¶ ρ

c
//

w

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
h∗(H)

we need to show that βw,v,u ◦ ((ρ◦ψ)◦φ) = (ρ◦ (ψ ◦φ))◦βc,b,a. The 2-morphism ρ◦ (ψ ◦φ)
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on right hand side is given by the pasting

(l ◦ k)∗m∗(H)

ÄÄÄÄ{¤ (χδ,l◦k)H

(χm,l◦k)H//

((l◦k)∗γ)∗)H

²²

(m ◦ (l ◦ k))∗(H)

(γ,l◦k)∗H

²²
k∗l∗(G)

ÄÄÄÄ{¤ (χγ,k)G

(χl,k)G //

(γk)∗G

²²

(l ◦ k)∗(G)

ÂÂ ÂÂ
®¶ (lk)∗(ρ)

(lk)∗(w)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

(lk)∗(c)
//

(βk)∗)G

²²

ÄÄÄÄ{¤ (βk)∗c

(lk)∗h∗(H)

((βk)∗h∗)H

²²

(χh,lk)H

//

ÄÄÄÄ{¤ (χh,βk)H

(hlk)∗(H)

(hβk)∗H

²²
k∗(F )

ÄÄÄÄ{¤ α∗c

ÂÂ ÂÂ
®¶ k∗(ψ)

α∗F

²²

k∗(b)
//

k∗(v)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
k∗g∗(G)

(α∗g∗)G

²²

ÄÄÄÄ{¤ (χg,α)G

χg,k)G

// (gk)∗(G)
(gk)∗(c)

//

(gα)∗G

²²

ÄÄÄÄ{¤ (gα)∗c

(gk)∗h∗(H)

((gα)∗h∗)H

²²

ÄÄÄÄ{¤ (χh,gα)H

(χh,gk)H

// (hgk)∗(H)

(hgα)H

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

f∗(b)
// f∗g∗(G)

χg,f )G

// (gf)∗(G)
(gf)∗(c)

// (gf)∗h∗(H)
(χh,gf )H

// (hgf)∗(H)

of the above diagram in which horizontal compositions are denoted by the concatenation.
By the definition, the horizontal composition ρ ◦ ψ is given by the pasting of the diagram

l∗m∗(H)

ÄÄÄÄ{¤ (χγ,l)H

(χm,l)H //

(l∗◦γ∗)H

²²

(ml)∗(H)

(γ◦l)∗G

²²
l∗(G)

ÄÄÄÄ{¤ (β∗)c

l∗(w)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

l∗(c)
//

β∗G

²²

ÂÂ ÂÂ
®¶ l∗(ρ)

l∗h∗(H)
(χh,l)H

//

(β∗◦h∗)G

²²

ÄÄÄÄ{¤ (χh,β)H

(hl)∗(H)

(h◦β)∗H

²²
F

ÂÂ ÂÂ
®¶ ψ

b
//

v

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
g∗(G)

g∗(c)
// g∗h∗(H)

(χh,g)H

// (hg)∗(H)
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and the horizontal composition (ρ ◦ψ) ◦ φ on the left hand side of the equation is given by

k∗l∗m∗(H)

ÄÄÄÄ{¤ k∗((χγ,l)H)

k∗((χm,l)H)
//

(k∗l∗γ∗)H

²²

k∗(ml)∗(H)

ÄÄÄÄ{¤ (χγl,k)H

(χml,k)H//

(k∗(γl)∗)H

²²

(mlk)∗(H)

(γlk)∗H

²²
k∗l∗(G)

ÄÄÄÄ{¤ k∗((β∗)c)

k∗l∗(w)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

k∗l∗(c)
//

k∗(β∗G)

²²

ÂÂ ÂÂ
®¶, k∗l∗(ρ)

k∗l∗h∗(H)
k∗((χh,l)H)

//

(k∗β∗h∗)G

²²

ÄÄÄÄ{¤ k∗((χh,β)H)

k∗(hl)∗(H)

(k∗(hβ)∗)H

²²

(χhl,k)H

//

ÄÄÄÄ{¤ (χhβ,k)H

(hlk)∗(H)

(hβk)∗H

²²
k∗(F )

ÄÄÄÄ{¤ α∗c

ÂÂ ÂÂ
®¶ k∗(ψ)

α∗F

²²

k∗(b)
//

k∗(v)

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
k∗g∗(G)

(α∗g∗)G

²²

ÄÄÄÄ{¤ (α∗g∗)u

k∗g∗(c)
// k∗g∗h∗(H)

k∗((χh,g)H)
//

(α∗g∗h∗)H

²²

ÄÄÄÄ{¤ α∗((χhg,l)H)

k∗(hg)∗(H)

(α∗(hg)∗)H

²²

ÄÄÄÄ{¤ (χhg,α)H

(χhg,k)H

// (hgk)∗(H)

(hgα)H

²²
E

ÂÂ ÂÂ
®¶ φ

a
//

u

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

f∗(b)
// f∗g∗(G)

f∗g∗(c)
// f∗g∗h∗(H)

f∗((χh,g)H)
// f∗(hg)∗(H)

(χhg,f )H

// (hgf)∗(H)

the pasting of the above diagram, in which all compositions are denoted by concatenation.
By the above construction, we have the following main theorem.

Theorem 6.2. For any trihomomorphism F : Bcoop → Bicat of bicategories, a canonical

FB :
∫
B F → B (6.10)

strict homomorphism from the Grothendieck construction
∫
B F is a fibration of bicategories.

Proof. The strict homomorphism FB :
∫
B F → B is defined on any object (x,E) of

∫
B F

by FB(x,E) := x. Also for any 1-morphism (f, a) : (x,E) → (y, F ) in
∫
B F , we define

FB(f, a) := f , and for any 2-morphism (α, φ) : (f, a) → (g, b) we define FB(α, φ) := α.
In order to prove that the homomorphism FB :

∫
B F → B is a fibration of bicategories,

we show that for any 1-morphism f : x1 → x2 in B, and any object (x2, F ) in the fibre∫
B Fx2 , a 1-morphism (f, if∗F ) : (x1, f

∗F ) → (x2, F ) is a 2-cartesian 1-morphism in
∫
B F .
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For any 1-morphism (g, c) : (x0, G) → (x2, F ) in
∫
B F , and any 2-isomorphism β : f ◦u ⇒ g

(x0, G)

(g,c)

ÂÂ?
??

??
??

??
??

??
??

??
??

(u,b)

²²Â
Â
Â
Â
Â
Â
Â

(x1, f
∗F )

(f,if∗F )
// (x2, F )

ÄÄÄÄ
;C(β,ε)

Â FB //

x0

g

ÂÂ?
??

??
??

??
??

??
??

??
??

??

u

²²
x1

f
// x2

ÄÄÄÄ
;Cβ

in B, we define a 1-morphism (u, b) : (x0, G) → (x1, f
∗F ) in

∫
B F , where b : G → u∗f∗F is

a composition (χ∗f,u)F ◦ (β∗F ◦ c) of the string of 1-morphisms in
∫
B Fx0

G
c // g∗(F )

β∗F // (f ◦ u)∗(F )
(χ∗f,u)F

// u∗f∗(F ).

We have the horizontal composition (f ◦ u, if∗F ◦ b) = (f, if∗F ) ◦ (u, b) where the second
component if∗F ◦ b is defined by the composition (χf,u)F ◦ {u∗(if∗F ) ◦ [(χ∗f,u)F ◦ (β∗F ◦ c)]}

G
c // g∗(F )

β∗F // (f ◦ u)∗(F )
(χ∗f,u)F

// u∗f∗(F )
u∗(if∗F )

// u∗f∗(F )
(χf,u)F// (f ◦ u)∗(F )

and it is obvious that we have a (canonical) 2-isomorphism φ : β∗F ◦ c ⇒ if∗F ◦ b in
∫
B Fx0

g∗(F )

β∗F

²²
G

ÂÂ ÂÂ
®¶ φ

if∗F ◦b
//

c

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
(f ◦ u)∗(F )

obtained from the vertical composition of coherence isomorphisms which are components of
the modification Λf,u : χf,u ◦ χ∗f,u ⇒ ι(f◦u)∗ and the homomorphism u∗ :

∫
B Fx1 →

∫
B Fx0 .
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In order to prove that (f, if∗F ) : (x1, f
∗F ) → (x2, F ) is a 2-cartesian 1-morphism in

∫
B F ,

we consider a diagram

(x0, G)

(g,c)

¼¼

(h,d)

%%

ÄÄÄÄ{¤(φ,ξ)
(u,a)

­­

(v,b)

··

____ks
(ψ,ζ)

(x1, f
∗F )

(f,if∗F )
// (x2, F )

ÄÄÄÄ
;C(γ,θ)

Â FB //

x0

g

»»

h

%%

ÄÄÄÄ{¤ φ
u

ªª

v

¸¸

____ks
ψ

x1
f

// x2

ÄÄÄÄ
;Cγ

where (φ, ξ) : (g, c) ⇒ (h, d) is a 2-morphism in
∫
B F for which ξ : φ∗F ◦d ⇒ c is a 2-morphism

h∗(F )

φ∗F

²²
G

ÂÂ ÂÂ
®¶ ξ

c
//

d

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
g∗(F )

and φ : g ⇒ h is a 2-morphism in B such that φβ = γ(f◦ψ). Then there exists a 2-morphism

v∗f∗(F )

(χf,v)F

²²
(f ◦ v)∗(F )

(γ−1)∗F
²²

G

ÂÂ ÂÂ
®¶ θ

ÂÂ ÂÂ
®¶ θ

ÂÂ ÂÂ
®¶ ξ

ÂÂ ÂÂ
®¶ ε

ÂÂ ÂÂ
®¶ ε

d
//

a

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

if∗F ◦a

77ooooooooooooooooo

c
''OOOOOOOOOOOOOOOOO

if∗F ◦b

ÂÂ?
??

??
??

??
??

??
??

??
??

??
??

b

½½4
44

44
44

44
44

44
44

44
44

44
44

44
44

44
44

h∗(F )

φ∗F
²²

g∗(F )

β∗F
²²

(f ◦ u)∗(F )

(χ∗f,u)F

²²
u∗f∗(F )
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by φ′φ := φ′(α′∗F ◦ φ). For a horizontally composable pair of 2-morphisms in B,

x0

u

ÂÂ

v

??
ÂÂ ÂÂ
®¶ ψ x1

f

ÂÂ

f

??
ÂÂ ÂÂ
®¶ if x2

(ψ, ζ) : (u, a) ⇒ (v, b) where ζ = θ−1ξε.

v∗f∗F

ψ∗
f∗F

²²
G

ÂÂ ÂÂ
®¶ ζ

a
//

b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
u∗f∗F

and for a horizontally composable pair of 2-morphisms in
∫
B F which covers them

v∗f∗(F )

ψ∗
f∗(F )

²²
G

ÂÂ ÂÂ
®¶ ζ

a
//

b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
u∗f∗(F )

f∗(F )

if∗(F )

²²
f∗(F )

ÂÂ ÂÂ
®¶ λif∗(F )

if∗(F )

//

if∗(F )

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
f∗(F )

their horizontal composition (if ◦ ψ, λif∗(F )
◦ ζ) is represented by the 2-morphism in the

triangle
(f ◦ v)∗(F )

(f◦ψ)∗F

²²
G

ÂÂ ÂÂ
®¶ λif∗(F )

◦ζ

if∗(F )a
//

if∗(F )b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
(f ◦ u)∗(F )
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This horizontal composition is defined by the pasting composition of the diagram

v∗f∗(F )

ÄÄÄÄ{¤ (χif ,iv )F

(χf,v)F //

iv∗f∗(F )

²²

(f ◦ v)∗(F )

i(f◦v)∗(F )

²²
v∗f∗(F )

ÄÄÄÄ{¤ (ψ∗)if∗(F )

v∗(if∗(F ))

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ

v∗(if∗(F ))
//

ψ∗
f∗(F )

²²

ÂÂ ÂÂ
®¶ v
∗(λif∗(F )

)

v∗f∗(F )
(χf,v)F

//

(ψ∗◦f∗)F

²²

ÄÄÄÄ{¤ (χif ,ψ)F

(f ◦ v)∗(F )

(f◦ψ)∗F

²²
G

ÂÂ ÂÂ
®¶ ζ

a
//

b

??ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
u∗f∗(F )

u∗(if∗(F ))
// u∗f∗(F )

(χf,u)F

// (f ◦ u)∗(F )

which is equal to the pasting composition of the diagram

E
u //

a

ÂÂ?
??

??
??

??
??

??
??

??
??

??
??

ÂÂ ÂÂ
®¶ φ

k∗(F )

ÄÄÄÄ{¤ (α∗)v

k∗(v) //

α∗F

²²

k∗l∗(G)

ÄÄÄÄ{¤ (χl,α)G

(χl,k)G //

(α∗◦l∗)G

²²

(lk)∗(G)

(l◦α)∗G

²²
f∗(F )

ÂÂ ÂÂ
®¶ f
∗(ψ)

f∗(v) //

f∗(b)

ÂÂ?
??

??
??

??
??

??
??

??
??

??
??

f∗l∗(G)

ÄÄÄÄ{¤ (χβ,f )G
(f∗◦β∗)G

²²

(χl,f )G

// (lf)∗(G)

(β◦f)∗G

²²
f∗g∗(G)

(χg,f )G

// (gf)∗(G)
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